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Lq wkh qh{w wkh glvfuhwh wlph yhuvlrq ri wkh erqg sulfhv irupxodv rewdlqhg e| Orqjvwd +4<<5, lq wkh devruelqj eduulhu iudphzrun zloo eh fdoohg Orqjvwd *v erqg sulfhv1
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  / zh vwxg| vhfxulwlhv pdunhw prghov zlwk {hg frvwv1 Zh fkdudf0 whul}h wkh devhqfh ri duelwudjh rssruwxqlwlhv dqg zh surylgh idlu sulflqj uxohv1 Zh wkhq dsso| wkhvh uhvxowv wr h{whqg vrph srsxodu lqwhuhvw udwh dqg rswlrq sulflqj prghov/ zklfk suhvhqw duelwudjh rssruwxqlwlhv lq wkh devhqfh ri {hg frvwv1 Lq sduwlfxodu/ zh suryh wkdw wkh txlwh vwulnlqj uhvxow rewdlqhg e| G|eylj/ Lqjhuvroo dqg Urvv EbbS/ zklfk dvvhuwv wkdw/ xqghu wkh dvvxpswlrq ri devhqfh ri duelwudjh/ orqj }hur0frxsrq udwhv fdq qhyhu idoo/ lv qr orqjhu wuxh lq prghov zlwk {hg frvwv/ hyhq duelwudulo| vpdoo rqhv1 Iru lqvwdqfh/ prghov zkhuh wkh orqj0whup udwh iroorzv d glxvlrq surfhvv duh duelwudjh0iuhh lq wkh suhvhqfh ri {hg frvwv +lqfoxglqj duelwudulo| vpdoo rqhv,1 Zh dovr udwlrqdol}h prghov zlwk sduwldoo| devruelqj ru uh hfwlqj eduulhuv rq wkh sulfh surfhvvhv1 Lq sduwlfxodu/ zh sursrvh d yhuvlrq ri wkh Fr{/ Lqjhuvroo/ dqg Urvv +4<;8, prgho zklfk/ dv lq Orqjvwd +4<<5,/ surgxfhv |lhog fxuyhv zlwk uhdolvwlf kxpsv exw grhv qrw dvvxph dq devruelqj eduulhu iru wkh vkruw0whup udwh1 Wklv lv pdgh srvvleoh e| wkh suhvhqfh ri +hyhq duelwudulo| vpdoo, {hg frvwv1 ki)Lh_t duelwudjh 0 {hg frvwv 0 frqwlqjhqw fodlpv sulflqj 0 lqwhuhvw udwh prghov 0 orqj }hur0frxsrq udwhv 0 G|eylj/ Lqjhuvroo dqg Urvv 0 Euhqqdq dqg Vfkzduw} 0 eduulhu prghov1 L1 Lqwurgxfwlrq Lq wklv sdshu/ zh vwxg| vhfxulwlhv pdunhw prghov zlwk {hg frvwv1 Zh fkdudf0 whul}h wkh devhqfh ri duelwudjh rssruwxqlwlhv dqg zh surylgh idlu sulflqj uxohv1 Zh wkhq dsso| wkhvh uhvxowv wr h{whqg vrph fodvvlfdo lqwhuhvw udwh dqg rswlrq sulflqj prghov zklfk suhvhqw duelwudjh rssruwxqlwlhv lq wkh devhqfh ri {hg frvwv1 Wudqvdfwlrq frvwv duh xvxdoo| vdlg wr eh {hg li wkh| duh frqvwdqw uhjdug0 ohvv ri wkh vl}h ri wkh wudqvdfwlrq1 Lq wklv sdshu/ zh vwxg| pruh jhqhudo {hg frvwv vwuxfwxuhv zkhuh wkh frvw ri wudqvdfwlqj kdv d {hg frpsrqhqw/ l1h1/ lv erxqghg dzd| iurp }hur lqghshqghqwo| ri wkh txdqwlw| wudghg1 Vrph uhvxowv zloo pruh vshflfdoo| irfxv rq erxqghg {hg frvwv vwuxfwxuhv/ iru zklfk wudqvdfwlrq frvwv duh erxqghg +ehorz dqg deryh, uhjdugohvv ri wkh vl}h ri wkh wudqvdfwlrq ru rq ydqlvklqj {hg frvwv vwuxfwxuhv/ l1h1/ wudqvdfwlrq frvwv vwuxfwxuhv vxfk wkdw wkh pdujlqdo frvw whqgv wr }hur zkhq wkh wudqvdfwlrq vl}h lqfuhdvhv1 Qrwh wkdw erxqghg {hg frvwv vwuxfwxuhv duh d vshflf fdvh ri ydqlvklqj {hg frvwv vwuxfwxuhv1 Dv xqghuolqhg e| Euhqqdq +4<:8,/ vxfk {hg frvwv vwuxfwxuhv fdswxuh uhdvrq0 deo| zhoo wkh edvlf ihdwxuhv ri wkh frpplvvlrq vwuxfwxuh ri pdq| vwrfn h{fkdqjhv zklfk lqyroyh d vwdwhg dprxqw soxv d ghfolqlqj shufhqwdjh ri wkh ydoxh ri wkh wudqvdfwlrq1 Lq idfw/ lqyhvwruv lqfxu pdq| glhuhqw ihhv dqg fkdujhv wkdw ghshqg/ dprqj rwkhu wklqjv/ rq wkh wudghg yroxph/ wudghg dprxqw/ wudghg dvvhw/ dqg wkh wrwdo ihh lv lq jhqhudo erxqghg ehorz e| d jlyhq dprxqw wkdw fruuhvsrqgv wr wkh wlfnhw fkdujhv wkdw kdyh wr eh sdlg iru hdfk wudqvdfwlrq uhjdugohvv wr wkh vl}h ri wkdw wudqvdfwlrq dqg erxqghg deryh1 Iru lqvwdqfh/ rq wkh JOREH[ fohdulqj v|v0 whp zkhuh ihhv duh fdsshg +iru wudghv h{hfxwhg iru phpehuv wudglqj zlwklq wkhlu glylvlrq iru wkhlu rzq dffrxqw, dw '83 shu gd| shu surgxfw/ shu rshudwru1 4 Zh uhihu wr Mrqhv +5335, iru d jhqhudo ghvfulswlrq ri wkh wudglqj frvwv vwuxfwxuh rq wkh Q\VH dffurvv wkh 53wk fhqwxu|1 Qrwh wkdw vxfk d {hg frvwv vwuxfwxuh lv qrw olplwhg wr wkh prghol}dwlrq ri fohdulqj ru wudglqj ihhv lpsrvhg e| vwrfn h{fkdqjhv1 Lqghhg/ dv xqghuolqhg e| Ohdsh +4<;:,/ dftxlulqj dvvhwv yluwxdoo| dozd|v lqfxuv qdqfldo fkdujhv vxfk dv eurnhudjh ihhv/ zklfk lq jhqhudo kdyh d {hg frvwv frpsrqhqw +111,1 Hyhq lq wkh fdvhv lq zklfk vxfk frvwv dsshdu sursruwlrqdo wr wkh dprxqw lqyhvwhg/ wkhuh duh w|slfdoo| plqlpxp lqyhvwphqw uhtxluh0 phqwv zklfk duh htxlydohqw wr {hg frvwv ri wudglqj1 Wkh frvwv ri df0 txlulqj dvvhwv dovr lqfoxgh wkh rssruwxqlw| frvwv dqg lqirupdwlrq frvwv dvvrfldwhg zlwk dqdo|}lqj qhz dvvhwv1 Vxfk frvwv duh wuxo| frvwv ri sdu0 wlflsdwlqj lq sduwlfxodu pdunhwv dqg duh lqghshqghqw ri wkh dprxqw lqyhvwhg1 Lq idfw/ rxu {hg frvwv vwuxfwxuh fdq prgho eurnhudjh ihhv/ kroglqj frvwv/ {hg lqyhvwphqw wd{hv wr jdlq dffhvv wr d pdunhw +vxfk dv d iruhljq pdunhw,/ rshudwlrqdo dqg surfhvvlqj frvwv wkdw w|slfdoo| h{klelw vwurqj hfrqrplhv ri vfdoh +h1j1 wkurxjk dxwrpdwlrq,/ {hg frvwv lqyroyhg lq vhwwlqj xs dq r!fh dqg rewdlqlqj dffhvv wr lqirupdwlrq/ wkh rssruwxqlw| frvw ri orrnlqj dw d pdunhw ru ri grlqj d vshflf wudgh dqg eurnhudjh duudqjhphqwv zkhuh pdujlqdo ihhv jr wr }hur eh|rqg d jlyhq yroxph wkdw lv uhvhw shulrglfdoo| +d frpprq sudfwlfh lq wkh lqgxvwu|,1 Rwkhu iulfwlrqv vwxglhg lq wkh olwhudwxuh lqfoxgh wudqvdfwlrq frvwv wkdw duh sur0 sruwlrqdo wr wkh txdqwlw| ri dvvhw wudghg1 Zlwkrxw plqlpl}lqj wkh uhohydqfh ri wklv w|sh ri iulfwlrqv/ wkh {hg frvwv vshflfdwlrq dqdo|}hg lq wklv sdshu lv ri lpsruwdqfh iru wkuhh pdmru uhdvrqv ghyhorshg e| Yldug +4<<8, = Iluvw dv Ohdsh +4<;:, dujxhg/ d qxpehu ri frvwv dvvrfldwhg zlwk sxufkdvlqj dqg kroglqj dvvhwv dssur{lpdwho| vdwlvi| wkh {hg0frvwv vshflfdwlrq +111, Vhfrqg/ vxfk frvwv duh pruh dqdo|wlfdoo| fkdoohqjlqj wkdq sursru0 wlrqdo frvwv1 Wkh odwwhu fdq eh hdvlo| dffrprgdwhg lq wkh vwdqgdug FDSP iudphzrun zlwk olwwoh dgglwlrqdo dqdo|vlv/ ehfdxvh vxfk frvwv vlpso| uhgxfh wkh qhw udwh ri uhwxuq1 5 Wklug/ {hg frvwv rhu d vlpsoh dqg sodxvleoh h{sodqdwlrq iru wkh revhuydwlrq wkdw pdq| lqyhvwruv krog h{dfwo| }hur ri prvw dydlodeoh dvvhwv> dowkrxjk sursruwlrqdo frvwv zrxog dowhu dq lqyhvwru*v kroglqj ri dq| sduwlfxodu dvvhw/ wkh| jhqhudoo| zrxog qrw gulyh vxfk kroglqjv wr }hur1 Zh qg wkdw wkh devhqfh ri duelwudjh rssruwxqlwlhv lq prghov zlwk erxqghg {hg frvwv +ru pruh jhqhudoo| zlwk ydqlvklqj {hg frvwv, lv htxlydohqw wr wkh h{lvwhqfh ri d idplo| ri qrqqhjdwlyh vwdwh0sulfh ghqvlwlhv frpsdwleoh zlwk wkh dvvhw sulfh surfhvvhv1 Wkh rqo| glhuhqfh zlwk wkh iulfwlrqohvv vhwwlqj olhv lq wkh idfw wkdw wkhvh vwdwh0sulfh ghqvlwlhv pd| eh qrqqhjdwlyh lqvwhdg ri srvlwlyh1 Zkhq wkh {hg frvwv duh qhlwkhu erxqghg qru ydqlvklqj/ zh vwloo kdyh wkdw wkh h{lvwhqfh ri qrqqhjdwlyh vwdwh sulfh ghqvlwlhv lpsolhv wkh devhqfh ri duelwudjh rssruwxqlw|/ exw wkh frqyhuvh lpsolfdwlrq grhv qrw qhfhvvdulo| krog1 Uhpdun wkdw d }hur vwdwh 5 Dowkrxjk wklv lv fkdoohqjlqj lq d g|qdplf vhwwlqj +vhh Mrxlql dqg Ndoodo +4<<8, iru d fkdu0 dfwhul}dwlrq ri wkh qr0duelwudjh lq d sursruwlrqdo wudqvdfwlrq frvwv iudphzrun,1

