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Abstract

A lot of papers have analyzed the role of productive externalities on the
occurrence of indeterminacy and endogenous cycles, assuming that the total
productivity of factors increases with respect to average capital and labor.
In this paper, we extend such type of analysis introducing a more general
formulation of externalities, i.e. input-specific externalities. Indeed, we as-
sume that different externalities affect each input in the production function.
Considering a Woodford (1986) framework, we show that this generalized
form of externalities allows us to obtain new dynamic results concerning the
occurrence of local indeterminacy and endogenous cycles. Moreover, we ex-
hibit some configurations where the emergence of endogenous fluctuations
requires a weaker degree of increasing returns than in the usual case where
externalities are represented by the total productivity of factors.

Keywords: Indeterminacy, endogenous fluctuations, externalities, increasing
returns, capital-labor substitution.

Résumé

A grand nombre de papiers ont analysé le role des externalités dans la
production sur I'indétermination et l'apparition de cycles endogénes, en sup-
posant que la productivité totale des facteurs augmente avec le capital et le
travail moyens. Dans ce papier, nous étendons ce type d’analyse en consid-
érant une forme plus générale d’externalités, c’est-a-dire spécifiques aux fac-
teurs de production. En effet, nous supposons que des externalités différentes
affectent chaque facteur dans la fonction de production. En considérant un
modéle & la Woodford (1986), nous montrons que cette généralisation des
externalités nous permet d’obtenir de nouveau résultats concernant la dy-
namique (indétermination et cycles endogeénes). De plus, nous présentons
des configurations dans lesquelles ’émergence de fluctuations endogénes re-
quiére des rendements d’échelle plus faiblement croissants que lorsque les
externalités apparaissent a travers la productivité totale des facteurs.

Mots-clés: Indétermination, fluctuations endogénes, externalités, rendements
croissants, substitution capital-travail.

JEL classification: C62, E32.



1 Introduction

Considering dynamic general equilibrium one-sector models, a lot of papers
have introduced productive externalities to analyze the role of increasing
returns on local indeterminacy and the occurrence of endogenous cycles.?
In most of them, production benefits from externalities because the total
productivity of factors increases with respect to average capital and la-
bor. In other words, these contributions departs from the perfectly competi-
tive model by introducing a multiplicative term, that increases with respect
to capital and labor, to the constant returns to scale production function
(Y = A(K,L)F(K, L)). Among others, one can refer to Barinci and Chéron
(2001), Benhabib and Farmer (1994), Boldrin (1992), Cazzavillan (2001),
Cazzavillan, Lloyd-Braga and Pintus (1998), Farmer and Guo (1994), Harri-
son and Weder (2002), Hintermaier (2003) or Pintus (2006).

In this paper, we extend this type of analysis introducing a more gen-
eral formulation of externalities in a one-sector model and we will study
their implications on the dynamic stability properties and the occurrence
of cycles. Instead of considering that externalities appear through the to-
tal productivity of factors, we introduce input-specific externalities. The
production benefits from externalities because two different multiplicative
terms, increasing with respect to average capital and labor, enter the pro-
duction function, each one for a specific production factor, capital or labor
(Y = F(C(K,L)K, D(K,L)L)). These two multiplicative terms, which rep-
resent externalities and ensure that returns to scale are increasing at the
social level, can also be interpreted as capital and labor efficiencies. Ev-
idently, when these two multiplicative terms are equal, we recover as a
particular case externalities represented by the total productivity of factors
(C(K,I) = D(R,L) = AR, L)).

We introduce such a production sector in a finance constrained economy
with heterogeneous households as initially developped by Woodford (1986).
With this framework, we can analyze the stability properties of the steady
state, i.e. the local indeterminacy and the occurrence of endogenous cycles,
using the geometrical method developped by Grandmont, Pintus, and de
Vilder (1998). Moreover, we can easily compare our results with the case
where productive externalities are introduced through the total productivity
of factors as analyzed by Cazzavillan, Lloyd-Braga, and Pintus (1998).

Our main results concern the occurrence of indeterminacy and endoge-

2In two-sector models, externalities have also been introduced assuming constant re-
turns to scale at the social level. For a seminal contribution, one can refer to Benhabib
and Nishimura (1998).

3For a survey, see Benhabib and Farmer (1999).



nous fluctuations when capital and labor are not weak substitutes. To fix
ideas, we call the direct effects of externalities the contributions of capital
(labor) to externalities that affect capital (labor) as an input, whereas we
call the crossing effects the contributions of capital (labor) to externalities
that affect labor (capital) as an input.

We show that, when the product of crossing effects are greater than the
product of direct effects on externalities, we obtain results closely related
to Cazzavillan, Lloyd-Braga, and Pintus (1998). Endogenous fluctuations
can occur for all elasticities of capital-labor substitution greater than a lower
bound and a sufficiently elastic labor supply. On the contrary, when the
product of direct effects dominates the product of crossing effects, endoge-
nous fluctuations can no more occur for a level of capital-labor substitution
sufficiently high, in particular when the labor supply is highly elastic. We
further exhibit some configurations where the greater the increasing returns
are, the more relevant this conclusion is. Moreover, we prove that in con-
trast to several existing works, the steady state can be locally determinate
under the wrong slopes on the labor market, i.e. the slope of labor demand
is greater than the slope of labor supply.

Comparing our formulation of externalities with the one usually adopted
through the total productivity of factors, we also exhibit some configurations
where the emergence of endogenous fluctuations requires weaker increasing
returns under the specification of externalities that we propose. In this sense,
the characterization of externalities developped in this paper promotes inde-
terminacy and endogenous cycles.

We finally remark that the Cobb-Douglas technology seems to be a par-
ticular case. Indeed, under a unit elasticity of capital-labor substitution, the
formulation of externalities that we present and the usual one are similar,
whereas we have seen that, in many cases, the dynamic stability properties
can be quite different.

