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1 Introduction

Optimal growth theory is useful in qualitatively characterizing simple dynami-
cal systems and in providing constructive methods for the quantitative analysis
of the solutions to more complex ones. The usefulness is, for some purposes,
enhanced because of the intimate connections between optimal growth theories
and their equilibrium counterparts. In a decentralized economy, we seek knowl-
edge about the time paths of the various prices for goods and production factors
as well as the distribution of income and wealth. Dynamic optimization tech-
niques used extensively in growth theory facilitate the study of the evolution of
those economic aggregates.

A major concern in the area of optimal growth has been the analysis of the
short-run and asymptotic behavior of optimal solutions. At issue are questions
concerning the existence and asymptotic stability of optimal programs with re-
spect to the stationary optimal stock (turnpike results) as well as the possibility
of cyclical or even chaotic behavior.

One-sector representative agent models where utility is derived solely from
consumption have been studied extensively in the literature under a variety of
different technological specifications. A well known property of those models is
the monotonicity of the optimal capital path. This property is persistent even
when the technology exhibits increasing returns and investment is irreversible
(see Dechert and Nishimura (1983), Dimaria, Le Van and Morhaim (2002),
Duran and Le Van (2003)). Thus, it is often suggested that one-sector models
display simple dynamics.

Becker and Foias (1987) show that agents’ heterogeneity plays a crucial role
to the appearance of nonmonotonic dynamics in a single-sector model. Study-
ing a specific economy with incomplete markets as represented by borrowing
constraints, they demonstrate that deterministic cycles of period 2 may occur.
In Becker and Foias (1994), they discuss in more detail the issue of equilibrium
cycles and their construction using bifurcation analysis. Their work has been
further elaborated by Sorger (1994).

In a different setting (i.e complete market structure), Le Van and Vailakis
(2003) have also shown that the monotonicity property does not carry over
if one permits many consumers with different discount factors. The model
does not exhibit cyclical behavior. The convergence of the optimal capital
sequence to a particular stock k° is still true, but that stock is not itself a
steady state'. This result implies that the optimal capital sequence initiated
at kg = k® converges to k° in the long-run, but it is not a constant sequence.
Hence, the resulting optimal capital path cannot be monotonic. The model

'An early turnpike result for multisector economies with heterogeneous agents has been
proved by Coles (1985).



exhibits the twisted turnpike property (see Mitra (1979), Becker (2005)): the
optimal capital accumulation paths starting from different initial capital stocks
converge to each other or come together in the limit, but this limit is not
itself an optimal stationary program. This is a fundamental property of the
heterogeneous agent model and it shows one way in which this model differs
significantly from its representative agent counterpart.

The purpose of this paper is to examine whether and under which conditions
similar properties hold when the model studied in Le Van and Vailakis (2003)
is extended to include an endogenous non-reproducible factor such as labor.

The analysis in Le Van and Vailakis (2003) is carried out by exploiting the
so called reduced form model associated with the welfare maximization prob-
lem. The presence of heterogeneous discount factors turns out the reduced-form
problem to be nonstationary, making the issue of convergence of optimal paths
a nontrivial one. Their argument exploits the fact that the indirect utility func-
tion V; associated with the reduced form model is C? in the interior of a set
describing the feasible activities in period ¢. This allows them to use the differ-
entiable characterization of supermodularity to show that V; is supermodular.
The supermodularity of V; then implies that the stationary problem involving
the agents with a discount factor equal to the maximum one, has a unique
stable steady state k®. Exploiting additional properties of optimal paths, they
subsequently show that the optimal capital sequence associated with the initial
problem involving all agents converges to k°.

Several complications arise by applying a similar method of proof in the
presence of elastic labor supply. The problems arise largely from the fact that
we cannot exclude the existence of corner solutions in the welfare maximization
problem?. More precisely, we cannot ensure that all consumers supply labor at
any period. As a consequence, the indirect utility function V; associated with the
reduced form model is not necessarily C? in the interior of the set that describes
feasible activities. Hence, one cannot use the differentiable characterization of
supermodilarity to prove that V; is supermodular. To overcome the problem
and establish the supermodularity of V;, we employ an alternative argument
based on a iterative procedure in which a sequence of functions, (V;*),, are
shown to be supermodular and to be converging to the function V.

Other issues are associated with the properties of optimal paths. Several
proofs in Le Van and Vailakis (2003) do not apply in the presence of elastic
labor supply. New and general arguments are given to establish the validity of
those properties.

The paper is organised as follows. Section 2 describes the model. In section 3

Similar problems arise in incomplete market models (see Becker and Foias (1987) and
more recently Datta et al. (2005)).



we present its reduced-form counterpart and establish some preliminary results.
Section 4 deals with the dynamic equilibrium properties of optimal paths.

2 The model

We consider an intertemporal one-sector model with m > 1 consumers and one
firm. At each period, individuals consume a quantity c;; and decide how to
divide the available time, normalized at 1, between leisure activities /; ;, and
work L;;. Preferences are represented by a functional that takes the usual
additively separable form:

0 .
> Bl (cigslis),
=0

where u! denotes the instantaneous utility function and 3; € (0,1) is the dis-
count factor.

The initial endowment of capital, the single reproducible factor in the econ-
omy, is denoted by kg > 0. Technology is described by a gross production
function F'. Capital evolves according to:

kipr = (1= 6)k + 11,

where I; is gross investment and § € (0, 1) is the rate of depreciation for capital.
At each period, the economy’s resource constraints, restricting the allocation
of income and time, are:

m m

Zci,t + It < F (kt, Lt) + (1 — 0)kt, ZLi,t = Li.

i=1 1=1
We next specify a set of restrictions imposed on preferences and production
technology. The assumptions on period utility function v’ : Ri — R are as
follows:

Assumption Ul: u! is continuous, strictly concave, increasing on Ri and
strictly increasing on Ri L
Assumption U2: u/(0,0) = 0.
Assumption U3: ' is twice continuously differentiable on Ri o with partial
derivatives satisfying the Inada conditions: lim._qu'(c,1) = +oo, VI > 0 and
limy_o u}(c,l) = +o0, Ve > 0.
Assumption U4: For all ¢ > 0 and | > 0, the cross partial derivative uzl has
a constant sign. In addition, we require the first and second partial derivatives
to verify the following condition:

i

7
ugc < ucl‘

P 0
ul, u;



Remark 1 Assuming that “jf < %"f in U4 implies that leisure is a normal
good. When ue > 0, the condition is trivially satisfied. In case where uy < 0,
it restricts in magnitude. The condition is satisfied for the class of homothetic
preferences, u(c,l) = m[h(c,l)], where h is a homogeneous function of degree 1
and m is a monotone increasing transformation. FExamples of period utilities
with ug < 0 that verify this condition include the family of functional forms,
u(e,l) = 7= [c*U 1)) ~7, where 0 > 1, a € (0,1) and U is a concave function.

The assumptions on the production function F : Ri — R, are as follows:
Assumption F1: F is continuous, concave, increasing on Ri and strictly
mcreasing on Ri L
Assumption F2: F'(0,0) = 0.

Assumption F3: F is twice continuously differentiable on Ri o with partial
derivatives satisfying the Inada conditions: limg_,g F(k,1) = 400, limg_, 4 o
Fi(k,m) =0 and limy_o Fr(k, L) = 400, Yk > 0.

Assumption F4: For all k >0 and L >0, Fi;, > 0 and Fy, < 0.

We conclude this section by introducing some notation.

Let f(k¢, Ly) = F(kt, Lt) + (1 — §)k;. Under the previous assumptions we have:
limy_o fx(k,1) = 400, limg_, oo fr(k,m) < 1 and limz o fr(k, L) = 4o0.
Consider the set of feasible capital sequences:

H(ko) = {k € (R+)OO: 0< ]{It+1 < f(k:t,m), Vt} .

Let ¢; = (cit)e>0, i = (lit)e>0 and L; = (Lj)¢>0 denote consumer’s i con-
sumption, leisure-work intertemporal allocation. The vector of nonnegative se-
quences (c;,1;, L;)" | is said to be feasible from kg > 0, if there exists a sequence
k € II(ko), such that for any ¢, ((ci¢,li¢, Lit)i"q, ke) satisfies the economy’s re-
source constraints together with the individual constraints /; ;+L; ; < 1. The set

of feasible from kg consumption, leisure-labor allocations is denoted by X (ko).