  wkh wudqvdfwlrq frvwv surfhvv f lv rqo| ghqhg iru vwudwhjlhv dqg qrw iru sruwirolrv1 Krzhyhu/ iru d jlyh gdwh w qrgh w d sruwirolr fdq reylrxvo| eh lghqwlhg zlwk wkh vwudwhj| wkdw frqvlvwv lq ex|lqj wkdw sruwirolr dw gdwh w lq wkh hyhqw w dqg vhoolqj lw dw gdwh f E wn f iru doo wn 5 i E w zlwk dw ohdvw rqh vwulfw lqhtxdolw|/ iru vrph w dqg vrph w lq P w = Ehiruh jrlqj dq| ixuwkhu/ zh surylgh vrph lqwxlwlrq ri krz wklqjv zrun dqg looxvwudwh rxu uhvxowv1 D vwudwhj| wkdw ohdgv/ h{foxvlyh ri wudqvdfwlrq frvwv/ wr d qrqqhjdwlyh dqg qrq}hur qhw jdlq zklfk lv }hur lq vrph vwdwhv/ zrxog eh dq duelwudjh rssruwxqlw| lq wkh iulfwlrqohvv iudphzrun/ exw lv qrw dq duelwudjh lq wkh {hg frvwv vhwwlqj1 Lqghhg/ vlqfh srvlwlyh wudqvdfwlrq frvwv kdyh wr eh sdlg/ wkh qhw jdlq +lqfoxvlyh ri wudqvdfwlrq frvwv, ehfrphv qhjdwlyh lq vrph vwdwhv1 Iru lqvwdqfh/ d frusrudwh erqg dqg d jryhuqphqw erqg zlwk wkh vdph fkdudfwhulvwlfv fdq kdyh wkh vdph sulfh lq d prgho zlwk {hg frvwv hyhq li wkh frusrudwh erqg kdv d srvlwlyh suredelolw| ri ghidxow dqg wkh jryhuqphqw erqg lv frqvlghuhg dv ghidxow iuhh1 Lqghhg/ ex|lqj wkh jryhuqphqw erqg dqg vhoolqj wkh frusrudwh erqg zrxog eh dq duelwudjh lq wkh iulfwlrqohvv vhwwlqj exw qrw lq wkh vhwwlqj zlwk {hg frvwv1 Khqfh/ wkh dvvxpswlrq ri devhqfh ri duelwudjh lq wkh iulfwlrqohvv fdvh lv qrw htxlydohqw wr wkh dvvxpswlrq ri devhqfh ri duelwudjh lq wkh fdvh zlwk {hg frvwv1 Lq rughu wr foduli| wkh olqn ehwzhhq wkh frqfhswv ri duelwudjh zlwk {hg frvwv dqg ri iulfwlrqohvv duelwudjh/ zh pd| uhpdun wkdw zh kdyh wkh iroorzlqj= Sursrvlwlrq 51 Li wkhuh lv d wzr0shulrg duelwudjh rssruwxqlw| zlwk {hg frvwv/ wkhq wkhuh h{lvwv d sruwirolr vxfk wkdw ] E w ? f dqg ] E wn f iru doo wn 5 i E w iru vrph w dqg vrph w lq P w = Wkh frqyhuvh lpsolfdwlrq krogv dovr wuxh iru ydq0 lvklqj {hg frvwv1 Wkh h{lvwhqfh ri dq duelwudjh rssruwxqlw| zlwk ydqlvklqj {hg frvwv lv htxly0 dohqw wr wkh h{lvwhqfh ri d vwurqj irup ri d iulfwlrqohvv duelwudjh/ l1h1 d sruwirolr zlwk qhjdwlyh lqlwldo frvw dqg qrqqhjdwlyh sd|rv1 Lq rughu wr looxvwudwh wklv uhvxow/ frqvlghu d wzr0shulrg elqrpldo prgho/ l1h1 d prgho frqvlvwlqj ri rqh ulvn| vhfxulw| zlwk d ydoxh ri dw gdwh f dqg d ydoxh ri x lq vwdwh xs dqg ri g lq vwdwh grzq dw gdwh ( dqg rqh ulvnohvv vhfxulw|> zlwk d ydoxh ri dw gdwh f dqg d ydoxh ri E n u lq erwk vwdwhv ri wkh zruog dw gdwh = Lw lv hdv| wr vhh wkdw li g ? E n u ? x> wkhq wkh prgho lv duelwudjh0iuhh/ lq erwk fdvhv/ zlwk dqg zlwkrxw {hg frvwv> li g ' E n u ru x ' E n u > wkhq lw lv duelwudjh0iuhh lq wkh prgho zlwk {hg frvwv exw qrw lq wkh iulfwlrqohvv prgho dq|pruh> li g A E n u ru x ? E n u > wkhq lw frqwdlqv duelwudjh rssruwxqlwlhv 4: lq wkh iulfwlrqohvv prgho dv zhoo dv lq wkh prgho zlwk ydqlvklqj {hg frvwv1 D fkdudfwhul}dwlrq ri wkh devhqfh ri duelwudjh zlwk {hg frvwv wkhq iroorzv= Sursrvlwlrq 61 Wkhuh lv qr wzr0shulrg duelwudjh zlwk {hg frvwv +uhvs1 ydq0 lvklqj {hg frvwv, li +uhvs1 li dqg rqo| li , iru hdfk gdwh w dqg hdfk gdwh w qrgh w wkhuh h{lvwv d qrqqhjdwlyh vwdwh0sulfh ghqvlw| rq i E w frpsdwleoh zlwk wkh dvvhw sulfhv l1h1 wkhuh h{lvwv d idplo| ri qrqqhjdwlyh qxpehuv E Mi E w vxfk wkdw ] n E w ' [ wn Mi Ew wn ] n E wn n ' f> ===> q= Iru looxvwudwlrq sxusrvh/ ohw xv frqvlghu d wzr0shulrg qdqfldo prgho zlwk rqh erqg dqg rqh vwrfn zkhuh wkh ulvnohvv udwh lv htxdo wr wkh orzhvw srvvleoh udwh ri uhwxuq ri wkh vwrfn1 Dffruglqj wr wkh Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj/ vlqfh wkhuh lv dq duelwudjh rssruwxqlw| iru wkh iulfwlrqohvv fdvh/ wkhuh fdqqrw h{lvw d srvlwlyh frpsdwleoh vwdwh0sulfh ghqvlw|1 Qhyhuwkhohvv/ wkh vwdwh0sulfh ghqvlw| wkdw sxwv doo wkh zhljkw rq wkh vwdwhv ri wkh zruog vxfk wkdw wkh ulvnohvv udwh lv htxdo wr wkh orzhvw srvvleoh udwh ri uhwxuq ri wkh vwrfn lv frpsdwleoh zlwk rxu qdqfldo prgho1 Wkh idfw wkdw vwdwh sulfh ghqvlwlhv fdq eh }hur zkhq wkh sk|vlfdo suredelolw| lv qrq }hur vhhpv txlwh vwulnlqj dqg frxqwhulqwxlwlyh1 Lw grhv qrw phdq wkdw lqyhvwruv 4; kdyh dffhvv wr xqlwv ri frqvxpswlrq lq wkhvh vwdwhv iru iuhh vlqfh wklv dffhvv wr xqlwv ri frqvxpswlrq lv olqnhg wr wkh sd|phqw ri d {hg frvw lq doo vwdwhv1 Zh fdq zrqghu zkhwkhu wkh vlwxdwlrq zlwk }hur vwdwh sulfh ghqvlwlhv lq vwdwhv ri srvlwlyh sk|vlfdo suredelolw| lv frpsdwleoh zlwk htxloleulxp ru dw ohdvw xwlolw| pd{lpl}dwlrq1 Khuh djdlq/ lw grhv qrw phdq wkdw wkh djhqw*v pdujlqdo xwlolw| lq wkhvh vwdwhv lv }hur1 Lw mxvw phdqv wkdw wkh {hg frvw vwuxfwxuh dqg wkh djhqw*v xwlolw| ixqfwlrq duh vxfk wkdw dw vrph srlqw ri frqvxpswlrq lw lv qrw srvvleoh wr lqfuhdvh wkh djhqw*v xwlolw|/ vlqfh dq| pdujlqdo lqfuhdvh ri frqvxpswlrq lq wkhvh vwdwhv +zlwk }hur vwdwh sulfh ghqvlwlhv, zrxog eh frpshqvdwhg e| d pdujlqdo lqfuhdvh ri wkh {hg frvw wr sd| lq doo rwkhu vwdwhv1 Dq h{dpsoh ri vxfk d vlwxdwlrq lv surylghg lq wkh Dsshqgl{1 Qrwh wkdw wklv h{dpsoh lv qrw d vlqjxodu rqh dqg zh kdyh wkh iroorzlqj jhqhudo uhvxow1 Hyhq li wkhuh duh }hur vwdwh0sulfhv/ d odujh fodvv ri djhqwv zloo qg d srvlwlyh rswlpdo vroxwlrq wr d frqvxpswlrq lqyhvwphqw sureohp/ qdpho| wkrvh djhqwv zkr kdyh d pdujlqdo xwlolw| ixqfwlrq ghfuhdvlqj idvwhu wkdq wkh pdujlqdo {hg frvw1 Wklv frqglwlrq lv iru lqvwdqfh vdwlvhg li zh dvvxph wkdw wkh {hg wudqvdfwlrq frvwv vwuxfwxuh lv ydqlvklqj exw qrw erxqghg deryh dqg wkdw wkh xwlolw| ixqfwlrqv duh lq wkh KDUD fodvv +l1h1 x x E{ ' n {, dqg vdwlvi| wkh hpslulfdoo| uhdvrqdeoh frqglwlrq ? 1 Wkh vdph uhvxowv fdq eh rewdlqhg lq d g|qdplf vhwwlqj1 Ixuwkhupruh/ lq vxfk 4< d vhwwlqj dq duelwudjh rssruwxqlw| fdq eh ghqhg dv d vwudwhj| rq wkh zkroh wuhh lqvwhdg ri d vwudwhj| ehwzhhq d qrgh dqg lwv vxffhvvruv1 Wkh qh{w uhvxow surylghv d vwudljkwiruzdug h{whqvlrq ri wkh qr0duelwudjh fkdudfwhul}dwlrq wr vxfk d g|qdplf iudphzrun1 Ghqlwlrq 71 D g|qdplf duelwudjh rssruwxqlw| lv d vwudwhj| ghvfulehg e| d qrq0 qxoo g|qdplf sruwirolr +l1h1 d sruwirolr E w iru doo gdwh w ' f> ===> W dqg doo gdwh w qrgh w , vdwlvi|lqj iru doo w> iru doo w 5 P w dqg doo wn 5 i E w wkh iroorzlqj vhoi0qdqflqj frqglwlrq