This paper is organized as follows. In the next section, we present the
model and define the intertemporal equilibrium. In Section 3, we establish
the existence of a steady state. In Section 4, we analyze the occurrence
of local indeterminacy and endogenous cycles, and discuss our results. In
Section 5, we summarize our main findings, while some technical details can
be found in the Appendix.



2 The Model

We consider a monetary economy with discrete time, t = 1,2, ..., 00, and two
types of infinitely lived households, workers and capitalists.* Only workers
supply labor, whereas both workers and capitalists consume the final good.
Moreover, workers are more impatient than capitalists, i.e. they discount
the future more than the latter. Following Woodford (1986), we assume that
there is a financial market imperfection that prevent workers from borrowing
against their wage earnings. Therefore, in a neighborhood of a monetary
steady state, capitalists hold the whole capital stock and no money, and
workers save their wage income in the form of money balances. In the pro-
duction sector, firms produce the final good. The production benefits from
productive externalities specific for each input. As we will see, this type
of externalities is more general than most of the formulations used in the
literature and allows us to obtain new dynamic results.

2.1 Workers

Each worker chooses his labor supply and his consumption to maximize his
utility function:

> NTUCE/B) = NV (Ly)] (1)
t=1
where C}" is the consumption in period ¢, L; the labor supply, B > 0 a scaling
parameter and A € (0, 1) the discount factor. The utility functions U and V/
are characterized by the following assumptions:

Assumption 1 The functions U (C*/B) and V(L) are continuous for all
C* >0 and 0 < L < L, where the labor endowment L > 1 may be fi-
nite or infinite.> They are C* for C* > 0, 0 < L < L and n large
enough, with U'(z) > 0, U"(x) < 0, V(L) > 0 and V"(L) > 0. Moreover,
lim, 7V'(L) = +o00 and consumption and leisure are gross substitutes, i.e.,
—2U"(z)/U'(x) < 1.

In what follows, we respectively note M;” and K}’ the money balances
and the capital stock held by workers, § € (0,1) the depreciation rate of

*For more details on this model with heterogeneous households, see Woodford (1986).
One can also refer to Barinci and Chéron (2001) or Grandmont, Pintus, and de Vilder
(1998).

5We assume that the labor endowment is strictly greater than 1, because as we will see
in the next section, the labor supply will be normalized to 1 at the steady state.



capital, r; the nominal interest rate, w; the nominal wage and P, the price
of the final good. Each worker maximizes his utility function (1) under the
constraints:

P (CY + Ky — (1= 0)K}%y) + My" =M%y +r 2y +w Ly (2)

P (G + K = (L= 0) Ky ) < My + 1K (3)

Equation (2) represents the usual budget constraint, while (3) is the lig-
uidity constraint. The equilibria considered here are defined by:

U'(CY/B) > AU (Ci1/B) [(1 = 0) + re41/ P (4)

(1 — (5)Pt+1 + rep1 > Pt (5)

So, workers always choose K;* = 0 and the financial constraint is binding,
ie. PCy = M}”,. Hence, we obtain the two following relations:

u(Cyy/B) =v(Ly) (6)

Pt+10t+1 = w L, (7)

where u(x) = zU'(z) and v(L) = LV'(L). Under Assumption 1, there exists
a function v = u™! o v, such that Cy1/B = v(L;). Since consumption and
leisure are gross substitutes, e, (L) = +/(L)L/vy(L) = [1+LV"(L)/V'(L)]/[1+
xU"(x)/U'(x)] > 1, with x = C/B. We deduce that the labor supply in-
creases with respect to the real wage, with an elasticity 1/(e,(L) — 1) > 0.

2.2 Capitalists

Capitalists behavior is represented by a representative agent who maximizes
his lifetime utility function:

S H ®)
t=1

where 3 € (A, 1) is his discount factor and Cf his consumption. At period t,
the representative agent faces the following budget constraint:

P (Cy+ Kf — (1= 8Ky ) + My = M{ | +rK; (9)



where M is the money balances at period ¢ and K the capital stock. Since
we focus on equilibria satisfying (1 — §)Pyyq + rip1 > B, capitalists do not
hold money (Mf = 0) because it has a lower return than capital. We deduce
the following optimal solution:

Ci = (1= PR Ky (10)

Kt — 6Rth_1 (11)

where R; = 1 — & + r;/P; is the real gross return on capital.®

2.3 Production Sector

All markets are perfectly competitive and a continuum of firms, of unit mass,
produce the final good using labor and capital with an internal constant re-
turns to scale technology. However, production benefiting from externalities,
returns to scale are increasing at the social level. In most of the existing
papers, externalities are introduced assuming that the total productivity of
factors increases with respect to average capital and labor.” Here, we intro-
duce a more general formulation of externalities assuming that each input,
labor and capital, is affected by a specific externality, increasing with respect
to average capital and labor.

Consider that F(K;_1,L;) is a well-defined strictly concave production
function, homogeneous of degree one, increasing with each argument, a;, =
K, 1/L; the capital-labor ratio and f(z;) the intensive production function
that satisfies the following assumption:

Assumption 2 The intensive production function f(x) is continuous for
x > 0, positively valued and differentiable as many times as needed for x > 0,
with f'(x) > 0 and f"(z) < 0.

At each period, the quantity of final good produced is given by:

Y, = AF(C(thhzt)thla D(?tszt)[zt)

B C(K1, L) = - (12)
= Af <m at> D(K,_1, L)L,

6The superscript on Kf is dropped because workers hold no capital.