3 Planner’s Problem

The planner’s welfare function is taken to be a weighted function of the un-
m

derlying households’ intertemporal functions. Let A = {)\ eERT| X N= 1}.
i=1

Given a vector of welfare weights A € A the social planner maximizes:



max Zx\iZBﬁui(ci,t, lit) (P)

i=1 t=0

m m
s.t. ZCi,t + ki1 < f(ke, Z Liy), vt
i=1 i=1

cit >0, lig >0, Liy >0, liy+ Liy <1, Vi,Vt
kt > 0, Vt and kg given.

It is well known that any Pareto-efficient allocation can be represented as the
solution to problem (P). In other words, by varying the welfare weights it is
possible to trace the economy’s utility possibility frontier. This procedure can
also be used to prove the existence of a price system that supports Pareto-
optima and characterize competitive equilibria as a set of welfare weights such
that the associated transfer payments are zero (Negishi approach).

3.1 Preliminary results

Since u’ and F are assumed to be strictly increasing, (L;)™, can be dropped
from the list of planner’s choices. Consider the technology set D:

D = {(k,y) G]Ri:()gyg f(k:,m)}

and define the correspondence I :

(kvy) €D — {(szlz)?;l : Zci +y< f(k?,Z(l - ll))? ¢i > 07 ll € [07 1]’ VZ} :
i=1 i=1

Given A€ Aylet I ={i |\ >0}, B=max{p; |t €I}, L ={iel]|p, =70}

and I ={i el |p; <p}.

Remark 2 Let ((cf,1¥);, k*) denote a solution to problem (P). It is easy to

177

show that if Ay = 0 for some i, then ¢, =0 and I, = 0 for any ¢ > 0.

Denote ¢ := ((;)ier, € [0,1]#'2. Consider the function V : Ax[0,1]#22xD —
R+ .

VNG Ey) = max | Y Nu'(ei,l) + Y NGt (ei i)

S ISP
s.t. Zci +y < f(k,m— le)
iel iel

¢ >0,1;€[0,1], Vi eI



Let

(ci(A, ¢k, y) Li(A € K, y))ier = argmax {Z Nigut(ei, i) + (i li)ier € T(k, y)} :
el
For any t > 0, for any ¢ € [0,1]#/2, we use the notation ¢* = (¢!)es,. Fix
(= (%) . In this case, for any ¢, we denote:
i€l

V;f()\v C7 k, y) = V(/\> Cta ka y)

= max [ Y Nu'(ci, L) + YA (%)tui(ci,li) (S)

i€ly i€z
s.t. Zci—i-y < f(k,m — le)
iel i€l
¢ >0, 1; € [071]’ Viel

Consider subsequently the following intertemporal problem:

max Y BVi(A, G ki, ki) (@)
t=0
st. 0 < ]{It+1 < f(k:t,m), Vit

ko > 0 is given.

The following proposition shows that problems (P) and (@) are equivalent.
More precisely we have:

Proposition 1 Let kg > 0 be given. Under assumptions U1, F1:
i) If ((cf,1¥);,k*) is a solution to problem (P), then k* is a solution to

177

problem (Q).
it) If kK* is a solution to problem (Q), then there exists (c},1); such that
(e}, 1¥)i, k*) is a solution to problem (P).

Proof: It is easy. ®m

The next step is to study the properties of function V;. Working in this
direction we need the following result.

Lemma 1 Under Assumptions U1-U2, F1-F2:

i) If F(0,L) > 0, then I" is continuous at any (k,y) € D

ii) If F(0,L) = 0, then I" is upper hemicontinuous at (0,0) and continuous
at any (k,y) € D with k > 0.



Proof: i) Let (k",y™) € D be a sequence that converges to some (k,y) € D.
Let also (cf',17"); be a sequence such that (c',{"); € I'(k",y"), Vn € N. Since
I el0,1], ¢ < f(k",m) and k™ — k, there exists a subsequence (c',7'); that
converges to some (c;, l;);. Since > 0y et +y™ < f (K", 370 (1 —11")), it follows
that (¢, 1) € T'(k,y).

We next show that I is lower hemicontinuous at any (k,y) € D.

Let (K", y™) € D be a sequence that converges to some (k,y) € D. Take (¢;,1;); €
I'(k,y). We will show that there exists N > 1 and a sequence (c]',["); such that
(e M); e T(k™,y"™), Vn > N and (¢}, 11"); — (ci,1;)i. We consider three cases:

Case 1: Y " ci+y < f(k, >, (1—=1)).

Observe that for n large enough, > ", ¢; +y™ < f (K", > (1 —1;)). In this
case, let ¢! = ¢; and [}' = [;.

Case 2: Y " ci+y=f(k> 2, (1—1))and > /% ¢ > 0.

Denote by 1 " the set of agents such that ¢; > 0. In this case there exists N
such that y™ < f (K™, >0, (1—14)),Vn > N. Let £ = f(k, > (1—10)) —y
and " = f (K", >, (1 —1;)) —y", Vn > N. Since {" — &, for N large enough,
it folows that cﬁ—f;;/g > 0,Vn > N. For any n > N, let ¢! = CH—% ifiel,
& =0ifi¢ I and [P = 1I; for any i.

Case 3: > " ci+y=f(k> 2, (1—1)) and ¢; =0, Vi.

We have y = f (k,>_." (1 —1;)) . We consider three subcases.

a) Assume that [; = 0, Vi.

In this case, y = f(k,m). Let ¢} = f(k",m) —y" for some j, ¢! =0, Vi # j and
=0, Vvi.

b) Assume that there exists a subset of agents, denoted I, such that I; €

(0,1) for any 7 € I'.
In this case, y = f (k,>_"1(1 —1;)) < f(k,m). Assume first that there exists a
subsequence (k™,y") such that y™ < f (k",> 71", (1 —1;)) . In this case, let ¢ =
FE™ S50, (1—1;)—y™ for some 7, ¢ = 0 for i # j and ' = [;, Vi. Assume next
that there exists a subsequence (k™,y") such that y™ > f(k",> 7" (1 —1)).
Choose some agent j € I'. Define the decreasing functions ¥; :[0,1] — R and
Y% :[0,1] — R for n € N as follows:

vi() = [l (=8 +m—1=3 b))~y
i#]
UjE) = S (A= +m—1=3 L) —y"
i#]
Note that wj(lj) = 0. Observe that there exists N large enough such that
¥"(0) > 0, ¥n > N. Moreover, ¢ (l;) = f (k", > (1 = 1;)) —y" <0, Vn > N.
By the Intermediate Value Theorem, there exists " € (0,[;) such that ¢7 (") =
0. For any n > N, let I = &", [' = 1;, Vi # j and ¢} = 0, Vi.
c) Assume that [; = 1, Vi.



In this case, y = f(k,0). Assume first that there exits a subsequence (k",y")
such that y" < f(k",0). In this case, let ¢} = f(k",0) — y™ for some j, ' =0,
Vi # j and ' = 1, Vi. Assume next that there exists a subsequence (K", y")
such that y” > f(k™,0). Fix some agent j € {1,...m}. Define the decreasing
functions v, : [0,1] — R and 47 : [0,1] = R for n € N:

Pi€) = fk,(1-¢) -y
i) = FEL(A-8) —y"

Note that wj(l) = 0. Observe that there exists N large enough such that
¥(0) > 0, ¥n > N. Moreover, ¢7(1) = f(k",0) —y" < 0, Vn > N. By the
Intermediate Value Theorem, there exists " € (0,1) such that 97 (") = 0. For
any n > N, let Ij =&, [ =1, Vi# j and ¢} =0, Vi.

ii) The continuity of I" at any (k,y) € D with k& > 0 follows in a similar way
as in claim (i). To see why the lower hemicontinuity of I' fails at (0,0) when
F(0,L) =0, observe that in this case D = {(0,0)} and

F(0,0) = {(Cz,lz)Z ¢, =0and l; € [O, 1], V’L}

Choose (c¢;,1;); € T'(0,0) such that ¢; = 0 and I; > 0 for some 4. Consider next a
sequence (k",y™) such that y"™ = f(k™, m) and (k",y™) — (0,0). Note that there
is no sequence (c', I1'); such that (c',{"); € T'(k", y") and (', 11"); — (ci, li)i. ®

IR R (R

Proposition 2 Assume U1-U83 and F1-F3. Then,

i) The function V : A x [0,1]%2 x D — Ry is increasing in k, decreasing
iny and strictly concave in (k,y).

ii) The function V is upper semicontinuous on [0,1]712 x D and continuous
at any (C, k,y) € [0,1)72 x D with k > 0.

i) The functions c¢; : Ax[0,1]#2xD — Ry andl; : Ax[0,1]#2xD — [0,1]
are continuous at any ((,k,y) € [0,1]#2 x intD.

iv) Let (k,y) € D be such that 0 <y < f(k,m). If (c},l})icr is a solution
to the static mazimization problem (S), then, ¢ >0 and If > 0 for any i € I.

v) Vi is differentiable at any (k,y) € intD with partial derivatives given by:

av )‘a )kv *
M — Ntfk(k7m_zli)
ok el
3‘/},0\,(, kvy) -
ay Ky

t .
where p, = A (%) ur(ck, 1Y), Vie 1.