  wn li wn ' g = Lq wkh qh{w wklv prgho lv fdoohg wkh jhqhudol}hg Fr{/ Urvv dqg Uxelqvwhlq prgho Eb.b zlwk erxqgv1 Wkh dlp lv wr ydoxh d Hxurshdq fdoo { ' E] W N n iru vrph d sulrul jlyhq erxqg P ] f = Zh kdyh wkh iroorzlqj uhvxow Sursrvlwlrq 451 Wkh jhqhudol}hg Fr{/ Urvv dqg Uxelqvwhlq prgho Eb.b zlwk erxqgv lv duelwudjh0iuhh lq d {hg frvwv vhwwlqj1 Ixuwkhupruh/ li wkh {hg frvwv vwuxfwxuh lv ydqlvklqj/ wkh sulfh ri d Hxurshdq fdoo rswlrq lq wklv prgho lv htxdo +lq wkh olplw ri odujh txdqwlwlhv, wr wkh sulfh ri d eduulhu rswlrq zlwk vdph vwulnhdqg pdwxulw| lq wkh iulfwlrqohvv Fr{/ Urvv dqg Uxelqvwhlq prgho Eb.b = Lw lv vkrzq lq Vrqghupdqq EbHH wkdw wkh fruuhvsrqglqj rswlrq sulflqj iru0 pxod fdq eh vlpsolhg iru vpdoo julg vl}hv1 Ohwwlqj wkh julg vl}h jr wr }hur/ e| wkh Fhqwudo Olplw Wkhruhp wkh dqdorj ri wkh Eodfn dqg Vfkrohv +4<:6, irupxod lv rewdlqhg iru vxfk rswlrqv dqg wkhq iru Hxurshdq fdoo rswlrqv zlwk erxqgv rq wkh xqghuo|lqj dvvhw1 Wkhvh irupxodv uhgxfh wr wkh Eodfn dqg Vfkrohv irupxod li wkh xsshu erxqg jrhv wr lqqlw|1 Wkh vdph nlqg ri uhvxowv fdq eh rewdlqhg li zh lqwurgxfh d orzhu erxqg rq wkh dvvhw sulfhv dqg wkh sulflqj irupxodv zh rewdlq uhgxfh wr wkh Eodfn dqg Vfkrohv irupxod li wkh orzhu erxqg dssurdfkhv }hur1 Khqfh zh kdyh suryhg wkdw wkh suhvhqfh ri {hg frvwv +lqfoxglqj duelwudulo| vpdoo rqhv, doorzv xv wr xvh prghov zlwk erxqgv rq wkh glvfrxqwhg dvvhw sulfh surfhvvhv1 Vxfk erxqgv pljkw eh vxemhfwlyho| dvvxphg e| vrph lqyhvwruv lq rughu wr prgho wkh idfw wkdw/ iurp wkhlu srlqw ri ylhz/ wkh sulfh ri d jlyhq dvvhw fdqqrw h{fhhg d jlyhq ohyho1 Wkh| fdq dovr eh vhhq dv remhfwlyh erxqgv gxh wr srolf| frqvwudlqwv dv lq wdujhw }rqhv zkhuh vrph erxqgv duh lpsrvhg rq wkh h{fkdqjh udwhv +dv lq wkh suhylrxv Hxurshdq Prqhwdu| V|vwhp,1 Wkh| qdoo| fdq eh vhhq dv remhfwlyh erxqgv uhvxowlqj iurp wkh fkrlfh ri d jlyhq prgho1 Vxfk vlwxdwlrqv fdq eh hqfrxqwhuhg iru lqvwdqfh lq lqwhuhvw udwh prghov zkhuh u ' f lv dq devruelqj eduulhu dv lq Orqjvwd Ebb2 = Lqghhg/ lq vxfk prghov/ wkh sulfh ri d jlyhq erqg zkhq wkh eduulhu u ' f lv uhdfkhg lv htxdo wr zklfk fruuhvsrqgv wr dq xsshu erxqg iru d erqg sulfh lq prghov zkhuh wkh vkruw0whup udwhv duh dozd|v qrqqhjdwlyh1 Orqjvwd Ebb2 lqwurgxfhg vxfk prghov lq rughu wr hqodujh wkh vhw ri srvvleoh vkdshv ri wkh lqwhuhvw udwh whup vwuxfwxuh lq d Fr{/ Lqjhuvroo dqg Urvv prgho EbHD1 51 Wkh FLU Prgho zlwk Sduwldoo| Devruelqj Eduulhu Wkh Fr{/ Lqjhuvroo dqg Urvv +4<;8, prgho kdv ehhq hpslulfdoo| whvwhg e| Eurzq dqg G|eylj +4<;9, dqg e| Eurzq dqg Vfkdhihu +4<<7,1 Wkhvh dxwkruv kdyh vkrzq wkdw wkh yrodwlolw| ri wkh vkruw0whup udwh frqirupv uhodwlyho| zhoo wr hpslulfdo revhuydwlrqv/ exw wkh| dujxh wkdw wkh prgho lv qrw h{leoh hqrxjk wr fdswxuh wkh ydulhw| ri vkdshv hqfrxwhuhg lq sudfwlfh1 Pruh suhflvho|/ zkloh wklv prgho doorzv iru lqyhuwhg vkdshv dw wkh vkruw hqg ri wkh fxuyh/ lw idlov dw fdswxulqj |lhog fxuyhv zlwk d kxps1 Orqjvwd +4<<5, sursrvhv dq h{whqvlrq ri wklv prgho doorzlqj iru dq devruelqj eduulhu dw u ' f iru wkh vkruw0whup udwh= Kh surylghv wkhq dqdo|wlfdo sulflqj irupxodv iru wkh erqgv dqg dujxhv wkdw wklv prgho ohdgv wr pruh uhdolvwlf whup vwuxfwxuhv ri lqwhuhvw udwhv1 Wkh dlp ri wklv vhfwlrq lv wr vkrz wkdw Orqjvwd +4<<5,*v dssurdfk dqg irupxodv +ru pruh suhflvho| wkhlu glvfuhwh wlph yhuvlrq, duh frpsdwleoh zlwk wkh qr duelwudjh frqglwlrq zlwk {hg frvwv/ hyhq li u ' f lv qrw dq devruelqj eduulhu1 Wklv shuplwv wr hqodujh wkh vhw ri srvvleoh vkdshv ri wkh lqwhuhvw udwh whup vwuxfwxuh/ dqg dv xqghuolqhg e| Orqjvwd +4<<5, wr jhqhudwh srvvleoh kxpsv/ zlwkrxw lpsrvlqj wkh xquhdolvwlf devruelqj eduulhu frqglwlrq1 Lqghhg/ lw lv gl!fxow wr dffhsw wkdw zkhq wkh vkruw0whup udwh uhdfkhv }hur lw zloo vwd| dw wkdw ohyho iruhyhu1
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  x ' @e> t p ' @2> t g ' @e/ iru vrph srvlwlyh frqvwdqw ?dqg iru Q vx!flhqwo| odujh= Lq wkdw fdvh/ lw lv hdv| wr fkhfn wkdw S ' Es x > s p > s g ghqhv d suredelolw| dqg iroorzlqj Qhovrq dqg Udpdvzdp| Ebbf rxu prgho lv d glvfuhwh dssur{lpdwlrq ri wkh Euhqqdq dqg Vfkzduw} Eb.b prgho1 Ohw wkh ulvn0qhxwudo suredelolw| d El> m o l'x>p>g m 'x>p>g eh vxfk wkdw Ep> p ' dqg ohw ghqrwh wkh lqgxfhg suredelolw| phdvxuh rq wkh whuplqdo vwdwhv ri wkh zruog1 Zh wkhq frqvwuxfw erqg sulfhv dv wkh glvfrxqwhg h{shfwhg ydoxh xqghu wkh sure0 delolw| ri wkh erqg*v whuplqdo sd|r/ dqg rewdlq e| Wkhruhp 9/ wkh qdqfldo pdunhw frqvlvwlqj ri wkhvh erqgv lv duelwudjh0iuhh lq d {hg frvwv vhwwlqj dqg dgplwv u dv vkruw0whup udwh1 Ixuwkhupruh/ zh fdq yhuli| wkdw wkh orqj0whup udwh lqgxfhg e| wkhvh erqg sulfhv lv jlyhq e| c1 Lqghhg/ zh kdyh *?E n } Eq> q ( Ec> u ' olplw h{lvwv1 Lw lv wkhq hdv| wr fkhfn wkdw wkh olplw ri x c>u n lv htxdo wr c dqg zh rewdlq wkhq } O Eq( Ec> u ' c= Surri ri Sursrvlwlrq 45 Iru P ' 4/ E] w wMtf>uuu >W lv htxdo wr EZ w wMtf>uuu >W dqg wkhuh lv d xqltxh suredelolw| phdvxuh wkdw zh vkdoo ghqrwh e| S W wkdw pdnhv E] w wMtf>uuu >W d pduwlqjdoh dqg lw lv jlyhq e| wkh srvlwlyh wudqvlwlrq suredelolw| E| Sursrvlwlrq ; dq| idlu sulflqj uxoh lv jlyhq e| wkh vxp ri d {hg frvw ixqfwlrq dqg ri wkh h{shfwhg ydoxh zlwk uhvshfw wr S W +zklfk fruuhvsrqgv wr wkh rswlrq sulfh lq d iulfwlrqohvv vhwwlqj,1 Lw lv hdv| wr fkhfn wkdw wklv prgho lv dovr duelwudjh iuhh lq d {hg0frvwv vhwwlqj iru P ? 41 Zh wxuq wkhq gluhfwo| wr sulflqj lvvxhv1 Wkhuh lv d xqltxh suredelolw| phdvxuh S W P zlwk qrqqqhjdwlyh zhljkwv zklfk pdnhv E] w d pduwlqjdoh1 Wklv suredelolw| lv htxdo wr wkh deryh phqwlrqhg suredelolw| phdvxuh +zlwk srvlwlyh zhljkwv, S W rq wkh sdwkv iru zklfk wkh erxqg P lv qrw uhdfkhg dqg sxwv d }hur zhljkw rq wkh sdwkv iru zklfk wkh erxqg lv uhdfkhg dqg ohiw1 Wkh surfhvv E] w kdv xqghu S W P wkh vdph glvwulexwlrq dv wkh sulplwlyh sulfh surfhvv devruehg dw wkh xsshu erxqg P +dqg ghqrwhg e| Z W , xqghu S W 1 Wkxv dq| dgplvvleoh sulfh iru d Hxurshdq fdoo { ' E] W N n fdq eh zulwwhq dv wkh vxp ri d {hg frvw dqg ri H wkh eduulhu lv vhw dw P / lq wkh fodvvlfdo elqrpldo prgho zkhuh wkh ulvn0qhxwudo suredelolw| lv jlyhq e| S W = Surri ri Sursrvlwlrq 46 Dv lq FLU ru lq Orqjvwd +4<<5, zh orrn iru d vwdwh0 sulfh ghqvlw| frpsdwleoh zlwk wkh qr0duelwudjh frqglwlrq lq d {hg frvwv vhwwlqj vxfk wkdw wkh ulvn suhplxp lv htxdo wr iru u 9 ' f1 Pruh suhflvho|/ zh orrn iru ' E > 2 > 5 of> d / vxfk wkdw xqghu / wkh guliw lv jlyhq e| wkh lqlwldo guliw plqxv u +dv lq FLU,/ dqg wkh yduldqfh uh0 pdlqv xqfkdqjhg +dqg jlyhq e| 2 u zh zdqw rxu prgho wr kdyh dq devruelqj eduulhu xqghu wkh ulvn0qhxwudo suredelolw| lq rughu wr jhq0 hudwh wkh vdph sulfhv dv lq Orqjvwd +4<<5,1 Lw vx!fhv wkhq wr wdnh/ iru u ' f/ E > 2 > ' Ef> f> = Ohwwlqj Eu( duelwudjh0iuhh +zlwk {hg frvwv, whup vwuxfwxuh zklfk vdwlvhv

  li wkhuh lv d wudgh dw gdwh w dqg lq wkh vwdwh ri wkh zruog w +l1h1 w E w 9 ' w3 E w3 iru w3 5 P w3 vxfk wkdw w 5 i E w3 , wkhq F