"Such externalities have often been used in macroeconomic dynamics models. See
among others Barinci and Chéron (2001), Benhabib and Farmer (1994), Boldrin (1992),
Cazzavillan (2001), Cazzavillan, Lloyd-Braga, and Pintus (1998), Farmer and Guo (1994),
Harrison and Weder (2002), Hintermaier (2003), Pintus (2006). For a survey, one can refer
to Benhabib and Farmer (1999).



where A > 0 is a scaling parameter, K, ; average capital and L, average la-
bor. C(K,L) represents externalities specific to capital, whereas D(K, L)
summarizes externalities specific to the second input, labor. Note that
C(K,L)K (respectively D(K, L)L) can also be interpreted as capital (re-
spectively labor) measured in efficient units. Evidently, in the particular case
where C(K, L) = D(K, L), we recover the usual form where externalities are
represented by the total productivity of factors. We further assume:

Assumption 3 The functions C(K, L) and D(K, L) are continuous for all
K, L > 0, positiwely valued and differentiable as many times as needed for
K,L > 0. Moreover, we assume that ec x (K, L), ec (K, L), ep (K, L) and
ep,.(K,L) > 0, where we note e, ,(K,L) = ah(a[;’L) eDy with h(K,L) =
{C(K,L),D(K,L)} and v = {K,L}. ’

In particular, this assumption means that the contributions of capital and
labor to the externalities C'(K, L) and D(K, L) are always positive.

Maximizing their profits, the producers take as given the level of exter-
nalities. If o; and €, respectively denote the real interest rate and the real
wage, we obtain:

O = C(Ft_l,ft)Ap (1) (13)
Q= D(K;_1, L;) Aw (2) (14)
with
p(z) = fl(xy) , w(zy) = floy) — 2 f (2y) and zy = %at

Remark that ¢, = 0,/C(K,_1, L;) and ﬁt = O,/D(K,_,, L;) represent the
marginal productivities of capital and labor in efficient units.

Before determining the equilibrium, it is useful to define the follow-
ing relationships. First, we note s(z) = p(z)z/f(z) € (0,1), with x =
C(K,L)a/D(K, L), the capital share in income. Moreover, the elasticity of
capital-labor substitution in efficient units is defined by o(z) = dinz/dIn(Q/?)
> 0.8 This implies that 1/0(z) = dlnw(z)/dInx — dInp(z)/dInz. Since,
W'(x) = —xp'(z), we deduce that:

8 A quite similar definition of the elasticity of capital-labor substitution is used by Pintus
(2004).



W'(r)r  s(v) pla)r 11— s(z)
o or)  ola)

Finally, note that the degree of returns to scale is determined by:

and ¢,(z) (15)

w(z) o)

1+ s(z)[eox (K, L) +ecn(K, L)) + (1 = s(x))[ep,x (K, L) +ep r(K, L)]

2.4 Intertemporal Equilibrium

Equilibrium on the labor market requires that L, = L, and w, /P, =Q =
AQ(K,_1, L;), equilibrium on the capital market K, ; = K, | and r,/P, =
ot = Ao(K;_1, L;). Let M > 0 be the constant money supply. Since workers
save their wage income in the form of money and capitalists do not hold
money, the equilibrium condition on the money market can be written:

Finally, the good market equilibrium is ensured by Walras law. Then,
using (6) and (11), we obtain the two following dynamic equations:

(1/B)Qr1Lipr = 7 (L) (17)

Kt — 5Rth_1 (18)

where R; = 1 — 0 + g;. Substituting expressions (13) and (14) into (17) and
(18), we can define an intertemporal equilibrium:

Definition 1 An intertemporal equilibrium with perfect foresight is a se-
quence (K;_1,L;) € R2,, t = 1,2,...,00, such that (17) and (18) are sat-
isfied, where o; and S are given by (13) and (14).

3 Existence of a Steady State

A steady state of the dynamic system (17)-(18) is a solution (K,L) =
(Ki_1, L) for all ¢, such that:

UK. L) (L)
BRoK.L) L (19)

Ao(K,L)=6/3 (20)



where § =1 — (1 — §).

Following Cazzavillan, Lloyd-Braga, and Pintus (1998), the existence of
a steady state is established by choosing appropriately the two scaling pa-
rameters A > 0 and B > 0 so as to ensure that one steady state coincides
with (K, L) = (1,1). From equation (20), we obtain a unique solution:

6

A —
Bo(1,1)

>0 (21)

Using relation (19), we get:

61 1) \ _
(m)‘ @ (22)

From Assumption 1, u is decreasing in B. Therefore, there exists a unique
B > 0 satisfying this last equation if and only if lim,_u(z) < v(1l) <
limg .y sou(z).?

Proposition 1 Under lim,_ou(x) < v(1) < limz_ioou(x) and Assump-
tions 1-3, (K,L) = (1,1) is a stationary solution of the dynamic system
(17)-(18) if and only if A and B are the unique solutions of (21) and (22).

4 Local Dynamics and Bifurcation Analysis

In this section, we analyze the local stability of the steady state and the
occurrence of bifurcations. We will see that the key parameters of this anal-
ysis will be the elasticities of labor supply, of capital-labor substitution, and
of externalities with respect to capital and labor. To ease the presentation
of the results, we use the geometrical method developped by Grandmont,
Pintus, and de Vilder (1998), which applies to discrete time nonlinear two-
dimensional dynamic systems. Therefore, we first differentiate the dynamic
system (17)-(18). If we note e, the elasticity of v(L), and e, k, €1, €0.K
and eq 1, the elasticities of o(K, L) and Q(K, L) with respect to K and L,
evaluated at the steady state defined in Proposition 1, we get:

dK; 4 dL
g, 2 (23)

dK,

1% = (989,[( + 1)

ALy eox(1+0c,k) dKi1 | &y —Osareor dLy

= 24
L 1+€Q7L K 1+eqr L ( )

9In order to be as short as possible, we do not analyze uniqueness or multiplicity of
steady states.