Proof: The proof of (i) follows from standard arguments. Claims (ii) and (iii)
follow from the Maximum Theorem.



(iv) Since 0 < y < f(k,m), there exists € > 0 such that 0 < y +¢ <
f(k,m — ). Letting ¢; = 77 and l; = 27, Vi € I, the Slater condition is
satisfied. Hence, there exist Lagrange multipliers p, (), ¢*, k,y) € R, associated
with the constraint ), c; +y < f(k,m — > ;. li) and n; (A, L ky) € Ry
associated with the constraints I; < 1 such that ((c})ier, (1] )icr, tes (Mit)icr)
maximizes the associated Lagrangian :

t
L=) "\ <%> ul(ei, 1) — [Z city— flkym=> 1) =) il —1).
icl icl el icl
The fact that ¢; > 0 and [ > 0, Vi € I is a consequence of the Inada conditions
imposed on period utilities.
Claim (v) follows from a direct application of Corollary 7.3.1 in Florenzano,
Le Van and Gourdel (2001). m

Since fi(0co,m) < 1, there exists some k such that f(k,m) = k. It is easy to
show that k € TI(kg) implies that k; < A(kg) = max{ko, k} for all £. This in turn
implies that II(kg) is included in a compact set for the product topology. Since
f is continuous, the set II(kg) is closed for the product topology, and therefore
is compact in this topology. Define the function U : Ry x II(kg) — R :

Uko, k) = BVi(A, ke, ki y1).
t=0

We have the following result.

Lemma 2 i) The correspondence 11 is continuous for the product topology.
i) U(ko,-) is upper semicontinuous on (ko) for the product topology.

Proof: Refer to Le Van and Morhaim (2002, Lemma 2, Proposition 2). =

It follows that problem (@) is equivalent to the maximization of an upper
semicontinuous function over a compact set, and therefore it admits a solution.
Observe also that the strict concavity of V; implies that the solution is unique.

Proposition 3 For all kg > 0, there is a unique optimal accumulation path.

3.2 Value function-Bellman equation-Optimal policy

One way to make any further analysis easier is to work with the value function.
Let ¢ = (¢,)icr, € [0,1]7%2. Given T > 0, define the function Wy : (¢, ko) €

10



0,172 xR, —» R, :
Wr(C ko) = W(CT ko)
[e.e]
= max ZﬁtVt()\» " ke, kiya)

t=0
s.t. 0 S /{Zt+1 S f(kt,m), Vit

ko > 0 is given.

It is obvious that when ( = <%) L Wo(C, ko) is the value function associ-
[ASY D)

ated with problem (@). In infinite-horizon problems with time-invariant period
return functions (stationary problems) the value function is a function of the
initial state alone. In the above problem the period return function is time-
dependent, so the problem is a nonstationary one. In this case, as the time
index on W indicates, the value function is also time dependent.

Proposition 4 The function Wr : (¢,k) € [0,1]72 x Ry — Ry is strictly
increasing and strictly concave in k, nonnegative with W((,k) > 0 for k > 0,
and continuous at any (¢, k) € [0,1]72 x R,

Proof: It follows from standard arguments. m

The next proposition states formally what is known as the Principle of
Optimality. It will help us characterize basic properties of optimal paths.

Proposition 5 The value function solves the Bellman equation, i.e
W, VE, Wi, k) = max{Vi(\, €k, ) + BWis1 (Goy) 1 0 <y < Fk,m)}
and for all ky > 0, a feasible path k is optimal, if and only if,
Wi(C, ke) = V(A G ke, k1) + BWig1(C biga)
holds for all t.
We next define the function ¢z : (¢, k) € [0,1]#2 x Ry — Ry :
or (G, k) 1= (T k) = argmax {V (A, (T kyy) + BW(CTH, ) 10 <y < f(k,m)}

When ¢ = (&> N it follows that for any T' > 0, for any kr :
1€12

k:*mrt = @(CT+t_1> k?+t—1)
= (Tt (¢, KTyi—2))
(T (T2 (¢ kr).0)

for ¢ > 1. For simplicity we write k7., = ot (T k).

11



Proposition 6 The function ¢ is continuous at any ((,k) € [0,1]#2 x R, ,
and therefore uniformly continuous at any (¢, k) € [0,1]#%2 x [0, A(ko)).

Proof: Assume first that F satisfies F'(0,L) > 0. The result follows from the
Maximum Theorem. Assume next that F' satisfies F'(0,L) = 0. If & > 0, the
continuity of ¢ follows from the Maximum Theorem. When k = 0, feasibility
implies that (¢, k) = 0. Let (¢,,, kn)n € [0,1]#2 x R be a sequence such that
0 < @o(Cpykn) < f(kn,m) and k, — 0. Since f(0,m) = 0, it follows that the
sequence of maximizers converges to 0 as n — +00. B

Consider next the planner’s problem involving only the agents having a
discount factor equal to the maximum one. Let 0 := (0);cr, denote the zero

vector in R#/2. Define the time invariant function V : A x D — R,:

~

VIAEy) = V(A0 EY)
= max Z)\iui(ci, li) (P)
i€l
s.t. Zci +y < flk,m— le)
i€l i€ly

¢ >0, 1; €[0,1], Vi € 1.

The intertemporal problem associated with the indirect utility V is now sta-
tionary:

—~

Wi(ko) = W(0, ko)

= max Y BV(\ ki kes1) Q)
t=0
s.t. 0 < kt+1 < f(k:t,m), Vi

ko > 0, is given.

The optimal policy function for this problem is given by:

#(0,k) = argmax { V(\, k,y) + BW(y) : 0 < y < f(k,m) |

If k* is the optimal solution to problem (@), then obviously kf = ¢(0,k;_;) =

Sot (Qa ]{20)
Let ko > 0. It is easy to check that for any feasible allocation ((c;,1;);, k)

from kg, we have:
u'(cip, i) < u'(f(A(ko),m), 1) = B(ko), Vi.

This in turn implies that for any ¢, for any (k,y) € D :

12



maxp,;
=5 i€la IBZ

V(A ky) <ViA Gk, y) <

C(ko) + V(M k,y),

maxp,
ielzﬁ’

B

where C(ko) = > B(ko). Let & > 0. Since <
i€l
independent of kg such that for any ¢:

) < 1, there exists T

VA k) < Vege(\ Gk, y) < 2C(ko) + V(A y).
It follows that for any ko > 0, for any 7" > T

W (ko) < Wi (G, ko) < C(ko) iﬁ

+ W (ko).

Observe that for any sequence (k)52 feasible from ko, we have C'(kt) < C(ko).
Hence, the following inequalities hold:

‘7()\; ke, kiv1) < V(N G ks ki) < eClko) + ‘7()\7 ki, ki), VE> T,

—

W (k) < Wi(C, k) < eC(ko) +W(k), Vt>T.

1
1-p
Consider a feasible capital sequence (k;);2, starting from some kg > 0. Using
the previous results, for any subsequence (¢,)°; such that k, — k > 0 and
ki, +1 — k' >0, we have:

Hm Vi, (A, Gk, ke e1) = V(N k&) and lim Wy (¢, ke, ) = W (k).

4 Dynamic Equilibrium Properties

It is mentioned in the introduction that when labor is elastic one cannot exclude
the existence of corner solutions in the welfare maximization problem. The
presence of corner solution is related to the possibility of having consumers not
supplying labor in some periods. It is a direct consequence that in this case the
indirect utility function V; is not necessarily C? in the interior of D. As a result
one cannot use the differentiable characterization of supermodularity to prove
that the indirect utility function V; is supermodular. To prove the validity of this
property in our setting we employ an alternative argument based on a iterative
procedure in which a sequence of functions are shown to be supermodular and to
be converging to the function V4. In what follows we deal with the construction
of such a sequence.
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Let o € (0,1) and v € (0,1]. Consider the production function f defined as
follows:
" m m
Fk, (L =1)i) = f(k,m =Y L) +vy (1—1)°
i=1

1=1

Observe that lim;,_,; fLi (v, k, (1 = 1;);) = +00. Denote f(v,k,m) = f (k,m)+
vm. Let D be the technology set:

D= {(k,y) eRi:OSysf(u,k,m)},

and define the correspondence Ir:

(v, k,y) € (0,1 x D — {(c, ;) Zcz+y<f(1/k(1—l)),cz-20,
=1
l; €[0,1],V4}.