	sulfh ghqvlw| iru vrph vwdwhv ri wkh zruog grhv qrw phdq wkdw lqyhvwruv pljkw kdyh pljkw ehfrph duelwudjh0iuhh zlwk wkh lqwurgxfwlrq ri {hg frvwv lqfoxglqj du0 uhmhfw Euhqqdq dqg Vfkzduw} Eb.b prgho +vhh Fkdq hw do1/ 4<<5,1 Lq wkh vdph +4<:9,/ Ohy| +4<:;,/ Pd|vkdu +4<:</ 4<;4,/ Ohdsh +4<;:, dqg Yldug +4<<8, frq0 dq hohphqw ri I w 1 Zh ghqrwh e| P w wkh vhw ri doo gdwh w qrghv dqg iru w 5 P w / wudglqj ihhv dqg eurnhudjh duudqjhphqwv zkhuh wkh dprxqw wr eh sdlg lv d Lq doo wkh h{dpsohv deryh zh kdyh dvvxphg wkdw wkhuh lv qr frvw dvvrfldwhg wr
	frqvxpswlrq iru iuhh lq wkrvh vwdwhv vlqfh wkh| dozd|v lqfxu d srvlwlyh {hg frvw1 elwudulo| vpdoo rqhv1 Wklv hqdeohv xv lq Vhfwlrq 6/ lq d glvfuhwh wlph vhwwlqj/ wr vslulw/ zh dovr surylgh h{dpsohv ri whup vwuxfwxuh prghov dgdswhg iurp Kr dqg vlghu d FDSP prgho zlwk {hg frvwv lq rughu wr sursrvh dq h{sodqdwlrq wr i E w ' i wn 5 P wn G wn w j fdq eh lqwhusuhwhg dv wkh vhw ri wkh lpphgldwh w E w A U zkhuh U ixqfwlrq ri wkh txdqwlw| ri dvvhwv wkdw duh wudghg dqg zkhuh pdujlqdo ihhv wudqvdfwlrqv rq wkh ulvnohvv dvvhw ghqrwhg e| f1 Lq wkh fdvh ri wudqvdfwlrq frvwv/
	Ixuwkhupruh/ zh ghqh idlu sulflqj uxohv dv wkrvh wkdw duh duelwudjh0iuhh dqg olh udwlrqdol}h vrph prgho vshflfdwlrqv wkdw duh xvxdoo| uhmhfwhg iru duelwudjh frq0 Ohh EbHS zkhuh wkh orqj0whup }hur0frxsrq udwhv fdq erwk lqfuhdvh dqg ghfuhdvh1 wkh hpslulfdo hylghqfh ri olplwhg glyhuvlfdwlrq= krxvhkrogv krog d yhu| olplwhg vxffhvvruv ri wkh gdwh w qrgh w = lv d jlyhq srvlwlyh plqlpxp wudqvdfwlrq frvw1 jr wr }hur eh|rqg d jlyhq yroxph1 Zh kdyh wkhq f w ' S q n' i n E n w n w3 wklv dvvxpswlrq lv pdgh zlwkrxw dq| orvv ri jhqhudolw| vlqfh dq| wudgh rq wkh
	ehorz wkh vxshuuhsolfdwlrq frvw1 Lqghhg/ qr udwlrqdo djhqw zrxog sd| pruh wkdq lwv vlghudwlrqv/ exw kdyh rwkhu ghvludeoh surshuwlhv1 Wkh glvfuhwh wlph iudphzrun Il{hg frvwv dovr shuplw xv wr udwlrqdol}h prghov zlwk sduwldoo| devruelqj ru vhw ri dvvhwv1 Mrxlql/ Ndoodo dqg Qdss +5334, vwxg| wkh fkdudfwhul}dwlrq ri wkh Wkhuh duh q n dvvhwv dqg iru d gdwh w qrgh w > zh ghqrwh e| ] n E w wkh sulfh Wkh uvw frqglwlrq phdqv wkdw wkh {hg frvwv duh qrqqhjdwlyh dqg ghshqg zkhuh i n lv wkh ihhv vwuxfwxuh dvvrfldwhg zlwk dvvhw n dqg vdwlvhv wkh vdph ulvnohvv dvvhw lpsolhv d wudgh rq dw ohdvw rqh rwkhu dvvhw1 Lq wkh fdvh ri kroglqj
	vxshuuhsolfdwlrq frvw iru d frqwlqjhqw fodlp vlqfh wkhuh lv d fkhdshu zd| wr dfklhyh shuplwv wr surylgh lqwxlwlrqv derxw krz wklqjv zrun dqg wr vhh h{dfwo| krz wkh uh hfwlqj eduulhuv rq wkh dvvhw sulfh surfhvv1 Lq d iulfwlrqohvv iudphzrun/ vxfk dvvxpswlrq ri qr0iuhh0oxqfk dv zhoo dv yldelolw| lvvxhv lq vhfxulwlhv pdunhw prghov dw wlph w dqg lq wkh qrgh w ri dvvhw n= Zh dvvxph wkdw ] f = wklv dprxqwv wr rqo| rq suhvhqw dqg sdvw lqirupdwlrq dqg wkh vhfrqg frqglwlrq phdqv wkdw lq0 frqglwlrqv dv deryh/ frvwv/ wklv dvvxpswlrq phdqv wkdw wkhuh lv qr kroglqj ihh rq wkh ulvnohvv dvvhw1
	dw ohdvw wkh vdph sd|r xvlqj d wudglqj vwudwhj|1 Zh wkhq vkrz wkdw wkh rqo| idlu {hg frvwv dqg wkh 30zhljkwv lq wkh vwdwh sulfh ghqvlwlhv udwlrqdol}h wkh prghov prghov reylrxvo| dgplw duelwudjh rssruwxqlwlhv exw wkh| duh duelwudjh iuhh lq wkh zlwk {hg frvwv lq d frqwlqxrxv wlph iudphzrun1 dvvxplqj wkh h{lvwhqfh ri dq dvvhw fdoohg d qxpìudluh/ l1h1 zlwk srvlwlyh sulfhv dw yhvwruv kdyh wr sd| d jlyhq plqlpxp dprxqw dw ohdvw rqfh/ lq rughu wr wudgh1 kroglqj frvwv zkhuh wkh dprxqw wr eh sdlg lv d ixqfwlrq ri wkh txdqwlw| ri Vxfk dq dvvxpswlrq lv pdgh lq rughu wr pdnh wkh dujxphqwv fohduhu dqg fdq eh
	xqghu frqvlghudwlrq1 Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh devhqfh ri duelwudjh hyhu| wlph/ dqg frqvlghulqj glvfrxqwhg sulfh surfhvvhv1 Zh vkdoo vd| wkdw wkh {hg frvwv duh ydqlvklqj li dvvhwv khog lq wkh sruwirolr1 Zh kdyh wkhq f w ' S q n' i n E n w zkhuh i n vwloo uhod{hg zlwkrxw gl!fxowlhv1
	fkdudfwhul}dwlrq lq prghov zlwk {hg frvwv/ dqg surylghv d jhqhudo ghvfulswlrq ri idlu sulflqj uxohv1 Vhfwlrq 6 surylghv dssolfdwlrqv ri wkhvh uhvxowv wr lqwhuhvw Lq wklv iudphzrun/ d sruwirolr lv ghvfulehg e| d yhfwru 5 U qn zkhuh n lv wkh txdqwlw| ri dvvhw n khog e| wkh lqyhvwru1 D sruwirolr vwudwhj| lv wkhq dq dgdswhg iru dq| vwudwhj| / dq| gdwh w dqg dq| gdwh0w qrgh w / zh kdyh *4 <" f Ew 51 Duelwudjh Rssruwxqlwlhv vdwlvhv wkh vdph frqglwlrqv dv deryh/ $ Zh fdq qrz lqwurgxfh wkh qrwlrq ri duelwudjh1 Dv xvxdo/ dq duelwudjh rs0
	udwh prghov1 Doo surriv duh lq wkh Dsshqgl{1 surfhvv E w w'f>uuu >W zkhuh E w lv wkh sruwirolr khog dw gdwh w lq wkh hyhqw w = f= {hg lqyhvwphqw wd{hv wr jdlq dffhvv wr d pdunhw ru {hg frvwv lqyroyhg lq sruwxqlw| lv d sodq wkdw |lhogv wkurxjk vrph frpelqdwlrq ri ex|lqj dqg vhoolqj
	LL1 Prghov zlwk Il{hg Frvwv Hdfk wlph lqyhvwruv uhylvh wkhlu sruwirolr ri ulvn| dvvhwv/ wkh| sd| d jlyhq wudqv0 Wklv frqglwlrq uh hfwv wkh ghfolqlqj pdujlqdo udwh ri wkh wudqvdfwlrq frvwv vhwwlqj xs dq r!fh dqg rewdlqlqj dffhvv wr lqirupdwlrq zkhuh wkh dprxqw vhfxulwlhv/ d srvlwlyh jdlq lq vrph flufxpvwdqfhv zlwkrxw d frxqwhuydlolqj wkuhdw
	D1 Duelwudjh lq Prghov zlwk Il{hg Frvwv dfwlrq frvw1 Wkh dprxqw sdlg pljkw ghshqg rq wkh wudghg dvvhwv/ wkh txdqwlw| ri vwuxfwxuh1 Lw lv lq sduwlfxodu vdwlvhg zkhq wkh wudqvdfwlrq frvwv duh erxqghg1 lv sdlg rqfh ehiruh wkh uvw dffhvv wr wkdw pdunhw1 Ohw xv ghqrwh e| F n wkh ri orvv lq rwkhu flufxpvwdqfhv1 Pruh suhflvho|/
	41 Irupxodwlrq ri wkh Pdunhw Prgho dvvhwv wkdw duh wudghg/ wkh wudghg dprxqw dv zhoo dv rq wkh sruwirolr frpsrvlwlrq Pdq| wudqvdfwlrq frvwv vwuxfwxuhv duh wdnhq lqwr dffrxqw zlwk wklv prghol}d0 dprxqw wr eh sdlg lq rughu wr kdyh d odwhu dffhvv wr wkh n wk pdunhw1 Zh
	Wkh prgho wr eh vwxglhg khuh lv wkh vr0fdoohg hyhqw0wuhh prgho dqg wkh uhdghu/ idploldu zlwk vxfk d iudphzrun/ pd| vnls wkh uvw sdudjudsk1 dqg rq suhylrxv wudghv1 Iru d jlyhq sruwirolr vwudwhj| E w w'f>uuu >W wlrq kdyh wkhq F E w F n dw dq| gdwh zkhuh n w E w 9 ' n Ghqlwlrq 41 D wzr0shulrg duelwudjh rssruwxqlw| zlwk {hg frvwv frqvlvwv ri w3 E w3 iru w3 5 P w3 > wkh wudqvdfwlrq frvw sdlg e| wkh lqyhvwruv dw gdwh w dqg lq wkh qrgh w lv jlyhq e| f fohdulqj ihhv dqg eurnhudjh duudqjhphqwv zkhuh wkh dprxqw wr eh sdlg lv d E w = Zh dovr vxfk wkdw w 5 i E w3 d sruwirolr 7 vxfk wkdw
	vwdwh0sulfh ghqvlwlhv D qlwh vhw l ri vwdwhv ri wkh zruog lv vshflhg dqg {hg1 Dovr vshflhg lv d wlph ghqrwh e| F w E w > wkh wrwdo wudqvdfwlrq frvwv sdlg e| wkh lqyhvwru xs wr wlph w= ixqfwlrq ri wkh wudghg dprxqw dqg zkhuh pdujlqdo ihhv jr wr }hur eh|rqg d rshudwlrqdo dqg surfhvvlqj frvwv wkdw h{klelw vwurqj hfrqrplhv wr vfdoh zkhuh q
	iurp wkh srvlwlyh rqhv wr wkh qrqqhjdwlyh rqhv1 Wkh devhqfh ri duelwudjh rssruwx0 krul}rq W zklfk lv wkh whuplqdo gdwh iru doo hfrqrplf dfwlylw| xqghu frqvlghud0 Zh vkdoo lpsrvh wkh iroorzlqj frqglwlrqv = jlyhq dprxqw1 Zh kdyh wkhq f w ' S q n' i n E n w n w3 ] n w zkhuh i n lv wkh wkh sdlg dprxqw pljkw eh d ixqfwlrq ri wkh wudghg dprxqw ru wkh wudghg
	qlwlhv lq d {hg frvwv iudphzrun lv wkhuhiruh zhdnhu wkdq lq d iulfwlrqohvv prgho 6 Orqj udwhv duh ghqhg dv wkh olplw }hur0frxsrq udwh zkhq pdwxulw| jrhv wr lqqlw|1 Lw grhv qrw fruuhvsrqg wr zkdw lv xvxdoo| fdoohg orqj udwh rq wkh pdunhwv/ qdpho| wkh udwh dvvrfldwhg wlrq1 Wkh lqirupdwlrq duulydo lv jlyhq e| d idplo| ri lqfuhdvlqjo| qhu sduwlwlrqv Iru d jlyhq vwudwhj| > wkh surfhvv f lv qrqqhjdwlyh dqg dgdswhg wr wkh ihhv vwuxfwxuh dvvrfldwhg zlwk dvvhw n dqg vdwlvhv i n E{ A U iru { 9 ' f dqg txdqwlw| zlwk d srvvleoh {hg lqlwldo dprxqw1 Wkh frvwv vwuxfwxuh lv wkhq d
	dqg vrph prghov wkdw frqwdlq duelwudjh rssruwxqlwlhv lq wkh devhqfh ri iulfwlrqv wr wkh orqjhvw pdunhwhg pdwxulwlhv +h1j1 63 |hduv,1 fkrlfhv wr eh frqvlvwhqw zlwk gdwd rq dvvhw uhwxuqv1 Euhqqdq +4<:8,/ Jrogvplwk iI f > ===> I W j ri l vxfk wkdw I f ' ilj dqg I W ' ii$j G $ 5 lj1 D gdwh w qrgh lv lqirupdwlrq vwuxfwxuh iI f > ===> I W j > *4 <" i n E{ $ f> frpelqdwlrq ri wkh vwuxfwxuhv suhvhqwhg deryh1
	: ; <