10



Using (15) and noting ey, = p,,(1,1), with h = {C, D} and v = {K, L},
s = s(1) and 0 = o(1), we obtain the following elasticities evaluated at the
steady state:

(1 — S)(é?c’[( —€pk + 1)

EoK = ECK — . (25)
S (1-— S)(ECVLU_ ep — 1) (26)
€Q.K = ED,K T sleck _USD’K 1) (27)
€q,r =€p,L + slec _(:D’L —3 (28)

Using these expressions, the trace T" and the determinant D of the asso-
ciated Jacobian matrix, which represent respectively the sum and the prod-

uct of the two eigenvalues, i.e. the roots of the characteristic polynomial
Q(\) =X —TA+ D =0, can be written:

o
T pr— 6 o 1 —l— T ’ .th
0(1+5D,L)—S(1+5D7L_ECVL)( v ) (o), wi
1+6 1 —
Ti(o) =1+ o[l +0(ec,x(1 +epr) —epreor)] -

oc(l4+epr)—s(l4+epr—ccor)
Oleck +scor+ (1 —s)(14+epr)+epreck —€pxec,t]
o(1+epr)—s(l+epr—ccr)

0'(1 + 96()7[() — 0(1 — S)(l + EC.K — 5D,K)
0'(1 + 5D,L) - 8(1 +eprL — 5C,L)
(30)
Following Grandmont, Pintus, and de Vilder (1998), we study the local
stability (indeterminacy) of the steady state and the occurrence of bifurca-
tions by analyzing the trace T and the determinant D in the plane (see Fig-
ures 1-4). On the line (AC), one eigenvalue is equal to 1. On the line (AB),
one eigenvalue is equal to —1. On the segment [BC], the two eigenvalues
are complex conjugates and have an unit modulus. Furthermore, if (T, D) is
inside (ABC), the steady state is a sink, i.e. locally indeterminate since one
variable is predetermined. When 1 — T+ D > (<)0 and 1 + 7 + D < (>)0,
the steady state is a saddle. Otherwise, it is a source. In the last two cases,
the steady state is locally determinate.

D =¢,D;(0), with D;(o) =

11



Suppose now that 7" and D change when a parameter, called the bifur-
cation parameter, varies continuously. When (7, D) crosses the line (AC),
a transcritical or a pitchfork bifurcation generically occurs.'® When (T, D)
crosses the line (AB), one gets a flip bifurcation, i.e. a cycle of period 2
appears around the steady state. When (7, D) crosses the segment [BC],
one gets a Hopf bifurcation, i.e. an invariant closed curve appears around
the steady state.!’ Moreover, sunspot equilibria can appear around a steady
state if it is locally indeterminate. They can also occur in the neighborhood
of a cycle of period two if it is locally stable and in a neighborhood of an
invariant closed curve if the Hopf bifurcation is supercritical.'?

In order to keep the analysis as simple as possible, we assume in what
follows:

Assumption 4 (i) 0 is sufficiently small, such that the following inequali-
ties are satisfied:

o s> 0(1—s);

° 5(1 +ép,L — 5C,L)(1 + 9€C,K) > 9(1 + 5D,L)[€C,K + secL + (1 —
S)(l + 5D,L)] + 9(5C,K5D,L — 5D,K50,L)[(1 - S)(l + 5D,L) + S€c,L];

° 8(1 +éepL — EC,L) > 9[(1 —+ ?ED,L)(l — S+ 807[{) + 5C,L<S — 5D,K)L'

(1) epe <1—s, with h={C,D} and v = {K,L}.

Note that, in this type of model, the length of period is small. Then,
the assumption that 6 is small is not very restrictive, because ¢ is usually
close to 0 and (3 close to 1. The second part of Assumption 4 means that
externalities cannot be too strong. This last remark is in accordance with
empirical studies establishing that if returns to scale are increasing, they are
not too strong.

We choose e, € (1,400) as the bifurcation parameter. It is closely related
to the elasticity of labor supply 1/(e, — 1). From equations (29) and (30),
we notice that (7', D) describes a half-line A when e, varies in (1, +00). This
half-line A starts from (7%(c), Di(0)) when e, tends to 1 and has a slope
S(0o) equal to:

10When one eigenvalue crosses the value 1, a saddle, a transcritical or a pitchfork bi-
furcation generically occurs. However, since there exists at least one steady state (see
Proposition 1), it excludes saddle bifurcations.

"For further information about local bifurcation theory, see for example Grandmont
(1988) and Wiggins (1990).

12For more details, see Guesnerie and Woodford (1992) and Grandmont, Pintus, and de
Vilder (1998).

12



)1 + ek — €DK

S(o)=1+0ccx —0(1 —s
o

(31)

Consequently, studying local indeterminacy and the occurrence of en-
dogenous cycles only requires to analyze (T1(o), Di(0)), the slope S(o) and
how they change when the elasticity of capital-labor substitution ¢ varies.

Under Assumptions 3-4, we first notice that the slope of the half-line A
increases with respect to o, from —oo when o tends to 0, to 1 +fecx > 1
when o tends to +oo. In particular, S(op ) = —1 with op = 6(1 — s)(1 +
EC.K — 5D,K)/(2+950,K)7 S(Jo) = 0 with Og = 9(1 — 8)(1 +5C,K — EDJ()/(l +
Occ k), and S(or) =1 with o7 = (1 — s)(1 +ecx —epx)/ec k-

Secondly, when o varies, (T1(c), Di(0)) describes a line A; whose the
slope S; is defined by:

Di(ec) N
T Tio) M
N=01+epr)1—s)1+eck —cpr)—s(l+epr—ccrn)(l+0cck)
M =0(1+¢epyr)eck +seor + (1 —s)(1+epr)] +0(eckep,L

— 5D,K£C,L)[(1 — S)(l + 6D,L) + Sz’:‘c,L] — 8(1 + €D,L — 5C,L)(1 + 6607[()
(32)

Sl with

Using Assumptions 3-4, we deduce that D;(o) and Ti(c) are both de-
creasing, and S; > 1." On A, the two extreme points are (71(0), D;(0))
and (71(4+00), Di(+00)). The first one is determined by:

Eck +8€c,L + (1 — S)(l + 5D,L) +€p,LE€c,k — €ED,KEC,L
3(1+5D,L —EqL)
0(1 —s)(1+eck —€p,k)
: —~ >0, and 1 —T31(0) + D:(0) = 33
3(1+5D,L_5C,L> 1( ) 1( ) ( )
_ 93(5C,K + 607/;) + 5D,K(1 — 8§ — 8071;) + 5D,L(1 — s+ 5C,K)
5(1+5D,L _5C,L>

Ty (0)=1+6

I

DI(O) =

<0

Note that (71(0), D1(0)) is on the right side of (AC), above the horizontal
axis. (T1(400), D1(400)) is defined as follows:

13Evidently, the existence of o7 > 0 requires ec x > 0.

