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Up to the 1740s, problems of equilibrium and motion of material systems
were generally solved by an appeal to Newtonian methods for the analysis of
forces. Even though, from the very beginning of the century—thanks mainly
to Varignon (on which cf. [Blay 1992]), Jean Bernoulli, Hermann and Eu-
ler—these methods used the analytical language of the differential calculus,
and were considerably improved and simplified, they maintained their essen-
tial feature. They were founded on the consideration of a geometric diagram
representing the mechanical system under examination, and consequently
applied only to (simple) particular and explicitly defined systems. The pos-
sibility of expressing the conditions of equilibrium and motion of a general
system of bodies, independently of its particular character, only arose when
new and essentially non-Newtonian principles were advanced and employed.
These principles—such as those of least action and of virtual velocities—
are generally known as “variational principles”. In the second half of 18th
century, mainly thanks to Lagrange, it was shown that these principles per-
mitted the conditions of equilibrium and motion of a mechanical system to
be expressed by a suitable system of equations. Though these equations
differed when applied to different systems, their form was always the same,
whatever the system they were concerned with. As long as this form could be
expressed by some general equations, any problem of equilibrium and motion
for a particular system could be interpreted as a particular case of one or the
other of two general problems: the problem of equilibrium of a mechanical
system, and the problem of motion of a mechanical system. Solving these



problems was the same as solving two general equations, those expressing
the conditions of equilibrium and motion of any system. Hence, the deter-
mination of these conditions for a particular system was simply a matter of
specifying these equations and their solutions.

In the present chapter!, I sketch the history of this development, from
the introduction of the first variational principles to the elaboration of La-
grange’s “analytical mechanics”. This is the history of the transformation of
mechanics from a geometric science into an analytical one, or even, according
to the Lagrange’s dictum, into “a branch of analysis”.

1 The principle of the least action: Mauper-
tuis, Euler and Lagrange (1740-1761)

In the opening pages of his memoir “La loi du repos des corps” ([Maupertuis 1740)),
Maupertuis explicitly contrasted the Newtonian principles of mechanics with
another sort of principles, which would express, according to him, “the laws
that Nature follows in certain combinations of circumstances” (“les Loix que
la Nature suit dans certaines combinaisons de circonstances”; ibid., 170).
Maupertuis mentioned, as two known examples of these latter principles, the
principle of maximal descent of the center of gravity and the principle of con-
servation of vis viva. Moreover, he proposed a new principle of the same sort,
which he called “the law of rest”, expressing the conditions of equilibrium for
a system of bodies acted upon by any number of central forces? when these
forces were directly proportional to any integral power—Ilet us say m—of the
distance to their centers.

We consider a system of n bodies and we write “M,;” for the mass of the
i—th body (1 <7 <n),and “p;”, “¢;”, ...,“w,;” for the distances of this body
to the centers of the forces P, Q);, ..., W;, acting upon it. We then have:

Pi=Ppl" ; Qi=Qq" 5 ... 5 Wi=Wu

where P;, Q;, ..., W, are suitable constants of proportionality depending
upon the particular nature of the forces. According to Maupertuis, these

1On the subject of the present chapter, cf.: [Panza 1991] and [Panza 1995];
[Grigorian 1965], [Szabo 1987], [Pulte 1989], [Barroso Filho 1994] and [Galletto 1990].

2Following the 18th century terminology, I will use the term “force”, without any other
specification, to refer to accelerative forces, rather than motive forces.



constants express the “intensities” of the respective forces. Maupertuis’ law
of rest asserts that the system is in equilibrium if the sum

SOM; [Ppl 4 Qi 4 W
=1

Is a mazrimum or a minimum.
Maupertuis deduced this condition from another one, namely:

i=1
The deduction was strictly speaking incorrect, since the condition dZ = 0 is
a necessary but not sufficient condition for Z = Min/Maz. In any case, it
makes it clear that Maupertuis’ law reduces to the condition

S U Pidp; +/Qidqi+...+/Widwi] — Min/Maz
=1

Even though Maupertuis did not remark upon it, equation (1) expresses
a principle already advanced by Jean Bernoulli in a letter to Varignon of
January, 26th 1711, and known as the principle of virtual velocities (cf.
[Varignon 1725|, t. II, 174-176). The differentials dp;, dq;, ..., dw; in this
equation express what Bernoulli called the “virtual velocities” of the forces
P, Q;...,W;, while the products P,dp;, Q;dq;, ..., W;dw; were generally re-
ferred to in 18th century as the “moments” of forces P;,Q;...,W;. From a
physical point of view, the moment of a force was intended to represent the
elementary (that is infinitesimal) component of force with respect to its direc-
tion. If we pass from accelerative to motive forces, by introducing as a factor
the mass of the body upon which the force acts, and consider the products
M; P,dp;, M;Q;dq;, . .., M;W;dw;, we have what in modern terms is the “vir-
tual work” performed by the (motive) forces M; P;, M;Q;, , . .., M;W;. Hence,
the equation (1) corresponds to the modern principle of “virtual work” and
the integrals

m+n/mmm:M%wH

WHD/M@mzmng
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entering Maupertuis’ principles are just proportional to the “work” that the
(motive) forces M; P;, M;Q;,, ..., M;W; perform upon the body of mass M;.