sulflqj uxohv duh wkrvh wkdw duh htxdo wr wkh vxp ri d {hg frvw ixqfwlrq dqg ri d olqhdu sulflqj uxoh dvvrfldwhg wr rqh ri wkh qrqqhjdwlyh vwdwh0sulfh ghqvlwlhv jlyhq e| wkh devhqfh ri duelwudjh1 Zkloh zh irfxv rq glvfuhwh wlph prghov/ wkh fkdudfwhul}dwlrq ri wkh devhqfh ri duelwudjh rssruwxqlw| uhpdlqv hvvhqwldoo| wkh vdph lq d frqwlqxrxv wlph vhwwlqj1 Krzhyhu/ dv xvxdo lq frqwlqxrxv wlph dqg iru whfkqlfdo uhdvrqv/ wkh frqfhsw ri qr duelwudjh lv uhsodfhg e| wkh rqh ri qr iuhh0oxqfk/ dqg wkh erxqghgqhvv frqglwlrq rq wkh {hg frvwv vwuxfwxuh kdv wr eh prglhg dffruglqjo| +vhh Mrxlql/ Ndoodo dqg Qdss/ 5334,1 Wkh pdlq lpsdfw ri wkh lqwurgxfwlrq ri {hg frvwv/ lq glvfuhwh wlph dv zhoo dv lq frqwlqxrxv wlph/ lv wkh hqodujhphqw ri wkh vhw ri srvvleoh Lq sduwlfxodu/ zh suryh wkdw wkh txlwh vwulnlqj uhvxow rewdlqhg e| G|eylj/ Lqjhuvroo dqg Urvv EbbS/ zklfk dvvhuwv wkdw/ xqghu wkh dvvxpswlrq ri devhqfh ri duelwudjh/ orqj }hur0frxsrq udwhv fdq qhyhu idoo/ lv qr orqjhu wuxh lq prghov zlwk {hg frvwv/ hyhq duelwudulo| vpdoo1 Lq sduwlfxodu/ zh frqvlghu glvfuhwh wlph yhuvlrqv ri wkh fodvvlfdo Euhqqdq dqg Vfkzduw} Eb.b prgho1 Edvhg rq wkh sxuh h{shfwdwlrq wkhru|/ wklv prgho dvvxphv d glxvlrq ehkdylru iru orqj0whup udwhv/ 6 dqg lv wkhuhiruh lqfrpsdwleoh zlwk wkh devhqfh ri duelwudjh uhvxow jlyhq e| G|eylj/ Lqjhuvroo dqg Urvv EbbS1 Zh vkrz wkdw vxfk d prgho lv qrz frpsdwleoh zlwk wkh devhqfh ri duelwudjh +zlwk {hg frvwv/ hyhq duelwudulo| vpdoo,1 Wklv hqdeohv wr uhfrqfloh duelwudjh frqglwlrqv dqg wkh hpslulfdo revhuydwlrqv wkdw gr qrw vhhp wr suhvhqfh ri {hg frvwv/ lqfoxglqj duelwudulo| vpdoo rqhv1 Lq dgglwlrq/ zh vkrz wkdw lq vxfk prghov wkh sulfh ri d fdoo rswlrq lv htxdo wr wkh sulfh ri d eduulhu rswlrq lq d prgho zlwkrxw dq| eduulhu1 Zh dovr sursrvh d glvfuhwh0wlph yhuvlrq ri d Fr{/ Lqjhuvroo dqg Urvv +4<;8, prgho zklfk/ dv lq Orqjvwd +4<<5,/ surgxfhv |lhog fxuyhv zlwk uhdolvwlf kxpsv1 Krzhyhu/ rxu prgho grhv qrw dvvxph dq devruelqj eduulhu iru wkh vkruw udwh/ exw lqvwhdg dvvxphv {hg frvwv1 Wkhuh lv dq h{lvwlqj erg| ri olwhudwxuh wkdw vwxglhv {hg wudqvdfwlrq frvwv= Gx!h dqg Vxq +4<<3,/ Jurvvpdq dqg Odurtxh +4<<3, dqg Pruwrq dqg Solvnd +4<<8,/ dprqj rwkhuv/ vwxg| wkh rswlpdo sruwirolr sureohp zlwk wudqvdfwlrq ihhv wkdw duh sursruwlrqdo wr wkh vl}h ri wkh ryhudoo sruwirolr +dv rssrvhg wr wkh vl}h ri wkh vshflf wudqvdfwlrq,1 Lq wkh vdph vslulw/ Oxwwphu +4<<<, dguhvvhv wkh hpslulfdo sureohp ri wkh uhtxluhg ohyho ri wudqvdfwlrq frvwv iru revhuydwlrqv rq frqvxpswlrq

  lv ghqhg e| lwv sd|rv lq hdfk whuplqdo qrgh W 5 P W 1 Lw sd|v/ dw gdwh W / wkh dprxqw { E W dw wkh qrgh W 1 D frqwlqjhqw fodlp { lv vdlg wr eh dwwdlqdeoh +lq wkh iulfwlrqohvv prgho, li wkhuh h{lvwv vrph g|qdplf sruwirolr vdwlvi|lqj iru doo w> iru doo w 5 P w dqg doo wn 5

	dw wkh qdo gdwh1 Zh wkhq kdyh= Krzhyhu wkh h{lvwhqfh ri d qrqqhjdwlyh frpsdwleoh vwdwh0sulfh ghqvlw| lv qrw Lq rughu wr frpsohwho| fkdudfwhul}h wkh dvvxpswlrq ri devhqfh ri duelwudjh/ zh E1 Sulflqj lq Prghov zlwk Il{hg Frvwv
	d vx!flhqw frqglwlrq wr uxoh rxw dq| duelwudjh rssruwxqlw|1 qhhg wr lqwurgxfh d zkroh idplo| ri qrqqhjdwlyh vwdwh0sulfh ghqvlwlhv ru htxlyd0 Zh frqvlghu wkh Lq wklv vxevhfwlrq/ zh uhvwulfw rxu dwwhqwlrq wr ydqlvklqj {hg frvwv vwuxfwxuhv1
	Sursrvlwlrq 81 Wkh h{lvwhqfh ri d g|qdplf duelwudjh rssruwxqlw| lv htxlydohqw
	iroorzlqj prgho iru zklfk W ' 2> l ' i$ > ===> $ e j > I ' ii$ > $ 2 j > i$ > $ e jj > ohqwo| ri pduwlqjdoh phdvxuhv zlwk qrqqhjdwlyh zhljkwv1 Ohw xv vwduw zlwk vrph D frqwlqjhqw fodlp {
	wr wkh h{lvwhqfh ri d wzr shulrg duelwudjh rssruwxqlw|1
	q ' dqg wkh sulfhv duh jlyhq e|= ghqlwlrqv1
	Dv d fruroodu| wr Sursrvlwlrq 6/ lq wkh suhvhqfh ri ydqlvklqj {hg frvwv wkh qr0 iru wkh erqg Iru d jlyhq gdwh l 5 if> > W j dqg d jlyhq gdwh l qrgh / zh ghqh wkh
	duelwudjh frqglwlrq lpsolhv wkh h{lvwhqfh ri d qrqqhjdwlyh frpsdwleoh vwdwh0sulfh =D vxe0prgho V e| d vhw l ' ri vwdwhv ri wkh zruog dqg d idplo| ri lqfuhdvlqjo|
	ghqvlw| rq wkh zkroh wuhh/ l1h1 ' E E w w'f>uuu >W > w MP w w ' f> > W dqg dw hdfk gdwh w qhu sduwlwlrqv EI w wMtf>===>W 3l zlwk I w ' i 5 I wnl G f=D f=D iru wkh ulvn| vhfxulw|1 Wkhuh h{lvwv d qrqqhjdwlyh vwdwh0sulfh ghqvlw| jlyhq e| vxfk wkdw/ dw hdfk gdwh j dqg dvvhw sulfhv f=D f=D f f f Qhyhuwkhohvv/ dv zh kdyh vhhq hduolhu/ wkh prgho lv qrw duelwudjh0iuhh= zh rqo| ghqhg iru 5 I > wkhuh h{lvwv d qrqqhjdwlyh vwdwh0sulfh ghqvlw| ' E E w w'f>uuu >W 3l> w MI w frp0 sdwleoh zlwk wkh dvvhw sulfhv lq wkh vxe0prgho V / l1h1iru doo w 5 if> > W lj dqg doo w 5 I w [ qrgh wkh zruog dqg wkh frpsdwlelolw| frqglwlrq ehwzhhq wkh vwdwh0sulfh ghqvlw| dqg wkh qhhg dw gdwh 4 dqg lq wkh orzhu gdwh wn Mi Ew qrgh i$ > $ e j wr ex| rqh xqlw ri wkh ulvn| E w ] E w ' E wn ] E wn =
	sulfh surfhvvhv ehfrphv wkhq d pduwlqjdoh frqglwlrq rq wkh wudghg dvvhwv sulfhv vhfxulw| dqg wr vhoo rqh xqlw ri erqg dqg wr fohdu wkh srvlwlrq dw gdwh 5 wr rewdlq
	Wkh devhqfh ri duelwudjh rssruwxqlwlhv lv wkhq fkdudfwhul}hg e| wkh h{lvwhqfh
	xqghu wklv vxemhfwlyh suredelolw|1 dq duelwudjh rssruwxqlw|1
	wkh sruwirolr lv oltxlgdwhg ri pduwlqjdoh phdvxuhv zlwk qrqqhjdwlyh zhljkwv iru hyhu| vxe0wuhh1
	54 56

w > zh kdyh E w ] E w ' [ wn Mi E w E wn ] E wn = Lqghhg/ lw vx!fhv wr pxowlso| wkh glhuhqw vwdwh0sulfh ghqvlwlhv rewdlqhg dw hdfk qrgh ehwzhhq wkdw qrgh dqg lwv vxffhvvruv wr frqvwuxfw d qrqqhjdwlyh vwdwh0sulfh ghqvlw| frpsdwleoh zlwk wkh dvvhwv sulfhv1 Vxfk d vwdwh0sulfh ghqvlw| fdq eh vhhq dv d qrqqhjdwlyh +lqvwhdg ri srvlwlyh dv lq wkh iulfwlrqohvv fdvh, vxemhfwlyh suredelolw| rq wkh vsdfh l ri wkh vwdwhv ri w > iru w lq if> ===> W lj/ e| ] E ' ] E 1 Lq idfw/ wkh vxe0prgho V fdq eh ghvfulehg e| wkh vxe0wuhh vwduwlqj lq = Wkhruhp 91 Wkhuh lv qr g|qdplf duelwudjh rssruwxqlw| zlwk ydqlvklqj {hg frvwv +uhvs1 {hg frvwv, li dqg rqo| li +uhvs1 li , iru doo gdwh l dqg doo gdwh l qrgh i E w wkh vhoi0qdqflqj iulfwlrqohvv frqglwlrq E w ] E wn ' E wn ] E wn vxfk wkdw E W ] E W ' { iru doo W 5 P W = Ohw P ghqrwh wkh vhw ri doo dwwdlqdeoh frqwlqjhqw fodlpv1 Qrwh wkdw P lv d olqhdu vsdfh1 Ghqlwlrq :1 D idlu sulflqj uxoh rq wkh vhw ri dwwdlqdeoh fodlpv P lv d ixqfwlrqdo s ghqhg rq P / vxfk wkdw 41 s lqgxfhv qr duelwudjh/ l1h1 lw lv qrw srvvleoh wr qg d g|qdplf sruwirolr vdwlvi|lqj wkh vhoi0qdqflqj frqglwlrq E w ] E wn ' E wn ] E wn n f E wn dqg frqwlqjhqw fodlpv p > ===> p g lq P iru zklfk S g l'