“Indeed, Assumption 3 ensures that M < 0. Then, one can prove that S; > 1 is
equivalent to (1 — s)(1 + 5D,L)[5D,L(1 + 5071() -+ 5D,K(1 — €C,L)} + 1+ 5D,L)SEC,K +
sec[l+epL(l+ceck)—ep rec,] > 0, which is always satisfied.
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1+0(ec,k(1+€p,r) —ep,kec,) 1+ 0cc i

T, =1 D _ .
1(400) + 1T ens ; Dy(+00) e
and 1 — Ty (400) + D;(+00) = 95D,K8(ji_€ EC,KED,L
D,L
(34)

(Ty(0), D1(0)) decreases from (771(0), D1(0)) to (—oo, —o0) when o =
Ooo = S(14ep—ec,1)/(14+€p,1), and from (400, +00) to (11 (400), D1 (+00))
when o is greater than o, and increases to +o0o. Therefore, D;(+00) < 1 is
a necessary condition to have indeterminacy when capital and labor are not
too weak substitutes. In the rest of the paper, we restrict our attention to
this more interesting case, assuming:

Assumption 5 ep > Occ .

Furthermore, we can notice that the position of (T1(+00), Di(+00)) with
respect to the line (AC) depends on the value of ep xec, — eckep,r. We
have two configurations:

() if epxecr > cckep.r, (Ti(+00), Di(+00)) is above or on (AC) (see
Figure 1);

(1) if epkecr < eckep.r, (T1(+00), Di(+00)) is below (AC) (see Figure
2).

Under Assumption 5, we define oy, such that D;(oy,) = 1. We obtain:

1 - —0(1 — s)(1 -
on, = s(l4+epr—ecr) ( s)(14+eck —epk) (35)

ED,L — 950,1(

If eprecr > eckepr, (T1(0), Di(0)) crosses the segment [BC] for
o = oy, and is inside (ABC) for all ¢ > op,. If epxecr < ecxep.r,
(T1(0), D1(0)) can cross the segment [BC| for ¢ = op,, can be inside (ABC)
for o € [on,,01,] and is below the (AC) line for all o > o,,'® where oy, is
defined by 1— Tl(O'IQ) + D1(0'12) = O, le.

s(ecx +eorn)+ (1 —s)(epk +ep,r)

€C,KED,L — €D,KEC,L

o, = 1+ (36)

15We will see later that, in the case studied in this paper, A; is on the left of point C
and goes inside (ABC).
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o= +0o0
oc=0
0 1 T
A

Figure 1: Representation of Ay when ep xecr > ccxep.L

Using these notations and geometrical results, we first study the local
stability of the steady state and the occurrence of bifurcations for a weak
substitution between capital and labor (¢ < 04,).

Since the locus (71(0), D1(0)) decreases along the line A; and S(o)
increases with respect to o, A makes a counterclockwise rotation around
Ay. In particular when o = 0, the half-line A is vertical, crossing (AC)
(e4 = €4,) between the horizontal axis and the point C, and the segment
[BC] (g, = &,,).'® This first case applies for all ¢ < op,. In what follows,
note that op, is such that the half-line A goes through the point B, oy, is
such that A goes through A and o, is such that the line A; crosses (AB).!7
When o belongs to (op,0m,), A does not only cross (AC) and [BC], but
also the line (AB) (e, = ¢,,,) above B. When o becomes greater than o,
and is smaller than oy, the half-line A only crosses (AC), and (AB) between

6Note that under Assumption 4, 7 (0) is strictly smaller than 2.
1"Unfortunately, we cannot explicitly determine op, and oy,, while o, is given in the
Appendix.
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O = +00

Figure 2: Representation of Ay when ep xecr < cc.xep.L

A and B. When o becomes greater than o;,, the half-line A goes below the
point A. We obtain two different cases: When o, < 0 < 0p,, A crosses
(AB) and (AC) and when op, < 0 < 0s, A only crosses (AC).

These results which are common to all the configurations can be summa-
rized as follows (see also Figure 3):

Proposition 2 (Local dynamics for a weak capital-labor substitution) As-
suming that there is a steady state (Proposition 1) and that Assumptions 1-/
are satisfied, the following generically holds.'®

(i) When 0 < o < op, the steady state is a saddle for 1 < e, < e,
undergoes a transcritical or a pitchfork bifurcation for e, = €,,, is a
sink for ey, < ey < &,,, undergoes a Hopf bifurcation for e, = e,,, is
a source for ey > €.,

18The values .,., £,,, and €, are given in the Appendix.
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(it) When op, < 0 < op,, the steady state is a saddle for 1 < e, < e,
undergoes a transcritical or a pitchfork bifurcation for e, = €,,, is a
sink for ey, < ey < &4, undergoes a Hopf bifurcation for e, = e,,, is
a source for e, < €y < €4, undergoes a flip bifurcation for e, = ¢,,,
is a saddle for e, > €,,.

(i1i) When opy, < 0 < oy, the steady state is a saddle for 1 < e, < €,,,
undergoes a transcritical or a pitchfork bifurcation for e, = e,,., is a
sink for ey, < ey < 4., undergoes a flip bifurcation for e, = €,,, i5 a
saddle for e, > e,,.

(iv) When op, < 0 < op,, the steady state is a saddle for 1 < e, < &,,,
undergoes a flip bifurcation for e, = €., is a source for e,, < e, < .,
undergoes a transcritical or a pitchfork bifurcation for e, = €,,, is a
saddle for ey, > e,,.