Lemma 3 Under Assumptions U1-U2, F1-F2, T continuous at any (v, k,y) €
(0,1] x D

Proof: Observe that f (v,0,(1—1;);) > 0 for any v € (0,1]. The proof is
similar to the one used to prove Lemma 1(i). m

Given any v € (0, 1] denote by (P(v)) the Pareto optimal problem (analo-
gous to problem (P)) associated with an economy with production possibilities
described by the function f. Let ((c(v),1*(v))i, k*(v)) denote a solution to
problem (P(v)). It is easy to show that \; = 0 for some i implies c},(v) = 0
and [f4(v) = 0 for any ¢. Denote:

f .k, (1= 1)ier) == f(k,m — S )+ v Y (1= 1)+ v(im— #I)

icl i€l
Let ¢ = (%)ieb. In this case,
Vi A G hy) = V(A ¢k )
= max Z)\u Ciyli —i—Z)\ (B’> u'(ci, 1;) | (S(v))
ich il

sty ci+y< f .k, (1= l)ier)
iel
¢; >0, 1; €[0,1], Vi€ I.

is the indirect utility function associated with Problem (P(v)). In a similar way,
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for any T' > 0, let :
WT(”?Ca kO) = W(V7<T7k0)

= max» BV, Ak ki) Q)
t=0
s.t.0< ki1 < f(y, ke,m), Vit

ko > 0 is given.

be the value function associated with the indirect utility ‘N/t Finally, let

&T(vaak) = &(V, CTak)
— argmax {V(r, A, (T, k,y) + BW (T ) 10 < y < flv hom) |

denote the policy function associated with problem Q(v). We have the following

results.

Proposition 7 Assume U1-U4 and F1-F4. Then,
i) The function V; is strictly concave in (k,y) and continuous at any (v, k,y) €
(0,1] x D. Moreover,

lim Vi, A G ks y) = Vi(A Gk, ).

it) Letv € (0,1] and (k,y) € D such that 0 < y < f(l/, k,m). If (¢}, 17 )ier is
a solution to the static mazimization problem (S(v)), then ¢; > 0 and [} € (0,1)
forany i e I.

iii) For any (v, k,y) € (0,1] x intD :

Vi (v, A\, ¢, ke, y)
ok0oy

> 0.

That is, for any v € (0,1], V; is supermodular in the interior of D.

iv) For any T > 0, the value function /WT(Z/,C, k) is strictly increasing,
strictly concave in k, nonnegative with Wrp(v,(, k) > 0 for k > 0 and continuous
at any (v, k) € (0,1] x Ry. Moreover,

lim Wr(v,¢, k) = Wr(C, k).

v) The function @ is continuous at any (v,k) € [0,1] x Ry and therefore
uniformly continuous at any (v, k) € [0,1] x [0, A(ko)]. Moreover,

l];ll% &T(Va Ca k:) = SOT(C7 k)
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Proof: The strict concavity of V; is standard. Continuity follows from the
Maximum Theorem. The proof of claim (ii) is given below. To prove claim (iii)

we need the following two results.

Claim 1 Let

a1 +b b b b
b ag+b .- b
v=| ... . i :
b b o ag—1+b b
b b b ag+b

with b < 0, a; <0, Vi=1,...,q. Then V1 is negative definite and V11 < 0.

Proof: It is easy to show that V is negative definite. Hence, V™' exists and it
is negative definite. Let x =V 11. Since Vx = 1, it follows that

q
a;x; + mei =1, Vi.
i=1
This in turn implies that x1 = g—i’xi, Vi#£ 1. If x1 > 0, then x; > 0, Vi # 1 while
aizi +bY. 1, x; <0: a contradiction. Hence, z; <0,Vi=1,...,q. m

Claim 2 Let A be a N x N symmetric matriz. Given r = 1,..., N, denote by
rA the r x N submatriz where only the r rows are retained and by A, therxr
submatriz where only the first r < N rows and r < N columns are retained.
Let B be an N x S submatriz with S < N and rank equal to S. A is negative
definite on {z € RN : Bz =0} (i.e 2’ Az < 0, Vz € RN with Bz =0 and z # 0)
if and only if

A, B

>0
-B)T 0

(=1’

forr=58+1,...,N.
Proof: See Mas-Colell et al. (1995) Theorem M.D.3. m

(ii) Let (cf)ier = (ci(v, A, ¢" B, y))ier, (1F)ier = (v, A\, ¢' k,y))ier denote a
solution to the maximization problem S(v). Since (k,y) € D with 0 < y <
f (v,k,m), there exists ¢ > 0 such that 0 < ¢ +y < f(k,m — &) + v(#I)(1 —
27)" +v(m —#I). Letting ¢; = 27 and l; = 27, Vi € I, the Slater condition is
satisfied. Hence, there exists Lagrange multipliers (v, A, ', k,y) € R associ-

ated with the constraint ), ¢;+y < fw k,(1- li)ier) and m; (v, A\, ¢' k,y) € R
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associated with the constraints I; < 1 such that ((c])icr, (I )icr, iy, (,4)icr)

maximizes the associated Lagrangian :

L= Z)\ <BZ> (ciyli) [ZCH-y F v,k ( icr) ant

el el el

From the The Kuhn-Tucker first-order conditions we get:

Bi\'
>\i <EZ> ’LL(C“ll) Mt:O,ViEI

t
Ai <&> uf(c;", IF) =y | fr(k,m — Zl;‘) +rva(l — l;‘)a—l — =0, Viel

jeI

e >0, Mt[Zc +y— f(k,m— Zl —uZl—l v(im — #I)

i€l el el
Nit > 07 nz,t(l;,k - 1) = 07 Viel.
Since v’ is strictly increasing, u/(0,0) = 0 and ' satisfies the Inada conditions,
it follows that ¢ > 0 and [7 > 0, Vi € I. Therefore, p; > 0. Moreover, we have
that [ <1 and n,;, =0, Vi € I. The first-order conditions become:

Al(%) u(czvlz) pe =0, Viel

t
Ai <%> ul<C“lz) e fL(k,m— Zl;‘) +Va(1 _ l;k)afl —0, Viel

Jjel

¢ +y— flk,m— 5y—vY (1-10)) v(m—#I)=0
> PHEED
el i€l i€l

Differentiating the above equations and rearranging we get:

t t
\; (&) ul det + A (@) ulydly —dp, =0, Vi€ I

B g
B\ . B\ . va(l —a)
Ai <EZ) Ugdey + | A <EZ> uy = M —ryza + pfrr | dly

. vo .
+pefrL Z dl; — [fL + m] dpy = e frrdk, Yie I
JELj#i @

> de; +dy - fkkorfLZdl*JrZ e —dl} = 0.

el i€l ZEI

For all 7 € I let

B B va B va(l — a)
p=frLL, p1i = A= A= e

17



and

t t t
a; = )\z‘ <%> uéc, bi = >\i <%> ule, C; = )‘i (%) ufl + p2;.

With this notation the first order conditions can be written as follows:
a;dc; + bidl;y —dp, =0, Viel (1)

bide; + [¢; + pldlf + p Z dl; — (fr +pui)dps = ppfredk, Yie 1. (2)

Jjel j#i
Z dej + Z(fL + p1)dl; = frdk — dy. (3)
i€l i€l

Assume for simplicity that I = {1,...,q} where ¢ = #I. We can alternatively
write these equations in a matrix form, AX = X, where:

aip 0--- 0 b1 0--- 0 -1
0 0 : -1
0 0~ ag 0 0 by -1
A=1| b 0 0 ca+p p--- D —fL—pru |,

0 0 : R : :
0 0 by p pr cgtp  —fL—Dpiy
1 1 1 fo+pu - frL+piyg 0

dc] 0

dey, 0

X=1dj |, Xo=| pferdk
dl i fendk
dpy frdk — dy
In particular,
_aT
A= M -d 7
d 0

where:

M1 Mia
M = ) d= 17"’717fL +p117-'-7fL +p1
( M1 Mas ) ( ?