Since Bernoulli’s principle does not assume that the forces are propor-
tional to an integral power of the distance to their centers, the new principle
of Maupertuis is less general. However, there is something new and impor-
tant in Maupertuis’ principle. This is the idea of expressing the condition
of equilibrium as a condition of mazimum or minimum of a single general
expression.

Although this idea would prove to be very fruitful, mathematically, it
seems that Maupertuis was primarily interested in connecting the condi-
tions of equilibrium with a principle of economy (that is a final cause) op-
erating in natural phenomena. He made this clear in a subsequent memoir
([Maupertuis 1744]). This memoir deals with the refraction of light, but con-
cerns the science of nature as a whole, since the question is that of showing
that the law of refraction—which was well known at that time—perfectly
agrees with “another that nature must follow still more inviolably” (‘“une
autre que la Nature doit suivre encore plus inviolablement”; ibid., 418), ac-
cording to which “Nature, in making its effects, always acts by the simplest
means possible” (“la Nature, dans la production de ses effets, agit toujours
par les moyens les plus simples”; ibid, 421). In Maupertuis’ new interpre-
tation, the trajectory of light in refraction is precisely the one “for which
the quantity of action is the least” (“par lequel la quantité d’action est la
moindre” ), such a quantity being “proportional to the sum of the distances
each multiplied by the speed with which the body moves through them”
(“proportionnelle & la somme des espaces multipliés chacun par la vitesse
avec laquelle le corps les parcourt”; ibid., 423). If s; and sy are the distances
covered by the light-rays in two contiguous media, and v; and v, the respec-
tive speeds, this implies that the sum syv; + sove will be a minimum. It
follows that its differential must be equal to zero. It is easy to verify that the
(Fermat’s ) law of refraction is a consequence of this hypothesis. This rather
modest success convinced Maupertuis that he had found a very general law
of nature, namely a final cause for natural phenomena.

However, Maupertuis’ metaphysical enthusiasm blinded him to an impor-
tant difficulty. Even though we might think that the example of refraction—
as well as the deduction of the law of rest—provides evidence for asserting
that nature always acts according to an aim of minimization (or maximiza-
tion), it remains to be shown how to express this aim in the form of a general
equation. Although Maupertuis claimed to deal with all natural phenomena,
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he did not provide a general method for dealing with the equilibrium and
motion of a general system, in either the 1740 or the 1744 memoir.

A different judgment applies to the two appendices in Euler’'s Methodus
inveniend: ([Euler 1744]), where Euler discussed the possibility of solving
some mechanical problems by referring to a general principle asserting that
“absolutely nothing happens in the world, in which some condition of maxi-
mum or minimum does not reveal itself” (“nihil omnino in mundo contingint,
in quo non maximi minimive ratio quaepiam eluceat”; ibid., 245%). T shall
consider here the second of these appendices, devoted to the motion of an
isolated body subject to central forces. Of course, Euler was not interested in
finding the law of this motion, which was well known by that time. Instead,
he wanted to compare the Newtonian derivation of this law with a different
derivation based on the search for a mazimum or a minimum. His aim was
to determine the integral form F, such that the condition F = Max/Min
entails this law. This gives a formal expression for the metaphysical notion
of natural economy ([Galletto 1990], 91): in modern terms, Euler assumed
the existence of a Lagrangian for the motion of an isolated body subject to
conservative central forces, and tried to calculate it. Having justified his hy-
pothesis by means of rather weak metaphysical arguments, Euler discussed
some examples. Let us consider one of these: the motion of a body in vacuo
subject to an initial speed and a variable central force.

Euler started from the hypothesis that the trajectory of the body is the
one which minimizes the integral [ Mdsv/h = [ Mhdt, where M is the mass
of the body and h = Qfﬁ‘” is proportional to the distance z that a body of mass
M attracted by a constant motive force f and starting from the rest must
cover in order to attain speed v (cf. [Euler 1736], t. I, 80). Since vh = v,
Euler’s hypothesis is equivalent to the condition

1 1
/ 5 Muds = / 5 Mv*dt = Min

The product Mv is Descartes’ “quantity of motion”, or, in Euler’s ter-
minology “the quantity of motion in any place”. By multiplying it by
the “spatiolum” ds, Euler obtains what he calls “the collective motion of
the body through space ds” (“motum corporis collectivum per spatiolum
ds”;[Euler 1744], app. II. par. 2. 311-312). According to Euler’s hypothesis,

3The previous formulation is taken from the first appendix, where the principle is
applied to the study of elastic deformation. On this appendix cf. [Truesdell 1960], 199-
225 and [Fraser 1983], 199.



the trajectory has to minimize the “aggregate” of all motions, taken in this
way. Since %M v? is nothing but kinetic energy, or “vis viva”, as people called
it in the 17th and 18th centuries, this hypothesis states that in the motion
under consideration, kinetic energy is conserved over time.

Euler had proved in his Mechanica ([Euler 1736], II, prop. 23, 92-93),
that if the force is decomposed into two orthogonal components X = X(x)
and Y = Y (z), then dh = —Xdz — Ydy and thus h = K — [ Xdx — [Ydy,
where K is a constant of integration. By substituting this value in Euler’s
hypothesis, [ dsvh = Min, we obtain:

fds\/K—/de—/Ydy:
/dm 1+<Zi> } [K—/de—/Ydy] —  Min

By applying the mathematical method presented in the main body of
his treatise* to such a condition, Euler deduced that the equation of the
trajectory is a parabola if X and Y are constant, and an ellipse if X = 2z
and Y = 2y, as it is easy to verify by applying Newtonian methods. This
proves that we arrive at the same conclusion whether we use these methods or
start from Euler’s hypothesis. The integral form F that enters the condition
F = Max/Min referred to the motion of a free body in vacuo subject to an
initial speed and a variable central force (that is the Lagrangian of such a
simple system) is just [ Mdsv/h.