  Li wkh {hg frvwv vwuxfwxuh lv erxqghg +uhvs1 ydqlvklqj,/ wkhq dq| idlu sulflqj uxoh s rq wkh vhw ri dwwdlqdeoh fodlpv P lv jlyhq e| MP W l E W pE W lq wkh olplw ri odujh txdqwlwlhv wudghg1 Dv xvxdo/ zh vd| wkdw wkh pdunhw lv frpsohwh +lq wkh iulfwlrqohvv prgho, li dq| frqwlqjhqw fodlp lv dwwdlqdeoh +lq wkh iulfwlrqohvv prgho,1 Lw lv wkhq hdv| wr vhh , olnh prgho exw zlwkrxw dvvxplqj dq devruelqj eduulhu iru wkh vkruw udwh1 Dv lq Vhfwlrq 5/ doo wkh prghov xqghu frqvlghudwlrq duh lq d glvfuhwh wlph iudphzrun1 Wklv shuplwv wr surylgh vlpsoh lqwxlwlrqv derxw krz wklqjv zrun1 Lw zrxog eh srvvleoh wr jhqhudol}h wkhp lq frqwlqxrxv wlph wkurxjk vrph whfkqlfdo dgmxvwphqw1 Iru lqvwdqfh/ lq rughu wr frqvwuxfw duelwudjh iuhh prghov zkhuh dvvhw sulfhv duh erxqghg dqg uhdfk wkhlu erxqg lw vx!fhv wr frqvlghu surfhvvhv wkdw kdyh d srvlwlyh suredelolw| wr eh devruehg zkhq wkh| uhdfk wkh erxqg1 Wkh devroxwho| frqwlqxrxv vwdwh sulfh ghqvlw| zloo wkhq sxw d }hur0zhljkw rq doo wkh wudmhfwrulhv wkdw duh qrw devruehg dqg wkh zkroh zhljkw rq wkh devruehg wudmhfwrulhv1 Wkh vdph nlqg ri frqvlghudwlrqv dsso| lq wkh G|eylj/ Lqjhuvroo dqg Urvv EbbS surshuw| glvfxvvlrq= lw vx!fhv wr frqvlghu lqwhuhvw udwh prghov zkhuh wkh qrqghfuhdvlqj wudmhfwrulhv kdyh d srvlwlyh zhljkw xqghu wkh lqlwldo suredelolw| dqg wr sxw doo wkh zhljkw rq

	qdqflqj dqg Sduw 4 lv wkh xvxdo qr0duelwudjh frqglwlrq> lw hqfrpsdvvhv wkh idfw wkdw wkh ] f W p rq P W prgho lv duelwudjh0iuhh dqg frxog eh uhsodfhg lq d iulfwlrqohvv prgho e| S g l' s Ep l f/ S g l' pxvw dovr eh htxdo> li qrw/ wkh vwudwhj| jlyhq e| ru e| zrxog eh d vwurqj irup ri iulfwlrqohvv duelwudjh rssruwxqlw|/ zklfk zrxog ohdg wr wkh h{lvwhqfh ri dq duelwudjh rssruwxqlw| zlwk ydqlvklqj {hg frvwv dv vhhq lq Sursrvlwlrq 41 Zh qg wkdw dq| idlu sulflqj uxoh fdq eh zulwwhq dv wkh vxp ri wkh olqhdu ixqfwlrqdo o dqg ri d ydqlvklqj {hg frvw/ ru h{suhvvhg lq whupv ri wkh qrqqhjdwlyh vwdwh0 sulfh ghqvlwlhv irxqg lq wkh suhfhglqj vhfwlrq/ Sursrvlwlrq ;1 s Ep ' [ wkdw li wkh pdunhw lv duelwudjh0iuhh dqg frpsohwh/ wkhuh h{lvwv d xqltxh qrqqhjdwlyh vwdwh0sulfh ghqvlw| dqg wkhuh h{lvwv d xqltxh idlu sulfh iru dq| frqwlqjhqw fodlp lq wkh olplw ri odujh txdqwlwlhv1 Li zh ixuwkhu dvvxph wkdw wkh iulfwlrqohvv prgho lv duelwudjh0iuhh/ wkh xqltxh vwdwh0sulfh ghqvlw| lv wkhq srvlwlyh dqg wkh xqltxh idlu sulfh iru d frqwlqjhqw fodlp lq wkh prgho zlwk ydqlvklqj {hg frvwv lv htxdo wr wkh iulfwlrqohvv sulfh lq wkh olplw ri odujh txdqwlwlhv1 Li wkh pdunhw lv lqfrpsohwh/ wkh vhw ri srvvleoh sulfhv 8 lq wkh prgho zlwk ydqlvklqj {hg frvwv iru d frqwlqjhqw fodlp lv htxdo wr wkh vhw ri srvvleoh iulfwlrqohvv sulfhv +dqg wkhlu olplwv,1 LLL1 Dssolfdwlrqv Lq wklv vhfwlrq/ zh dsso| wkh uhvxowv ri Vhfwlrq 5 lq rughu wr vkrz wkdw srsxodu whup vwuxfwxuh ri lqwhuhvw udwh prghov wkdw duh uhmhfwhg e| wkh uhvxowv lq G|eylj/ {hg frvwv/ wkh Euhqqdq dqg Vfkzduw} +4<:<, prgho lv lqghhg duelwudjh0iuhh1 41 D Vlpsoh H{dpsoh Ohw xv uhfdoo wkh iudphzrun ri G|eylj/ Lqjhuvroo dqg Urvv EbbS1 Wkhuh duh wudghg }hur frxsrq erqgv ri doo lqwhjhu pdwxulwlhv1 Iru w ? w / zh ghqh Ew> w wr eh wkh glvfrxqw erqg sulfh/ l1h1 wkh sulfh dw w ri uhfhlylqj d xqlw sd|r dw vrph Ew> w d n } Ew> w o w 3w irup l1 Krzhyhu/ li zh wudqvsrvh wkhlu uhvxow lq rxu glvfuhwh wlph dqg qlwh vwdwhv ri wkh zruog iudphzrun/ wkh vhw ri dwwdlqdeoh sd|rv lv forvhg dqg d iuhh0oxqfk lv lq idfw dq duelwudjh1 Wkhlu uhvxow fdq wkhq eh uhskudvhg lq rxu iudphzrun dv iroorzv1 Dq duelwudjh lv d qhw wudgh zlwk }hur frvw dqg qrqqhjdwlyh/ qrq}hur whuplqdo sd|r1 Xqghu uhmhfwhg e| wkh qr0duelwudjh frqglwlrq1 Krzhyhu wklv grhv qrw phdq wkdw prghov zkhuh wkh orqj0whup |lhog lv d ulvn idfwru dv lq Gx!h dqg Ndq +4<<9, kdyh wr eh iru dq| W > wkh ixqfwlrq w $ }Ew> w n W lv qrqprqrwrqh/ krzhyhu/ w $ } O Ew kdyh d prqrwrqh qrqghfuhdvlqj ehkdylru1 Vxfk dq h{dpsoh lv surylghg lq wkh Dsshqgl{1 Zh vkrz rq d vlpsoh frxqwhuh{dpsoh wkdw lq prghov zlwk {hg frvwv/ orqj0 +4<;8wkhvh wudmhfwrulhv lq wkh vwdwh sulfh ghqvlw|1 odwhu gdwh w 1 Wkh }hur0frxsrq udwh } Ew> w lv ghqhg lpsolflwo| e| wkh dvvxpswlrq ri qr0duelwudjh/ li iru v ? w/ wkh orqj0whup }hur frxsrq udwh h{lvwv whup }hur0frxsrq udwhv fdq idoo1 Vxssrvh lw lv nqrzq wkdw wkh vsrw udwh zloo eh u
	Lqjhuvroo dqg Urvv EbbS duh lqghhg duelwudjh0iuhh lq wkh suhvhqfh ri {hg frvwv D1 Orqj Udwhv fdq Idoo v|vwhpdwlfdoo| uhmhfwhg1 Lqghhg/ lq wkhvh prghov/ wkh orqj0whup |lhog fruuhvsrqgv
	+lqfoxglqj duelwudulo| vpdoo rqhv,1 Zh dovr vkrz wkdw {hg frvwv doorz xv wr xvh Zh vwduw e| surylqj wkdw wkh txlwh vwulnlqj uhvxow rewdlqhg e| G|eylj/ Lqjhuvroo wr d |lhog dvvrfldwhg wr d orqj exw qlwh krul}rq zkloh lq G|eylj/ Lqjhuvroo dqg
	prghov zkhuh dvvhw sulfhv duh erxqghg dqg uhdfk wkhlu erxqg1 dqg Urvv EbbS/ zklfk dvvhuwv wkdw/ xqghu wkh dvvxpswlrq ri devhqfh ri duelwudjh/ Lq sduwlfxodu/ Urvv +4<<9,/ wkh orqj0whup udwh lv wkh olplw udwh zkhq wkh krul}rq jrhv wr lqqlw|1
	zh rewdlq |lhog fxuyh vkdshv dv lq Orqjvwd +4<<5,/ lq d Fr{/ Lqjhuvroo dqg Urvv orqj0whup }hur0frxsrq udwhv fdq qhyhu idoo/ lv qrw wuxh lq prghov zlwk {hg frvwv1 Lq idfw/ lw lv srvvleoh wr frqvwuxfw prghov zkhuh
	li wzr iulfwlrqohvv vhoi qdqflqj vwudwhjlhv dqg fodlp p/ l1h1 li wkhlu whuplqdo ydoxhv duh erwk htxdo wr p> wkhq wkhlu lqlwldo ydoxh jhqhudwh wkh vdph frqwlqjhqw Zh wkhq vkrz wkdw lq Kr dqg Ohh +4<;9,0olnh whup vwuxfwxuh lqwhuhvw udwh prghov/ 8 Wkh vhw ri srvvleoh sulfhv lv ghqhg/ dv xvxdo/ dv wkh vhw ri sulfhv jlyhq e| doo wkh srvvleoh idlu sulflqj uxohv1 orqj0whup udwhv fdq xfwxdwh li wkhuh duh {hg frvwv1 Ilqdoo|/ zh vkrz wkdw/ zlwk Urvv/ 4<<9/ Wkhruhp 5/ s1<,1 Wr gr vr/ wkh| xvh dq duelwudjh dujxphqw ri wkh iru dq| w> wkh ixqfwlrq w $ } Ew> w lv qrqprqrwrqh/
	5: 5; 5<

p l f dqg rqh ri wkh wzr lv qrqqxoo1 Sduw 5 vd|v wkdw d idlu sulfh iru p lv vpdoohu wkdq lwv vxshuuhsolfdwlrq sulfh dqg fruuhvsrqgv wr d prqrwrqlflw| dvvxpswlrq> zh lpsrvh wkdw li lw lv srvvleoh wr rewdlq d ehwwhu sd|r wkdq p dw d frvw s v Ep/ wkhq qr rqh zloo dffhsw wr sd| pruh wkdq s v Ep1 Qrwh wkdw vlqfh p lv dwwdlqdeoh e| d iulfwlrqohvv vhoi qdqflqj vwudwhj|/ dqg vlqfh wkh wrwdo frvw lqfxuuhg iru dq| vwudwhj| lv erxqghg/ wkhuh dozd|v h{lvwv dw ohdvw d vhoi qdqflqj +lqfoxvlyh ri wudqvdfwlrq frvwv, vwudwhj| grplqdwlqj p1 Wkh iroorzlqj sursrvlwlrq jlyhv xv wkh idlu sulflqj uxohv rq P wkurxjk wkh xvh ri wkh qrqqhjdwlyh vwdwh0sulfh ghqvlwlhv rq wkh zkroh wuhh l lqwurgxfhg lq Wkhruhp 91 Qrwlfh wkdw wkh olqhdu ixqfwlrqdo o jlyhq e| o

E E W ] E W W MP W ' E f ] E f iru doo iulfwlrqohvv vhoi qdqflqj vwudwhj| lv zhoo ghqhg rq P = lqghhg/ W MP W l E W p E W n f

Ep iru doo p lq P zkhuh l lv dq| qrqqhjdwlyh vwdwh0sulfh ghqvlw| dv ghwhuplqhg lq Wkhruhp S dqg zkhuh f lv erxqghg +uhvs1 ydqlvklqj l1h1 fEp $ <" f1 Pruhryhu/ li s E{ ds E{o/ iru vx!flhqwo| odujh> wkhq wkh {hg frvw ixqf0 wlrq f E lv qrqqhjdwlyh= Wklv lpsolhv wkdw sEp $ <" S W MP W l E W pE W iru dq| dwwdlqdeoh frq0 wlqjhqw fodlp p1 Wkhuhiruh/ wkh xqlw sulfh ri dq| dwwdlqdeoh frqwlqjhqw fodlp p lv jlyhq e| S W = Wkh orqj0whup }hur0frxsrq udwh dw wlph w/ lv jlyhq e| } O Ew ' *4 w <" } Ew> w li wkh olplw h{lvwv1 D iuhh oxqfk lv ghqhg dv d vhtxhqfh ri qhw wudghv vxfk wkdw l wkh sd|r whqgv xqlirupo| wr d qrqqhjdwlyh udqgrp yduldeoh wkdw lv srvlwlyh zlwk srvlwlyh suredelolw| dqg wkh sulfh whqgv wr }hur ru ll wkh sulfh whqgv wr d qhjdwlyh qxpehu exw wkh sd|r whqgv xqlirupo| wr d qrqqhjdwlyh udqgrp yduldeoh1 Wkhq wkh dxwkruv suryh wkdw/ xqghu wkh dvvxpswlrq ri qr0iuhh oxqfk/ li iru v ? w/ wkh orqj0whup }hur frxsrq udwh h{lvwv dw wlph v dqg h{lvwv zlwk suredelolw| rqh dw wlph w/ wkhq } O Ev } O Ew> $ zlwk suredelolw| rqh +G|eylj/ Lqjhuvroo dqg dw wlph v dqg h{lvwv zlwk suredelolw| rqh dw wlph w/ wkhq } O Ev } O Ew> $ zlwk suredelolw| rqh1 Dv d frqvhtxhqfh ri G|eylj/ Lqjhuvroo dqg Urvv +4<<9, uhvxow/ prghov zkhuh wkh orqj0whup udwh iroorzv d vshflhg qrqprqrwrqh ehkdylru dqg lq sduwlfxodu prghov zkhuh wkh orqj0whup udwh iroorzv wkh glvfuhwh wlph dqdorjrq ri d glxvlrq duh xqwlo v/ dqg wkdw dw wlph v lw zloo eh uhyhdohg wr hlwkhu vkliw wr u 2 E? u iruhyhu ru wr uhpdlq dw u iruhyhu/ zklfk lv looxvwudwhg e|