18



and

ap 0 0 by 0 0
My = , Mig =M =]
0 0 a 0 0 b
cL+p p--- p
My = : D :
P P Cgtp

We show that A is invertible. Let A be the matrix obtained from A by changing
the sign of the last column, i.e

R T
A= M-d .
d 0
Observe that Moy = N1 + Na, where

Cl 0... 0 p p... p

Let z ={21, ..., 24,51, ---,Sq) Where z # 0. Since py; < 0 and a;c; — b? > 0 (since
u' is concave), it follows that

z2'Mz = zT My Mo z+7z" 00 z
My Ny 0 No

b; 2 i —b? 2
— E . Lt v P 2 E .
= [CL’L (21, + a/'§1,> + a; S +p ( gz) < 0,

iel v iel

Therefore, M is negative definite. Let

B:(f)

Since M is negative definite on {z € R%*! : Bz = 0}, (i.e 2’ Mz < 0, Vz €
R24+! with Bz = 0 and z # 0), it follows from Claim 2 that:

2gMaq 248

—1)2¢ det — (=1)2A| > 0 or |A] > 0.

Since |A| = —|A| < 0 the matrix A is invertible. By the Implicit Function
Theorem, ¢;(v, ¢t k,y), l;(v, ¢, k,y) and (v, ¢t k,y) are C! in a neighborhood
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of (k,y) € intD. The Envelope Theorem then implies:

Vi(v, A, ¢, k) .
> = mfulkm =) 1)

icl

Wi, \Ghy)
8y - lut‘

From equations (1),(2),(3) we obtain:

I b
b i fL—i-pn—a—ll “
fotpn——, . fotpg——2 )V : +Z— dpy
aq CLq b Py a;
L fL+p1q_a_Z
1
b1 by 1 )
= | —mfLk fL+p11—a—1,--,fL+p1q—a— |4 c| + fr| dE — dy,
! 1
with
b2
V= : :
2
p ... Cq_a_(;+p

Observe that the matrix V satisfies the hypothesis of Claim 1. Therefore, V!

exists and
1 0

vi o <]
1 0

From the first-order conditions we have:

ul(eh1¥) .
fr + p1i = M—z, Vi
RTACNE)
Given assumption U4 we also have:
b; ub ol
fo+pi—— = —g— fl
a; Ue Uee
_ M (e M)
ul, \ ul up )
It follows that:
Oy 0
ok =

and in particular

82‘Z(V7)‘7<7k7y) 8:ut . n
oKy = on >0, Y(k,y) € intD.
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iv) It follows from standard arguments.
v) For v € (0,1] the claim follows from the Maximum Theorem. When

v =0, then » = ¢ and Proposition 6 applies. =

Equipped with the last results we return to the study of problems (Q) and
(@)

Proposition 8 Assume U1-Uj4 and F1-F4. Then,
i) The functions V; and V are supermodular in the interior of D, i.e for
(k,y), (K',y') € intD we have:

V(A G (k) v (K ) + ViA, G (B y) A (K y)
> Vi(A Gk y) + Vi G R Y)

and

(A (k) v (K, 9)) + VA (ko) A (K 3)))

‘7
VN k) + VLK, ).

>

it) The policy function ©(0,k) is non-decreasing in k. As a consequence,

the optimal capital path associated with problem @ is monotonic. Moreover, if
ko < k{ and k*, k' are the optimal paths starting respectively from ko and k),
then ky < ki, Vt.

Proof: i) Let (k,y) € intD. Observe that for any v € [0, 1] we have 0 < y <
f (v, k,m). From Proposition 7, given (k,y), (k',y") € intD, it follows that:

Vi, MG, (B, y) vV (K Y) + Vi, A ¢ (B y) A (K y))
> Viw, N\, k) + Vi, A G E L Y.

Taking the limits of both sides as v — 0 we get:

Vi G (R y) V(K1) + Va(A € (R, y) A (K y)
> Vi(A G ky) + V(A G R Y.

That is, V; is supermodular on the interior of D. The supermodularity of 1%
follows from the fact that V; = V in case where all agents have the same
discount factor, i.e §; = 3, Vi € I.

ii) Recall that problem @ is stationary. Assume that ko < k. If ko = 0,
then ¢(0,kp) = 0 and ¢(0,k)) > 0. Let kg > 0 and assume the contrary, i.e

©(0,ko) > (0, k). We consider two cases:
Case 1: Assume that ¢(0, ko) < f(ko, m).
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Observe that

0 < W(Q?k[/))<f(k07m)
0 < ©(0,ko) < f(kg,m).

That is, (0, kj) is feasible from ko and (0, ko) is feasible from kj. Since V is

supermodular in the interior of D, the claim follows from standard arguments
(see Majumdar et al. (2000), Ch. 2, Proposition 5.2).
Case 2: Assume that ¢(0, ko) = f(ko,m).

We have that 0 < ¢(0,k{) < f(k{,m). The continuity of ¢ implies that for
k < k{ with k sufficiently close to kj we have 0 < ¢(0,k) < f(k,m). Let
k' € [ko,k}) be the first element, such that, ©(0,k') = f(k',m). For any
k€ (k') k)], we have 0 < ¢(0,k) < f(k,m) and ¢(0,k) < (0, kf) (refer to Case
1). It follows that

(0, k) = (0, k1) = f(k',m) > f(ko,m) = (0, ko).

We conclude the proof. m

Lemma 4 Let kg > 0. Under Assumptions U1-U}4, F1-F4, if k* is the optimal
path starting from ko, then ki > 0, Vt.

Proof: See Appendix A. m

To proceed further we need to impose some additional structure on prefer-
ences and production technology.

Assumption U5: For any period utility function u’ that satisfies u’(c,0) =
u'(0,1) = 0,Yc > 0, 1 > 0 we assume that u’(z,z) and u{(z,z) are non-
increasing in x

Remark 3 Assumption U5 is satisfied for the Cobb-Douglas class u(c,l) =
1B, with o+ 3 < 1, as well as, the CES class u(c,1) = [c® —HO‘]%, with a < 0.
It is also satisfied by the class of period utilities u(c,l) = m[h(c,l)], where h is
a homogeneous function of degree 1 satisfying h(c,0) = h(0,1) =0 and m is a

monotone increasing and concave transformation with m(0) = 0.

Assumption F5: The production function F' is homogeneous of degree o €
(0,1], i.e F(k,L) = L“F (£,1).

Lemma 5 Let kg > 0. Under Assumptions U1-US5, F1-F5, if k* is the optimal
path starting from ko, then ki cannot converge to zero.
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Proof: See Appendix A. m

The following result proves the existence of a unique non-trivial steady state
for the planner’s problem involving only the most patient consumers.

Proposition 9 Let kg > 0 and k* denote the optimal solution from ko to prob-

~

lem (Q). There exists a unique k* such that kf — k*. Moreover let (c},1})icr, de-
note the individuals’ optimal intertemporal allocations associated with k*. There
exists (¢, 1l;)ier, such that iy — i iy — 1, Yie I

Proof: From Proposition 8(ii) we know that the optimal capital sequence k*
is bounded and monotonic. In addition, Lemma 5 implies that kf — k* > 0.

By the principle of optimality, for any t, we have:
W) = VLK Ky) + BW ().
Taking the limits as ¢ — 400 we obtain:
W) = V(A K k) + BV (k).

It follows that k° is a steady state. From Proposition 1, there exists (c;,1})icr,
associated with k® that solves:

~

V(A K% K%) = max Z/\iui(cl-,li)

i€ly
st Y A4k < f(Rm =) 1)
i€l i€l

>0, 1"€[0,1], Vi€ I.

Observe that 0 < k% < f (k®*,m). Indeed, if k° = f (k°, m), then:

Zcf:()and Zlfzo.

i€ly i€ly

This implies that V (), k%, k%) = 0. Since I//I\/(ks) > 0 for k¥ > 0 (see Proposition
4) and g € (0,1), we obtain a contradiction.

From Proposition 2 we have ¢ = ¢;(A, 0, k°, k%) > 0and I = [;(X,0, k%, k%) >
0, Vi € I1. Moreover, since ¢;(A, 0, kf, kf, ;) and [;(A, 0, k}, kf, ;) are continuous

functions and kf — k%, it follows that for any ¢ € I;:
ci(N0,kf ki) — ci(N,0,k% k%) and [;(X, 0, kf, k) — 17 (N, 0, k%, k%).

The proof of uniqueness of steady state is given in Appendix B. m
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Remark 4 We provide below an example of an economy having a steady state
in which some agent © does not provide labor, i.e an economy in which I =
for some agent i. The example illustrates in a clear way the possibility of corner
solutions in our model. In the example, one of the consumers strongly prefers
leisure. It is therefore optimal for the social planner to allocate to this consumer
the total endowment of his leisure time.