Clearly, Euler’s argument is not independent of the Newtonian methods.
However, these are only used to transform the hypothesis advanced by Euler
into the condition (2). If this condition is accepted as a particular case of the
principle, asserting that in the motion of a free body the integral [ Mdsvh =
J M hdt is a minimum, then the derivation reduces to a particular application
of Euler’s new mathematical method of mazimis and minimis. Nevertheless,
this is neither a proof of any mechanical principle, nor a justification for
generalizing Euler’s hypothesis to the motion of an arbitrary system. In the
final part of this appendix, Euler merely deduced his condition by using a
Newtonian analysis of forces in the case of the motion of an isolated body,
the speed of which depends only on its position, and then asserted that it
remains true when more bodies are concerned. Not only did he leave his

(2)

4Cf. chapter 12, par. 3 in this book.



assertion without any real justification (by confining himself to an appeal to
metaphysics), but he also failed to explain what form his principle should
take when it refers to the motion of more than one body.

However, we observe that a straight-forward generalization of his principle
to the case of n bodies provides a condition on their motion which is formally
similar to Maupertuis’ law of rest. In fact, if U; is the total force acting upon
the i—th body and 1; its distance from the center of force, Maupertuis’
law says that under suitable conditions, the equilibrium of the system is

given by the condition Z M; [ V;dip; = Max/Min., while Euler’s principle

suitably generahzed states that the motion of the same system is given by
the condition Z M; [vids; = Max/Min.

Euler pomted out this analogy in a letter to Maupertuis of December
10th, 1745 (cf [Brunet 1938], 61-62 and [Euler Op], ser. IV-A, VI, 56-58).
But where Euler saw a mathematical analogy, Maupertuis saw a confirma-
tion of the tendency to minimize action in nature. In subsequent memoir
([Maupertuis 1746]), Maupertuis asserted that the second appendix of Eu-
ler’'s Methodus inveniendi was, in fact, an application of the more general
principle that he had advanced in 1744 and that, he now called, for the first
time, the “principle of the least quantity of action”. According to this prin-
ciple, “when a change happens in Nature, the quantity of action necessary
for the change is as small as possible” (“lors qu'il arrive quelque changement
dans la Nature, la Quantité d’Action, nécessaire pour ce changement, est la
plus petite qu’il soit possible”), the quantity of action being “the product of
the masses of the bodies by its speed and the distances covered” (“le produit
de la Masse des Corps, par leur vitesse et par l'espace qu’ils parcourent”
ibid., 290). Of course, Maupertuis gave no justification of his principle. He
just appealed to divine wisdom, and to the consideration of three simple
examples: the impact of hard and elastic bodies and the equilibrium of a
lever. This is particularly unsatisfactory since these examples are chosen for
their simplicity and do not provide a suitable basis for obtaining a formula
expressing the quantity of action in general.

This difficulty was explicitly noted by Euler in a letter to Maupertuis of
May 24th, 1746, (cf. [Brunet 1938], 62-65, particularly 62 and [Euler Op].,
ser. IV-A, VI, 63-65 and 69-71, particularly 63-64), where he admitted that
he did not understand “how the consideration of the distance covered in a
given time necessarily enters the determination of the quantity of action”



(“comment la considération de ’espace parcouru dans un temps donné doit
entrer dans la determination de la quantité d’Action”). He observed that in
Maupertuis’ examples this distance is always expressed by the speed itself,
but no argument is given to show that this is generally true®. Euler’s re-
mark foreshadows a research program that would engage him between 1748
and 1751, in an attempt to answer the following question: is the condition
[ Mvds = Max/Min (giving the motion of a free body animated by cen-
tral forces) a particular case of a more general condition, describing not only
the motion of any system of bodies in a field of central forces, but also the
solution of a larger class of mechanical problems?

Euler started ([Euler 1748al]) with a generalization of the classical prob-
lem of the catenary: to find the curve formed by a perfectly flexible string
(a chain) “acted upon by arbitrary forces” (“sollicité par des forces quel-
conques”), when it is in equilibrium. Although he adopted Maupertuis’
term “action”, he explicitly stated that it did not denote a definite natu-
ral entity, but a generally indeterminate mathematical quantity that “can
always be represented by a certain algebraic formula” (“pourra toujours étre
représentée par une certaine formule algébrique”; ibid., 150). In order to
determine this formula, Euler began by using an analysis of force to find the
differential equation giving the solution of the problem, and then looked for
an integral form [ A, such that the condition [ A = Min/Max is equivalent
to such an equation, so that the form [ A expresses the action.