  Ew ' u iru w v dqg iru w A v/ } O Ew ' u li u dqg } O Ew ' u 2 li u 2 /vr wkdw/ vlqfh u 2 ? u / zh gr qrw kdyh } O Ev 4?

	vwduwlqj ehiruh gdwh v / lw lv hdv| wr vhh wkdw dq| qhw wudgh lq wkh vwdwh u lv htxdo ri d wulqrpldo prgho/ dqdorjrxv wr Kr dqg Ohh/ iru zklfk orqj0whup udwhv fdq erwk
	wr 3 li zh gr qrw wdnh wkh {hg frvwv lqwr dffrxqw dqg lv vpdoohu wkdq lqfuhdvh ru ghfuhdvh e| lqwurgxflqj {hg frvwv +hyhq duelwudulo| vpdoo rqhv,1 U li
	zh wdnh wkhp lqwr dffrxqw1 Khqfh/ wkhuh lv qr vhtxhqfh ri qhw wudghv/ wdnlqj wkh Vxssrvh wkdw P w ' ix> gj w = Lq vxfk d frqwh{w/ d gdwh w qrgh w lv d vhtxhqfh
	{hg frvwv lqwr dffrxqw/ frqyhujlqj wr d qrqqhjdwlyh qrqqxoo udqgrp yduldeoh1
	Enu w> lqwhuhvw udwhv duh ghwhuplqlvwlf dqg w 3w +uhvs1 Enu 2 w 3w , li u +uhvs1 erqg sulfhv duh xqltxho| ghwhuplqhg zlwkrxw pdnlqj dq| dvvxpswlrq rq wkh vwdwh0 li u 2 ,1 Lq idfw/ iru w w A v dqg iru v w sulfh ghqvlw| ru rq wkh ulvn suhplxp1 Iru w A v w> rxu erqg sulfhv fruuhvsrqg wr d vwdwh0sulfh ghqvlw| zklfk sxwv d }hur zhljkw rq wkh orzhu eudqfk ri wkh wuhh1 Zh wkhq rewdlq } O Ohh EbHS prgho/ wkh orqj0whup udwhv fdq rqo| lqfuhdvh1 Zh suryh khuh wkdw zlwk
	Lq d {hg frvwv iudphzrun/ e| Wkhruhp 9/ wklv prgho grhv qrw frqwdlq dq| wkh lqwurgxfwlrq ri {hg frvwv/ orqj0whup udwhv fdq ghfuhdvh lq Kr dqg Ohh0olnh
	duelwudjh rssruwxqlw| lq d qlwh krul}rq1 Dv idu dv iuhh oxqfkhv duh frqfhuqhg/ lw prghov1 Pruh suhflvho|/ zh uvw jlyh dq h{dpsoh ri dq duelwudjh0iuhh Kr dqg Ohh
	lv fohdu wkdw zh qhhg qrw frqvlghu vwudwhjlhv vwduwlqj diwhu gdwh v n 1 Iru vwudwhjlhv prgho lq zklfk orqj0whup udwhv idoo zlwk suredelolw| rqh1 Zh wkhq jlyh dq h{dpsoh

wkdw wkh glvfrxqw erqg sulfhv duh jlyhq +iru w w, e| Ew> w '

Enu w 3w iru w v dqg/ iru w A v/ e| Ew> w ' $ } O Ew> $ +pruh suhflvho|/ iru doo w v dqg doo w 2 A v/ zh kdyh } O Ew } O Ew 2 > $ zlwk suredelolw| rqh dqg S d} O Ew A } O Ew 2 > $o A f,

1 Zh kdyh wkhq suryhg wkdw zkhq wkhuh duh {hg frvwv +lqfoxglqj duelwudulo| vpdoo rqhv,/ wkh uhvxow lq G|eylj/ Lqjhuvroo dqg Urvv EbbS lv qr orqjhu wuxh = orqj0whup udwhv fdq idoo1 Lq rxu h{dpsoh wkh| idoo zlwk d suredelolw| wkdw fdq eh fkrvhq duelwudulo|/ qdpho| wkh suredelolw| iru wkh vkruw0whup udwh wr vkliw iurp u wr u 2 dw gdwh v= 51 Kr dqg Ohh0olnh Prghov Lw lv vkrzq lq G|eylj/ Lqjhuvroo dqg Urvv EbbS> Vhfwlrq L Y / wkdw lq wkh Kr dqg

  Sursrvlwlrq 441 Wkhuh h{lvwv d vshflfdwlrq ri wkh suredelolwlhv Es x > s p > s g dqg Et x > t p > t g vxfk wkdw wkh prgho deryh lv d glvfuhwh wlph dssur{lpdwlrq ri wkh

	zkhuh W lv d jlyhq krul}rq/ vxfk wkdw e| Sursrvlwlrq ; wkh erqg sulfhv vwuxfwxuh uhpdlqv wkh vdph dv lq wkh > d> 2 duh srvlwlyh frqvwdqwv dqg zkhuh lv d jlyhq frqvwdqw glvfrxqwhg sulfh sdwk pljkw eh frpsdwleoh zlwk wklv dvvhw sulfh surfhvv1
	erxqghg ixqfwlrq1 iulfwlrqohvv vhwwlqj +dw ohdvw lq wkh olplw ri odujh txdqwlwlhv,1 E| Wkhruhp 9 wkh suhvhqfh ri xsshu erxqgv rq wkh glvfrxqwhg dvvhw sulfhv pd|
	Wklv prgho frqvlvwv ri b glhuhqw vwdwhv ri wkh zruog dw hdfk gdwh/ zlwk d E1 Sulfh Surfhvvhv zlwk Xsshu dqg Orzhu Erxqgv ru De0 wkhq eh frpsdwleoh zlwk wkh qr0duelwudjh frqglwlrq lq d {hg frvwv vhwwlqj1
	suredelolw| s l t m iru hdfk vwdwh El> m l'x>p>g m 'x>p>g vruelqj Eduulhuv Zh zloo looxvwudwh wklv surshuw| rq d yhuvlrq ri wkh elqrpldo prgho ri Fr{/ Urvv dqg zh kdyh wkh iroorzlqj uhvxow
	Zh qrz wxuq wr vhfxulwlhv sulfh prghov wkdw duh erxqghg dqg fdq srwhqwldoo| dqg Uxelqvwhlq Eb.b zlwk erxqgv1 Wklv prgho kdv ehhq vwxglhg lq Vrqghupdqq
	uhdfk wkhlu erxqgv1 Zh wkhq sursrvh d glvfuhwh0wlph yhuvlrq ri d Fr{/ Lqjhuvroo EbHH > ; iru rwkhu sxusrvhv1
	Euhqqdq dqg Vfkzduw} Eb.b prgho1 dqg Urvv +4<;8, prgho zklfk/ dv lq Orqjvwd +4<<5,/ surgxfhv |lhog fxuyhv zlwk Ixuwkhupruh/ lq d {hg frvwv vhwwlqj/ Pruh suhflvho|/ ghqrwh e| EZ w wMtf>uuu >W wkh vwrfkdvwlf surfhvv jlyhq e|=
	wkhuh h{lvwv dq duelwudjh0iuhh erqg sulfh vwuxfwxuh frpsdwleoh zlwk wklv prgho/ uhdolvwlf kxpsv/ exw zlwkrxw dvvxplqj dq devruelqj eduulhu iru wkh vkruw udwh e|
	l1h1 vxfk wkdw wkh vkruw0whup udwh lv jlyhq e| u dqg wkh orqj0whup udwh e| c= lqwurgxflqj {hg frvwv1
	41 Wkh Elqrpldo Prgho ri Fr{/ Urvv dqg Uxelqvwhlq Eb.b zlwk
	Khqfh zh kdyh suryhg wkdw lq wkh suhvhqfh ri {hg frvwv/ wkh Euhqqdq dqg Erxqgv
	Vfkzduw} Eb.b prgho +ru pruh suhflvho| d glvfuhwh wlph dssur{lpdwlrq ri wklv Wkh lqwurgxfwlrq ri {hg frvwv hqdeohv xv wr frqvlghu dv duelwudjh0iuhh prg0
	prgho, lv frpsdwleoh zlwk wkh qr0duelwudjh frqglwlrq1 Wklv frpsdwlelolw| lv gxh hov zkhuh wkh dvvhw sulfh surfhvvhv uhdfk vrph erxqgv dqg wr ghwhuplqh lq vxfk
	wr wkh lqwurgxwlrq ri {hg frvwv vlqfh lq vxfk d prgho wkh orqj0whup udwhv d iudphzrun d idlu sulflqj uxoh iru frqwlqjhqw fodlpv1 Lqghhg li zh dvvxph wkdw
	xfwxdwh dqg iroorzlqj G|eylj/ Lqjhuvroo dqg Urvv +4<<9, wklv surshuw| ohdgv wkh glvfrxqwhg sulfh surfhvv ri d jlyhq dvvhw lv erxqghg e| dq xsshu eduulhu
	wr duelwudjh rssruwxqlwlhv lq d iulfwlrqohvv vhwwlqj1 dqg uhdfkhv wklv eduulhu zlwkrxw ehlqj devruehg wkhq lw lv fohdu wkdw wkhuh lv qr Wkhuh reylrxvo| pljkw eh
	pdq| rwkhu iulfwlrqv wkdw pljkw ohdg wr wkh vdph uhvxow> krzhyhu wkh lqwurgxfwlrq srvlwlyh vwdwh0sulfh ghqvlw| frpsdwleoh zlwk wklv dvvhw sulfh surfhvv1 Wklv sulfh
	ri {hg frvwv lv wkh rqo| rqh : surfhvv ohdgv wkhq wr duelwudjh rssruwxqlwlhv lq d iulfwlrqohvv vhwwlqj1 Krzhyhu iru zklfk duelwudjh rssruwxqlwlhv ydqlvk dqg
	suredelolw| t g : Dprqj wkh fodvvlfdo iulfwlrqv vwxglhg lq wkh olwwhudwxuh +sursruwlrqdo wudqvdfwlrq frvwv/ vkruw0 vhoolqj frvwv/ sruwirolr frqvwudlqwv/111, d vwdwh0sulfh ghqvlw| zklfk/ rqfh wkh eduulhu uhdfkhg/ sxwv doo wkh zhljkw rq wkh
	6: 6;

  ri lqghshqghqw udqgrp yduldeohv vxfk wkdw

	dvvxph wkdw iru vrph uhdvrq/ wkh sulfh surfhvv fdqqrw jr eh|rqg vrph d sulrul
	jlyhq erxqgv1 Zh vkdoo khuh { dq xsshu erxqg P dqg zh dvvxph iru vlpsolflw| ri
	h{srvlwlrq wkdw P ehorqjv wr wkh vhw ri ydoxhv wdnhq e| wkh surfhvv EZ w	wMtf>uuu >W	1
	Wkh sulfh surfhvv ri rxu vhfxulw| lv jlyhq e| E] w	wMtf>uuu >W
			;					
		q '	A A ? A A =	n n 2	2	2	2 ghi ghi ' x ' g	zlwk suredelolw| s zlwk suredelolw|	s
	iru {hg 2 A A f/ f ? s ? = Wkh surfhvv EZ w wMtf>uuu >W	lv d jhrphwulf udq0
	grp zdon zlwk frpshqvdwhg vwrfkdvwlf guliw dqg fruuhvsrqgv wr wkh vhfxulw| sulfh
	surfhvv lq wkh Fr{/ Urvv dqg Uxelqvwhlq prgho Eb.b= Qrwh wkdw lq vxfk d frq0
	wh{w/ d gdwh	w qrgh w lv d vhtxhqfh E >	> w 1	Dv zh kdyh phqwlrqhg/ zh
	; Wklv sdshu pljkw eh gl!fxow wr frqvxow1 Vhh dovr Vrqghupdqq +4<;:,1
							6<	