Example 1 Consider an economy with 2 agents having period utilities func-
tions of the following form: ul(ci,l1) = ¢ + 1§ and u?(ca,la) = & + 015,
a,b € (0,1). Technology is Cobb-Douglas, F(k,L) = kYL'=7, where v € (0,1).
For simplicity assume that 6 = 1 (full depreciation). Assume that 31 = By =
(both consumers have the same discount factor, i.e Iy is an empty set) and
that the social planner puts equal weights to both consumers, Ay = Ao = % To
sitmplify further, assume that o = b.

It is easy to check that the steady state of this economy is described by the
solution of the following system of equations:

Gl =g (1)

<%> - (1 =7)z” +m (2)

0 (7) = (1= )7 + 7 (3)

5= (18)T (4)
/{7:$<2—l1—12) (5)
c1tc—2-l =)z’ —z]=0 (6)

The constant n; denotes the multiplier associated with the constraint l; < 1.
From equations (1)-(4) it follows that

o = ca=U[(1—y)a7 +mTF (7)

oI [(1 =)o + ]
(1= 7)27 + ny] ' &

One can show that the system of steady state equations (1)-(8) is consistent

la

with a solution ((cf,13)i=1,.2,2° k%, n},n3) such that 5 = 1. Indeed, assume that

177

(€3, 12)i=1,2, 2%, k%, m3,m3) is a solution such that I35 = 1. Equation (4) gives the

177

value of x°. From equations (6)-(7) we have that
4 S S S
20[(1 =) (@) +ni] T = (1= 1)[(2°)" — 2°]. (9)

For any n7 > 0 equation (9) is satisfied for a unique l§ € (0,1). In this case,
we have n§ = 0. From equation (8)

1001 — 7)) 7% = (1—)(2°)" + 5. (10)
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Let 0 such that I5[0(1 — ’y)aﬂ]ﬁ = (1 —¥)2". For any 0 > 0 equation (10)
determines n3 > 0. Given lf, equation (7) determines ¢§ and c3. Finally, k* is
determined by equation (5).

We have the following result.

Lemma 6 Let a € (0,k|. Then, for any e > 0, there exists T'(a,¢€), such that,
for any k > a, for any t > T(a,c) we have:

©'(0,k) — k| <.

Proof: Choose some a € (0,k]. Let € > 0 and k > a. Given Proposition 9,
there exists T'(k, ) such that ,for any ¢t > T'(k,¢), we have:

(pt(Qv k) — k| <e.

Since ¢*(0, k) is continuous, there exists a neighborhood N'(k) of k, such that,
for any k' € N (k) we have:

@T(k’a) (Q7 kl) — k| < e

Assume that k& < k*. Since (p'(0,k)) is a non-decreasing sequence, it follows

that for any k' € N (k), for any ¢ > T'(k,e) we have:

Spt(Q, k/) o ks — ]{ZS o Sot<Qy kl)

S ks _ SOT(]C,E) (Q, k:l)

< e

J

When k > k° the argument is similar. Consider next a finite covering (N (k;))j_;

of [a, k| and let T(a,e) = maxjcqy . T (kj,e)}. ®

We now return to the initial problem involving all agents, i.e problem (Q).
The following Proposition shows that the optimal capital sequence is bounded
away from zero.

Proposition 10 For any kg > 0 and k* optimal from kg, there exists v > 0
such that kf > v, Vt.

Proof: Lemma 4 implies that there exists a € (0,k®) and a subsequence
(KT, Jnen such that k7. > a, Vn € N. Choose € > 0 such that a —¢ > 0
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and k* — 2¢ > a. Let T'(a,€) be as in Lemma 6. It follows that for any n € N
we have:

PTED(0, k) — k| <.
This in turn implies that

T =) (0, k) >k —e>a—e. (1)

Let t € {1,...,T(a,e)}. The uniform continuity of (' implies that for n large
enough we have:

P kT,) — 0k, | <€

It follows that

P (¢ kT, > 010, kT,) — (2)
Since a € (0, k%), we have that ©!(0,a) > a, Vt. Moreover, k7 > a implies that
©'(0,k7, ) > ¢*(0,a) > a, Vt. Therefore, for any t € {1,...,T(a,¢)}, it follows
from (2) that:

P kg,) > a—e.
In particular, for t = T'(¢,a), the inequalities (1), (2) imply that:
Pl @ (T kS ) > k* — 2 > a.

By definition:

pl@o) (¢Tn gz ) = KT\t T(ae) > @

In a similar way, Lemma 6 implies that for any n € N:

T(as)( <e.

¥ Qa k:;“n—&—T(a,a)) —k°

Moreover, for any t € {1, ...,T(a,e)}, the uniform continuity of ! implies that:

@t(CTn-f—T(a,e) <e

) k;‘rﬁT(a,e)) - (pt(Qv k;‘nJrT(a’E))

It follows that for any ¢t € {1,...,7(a,e)} we have:

C-Tn -‘rT(a,{;‘)

(pt( ’k}n-i-T(a,a)) >a—¢

and in particular
@T(a’s)(CTn+T(a’€)’ k;n+T(a,s)) > k% —2e > a.
By definition, for any ¢t € {1,...,T(a,€)}, we have:

(Pt(CTn+T(a78)a k;n—&—T(a@)) = k;“n—&—T(a@)—&-t'
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This in turn implies that:
got(CT",k}n) >a—¢, Vt=1,..,2T(a,¢).
Repeating the above argument one can establish that :
(¢ ky ) >a—e, VE=1,...,00.

The claim is true for
v = min{k7, ..., k7 ,a —€}.

Proposition 11 Let kg > 0 and ((c,1});, k*) denote the solution to problem

1771

(P). Let ((c¢f,1?)icr,, k°) denote the steady state associated with problem Q).
Then, i) ki — k*, i) ¢;, — ¢ and If, — 12, Vi € I, iii) ¢, — 0 and I}, — 0,

Vi € Is.

Proof: Given the previous results, the proof of (i) parallels the one presented
in Le Van-Vailakis (2003, Proposition 4). Since kf — k® and (k®,k®) € intD,
there exists some 1" such that (kf,kf ;) € intD, Vt > T. We know that for
any i € 1, ci()\,Ct,kf,k;kH) and li()\,Ct,kZ,ka) are continuous functions in
[0,1]%2 x intD and that V(X' kL kpy ) — V(X k%, k). This proves claims
(ii) and (iii). m

Remark 5 The last Proposition shows that the equilibrium paths associated
with problem (P) converge to a limit point. This limit point is the steady state
associated with the planner’s problem involving only the most patient consumers.
The model exhibits the well known property of "the emergence of a dominant
consumer" found in the seminal papers of Becker (1980) and Bewley (1982).
After all, one can ask if the convergence point is itself a steady state for the
problem involving all agents. It is easy to show that this is not true.

Assume that Is # (), i.e there exists some j € I such that Bj < B. Let k* be
the steady state associated with problem (Q). Let ko = k° and assume that for
any t > 1, (i) ki = k%, (i) ciy = ¢, I7, =1, Vi € I, (iii) ¢;, = 0, 7, = 0,
Vi € I. Since 0 < k* < f(k®,m), from Proposition 2(iv) it follows that ¢}, > 0,
5, >0,Vt > 0. This in turn contradicts the optimality of ki = k* and ¢}, =0,
liy=0,Vi€ .

In this case, if the economy starts at ko = k* any optimal path (k}) converges
to k% with ki # k°. As a result, the optimal path may exhibit fluctuations at

least for the beginning periods.
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Appendix A

Proof of Lemma 4: We prove the claim for the case where #I > 23.
Let ko > 0 but assume that ki = 0. Recall that Lj = m — >, ;I7;. Since
f(ko, L§) = (1 — §)ko > 0, there exists some i1 € I such that ¢} ; > 0. Choose
e > 0 such that ¢j > e+ 2. The proof follows in two steps.