To accomplish the first task, he regarded the string as being composed
of infinitesimal elements, each of them acted upon by infinitesimal forces,
and reduced these forces to two orthogonal components directed along the
direction of two axes. Then he considered a generic element of the string
as being fixed, so that the two orthogonal components of the forces acting
upon any other anterior element of the string tend to rotate the string in two
opposite directions around this element. By applying a principle analogous
to the principle of angular momentum (“although the string remains in equi-
librium, because it is perfectly flexible, the moments of all the forces acting
[...] on the anterior part of the string [...] necessarily cancel each other out”;
“afin que le fil demeure en équilibre, puisqu’il est parfaitement flexible, il

5Euler’s remark makes clear the mathematical reasons of the well-known querelle about
Maupertuis’ priority in the statement of the principle of the least action, involving, from
1749, many mathematicians and philosophers. On this querelle cf.: [Montucla 1799-1802],
ITI, 648-54; [Brunet 1929], 128-158 and [Brunet 1938], 8-26; [Gueroult 1934], 215-235;
[Dugas 1950], 256-262; and [Fleckenstein 1957], XXV-XLVI.



faut que les momens de toutes les forces, dont la partie antérieure du fil |...|
est sollicitée [...] se détruisent mutuellement”, ibid., 153) and by integrating
over the particles of the string, he obtained the equation dy [ Xds—dz [ Yds,
where Xdx and Y dy are the orthogonal components of the infinitesimal force
acting upon the particle with coordinate x and y. Euler’s goal was to derive
this equation from a condition of mazimis or minimis. To this end, it is
necessary to know the particular nature of the functions X and Y.

Let us consider the case where the string is acted upon by any number
of external central forces expressed by a function of the distance from their
centers, so that the orthogonal components of the total force acting upon
an element of the string are X = f:l Aj\% and Y = f)l Aj\'j_” , where Aj A,

j= Jj=
zj and y; (j = 1,...,m) are the (accelerative) forces acting upon this ele-
ment, the distances of it from the centers of these forces and the orthogonal
coordinates of these centers, respectively. By substituting these expressions
in the previous identity, differentiating and integrating, Euler deduced the
condition:

: (s — g
o {i/ Ay| =Y &G )y ) (3)

1+ (%)2

Euler then showed that this equation can also be deduced from the condition

/dsi//\jd)\j = Maz/Min (4)

Thus, the quantity of action is in this case expressed by the integral form
o
de Z fAjd)\j
j=1
The analogy with the condition expressing Maupertuis’ law of rest is

evident: if we denote by €2; the sum | Pdp; +. ..+ [ W;dw; of the integrals of
the moments of forces acting upon the i—th body of the Maupertuis system,

m

by M; the mass of this body, and finally by € the sum ) [ A;d\; of the forces
j=1

acting upon the elastic string, that is the sum the moment of the forces acting

upon an element of this string), we have the conditions [dsQ2 = Max/Min
and > M;Q; = Max/Min for the equilibrium of the elastic string and of the
i=1

Maupertuis system of bodies, respectively.
In another memoir([Euler 1748b]), Euler clarified this analogy by search-
ing for a formulation of Maupertuis’ law of rest in the case of the equilibrium
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of a fluid mass (that is a continuous system of particles attracted towards
fixed centers by central forces proportional to the distance from their cen-
ters). Following the same plan as the previous memoir, Euler first solved
this problem using a Newtonian analysis of forces, by assuming that the
equilibrium of the fluid mass is only possible if the total force acting upon
any particle is orthogonal to the surface of this mass. Since this implies the
o
condition ) [ Ajd)\; = K—that is d < JAd); ) = 0—(where K is a con-
Jj=1 Jj=1
stant and A; and \; (j = 1,...,m) are again the forces acting upon a certain
particle of the ﬂuid mass and the distances of this particle from the centers
of these forces) he concluded that the quantity of action is here expressed
by Q0 = Z JAdA;.

In tlr]ns way, Euler showed that the sum of integrals ) that appears in
the equation of equilibrium of Maupertuis’ system of bodies also appears in
the equation of equilibrium of a fluid mass and an elastic string (under the
specified conditions). Also observed that the same expression appears in the
equation of motion of a free body attracted by central forces, since if A; and \;
(j =1,...,m) are the forces acting upon this body and its distances from the
centers of these forces, respectively, then the condition | Mvds = Max/Min,
announced in 1744, is equivalent to the condition [ MQdt = Max/Min. In
fact f:l Aj;d); is equal to the moment of the total force acting upon the body,

j=
which we can express by the product —F'ds (where the distance s is taken in
the direction of the force F', which tends to diminish it). It follows that

m
Z = —Fds = —levds = —dvjs = —vdv

and thus Q = K — %UZ and:

/th:/(2K—v2>—_Kt—f/vds

The results of the two memoirs of 1748 were synthesized by Euler in
two memoirs of 1751 ([Euler 1751a] and [Euler 1751b]; on these memoirs
cf. [Fraser 1983], 200-203). In the first one, he tried to show the “harmony”
between Maupertuis’ law of rest—which he now formulated for any system of
bodies attracted by central forces—and a generalization of his 1744 principle