(v) When op, < 0 < 0w, the steady state is a source for 1 < e, < e,,.,under-
goes a transcritical or a pitchfork bifurcation for e, = €,,, 1s a saddle
fore, >e,,.

This proposition establishes that endogenous fluctuations can occur for
sufficiently weak elasticities of capital-labor substitution. Indeed, local inde-
terminacy can emerge for 0 < o < o, and deterministic cycles can appear
through the occurrence of a Hopf bifurcation for 0 < o < oy, and through
the occurrence of a flip bifurcation for op, < 0 < op,. One can remark that
such results are not so different than those obtained under perfect compe-
tition and constant returns to scale by Grandmont, Pintus, and de Vilder
(1998). The main difference concerns the occurrence of a transcritical or
pitchfork bifurcation, which is not possible in their framework.

We now analyze what happens for ¢ > o,,. As we have already noticed,
when o increases from o, to +00, D1(0) decreases from +oo to Di(+00) €
(0,1) along the line A;. Two different configurations can arise depending on
the value of ec kep.r. — €p xec, -

To begin, assume that the first configuration applies, i.e. ep xecr >
ec.k€p.r, which means that (71(c), Di(0)) is inside (ABC) for all o > op,.
In order to simplify the presentation, we restrict our attention to the following
case:

(1=s)ep, 1 SEC,K
l+ep,r—ec,L l+ec,k—€p, Kk’

Assumption 6

This means that o > op,. We deduce that when o, < 0 < op,,
the half-line A only crosses (AC). When oy, < 0 < or, A crosses [BC]|
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0 = 0

1
0 =0H,;
g = 0y
0 1 T
O =0q,
0 =0p,

Figure 3: Representation of A when ep xecr > €okep.L

and (AC) above C. Finally, when ¢ > op, the half-line A only crosses the
segment [BC|.1?

Consider now that the second configuration applies, i.e. eprecr <
eckep,r- Recall that now, (T1(c), D1(0)) crosses the line (AC) for o = oy,
and is below (AC) for 0 > o;,. We further note that, under Assumption
6, we have o, > or > op,. This last inequality implies that the line A;
crosses (ABC) and is on the left side of C. Then, A only crosses (AC) for
O < 0 < op,, crosses the segment [BC| and the line (AC) above C for
op, < o < or and ounly crosses [BC] for or < ¢ < oy,. For greater val-
ues of the elasticity of capital-labor substitution (o > oy, ), there exist some
differences between the two following cases®:

(1) if 1+epr < (14 Oeck)ecep,k /(0 k), A crosses (AC) below C' and

YIndeed, as it is shown in the Appendix, in the configuration where ep xec >
€c, k€D, L, A always crosses [BC] when o > oy, .
20See the Appendix for more details.

18



0 1 / T

Figure 4: Representation of A when ep xecr < eckep,L

[BC] for all ¢ > oy,;

(11) if 1+epr > (1+0cck)ecLep i/ (0ee k), A crosses (AC) below C and
[BC] for o7, < 0 < 0y, and only crosses (AC) above C for ¢ > oy,.

All these results can be summarized as follows (see also Figures 3 and 4):

Proposition 3 (Local dynamics when capital-labor substitution is not too
weak) Assuming that there is a steady state (Proposition 1) and that As-
sumptions 1-6 are satisfied, the following generically holds.?!

1. ep.kecL 2 €ckED,L:

(1) When ox < 0 < op,, the steady state is a source for 1 < e, < e,
undergoes a transcritical or a pitchfork bifurcation for e, = €,,,
is a saddle for e, > e,,.

21 The values €., €, and ¢,, and some technical details are given in the Appendix.
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(11) When oy, < 0 < or, the steady state is a sink for 1 < e, < e,,,
undergoes a Hopf bifurcation for e, = €., is a source for e, <
€y < €4y, undergoes a transcritical or a pitchfork bifurcation for
Ey = Eqp, 15 a saddle for e, > e,

(ti9) When o > o, the steady state is a sink for 1 < e, < e,,,, under-
goes a Hopf bifurcation for e, = €., is a source for e, > €,,.

2. ep,ke€c,r < EC,KED,L"

(@) 1+epr <1+ QEC,K)gc,LED,K/(QE%,K)-'

(1) When oo < o < op,, the steady state is a source for 1 <
€y < €4, Undergoes a transcritical or a pitchfork bifurcation
for e, =¢€,,, s a saddle for e, > €.

(it) When on, < o < or, the steady state is a sink for 1 < e, <
€y, undergoes a Hopf bifurcation for e, = €,,, 15 a source
for ey, < e, < ey,, undergoes a transcritical or a pitchfork
bifurcation for e, = .., is a saddle for e, > ¢,,.

(i1i) When op < o < oy, the steady state is a sink for 1 < e, <
€vy, undergoes a Hopf bifurcation for e, = ¢,,,, is a source
for e, >¢ey,.

(iv) When o > oy,, the steady state is a saddle for 1 < e, <
€y undergoes a transcritical or a pitchfork bifurcation for
Ey = Evp, 18 a sink for €4, < &, < €y,, undergoes a Hopf
bifurcation for e, = €., is a source for e, > e.,,.

(b) 1+epr > (14 0eck)ec,ep,k/ (0t k):

(i) When 00 < 0 < op,, the steady state is a source for 1 <
€y < €y, Undergoes a transcritical or a pitchfork bifurcation
for e, =¢e,,, is a saddle for e, > e.,.

(i1) When oy, < 0 < or, the steady state is a sink for 1 < e, <
€vy»> undergoes a Hopf bifurcation for e, = €., is a source
for ey, < e, < ey,, undergoes a transcritical or a pitchfork
bifurcation for e, = €., 1s a saddle for e, > ¢.,.

(i1i) When or < o < oy,, the steady state is a sink for 1 < e, <
€y, undergoes a Hopf bifurcation for e, = €,,, is a source
forey, >e,,.