Step 1: We claim that 0 < k3 < f(0,m).
Assume the contrary. In this case, ¢f; =0 and [} =0, Vi € I. Let a = %

and v = 3 Consider the alternative path ((c;,1;);,k) defined as

e+1
il o= (e+e?)]”
follows:

i) Ciy,0 = C?1,0 - (5 + 52)7 Ciz,0 = 6;270 + 527 Ci,0 = C;0> Vi € I\{i17i2}
ii) Ciy 1 = QE, Cip1 = €&, C1 = 0, Vi e [\{il,ig}

—

11) l@g = l;'k,07 Vi el, lil,l = "€, li271 =g, li71 =0, Vie I\{il,ig}
iv) ¢ = c;:t and [;; = l::t, Vie IVt > 2
v) ki=e, ky=kf, Vt>2.
Observe that
Go—(e+e)+cho+e+ > co+e= flko, Lj)
iGI\{il,iQ}
Moreover,
Sf(ky,m —liy 1 —lip1) — ko —ciy 1 — Cig 1
= fleem—ne—¢)— f(0,m)—ac—¢
> elfule,m—ye—¢e) = frle,;m—ye —e)(14+7) —a—1].
Due to the Inada conditions on F), the term inside the bracket is strictly positive
for & small enough. This proves feasiblity of the alternative path.

Observe that as ¢ — 0 both « and v converge to a finite value. In addition,

% = ¢;;,0. Define:

A€) =D N> Bl (cilin) = > XD Bl (¢ 154)

el t=0 el t=0
= iy [u(ciy 0, Ly 0) = w(ch, 0, 1 0)) 4 X Bay [w (i1, liy 1) — w65, 1505 1))
A [u iy 0,in.0) — w001, 0)] F Xin By [0 (Cin 15 lin1) — w2 (chy 1,1y 1)]
= Ay (e) +A(e).
The concavity of u’* implies that
A;—f) = By, [w(ciyn, lina) — w (cf 1,0 1)) + [ (cir,0, iy 0) — ™ (€F, 05 1 o)

2 /Biluil (056, 76) - u? (Ci1,0> lil,O)(E + 52).

3In case where there is only one agent the argument is similar.
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If uf:} > 0, then

e, '76) it (eiy 0,1 0)( +€2)

> Biud

ot (0e3
> B, Ei ) € — ut (ciy 0, liy 0) (€ + €7)

) QE — u (Ci1,07li1,0)(5 + 52)

2t
= leuc (CZ17071)
Bi,

= (& +e)ul (cip0,1) —ul(ciy0,lir0)] > 0.

- u? (Ci1,07 liho)({‘: + 52)

If u'} <0, then

Ail (5)
by

11

\Y]

(g, ye) — ul(ciy0,li0) (e + €7)

> B, ud (ag,ye)ae — ul (ciy 0,1y 0) (€ + &%)
> (5 + 5)[“? (046, 1) - u? (Ci170’ lil,o)]'

Due to the Inada conditions on 4!, the term inside the bracket becomes non-
negative for € small enough.
We also have:

Ai 3 i ] * * i ] * *
—/\2( ) = B [Uzz (e,€) — uzz(%,h lz‘g,l)] + [u"(ciy,0,li0) — u' (Ciz,Oa 7;2,0)]
iz

> Bizui2 (527 6) + uiz (Ci2,oa li270)52 > 0.

Step 2: If F(0,m) = 0, then by feasiblity k5 = F(0,m) = 0. But this
contradicts our claim in Step 1. We conclude that k7 > 0. Consider next the
case where F'(0,m) > 0. From Step 1 we know that 0 < k3 < f(0,m), so from
Proposition 2(iv) it follows that ¢}, ; > 0 and [ ; > 0. Observe that L7 > 0 (if
L} = 0 then by feasibility cf ; = 0: a contradiction). Consider the alternative
feasible path ((c;,1;),,k) defined as follows:

1) Ci1,0 = 6?1,0 =& Gyl = Cfl 1+ f(ea LT) - f(()?LT) Cirt = Czl t> vt > 2,
i) = c;-:t Vi #d1,Vt and [ = lzt, Vi, Vit
i) ki=e¢, ke =k;, vVt > 2.

Define:

Ag—ZAZﬁU Citylit) ZAZﬁt “ (cieslie)-

i€l t=0 i€l t=0
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The concavity of u'* and f implies that

Aiy (¢)
iy

* * *

= w1 (ci0,li,0) —u (¢}, 0, L 0) + 5, [win (cipa, i 1) —u (] 1,05 0)]
ue (€iy,0: 1ir,0)(Cir,0 = €5, 0) + B, ul (ciy,1, i 1) f (e, LT) — (0, LT)]
> —ug (eir,0,li0)e + B, ud (i1, liy 1) (e, LT)e

> € [le u? (Ch,l: lihl)fk(E? LT) - u? (Ci1,07 li1,0)] .

v

Ase — 0, u? (Cihl’ lil,l)fk(aﬂ LT) — +oo while u? (Cil,Uv lihU) - u? (C;'k:l,()’ l;kl,O) <
+o0o. Hence, for € > 0 small enough, A;,(¢) > 0 : a contradiction. It follows
that k7 > 0. Working by induction we can show that k& > 0 for any ¢t. =

Proof of Lemma 5: Assume the contrary: kg > 0, k* is optimal from kg and
ki — 0. Since f;(0,1) > 1, for k small enough, we have that f(k,m) > k. This
implies that there exists a date T, such that, 0 < kf | < f(kf,m), Vt > T. We
know that with any optimal solution k* of problem (@), there exist associated
sequences (c},1¥);cr for consumption and leisure, such that, ((c},1);cr, k*) is
a solution to problem (P). Recall that Ly = m — >, [7,. The proof follows in
two steps:

*

Step 1: We claim that the sequence (k—t> converges to zero.

Lf
k*
Let ( tn
I;

) be a subsequence such that:

* *

k
lim sup = = lim —o
TE T L

Without loss of generality (Z,) can be chosen such that 0 < kf ,, < f(k; ,m)
for any n € N and [j, — I; € [0,1] for any ¢ € I. Moreover, assume that
#I = m (if #I < m the claim follows directly). If I; < 1 for some i, it follows
that Ly — L > 0 and the claim is true. Consider next the case where I; = 1
for all 4 € I. In this case, L — 0. The first order conditions for problem (P)
imply that for any ¢ € I, for any n € N :

uf(c;tn, l;k,tn)

Fr (kf LT ) < — .
L (ki L) < u(ciy, )

Define & (z) = F(z,1) — xF) (x,1). Since f is homogeneous of degree o € (0, 1]
we have:

k*
P L) = altg) () )
tn
DGR

B U@(C;twl;tn) .
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Denote B(ko) := f(A(ko),m). Since I, — 1 there must exist some € € (0,1)
and N € N such that 1 —e <[} , Vn > N. It follows that Vn > N

u%(c;‘ tn l;’k,tn) ui(c;‘tn, lz*tn) 2)
ul(ct b ll*tn) — (1 —e)uiler b l;‘tn)
‘(B(ko),1) e
< (kSuz(B(?co),lfe)’ if ujp >0

ui(B(ko),1 e g
Tty i ul <0

Consider first the case where a € (0,1). Combining (1) and (2) we get:

k*
. * ya—1 t

S ) < My,
h}lnoa(Ltn) £<L?n> < Mo

For this to be true we must have:

Observe that ¢ is strictly increasing on Ry .. From the definition of £ and the
concavity of F We also have that & (z) = F(z,1) — 2F) (2,1) > 0 for any z > 0.
It follows that L—:L — 0.

k* .
Consider next the case where o = 1. Assume that Li” — z > 0. Since

flkr, Ly) =kff(1, k* ) and kf — 0, by feasibility it follows that ¢j, — 0 for any
i. Then combining ( ) and (2) and using the Inada condltlons on u’ we arrive

at a contradiction. We subsequently conclude that Li" — 0.

Step 2: Choose some ¢ > 0, such that, fx(e,1) > 1. Since % — 0, there
exists some date T/, such that % <e Vt> T

For any t > T} = max{T, T} Euler’s equations hold, i.e for any i € I, we
have:

ui(:ta ) Biu (;’:t—l—lal;t—i-l)fk (@HaL:ﬂ)

It is easy to check that fi (ki q, Ly ) = fx (e,1), Vt > T1. Indeed, if L4 > 1
the inequality is true since fi;, > 0. If L}, | < 1 observe that:

k;*
Jr (ki L) = (LZ+1)OC_1FI<: Tl 1)+ (1-96)
Ly,
k:*
> Fg (Lfl,l) +(1-9)
t4+1
Z fk (57 ]-) .
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It follows that there exists T5 > 17 such that for any t > 15 :

t—T5

+o0 >l lin) > wileinli) [T | (mine) £ (iareL110)|
=1
A t—To
> itz IT | (ming:) £ )]
T=1

t—To, 1/ * *
> AT (el 1),

with A = (min; 8;) fi (¢,1) > 1. Fix some i € I. We distinguish two cases:
Case 1: Assume that ule <0.
In this case, Vt > T5 we have:

+00 > u(Cmy, i) = AT Rug(cly, 154) > AR ug(B(ko), 1)

Since A*™"2 — 400 as t — +00, we obtain a contradiction.
Case 2: Assume that ule > 0.
In this case, Vt > T5 we have:

+00 > ul(c cimylim) = ATy (C:tv i)

Since A'~"2 — 400 ast — +oo, it follows that uz(c;’:t, l7;) — 0. But ué(c;t, i) >
ul(B(ko), [7;) in which case [j, — 0. Observe also that V¢t > T5 we have:

U%(C;tal;t) = ( zta fL(ktaLt)

Zt’lt <L*7 >

S uc(cz tr lz t) (

IN

It follows that uj(c;,, lf;) — 0 and therefore ¢, — 0.