10



to any system of bodies, i. e. a version of Maupertuis’ principle of least
action. We have already seen that the law of rest can be expressed by the

condition Z M;Q; = Max/Min. Here, Q; is the sum of the integrals of the

moments of forces P;, ..., W;, which are supposed to be proportional to
any integral power of the distance to their centers. Euler now considered a
generalized version of this law, where €); expresses the sum f:l JAjdN;; of
j=
the integrals of the moments of forces A;; (j = 1,2,..., ) acting upon the
i-th body, whatever these forces are. We have also seen that the condition
[ Mvds = Max/Min for the motion of a free body of mass M attracted by
a central force, is equivalent to the condition [ MQdt = Max/Min, because
the product M{2—which, in Euler’s terminology is the “effort” of the body
with mass M—is equal to M K — M %112, that is a constant minus the vis viva
of the same body (or, in modern terminology, its kinetic energy). This is the
law of conservation of m’s viwa. Thus, in order to prove that the “harmony”

between the conditions E M;Q; = Max/Min and [ MQdt = Max/Min—

which is apparent because of the occurrence of the integral form 2—extends
to an analogous “harmony” between the generalized law of rest and the
principle of least action (that is a generalisation, to any system of moving
bodies attracted by central forces, of the 1744 principle concerned with the
motion of a free body attracted by a central force and entailing the condition
[ Mvds = Max/Min), it is enough to prove that this law of conservation
holds when the “effort” and the vis viva refer to any system of moving bodies
attracted by central forces. Euler only proved that this is true for a system
composed by two bodies linked by a rod and attracted towards a common
center, but he claimed “that the same demonstration extends to any sorts of
bodies attracted together to as many centers of force as one wishes” (“que
la méme démonstration s’étend, tant a autant de corps liés ensemble qu’a
au-tant de centers de forces qu’on voudra” [Euler 1748a], 179).

Although the “harmony” that he has shown in this way does not imply
that the principle of least action can be deduced from the law of rest, when
these principles are referred to any system of bodies, Euler seems to conclude
that, in order to found mechanics on a single principle of maximinis or min-
imis, it is necessary only to produce a proof of the generalized law of rest.
The aim of the second memoir of 1751 is to provide such a proof. However,
Euler’s derivation is merely a metaphysical argument founded on the repre-
sentation of a central force by a rowing-machine and on the assumption that

11



“toute force agit autant qu’elle peut” ([Euler 1751b], 248).
Euler’s failure to found mechanics on a single principle does not affect

his essential result. This is that the integral form = f: J Ajd)\; plays
j=1

an essential role when we try to express the motion or the equilibrium of
different sorts of mechanical systems. From Euler’s point of view, this is just
a form, a sort of analytical invariant. The fact that from a modern point
of view we see behind this form a notion that is very close to the notion of
potential energy, only shows that, historically, the mathematical expression
of potential energy came before than the corresponding physical notion.

It was against this background that the young Lagrange began to be inter-
ested in the principle of least action and the foundation of mechanics. Born
in Turin January 25th, 1736, he was at this time 18 years old, but confident
enough to write to Euler June 28th, 1754 ([Lagrange Oevr|, XIV, 135-138)
to communicate some results on differentiation and to announce his studies
of the problem of maximis and minimis and its application to mechanics.
Thanks to these studies, in 1755 Lagrange became a professor at the School
of Artillery in Turin, where he taught until 1766. In that year, he left Turin
(where in 1757 he had helped to found the Privata Societa Scientifica, which
later became the Turin Academy of Sciences in 1783) for Berlin. He had
been called there by Frederick the Great, at the suggestion of d’Alembert,
to succeed Euler as director of the class of Mathematics of the Academy of
Sciences. He stayed in Berlin until 1787, when, after the death of Frederick,
he decided to move to Paris to enter the French Academy of Science. He
died there April 10th, 1813 (for Lagrange’s life consult [Burzio 1942] and
[Sarton 1944]).

Lagrange presented the results of his studies into the problem of maz-
1mis and mainimis and its application to mechanics in two memoirs in 1761
([Lagrange 1761a] and [Lagrange 1761b] ). In the first of these memoirs®,
Lagrange provided a new formulation of Euler’s method of mazimis and
minimis in terms of his new d-formalism. This was the first version of the
modern calculus of variations (cf. ch. 12 of this book).

In his second memoir”, Lagrange stated that the solution of “all the prob-

60On this memoir cf. [Goldstine 1980], 110-129, [Fraser 1985a], 155-172 and
[Dahan 1990], 81-88.

"On the foundation of mechanics proposed by Lagrange in the second memoir
of 1761 cf., apart from works mentioned in the footnote (1) below, [Fraser 1983,
[Barroso Filho and Comte 1988], [Dahan 1990], and [Galletto 1990], 112-121.
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lems of dynamics” (“toutes les questions de dynamique” [Lagrange 1761b],
196) can be obtained by a suitable application of a quasi-algebraic proce-
dure founded on an application of the method of undetermined coefficients,
which is in turn made possible by the mutual independence of the variations
dd'aj, where the «; are any number of variables of position. According to
Lagrange, this was made possible by the assumption that Fuler’s principle of
1744 applies to the motion of any system of n of bodies attracted by internal
or external central forces expressed by any function of the distance between
the centers of these forces and the body upon which they act. This principle
states that the motion of a system of this sort is subject to the condition

n

> [ Myvds; = Max./Min. For Lagrange, this means that it satisfies the
i=0

variational equation

i=0 i=0 \i=0 (5)
i=0 i=0

Because of the mechanical nature of the problem, it is not possible to

consider the variations dds; and dv; as mutually independent. Thus, in order

to apply his method, Lagrange has to transform the previous equation into

another one, where only variables of position occur. In order to do that, he

appealed to the condition of conservation of vis viva. Using this condition

and some easy analytical manipulations, (5) becomes:

" dz; dy; dz;
i—0 dSi dSZ‘ dSZ‘ -0 (6)

+ > [M; (Pop; + Qibqi + . .. + Widw; + 6L)] dt
=0

where x;, y; and z; are the Cartesian orthogonal coordinates of the i-th body,
P, Q;, ..., W; are the external (accelerative) forces acting upon it, p;, ¢,
..., w; are the distances of the body from the centers of these forces and I is
the sum of all the terms like M;M; [ P, ;dp; ; arising from the internal forces.
By expressing both the distances p;, ¢;, ..., w; and the distances between
two distinct bodies occurring in I' in terms of the variables z;, y; and z; and
substituting into (6), Lagrange obtained an equation of the form

> Xidxi + Vidyi + 26z =0

1=0
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The method of undetermined coefficients can be applied to such an equation
only if it is possible to consider all the variables x;, y; and z; as mutually
independent, that is: if the system is free from any internal constraint. If
this is not the case a new reduction is necessary, consisting in replacing the
dependent variables by their values given by the equations of condition. In
both the first and the second case, the application of the method of undeter-
mined coefficients is the final stage of Lagrange’s method, since it provides a
sufficient number of equations for expressing the motion of all the bodies of
the system.

For the modern reader, Lagrange’s second memoir essentially contains
the first clear formulation of the principle of the least action and provides
a mathematical technique for working with it. This does not seem to have
been Lagrange’s own evaluation of his work. According to him the essential
achievement of his memoir was the reduction of the solution of the problem
of motion for any system of bodies to a quite simple application of the quasi-
algebraic principle of undetermined coefficients. Lagrange’s future researches
in that domain were aim to justify this reduction in a simpler way.

2 The Analytical Mechanics®

2.1 The principle of virtual velocities: Jean Bernoulli,
d’Alembert and Lagrange

According to a letter Lagrange wrote to Euler October 28th, 1762 ([Lagrange Oevr],
X1V, 198-199), his two memoirs of 1761 were only a short abstract of a larger
treatise that he had written, or had planned to write ([Galletto 1990}, 112-
113). It is possible that one of the reasons why Lagrange just presented
a short abstract is the fact that a new and different analytical foundation
of mechanics had occurred to him (ibid., 139-149). Lagrange presented his
new conception in a memoir ([Lagrange 1764]), written to answer a question
advanced in 1762 by the Academy of Paris, concerning the libration of the
moon. More than 15 years later ([Lagrange 1780]), he outlined a more elab-
orate and general version of the same program was outlined by Lagrange. He
finally realised this program in the Méchanique analitique ([Lagrange 1788]).

80n the subject of this section, cf. [Panza 1991] and [Panza 1995], § 3; [Galletto 1990],
149-179 and [Barroso Filho 1994], 137-303.
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Lagrange’s idea has two clear sources. The first is the Bernoullian princi-
ple of virtual velocities for the equilibrium of any system of bodies animated
by central forces. Let us imagine that the system is subject to a small recti-
linear motion and, for any force acting upon each body, let us decompose the
motion of this body into two orthogonal motions, one of which is taken in the
same direction as this force. Jean Bernoulli expressed the latter motion by a
speed he called the “virtual velocity of the force”. The principle announced
by Jean Bernoulli says that the system is in equilibrium when the total sum of
the products of the motive forces and their virtual velocities is equal to zero.
The second source is d’Alembert’s principle for dynamics. In his Traité de
Dynamique ([d’Alembert 1743]; on d’Alembert’s treatise cf. [Fraser 1985b]
and [Truesdell 1960], 186-188), d’Alembert based statics on a particular ver-
sion of the Bernoullian principle of virtual velocities ([d’Alembert 1743], 37)
and then presented a method for reducing any dynamic problem to an as-
sociated problem of equilibrium. This method consisted in decomposing the
real motion of any body in the system into two virtual motions: the motion
that is communicated from the outside, and another motion that is the dif-
ference between the latter motion and the real motion of this body. The first
of these motions is then composed of the real motion and a virtual motion
that is destroyed by the mutual actions of bodies and the constraints of the
system. Since the virtual motion balances these actions and constraints, it
can be calculated by examining the conditions of equilibrium of the system.
Thus, if we know the motion that is communicated from the outside, we
can determine the real motion of the system by examining the conditions of
equilibrium.

Lagrange’s idea is even simpler than d’Alembert’s : the equilibrium of a
system results from the balance of two opposite total forces, the applied force
and the inertial reaction (which can be regarded as two different mathemat-
ical expressions of the same force). Thus, if a system of n bodies is given,
where P;, Q;, ..., W; are the central forces acting upon the i-th body, we con-
sider the virtual system, where these forces act together with 3n orthogonal
inertial forces X;, Y; and Z;. Then, by appealing to a suitable version of
the principle of virtual velocities, we can derive a condition of equilibrium
for such a virtual system and obtain the general equation of motion for the
given system. Lagrange expressed the virtual velocities of the forces—or, in
his terminology, the virtual velocities “evaluated along the direction of the
forces”—in terms of variations of the distance between the body upon which
these forces act and their centers. The general equation of motion of a system
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of n bodies is then the following;:

n 2 2 2
; M; (Cclit;véxz + (cjit;yéyi + (jitjézi + Pop; + Qidgi + ... + VVZ-&UZ») =0 (7)
a fundamental relation known today as d’Alembert’s principle.