(iv) When o, < o < oy, the steady state is a saddle for 1 <
€y < Ey,, Undergoes a transcritical or a pitchfork bifurcation
for ey = ¢e,,, 15 a sink for e, < e, < &,,, undergoes a Hopf
bifurcation for e, = €., is a source for e, > e,
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(v) When o > oy, the steady state is a saddle for 1 < e, < €,
undergoes a transcritical or a pitchfork bifurcation for e, =
Enps 15 @ SOUTCE fOr €4 > £,y

This proposition summarizes the conditions for the emergence of endoge-
nous fluctuations under a not too weak capital-labor substitution (o > o).
In what follows, to ease the discussion, we call e¢ x and ep 1, the direct effects
of externalities and ep x and e¢ 1 the crossing effects. Indeed, the first ones
correspond to the contribution of capital (labor) on externalities representing
capital (labor) efficiency in the production function. On the contrary, the
last ones correspond to the contribution of capital (labor) on externalities
representing labor (capital) efficiency.

Recall first that endogenous fluctuations can occur only if Assumption 5 is
satisfied. This means that the contribution of labor to externalities D(K, L)
has not to be too weak with respect to the contribution of capital to external-
ities C'(K, L). In other words, only direct effects have a role on this necessary
condition for indeterminacy. This first comment can be related to the paper
by Cazzavillan, Lloyd-Braga, and Pintus (1998) who analyze, in a Woodford
(1986) model, the usual case where externalities are represented by the total
productivity of factors, i.e. C(K,L) = D(K,L). They establish that the
emergence of indeterminacy and cycles for a high elasticity of capital-labor
substitution requires that the contribution of labor to externalities has to
be sufficiently high with respect to the contribution of capital. The more
general formulation of externalities used in this paper allows to clarify that
the necessary condition for indeterminacy only requires a not too weak direct
effect of labor on externalities that affect labor efficiency. Moreover, Proposi-
tion 3 establishes that, due to the more general formulation of externalitites,
two configurations emerge depending on the level of the direct effects with
respect to the crossing effects on externalities.

If the product of crossing effects are greater than the product of direct
effects (ep ke, > ec.xep,1), indeterminacy and endogenous cycles can ap-
pear for all elasticities of capital-labor substitution greater than op,. This
result is quite similar to the one obtained by Cazzavillan, Lloyd-Braga, and
Pintus (1998) where the product of crossing effects are, by assumption, equal
to the product of direct effects (ep xkecr = ecxkepr). In other words, we
provide here a generalization of their result to the case where the product of
crossing effects are not only equal but also greater than the product of direct
effects of externalities.

In this case, it is also interesting to relate our analysis to Benhabib and
Farmer (1994). As it is well-known, these authors have shown, considering an
infinitely lived agent model, that local indeterminacy requires wrong slopes

21



on the labor market, i.e. the slope of labor demand must be greater than the
slope of labor supply.?? In our framework, when ep xec > ecxep and
capital-labor is not weak, the occurrence of indeterminacy requires that:

o _l+epp—s(l+epr—ecr)/o
v TH 1—|—9807K(1—0'T/O'>

Using equation (28), we remark that ep ; —s(1+ep 1 —e¢.) /0 represents
the slope of labor demand, whereas €, —1 is the slope of labor supply. There-
fore, when o > or, local indeterminacy requires the wrong slopes, whereas
when o € (op,,o0r), indeterminacy can occur when the slope of labor de-
mand is smaller than the slope of labor supply. This result already obtained
by Barinci and Chéron (2001) is extended here to the case of a non uni-
tary elasticity of capital-labor substitution and a more general formulation
of externalities.

Consider now that the product of crossing effects are weaker than the
product of direct effects (ep xecr < eckepr). As in the previous case,
endogenous fluctuations can occur for a sufficiently elastic labor supply as
soon as o becomes greater than op,. However, for high enough elasticities
of capital-labor substitution (¢ > oy,), indeterminacy and endogenous cy-
cles can no more occur, particularly under a highly elastic labor supply is.
This means that, in this configuration and in contrast to a lot of existing
results,?® endogenous fluctuations do no more emerge when the real wage
is sufficiently increasing in labor, production factors are substitutes and the
elasticity of labor supply is high enough. Furthermore, consider the case
where the crossing effects are equal to zero, i.e. epx = ec = 0. There-
fore, o, = 1+ s/ep+ (1 —s)/eckx decreases with the level of externalities.
This means that the greater the increasing returns are, the more relevant our
last conclusion is. Stronger increasing returns do not always promote local
indeterminacy.

Note also that the steady state can be locally determinate under the
wrong slopes. To illustrate this last remark, consider that ep > 0ccx > 0
and ep gk = ¢, = 0. In the limit case where €, tends to 1 and o to +o0, the
labor supply has a slope equal to 0 and the labor demand to ep ;. In this
case, the steady state is a saddle even if the positive slope of labor demand
is higher than the slope of labor supply.

We will now exhibit some simple configurations where, in comparison
with the usual type of externalities (see Cazzavillan, Lloyd-Braga, and Pin-

(37)

22Note that this result can be relaxed when one does not restrict the analysis to an unit
elasticity of factor substitution. See Pintus (2006).
23See Benhabib and Farmer (1999) for a survey.
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tus (1998)), our formulation of externalities can provide results promoting
indeterminacy and endogenous cycles. In what follows, consider the case
where ep xk = eck = 0. Indeterminacy requires ¢ > oy, and ¢, < &,,,. In
the case where externalities enter the total productivity of factors, we have
€c,L = €D, = €g,1, Where g 1 represents the level of increasing returns.
Using (35) and (42), we obtain o, = %ts) and €., = % Con-
sider now the model developped in this paper assuming further ec; = 0.

Then, (1 — s)ep represents the level of increasing returns and we have

(520 =s)ep.r.