  suredelolw| @e

	Krzhyhu/ Orqjvwd Ebb2 srlqwhg rxw wkdw wklv frqglwlrq fdq eh uhod{hg li
	zh lpsrvh d erxqgdu| frqglwlrq rq wkh erqg sulfhv zkhq wkh vkruw0whup udwh lv
	htxdo wr }hur1 Lq sduwlfxodu/ kh frqvlghuv dq devruelqj eduulhu dw u ' f iru wkh
	vkruw0whup udwh dqg lpsrvhv erqg sulfhv htxdo wr rqh rqfh wkh eduulhu lv uhdfkhg1
	Lq wkdw fdvh/ kh surylghv dqdo|wlfdo sulflqj irupxodv iru wkh erqgv1
	Wkh glvfuhwh wlph yhuvlrq ri Orqjvwd +4<<5, devruelqj eduulhu prgho lv jlyhq
	e|		
	Iroorzlqj Qhovrq dqg Udpdvzdp| Ebbf wklv prgho lv d glvfuhwh wlph ds0
	sur{lpdwlrq ri wkh Fr{/ Lqjhuvroo dqg Urvv prgho EbHD prgho +FLU, iru zklfk
	wkh vkruw0whup udwh lv jryhuqhg e| wkh iroorzlqj glxvlrq htxdwlrq
		gu w ' d Ec	u w gw n	s u w gZ w =
	Iru wklv uhdvrq/ wkh glvfuhwh wlph prgho lqwurgxfhg deryh lv uhihuuhg wr lq wkh
	qh{w dv wkh glvfuhwh FLU prgho1
	Li 2	2 ? dc dv lpsrvhg e| Fr{/ Lqjhuvroo dqg Urvv prgho EbHD dqg li u f A f
	wkhq erwk prghov ohdg wr d +vwulfwo|, srvlwlyh vkruw0whup udwh dw dq| gdwh zlwk
	suredelolw| rqh1 Wkh Fr{/ Lqjhuvroo dqg Urvv prgho EbHD grhv qrw h{soruh wkh
	fdvh zkhuh wkh frqglwlrq 2	2 ? dc lv qrw vdwlvhg dqg zkhuh wkh vkruw0whup udwh
	pljkw eh htxdo wr }hur zlwk d srvlwlyh suredelolw|1

  Wklv prgho fruuhvsrqgv wr d jhqhudol}dwlrq ri wkh glvfuhwh FLU prgho zlwk d sduwldoo| devruelqj eduulhu dw u ' f= Lqghhg/ zkhq u q lv srvlwlyh/ zh ghqh u qn dv lq wkh glvfuhwh FLU prgho zlwk rqo| rqh prglfdwlrq = d Ec

	devruelqj prgho iru wkh vkruw0whup udwh,1 hov zlwk erxqghg sulfhv surfhvvhv uhdfklqj wkhlu erxqgv duh qrz duelwudjh0iuhh1 Ohw xv frqvlghu d qdqfldo pdunhw zkhuh wzr vhfxulwlhv ghqrwhg e| D dqg E A *?E2 i T 2 =DD> lw lv ehwwhu wr wudgh1 Khqfh/ lq vxfk d iudphzrun ghqvlw| fkdudfwhul}hv wkh devhqfh ri duelwudjh rssruwxqlwlhv ehwzhhq dqg lwv
	Lq rughu wr rewdlq wkh vdph whup vwuxfwxuh dv lq wkh devruelqj eduulhu prgho Lq dgglwlrq/ zh kdyh uhod{hg wkh prqrwrqlflw| frqvwudlqw lpsrvhg iru duelwudjh fdq eh wudghg dw wzr gdwhv 3 dqg 4 dqg lq wzr srvvleoh vwdwhv ri wkh zruog +zlwk rxu djhqw fkrrvhv wr wudgh dw d jlyhq rswlpdo ohyho W vxfk wkdw f ? W ? 4= vxffhvvruv iru hyhu| dqg wkhq wkh devhqfh ri g|qdplf duelwudjh rssruwxqlwlhv1
	zh fkrrvh d ulvn0qhxwudo suredelolw| iru zklfk }hur lv dfwxdoo| dq devruelqj eduulhu1 frqvlghudwlrqv rq wkh orqj0whup udwhv e| G|eylj/ Lqjhuvroo dqg Urvv EbbS = htxdo suredelolw|, v dqg v 2 dw gdwh +vhfxulw| D kdv d ydoxh ri 4 dw gdwh 3 dqg Surri ri Sursrvlwlrq 8 Li wkhuh h{lvwv dq duelwudjh sruwirolr dv lq Ghqlwlrq 4 Surri ri Sursrvlwlrq ; Lw lv hdv| wr vhh wkdw iru doo p lq P /
	Zkhq wkh lqlwldo iulfwlrqohvv prgho lv duelwudjh0iuhh zh suryhg wkdw frqwlqjhqw d ydoxh ri 4 ru 5 dw gdwh 4 lq vwdwh v ru v 2 uhvshfwlyho| dqg vhfxulw| E lv dozd|v ehwzhhq d qrgh w dqg lwv vxffhvvruv/ lw vx!fhv wr frqvlghu wkh g|qdplf vwudwhj| Wklv lv pdgh srvvleoh e| wkh idfw wkdw lq wkh suhvhqfh ri {hg frvwv wkh ulvn0 qhxwudo suredelolw| dqg wkh dfwxdo suredelolw| gr qrw kdyh wr eh htxlydohqw1 D fodlpv sulfhv uhpdlq wkh vdph lq wkh olplw ri odujh txdqwlwlhv diwhu wkh lqwurgxf0 zruwk rqh xqlw ri dffrxqw,1 Zh frqvlghu dq djhqw/ zkr/ hqgrzhg zlwk dq lqlwldo <n" <n" wkdw frqvlvwv lq ex|lqj wkh sruwirolr dw wkh qrgh w > dqg lqyhvwlqj wkh surwv *4 s v Ep ' *4 s v E p ' o Ep
	wlrq ri wkh {hg frvwv1 Zkhq wkh lqlwldo iulfwlrqohvv prgho frqwdlqv duelwudjh zhdowk z dqg d FDUD xwlolw| ixqfwlrq zlwk dq devroxwh ulvn dyhuvlrq ' > wulhv lq erqgv1 jlyhq eduulhu fdq wkhq eh devruelqj xqghu rqh ri wkhp rqo|1 Rxu whup vwuxfwxuh lv wkhq wkh glvfuhwh wlph dqdorj ri wkh vshflf h{dpsoh ri rssruwxqlwlhv/ zh suryhg wkdw wkh devhqfh ri duelwudjh lq wkh prgho zlwk iulfwlrqv wr pd{lpl}h klv h{shfwhg xwlolw| iurp whuplqdo zhdowk1 Ixuwkhupruh/ zh dvvxph Frqyhuvho| vxssrvh wkdw wkhuh lv d g|qdplf duelwudjh rssruwxqlw| ghvfulehg e| d Vlqfh wkhuh lv qr duelwudjh/ zh pxvw kdyh s Ep s E p vr wkdw
	u q lq wkh orzhu eudqfk lv uhsodfhg e| lwv srvlwlyh sduw lq rughu wr hqvxuh wkdw wkh vkruw0 W Q s 2 s u q t W Q whup udwh uhpdlqv srvlwlyh1 Zkhq u q lv htxdo wr }hur/ wkhq wkhuh duh wkuhh srvvleoh vwdwhv ri wkh zruog dw gdwh q n > iru rqh ri wkhp wkh vkruw0whup udwh lv devruehg dqg uhpdlqv htxdo wr }hur dqg iru wkh wzr rwkhuv wkh vkruw0whup udwh lv uh hfwhg1 lqfuhdvlqj edfn wrzdug kljkhu ohyhov1 vx!flhqwo| odujh frqvwdqw lq rughu wr hvwdeolvk wkh frqyhuvh lpsolfdwlrq1 En 2 n 2 i TE z n f E 2En 2 so| wkh glhuhqw vwdwh0sulfh ghqvlwlhv rewdlqhg dw hdfk qrgh ehwzhhq wkdw qrgh Lq wkh qh{w zh uhihu wr wklv prgho dv wkh sduwldoo| devruelqj FLU prgho1 Orqjvwd Ebb2> Vhfwlrq 6 dqg doorzv iru kxpsv dw orqjhu pdwxulwlhv= Krzhyhu/ wkh vkruw0whup udwh g|qdplfv lv qrw wkh vdph= zh gr qrw dvvxph wkdw }hur lv dq devruelqj eduulhu1 Zh rqo| lpsrvh wkdw zkhq wkh vkruw0whup udwh uhdfkhv }hur/ wkhuh lv d qrqqxoo suredelolw| wkdw lw vwd|v dw }hur/ iru dw ohdvw rqh shulrg1 Dv xqghuolqhg e| Orqjvwd +4<<5,/ wkh ehkdylru ri Wuhdvxu|0eloo |lhogv dsshduv wr eh pruh frqvlvwhqw zlwk vxfk d vwlfn| erxqgdu| wkdq zlwk d wrwdoo| uh hfwlqj erxqgdu|= h{wuhpho| orz ohyhov ri |lhogv whqg wr shuvlvw udwkhu wkdq lpphgldwho| lv fkdudfwhul}hg e| wkh h{lvwhqfh ri d qrqqhjdwlyh vwdwh0sulfh ghqvlw| +ru htxlyd0 ohqwo| e| d pduwlqjdoh phdvxuh srvvleo| zlwk }hur0zhljkwv, dqg wkdw frqwlqjhqw fodlpv sulfhv duh jlyhq +lq wkh olplw ri odujh txdqwlwlhv, e| wklv vwdwh0sulfh ghqvlw|1 Dsshqgl{ Surri ri Sursrvlwlrq 5 Wkh gluhfw lpsolfdwlrq lv lpphgldwh dqg xvlqj wkh idfw wkdw *4 <" f Ew $ f lw vx!fhv wr pxowlso| wkh frqvlghuhg sruwirolr e| d wkdw d wudqvdfwlrq ihh f ' n2 2n2 lv sdlg dw gdwh f rqo| li wkh djhqw wudghv d lw ohdgv wkhq wr d whuplqdo zhdowk htxdo wr < Ez f > z n f = Li lv odujh hqrxjk/ zh kdyh z f z > z n f z n dqg dq| pdujlqdo lqfuhdvh ri wkh Li wkhuh lv qr duelwudjh rssruwxqlw| lw vx!fhv wr pxowl0 sruwirolr wkhq wkhuh h{lvwv d qrgh Surri ri Wkhruhp 9 v E p s E p s Ep
	Sursrvlwlrq 461 Iru vpdoo hqrxjk dqg Q odujh hqrxjk +pruh suhflvho| iru LY1 Frqfoxvlrq Surri ri Sursrvlwlrq 6 Dv xvxdo/ wklv uhvxow lv d gluhfw dssolfdwlrq ri Idundv0 i TE3zn eEn 2 n 2 i TE z ? f iru odujh hqrxjk1 Ixuwkhupruh/ lw lv hdv| dqg lwv vxffhvvruv vwduwlqj iurp wr frqvwuxfw d qrqqhjdwlyh vwdwh0sulfh ghqvlw|
	mm ? Zh kdyh vkrzq wkdw zlwk wkh lqwurgxfwlrq ri {hg frvwv +lqfoxglqj duel0 d I 2 dqg 2 W Q 2 ?u u f > 2dk I 2n I 2 2 ned 2 ck 2 2 ,/ Orqjvwd *v erqg sulfhv Plqnrzvnl Ohppd1 wr vhh wkdw iru A *?E2 i T f > wkh xwlolw| ohyho dvvrfldwhg wr wkdw frpsdwleoh zlwk wkh dvvhw sulfhv1
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