According to Lagrange, two procedures can be used to derive the equa-
tions of motion of the system from this relation. We can simply express the
variables p;,q;, ..., w; by means of the variables x;,; and z;, eliminate those
variables which depend on other ones, according to the internal constraints
of the system, and apply the method of undetermined coefficients. Or, we
can express the variables occurring in (7) in terms of a suitable number v
of variables ¢; (the generalized variables, as we call them today). Lagrange
showed ([Lagrange 1780], 218-220 and [Lagrange 1788], 216-227) that, if the
forces are conservative, then (7) gives rise to the equation

- or or  oU
24 — S0 =
= | 0dei Oy " 0pi pi=0 (®)

=1

where T and U are what we would now call the kinetic and the potential
energy of the system. This is the original version of the so-called Lagrangian
equation of motion. Its deduction from (7) depends on the choice of the
variables ¢;. We must ensure that the variations of these variables are mu-
tually independent. Thus, we have to chose these variables in a suitable
way, subject to the equations of condition of the system. Since this could be
difficult, Lagrange presented a way of making this elimination easier in the
M¢échanique analitique. This device is now known as the method of Lagrange
multipliers ([Lagrange 1788], 44-58 and 227-32). The basic idea is to express
the internal constraints of the system by adding to the first term of (8) a
suitable term for any equation of condition. If this equation is ¥ = 0, this
term have to be of the form 0V, where ¢ is an indeterminate multiplier to
be determined by analytical procedures.

The Lagrangian equation of motion and the method of Lagrange multi-
pliers are important contributions to theoretical mechanics. However, they
appear in both the 1780 memoir on the libration of the moon and in the
M¢échanique analitique as tools to make possible an application of the quasi-
algebraic method of undetermined coefficients to the general equation ex-
pressing the principle of virtual velocities, in order to deduce from it the
equations of motion for any system of bodies. The essence of Lagrange’s
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program in the foundation of dynamics after 1764 was rather to use the
principle of virtual velocities, regarded as a variational principle, in order
to reduce dynamics to a formal deduction of the differential equations of
motion, by means of the method of undetermined coefficients.

Of course, the same program can be applied to statics, starting with a
suitable version of the principle of virtual velocities. This is the object of the
first part of the Méchanique analitique, the second part being is devoted to
dynamics.

2.2 Mechanics in Lagrange’s Théorie des fonctions
analytiques

In his 1761 memoirs and in his works on mechanics, Lagrange defined vari-
ations as infinitesimal differences or increments. He also made use of this
definition in justifying his inferences and drawing out his proofs. This at-
titude has led historians to consider these works as essentially opposed, in
their mathematical and epistemological approach, to the Théorie des fonc-
tions analytiques ([Lagrange 1797]; on the first part of Lagrange’s treatise
cf. [Panza 1992], ch. III. 6), where Lagrange proposed a new and non-
infinitesimal interpretation of the calculus (cf. chapter 4) and traced the
broad outline of an application of his theory to the foundation of mechanics
([Lagrange 1797], 223-277; 2nd ed., 311-381). I disagree with this view.

It seems to me that Lagrange’s employment of infinitesimal calculus in
mechanics before 1797 is largely consistent with the non-infinitesimal foun-
dation of mechanics proposed in the Théorie. In fact what is essential in
Lagrange’s employment of variations in the memoirs of 1761, 1764 and 1780
and in the Méchanique analitique is not the infinitesimal character of the
variations, but the mutual independence of some of them. In the Théorie,
Lagrange simply replaced mutually independent variations by suitable inde-
pendent functions that express finite virtual velocities. What is new in this
later treatise is the aim of founding mechanics on purely analytical (that is
non-variational, or generally non-mechanical) principles. In order to do so,
i. e. to reduce mechanics to a “branch of analysis”, Lagrange had either to
eliminate any reference to a non-analytical principle such as the principles
of virtual velocities, or to derive this principle by analytical means from a
non-mechanical starting point. Instead, Lagrange derived the equations of
motion without any explicit appeal to the principle of virtual velocities, and
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he did so in such a way that the fundamental relation (7) is a simple corollary
of his result. In the second edition of his treatise ([Lagrange 1797], 2nd ed.,
352-357) he also proves the static version of this principle analytically. Never-
theless, it is obvious in both cases that what is proved analytically is simply
an identity which is formally equivalent to the principle, since no purely
analytical consideration could be sufficient to prove that such an identity
expresses the physical conditions of a system of bodies.

Lagrange assumed that motion is expressed mathematically by a func-
tional relationship between space and time, that is by a function s = f(t).
By appealing to his general results about the development of any function
in a power series, he proved ([Lagrange 1797], 226-227) that for any function
G(t,9) of the form g;(t)V + go(t)9? (expressing the distance covered after a
time 9 by a uniformly accelerated motion with acceleration 2go(t) and ini-
tial speed ¢1(t)) and for any ¢, we can take ¢ small enough for the function
F(t,9) = f/(t)0+ % f"(t)9? to approximate the given function s = f(¢) closer
than G(t,9)—where f'(t) and 1 f”(t) are respectively the first and the sec-
ond coefficient of the development of the difference f(t 4+ 9)-f(t) in a power
series. Using this result, he concluded that the first two derivatives f’(¢) and
f"(t) provide a measure of the instantaneous speed and the instantaneous
acceleration (or accelerative force) of the motion s = f(t), respectively, and
therefore express them.