€D,L
Equalizing first the two expressions of op,, we get ep = S Tep )05

which is greater than (1 — s)ep  for all epf < %. This means that,
under a not too strong degree of externalities, one needs a smaller level of
increasing returns to obtain the same range of elasticities of capital-labor
substitution compatible with indeterminacy. In other words, for the same
level of increasing returns, the range of o compatible with indeterminacy is
greater in the model developped in this paper.

Equalizing now the two expressions of €.,,,, we obtain eg ;, = ep (1—s/0),
which is greater than (1 — s)ep for ¢ > 1 and smaller otherwise. There-
fore, when o > 1, elasticities of labor supply compatible with indeterminacy
require a smaller level of increasing returns in the model developped in this
paper or, in other terms, for the same level of increasing returns, less elastic
labor supply are compatible with indeterminacy. Evidently, we obtain the
opposite conclusion for o < 1.

To summarize this last discussion, in some configurations, endogenous
fluctuations can occur when capital and labor are substitutes under less re-
strictive conditions in our framework than in the model where externalities
appear through the total productivity of factors, because, taken as given o
and €., indeterminacy requires weaker increasing returns.

Before providing concluding remarks, let us note the following. In this
paper, we have shown that, considering a more general formulation of ex-
ternalities, local indeterminacy and endogenous fluctuations can occur un-
der different conditions than in the more usual case studied by Cazzavillan,
Lloyd-Braga, and Pintus (1998) where externalities are represented by the
total productivity of factors. However, in the Cobb-Douglas case (o = 1),
the two formulations of externalities are equivalent. Therefore, we can argue
that the Cobb-Douglas technology is very specific. To prove this last remark,
note that when ¢ = 1, the production is given by:

Y = A(C(K, L)K)* (D(K,L)L)'* = AC(K,L)*D(K, L)' *K°L'™* (38)
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Therefore, the level of externalities represented by C(K,L)*D(K, L)'~*
plays exactly the same role than externalities that should appear through
the total productivity of factors. Using our notations, the contributions
of labor and capital to these total externalities are respectively defined by
secr + (1 —s)ep,r and secx + (1 — s)ep k-

5 Conclusion

In this paper, we introduce input-specific externalities in a Woodford (1986)
model to analyze their role on the stability properties of the steady state.
This specification of externalities is a generalization of the usual type of
productive externalities characterized by a total productivity of factors that
increases with respect to average capital and labor.

In this framework, there exist configurations of parameters such that, in
contrast to previous results, endogenous fluctuations cannot occur for a suf-
ficiently high capital-labor substitution, particularly when the labor supply
is highly elastic. We also stress that, in some cases, this result is more rele-
vant under a stronger level of increasing returns. Another direct implication
of this result is that the steady state can be locally determinate under the
wrong slopes on the labor market.

Comparing our conclusions with the case where productive externalities
enter the total productivity of factors, we exhibit some configurations where,
in our framework, indeterminacy and endogenous cycles can occur under a
weaker degree of increasing returns when capital and labor are substitutes.

Finally, we also conclude that the Cobb-Douglas technology appears to
be quite specific. Indeed, under a unit elasticity of capital-labor substitution,
our form of externalities and the usual one are equivalent, whereas we have
seen that, when we consider a more general production function, dynamic
properties can be quite different.

Appendix

Hopf bifurcation for o > oy, and existence of oy,

Assuming o > op,, we establish the conditions such that 7' < 2 when
D =1. D =1 is equivalent to ¢, = 1/D;(0). Substituting this expression
into T' < 2, we obtain:

ac® +bo +c >0 (39)
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with

a="0cck(epr —Ocor)+0(1+0cck)(epkecr —Ep rec.k)
b=0epkl(1—s)(1+epr)—ecr]+0ec[0(1 —s)eh

+ (1+eck)(s—0(1—3s)epx)] + 0cox[(1+epr)(1—s)(1—epk)
+seor+(1+epr)(l—s+(2—s)eck) —epkreo,Ll
c=0(1-s)1+ecck —epk)s(l+epr—cecr)
—0((14+epr)(l—s+eok)+eorn(s—epk))]

(40)

Under Assumption 4, we deduce that b > 0 and ¢ > 0. Then, we have
two cases:

(i) if 14+ep < (1 +95(J,K)5O,L5D7K/(95%7K) (i.e. a > 0), the inequality (39)
is satisfied for all o > 0;

(ZZ) if 1+ Ep,r. < (1 + QgC,K)gC,LgD,K/(QgéK) (1e a < O), there exists a
unique oy, > 0 such that the inequality (39) is satisfied for all o < oy,.

This means that in case (i), A always crosses [BC| when o > op,. In
particular, this arises when ep gec > ep rec k. In case (ii), A crosses [BC|
for 0 < op,, but does not cross any more [BC] when o > o,. Note that, by
continuity, oy, is strictly greater than oy,.

The value of op,

o, is defined by 1+ T1(0) + D1(0) = 0. After some computations, we
obtain:

28(1 + ED,L — 807[,) + 9[(1 — S)(2 + ED,L — 8D,K) + (2 — 8)60,[(

O’ =
F 2(2+5D,L>+9[5C,K(2+5D,L> _5D,K50,L} (41)
+sec, +€p,LEc,k — Ep,KEC,L]
2(2 + 5D,L> + 0[6071((2 + 5D,L> — 5D,K<€C,L]
The value of €.,
€y, is defined by D = 1. We obtain:
_ 1 _ o(l1+epr)—s(l+epr—ccr) (42)

= Do) oL+ bcox) — 01— )1+ cox — pr)
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The value of ¢,

€y, is defined by 1 + 7T + D = 0. After some computations, we obtain:

224+¢ep,) +0eck(2+epr) —eprecLl o — 0

=1
* 24 Osc i 0—0p

(43)

Evp

The value of €.,

€4y is defined by 1 — T+ D = 0. After some computations, we obtain:

(ep,rec.x —€p,xec,L)(0 — or,)

€y =1
o + eck(o—or)

(44)
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