By assumption u*(0,0) = 0. We have to distinguish three subcases.

i) Assume first that there exists ¢ > 0 such that u’(c,0) > 0.
In this case, there exists ¢ > 0 such that u’(¢,0) > 0 (if not, it follows that
ul(c,0) = 0, Ve > 0 : a contradiction). Since iy — 0, Ty can be chosen such
that, for any ¢ > T5, we have ¢}, < ¢. In this case:

+00 > ué(c;Tz’ lsz) > AtiTZU’z(Cjt? ’Lt) > At TZU (C 0)

Since A*~72 — 400 as t — +o00, we obtain a contradiction.
ii) Consider next the case where there exists [ > 0 such that u?(0,1) > 0.
A similar argument implies that there exists [ such that ul((),l) > 0. Since
liy — 0, T3 can be chosen such that, for any ¢ > T3, we have [}, < 1. In this
case:
oo > uf (el 1) > ui(0,1) > 0.
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Since uj(cf,,1¥,) — 0 as t — 400, we obtain a contradiction.

iii) Consider finally the case where u(c,0) = u*(0,1) = 0.
We know that ¢j, — 0 and 7, — 0. Observe that for any subsequence (cj,, [};)
such that ¢, < I¥,, Assumption U5 implies that ul(c},, ;) > ul(l¥,lf;) >
ul(1,1) > 0 : a contradiction since we know that u’(c},,5,) — 0. In a similar
way, for any subsequence (cz"t, l;t)t such that ¢}, > I}, Assumption U5 implies
that u%(c;t, i) = u%(cit7 i) > u}(B(ko), B(ko)) > 0 : a contradiction since we
know that uf(czt,l;t) —0. m

Appendix B: Uniqueness of steady state

Given any v € (0, 1] denote:

Fwk,(L=l)ier) = flk,m =Y L)+ vy (1 —1)* +v(m—#I).

i€l i€l
Let 0 = (0);cz, denote the zero vector in R#!2. Observe that

o~ ~

V(Vv )‘7 k? y) = V(”’ )‘7 Q’ k’ y)
= max Z)\iui(ci, l;) (§(V))
i€ly
s.t. Zci +y < fw,k, (1= L)ier)

i€ly
c >0, 1; € [0, 1], Vielh

is the indirect utility function associated with the Pareto optimal problem in-
volving only the most patient consumers in an economy with production possi-

bilities described by the function f(v,k, (1 — l;)icr,). The corresponding value
function is as follows:

— —~

W(v, ko) = W(v,0,ko)

= max Zﬁt‘?(u, A ki kigt) (@(V))

t=0
540 < kg1 < f (v, ky,m), Vit
ko > 0, is given.

The optimal policy function for this problem is given by:

B0, k) = argmax {V(v, A k) + BW(v,) : 0 < y < F (v, hym) |
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Let ko > 0 and k*() be the optimal solution from kg to problem Q(»). In this
case, we write k}, 1 (v) = 3(v,0,k} (v)) = 3'(v, 0, ko). The argument of the proof
is as follows. We first show that given any v € (0,1] the problem Q(v) has a
unique steady state denoted k°(v). We subsequently prove that k°(v) converges
to some k® as v — 0. The last step involves to show that, independent of the
initial capital stock kg, the optimal path associated with problem @ converges
to k°. Working in this direction we need the following two results:

Claim 1 Fiz some v € (0,1]. Let ko > 0 and k*(v) be a solution from ko to
problem Q(v). Then, (k}(v)) converges monotonically to a unique steady state.
Proof: Fix some v € [0, 1]. It is easy to check that fl/, k, (1 —l;)ier, ) satisfies
the assumptions F1-F5. Proposition 8 shows that 17(1/, A, k,y) is supermodular
in the interior of D(v). This implies that (k}(v)) is monotonic. The method
of proof in Lemma 4 and 5 can apply to show that (k;(v)) is strictly positive
and does not converge to zero. It then follows that (kf(v)) converges to some
ES(v) > 0. We next show that £*(v) is in addition unique.

Assume that there are more than one nontrivial steady states. Their number
must be finite*. The roots of the Jacobian evaluated at any steady state will
be the solution of:

BNV + [Vaz + BVi1]A + Via = 0.
A sufficient condition for saddle point stability® is:
~(1+ B)Vi2 + BVi1 + Vap < 0.

We know that 1712 > 0. Since V is concave, we also have that ‘711, ‘722 < 0. Since
the number of steady states is finite one can find k*(v), &’ (v), with k*(v) <
k°(v), such that, no point k € (k*(v),k(v)) is a steady state. Saddle point
stability implies that there exists ¢ > 0, such that, for any ky € (E°(v) —
g, E*(v) +¢), §'(v,0, ko) — E*(v). Similarly, there must exist Z, such that, for
any ko € (E'(v) —2,k°(v) +8), @' (v,0,ko) — k" (v). Let k = sup,(k*(v) +¢g)

and k = infz(k"(v) — £). Monotonicity implies that

For any k*(v) > k' > k, we have $(v,0, k") > k'. The continuity of  implies that
@(v,0,k) > k. In a similar way, for any k*(v) < k' < k, we have p(v,0,k') < &,

4 Assume that the set of nontrivial steady states is infinite. Since this set is compact, there
will be a subsequence (k;, (v)) that converges to some k°(v). But this leads to a contradiction,
since by the Implicit Function Theorem, for k°(v) there is an open neighborhood U(k°(v))

where £°(v) is the unique solution to the steady state Euler equations.
Refer to Majumdar et al. (2000) Ch. 2, Section 7.2.
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and by continuity, ¢(v,0,k) < k. But this implies that k is a steady state: a

contradiction. Hence, k*(v) is uniquely determined. m

Claim 2 Let ky > 0. For any € > 0, there exists T(e) such that for any
€ (0,1], for any t > T'(e) we have:

'wu,g, ko) — k()] < &

Proof: We know that (v, 0,ky) — k*(v). This implies that for any ¢ > 0,
there exists T'(v,e) such that:

T (0,0, ko) — k°(v)| <e.

The continuity of ¢ implies that there exists a neighborhood N (v) of v, such
that, for any v/ € N (v) we have:

W0, ko) — K (V)| <e.

Take a finite covering (N(Vj))“j]:l of [0, 1] and let T'(¢) = maxci,.. 1T (v),€)}-
|

Fix some ky > 0. Let (vy,) be a sequence such that v,, — 0. Consider the
sequence of optimal paths (k*(v,)) associated to the sequence of intertemporal
problems (Q(vy,)) having an initial capital stock equal to kg. Assume that ko <
k*(vy,) for any n € N. Recall that kf(v,,) = @' (vn, 0, ko) and ki = (0, ko). We
have:

ko < @(Vn, 0,ko) < oo. @' (Vn, 0,k0) < oo <K ().
Denote k := liminf, k*(v,,). The continuity of @(v,0, ko) with respect to v
implies that @' (v, 0, ko) — ¢*(0, k%) as v, — 0. We have:

ko < 0(0,kd) < ... < "0,k < ... <k

Assume that kf — k < k. In this case there exists some /N and an € > 0 such

that k + e < k*(vy,) for any n > N. From Claim 2, it follows that there exists
some T'(¢) independent of (vy,)n>n such that

k+e< k;(g) (Vn) < ks(yn).
Letting v,, — 0 we get

k+€ < k;ﬂ(s) S k;(€)+1 S S k,
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which is obviously a contradiction. It follows that kf — k. A similar argu-

ment can apply to show that kf — k where k := lim sup,, k*(vp). As a re-

sult lim,,, .0 k*(vy,) exists. Denote this limit by k°. The same is true if we

had assumed alternatively that kg > k®(v,) for any n € N. In either case
lim,, 0 k*(vn) = k* and kf — k®. We have proved that for any kg > 0 the
optimal path (k) converges to k° which is independent of kg. The proof is

complete.
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