Let 7 be a variable expressing time and ¢ a value of 7. Any curvilinear
motion M expressed by the function s = s(t) can be regarded as composed
of three rectilinear motions, along the directions of the orthogonal axes =,
y, z, expressed by the functions z = z(t), y = y(t) and z = z(¢). Thus,
the instantaneous speed v(t) and the instantaneous acceleration ~(¢) at time
t of the motion M are given in terms of the instantaneous speeds and ac-
celerations of the orthogonal motions composing it. The latter speeds are
expressed by the functions X = [2/(¢)]7, Y = [¢/(t)]7 and Z = [2/(t)]7, and
the corresponding accelerations by the functions X = [2”(¢)]7%, Y = [y"(t)]7?
and Z = [2”(t)]7?. Hence we have:

o(t) = OF + [y O + [ O
() = VI (O] + " OF + [ @)

Since any motion can be regarded as composed of any number p of other
motions, we can also regard M as composed of x curvilinear motions My, .. .,
M,, expressed by p functions, s; = s1(t), ..., s, = s,(t) and its acceleration

(9)

18



(or accelerative force) in ¢t as composed of p accelerations (or accelerative
forces) ¢1(t), ..., g.(t). Since each of these motions can be regarded in turn
as composed of three rectilinear motions along the directions of the z, y and
z axes, M can be regarded as composed of 3u rectilinear motions expressed
by the functions x; = x;(7), y; = y;(7) and z; = z;(7), and its acceleration
(or accelerative force) in ¢ as composed of the accelerations expressed by the
functions X; = 1[2(¢)]72, Y; = 5[y} (¢)]72 and Z; = §[20(¢)]72 ( =1, ..., ).

By eliminating 7 between the equations X = [2/(¢)]7, Y = [¢/(¢)]7 and
Z = [Z(t)]r we obtain two equations expressing a straight line r. By
eliminating 7 between the equations X; = [/ (t)]7%, Y; = §[y}(t)]7* and

Z; = 5[2/(t)]7%, we obtain two equations expressing a straight line r;. If X,

YV, Zand &}, V;, Z; (j = 1,...,p) are the angles formed by the straight
lines r and r;, with the axis z, y and z, simple geometric considerations gave:

p p
2/ (t) = v(t) cos X a2ty = al(t) =D ) (t) cos X
s i=1
I
y(t)=v(t)cosY 5 y'(t) =D yj(t) = 3 7] (t)cos (10)
s =1
p p
Z'(t) = v(t) cos 2 ;o 2(t) =) 2 (t) =~ (t)cos Z;
=1 =1
and
cos Aj = cos x cos Xj 4 cosy cos V; + cos z cos Z; (11)

where A; is the angle formed by the directions of the speed v(t) and the
acceleration ;(t). Combining (10) and (11 ) we obtain

n
2" (t) cos X + y"(t) cos Y + 2" (t) cos Z =) 7;cos A (12)
=1

and so:

2"(t)2'(t) +y" ()Y (t) + 2" (t)2'(t) — Z v(t)y;(t) cos A; =0 (13)

J=1

which is the dynamic equation of motion of any free body (of unit mass)
acted upon by the forces v;(t) (7 =1,..., p).
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By applying the method of Lagrange multipliers, we can express the in-
ternal constraints of a system of bodies in terms of indeterminate forces.
Equation (13) can then be transformed, by a suitable analytical procedure
([Lagrange 1797], 251-356; 2nd ed., 350-357), to give the equation of motion
of every body belonging to any system. These equations have thus been
deduced formally without any explicit reference to the principle of virtual
velocities”. Moreover a general relation formally equivalent to (7)—which
expresses this principle in the Méchanique analitigue—can be deduced from
(13) by linear composition and introduction of masses (that is by passing to
motive forces):

n

=1

“w
M; | (O)ai(t) + v (0yit) + 27 (0)2(8) + D 7i(t) (—vit) cos Ay ) | =0
j=1
(14)
where the index i refers to the different bodies in the system and the index
J refers to the different forces acting upon each of these bodies.

Although Lagrange’s belief that he had proved the principle of virtual ve-
locities analytically is certainly illusory, the foundation of mechanics sketched
in the Théorie des fonctions analytiques makes apparent his effort to reduce
the role of non-Newtonian principles in mechanics and identify the subject
with a quasi-algebraic deductive system based on a general Newtonian anal-
ysis of forces.

This shows the difference between Lagrange’s interpretation of his own
results and any modern evaluation of them. Where a modern reader, knowing
the future developments of classical mechanics and in particular Hamilton’s
achievements, sees a formidable stock of variational principles, methods and
formulas, Lagrange simply saw the possibility of returning, if from a novel
analytical point of view, to Newton’s approach. In a sense, the 18th cen-
tury seems to end without a real awareness of its essential contribution to
the evolution of modern mechanics: from Lagrange’s own point of view the
adjective “analytical” in “analytical mechanics”, was more important than
the noun “mechanics”.

9As it is presented in the first edition of the Théorie this procedure needs an implicit
appeal to the static version of such a principle. This is the reason why Lagrange gives an
“analytical proof” of this principle in the second edition.
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