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Abstract

This paper is a generalization of Calvet et al. (2002) to a dynamic set-
ting. We propose a method to aggregate heterogeneous individual probabil-
ity beliefs, in dynamic and complete asset markets, into a single consensus
probability belief. This consensus probability belief, if commonly shared
by all investors, generates the same equilibrium prices as well as the same
individual marginal valuation as in the original heterogeneous probability
beliefs setting. As in Calvet et al. (2002), the construction stands on a
fictitious adjustment of the market portfolio. The adjustment process re-
flects the aggregation bias due to the diversity of beliefs. In this setting,
the construction of a representative agent is shown to be also valid.

1. Introduction

In a recent paper, Calvet, Grandmont and Lemaire (2002) propose a way to
construct a representative agent in a static heterogeneous beliefs setting. In the
present paper, we extend this approach to an intertemporal framework.

*The authors thank Jean-Michel Grandmont for helpful discussions and mainly for bringing
this problem to their attention. The financial support of the Europlace Institute of Finance is
gratefully acknowledged.



The main purpose of Calvet et al. (2002) is to incorporate in the represen-
tation of the economy some degree of heterogeneity in the investors beliefs and
to analyze how one could extend and modify the traditional “expected utility
maximizing representative agent approach” in order to cover the case, which ap-
pears to be empirically more relevant, of heterogeneous beliefs. Among the issues
the authors investigate are: is it possible to define a consensus probability that
would aggregate heterogeneous individual subjective beliefs and could be used to
explain (mimic) equilibrium prices? Is it still possible in such a context to define
a version of an expected utility maximizing aggregate investor that would rep-
resent an equilibrium of this economy, i.e. generate the same equilibrium asset
prices and mimic equilibrium pricing of assets by individuals? These issues are
addressed in the simple framework of a static exchange economy. Given an ob-
served equilibrium with heterogeneous individual subjective probabilities, Calvet
et al. (2002) define an “equivalent equilibrium,” where all investors would share
the single consensus probability by: 1) the equivalent equilibrium generates the
same equilibrium prices and 2) every investor’s marginal expected utility valua-
tions of an asset remain the same in both equilibria. They prove the existence of
such an equivalent equilibrium modulo a scalar adjustment of the market port-
folio. This means that in order to aggregate the individual heterogeneous beliefs
into a single aggregate belief, the market portfolio may have to be scalarly ad-
justed, upward or downward, in the equivalent common probability equilibrium,
a reflection of an “aggregation bias” due to the diversity of beliefs. Moreover, the
authors show that the standard construction of an expected utility maximizing
aggregate investor, who is designed so as to generate the observed equilibrium
asset prices when endowed with the market portfolio, and to value then assets at
the margin as does every individual investor in equilibrium, does carry over to
the case of heterogeneous subjective probabilities, provided that 1) this aggregate
investor is assigned the same consensus probability as previously found and that
2) the market portfolio (aggregate consumption) is scalarly adjusted upwardly or
downwardly as previously.

The aim of the present paper is to address the same issues as Calvet et al.
(2002) but in an intertemporal, discrete or continous time, framework. We start
in Section 2 by introducing our dynamic and complete markets model. Given
an observed heterogeneous beliefs Arrow-Debreu equilibrium, we then define an
equivalent equilibrium where all investors would share a common “consensus be-
lief” by the same requirements as in Calvet et al. (2002), i.e. invariance of the
equilibrium prices and of the investors marginal valuations. We prove (Subsec-



tion 2.1) that in a dynamic setting a scalar adjustment of the market portfolio is
not sufficient in order to ensure the existence of an equivalent equilibrium. We
introduce a predictable adjustment of the market portfolio and prove the exis-
tence (and unicity) of an equivalent equilibrium under this condition (Subsection
2.2). This means that equilibrium prices and individual marginal valuations in
the heterogeneous beliefs setting are the same as in an otherwise similar homo-
geneous beliefs economy in which aggregate endowment is modified, upward or
downward, in a predictable way. We also show that this homogeneous beliefs
equivalent equilibrium is naturally associated to a representative agent endowed
with the adjusted market portfolio (Subsection 2.3). We end Section 2 by show-
ing on specific examples (HARA utility functions) how the consensus probability
and the predictable adjustment process can be explicitly obtained. We find that
the consensus probability is directly related to some weighted mean of individual
subjective beliefs. We also characterize the situations where the adjustment of
the market portfolio has to be made upward (resp. downward). In particular, we
find that the adjustment process is nondecreasing and greater than 1 (resp. non-
increasing and smaller than 1) hence leads to an equivalent equilibrium in which
aggregate endowment is increased (resp. decreased) if the cautiousness parameter
is smaller than 1 (resp. greater than 1). In a standard setting without beliefs
heterogeneity, when there is more risk involved and when the investor is cautious
(i.e. its cautiousness parameter is smaller than 1), it can be shown that the in-
vestor will increase current consumption acting as if future wealth was decreased.
Now in our context, a possible interpretation of our result consists in considering
the dispersion of beliefs as a source of risk, thereby leading for the representative
agent to an upward or downward adjustment of aggregate endowment depending
on whether the cautiousness parameter is smaller or greater than 1. Our results
are consistent with those of Rubinstein (1974) and Zapatero (1998) where the
only effect of the heterogeneous beliefs on the asset prices is related to a change
of probability (no scaling effect). Indeed, in these papers, the agents are endowed
with logarithmic utility functions and it appears that these functions are the only
ones in the HARA class for which the predictable adjustment process is constant
and equal to 1.

Section 3 essentially consists of remarks and extensions. We first explore the
implications of the aggregation procedure on the risk sharing rule. In the stan-
dard case of homogeneous beliefs and state independent utilities, we know that
the equilibrium allocations are comonotonic, i.e. are increasing functions of the
same factor (the aggregate consumption) and this feature is commonly called the



risk sharing rule. We show that our results can be reinterpreted as generalizing
the standard risk sharing rule result to the case of heterogeneous beliefs. Indeed,
as in Calvet et al. (2002), we show that, in a dynamic framework, the equilib-
rium allocations in an heterogeneous beliefs setting can be divided into two parts.
The first part satisfies the standard risk sharing rule and the second part can be
interpreted as a residual risk due to heterogeneity of beliefs and is monotone in
individual beliefs deviations from the consensus probability.

We also show (Subsection 3.2) how the same issues can be addressed in a
continuous time setting. We prove in such a context the existence of an equivalent
equilibrium satisfying the same requirements as before, modulo an adjustment of
the market portfolio, which is a finite variation process.

In Subsection 3.3, we analyze the second invariance requirement of our equiv-
alent equilibrium, to wit, that the investors marginal utilities remain the same
in both equilibria, and more precisely its links with the desirable property for an
equivalent equilibrium that each investor’s observed (or initial) demand be larger
than (resp. equal to, less than) his demand in the equivalent equilibrium if and
only if he attaches a subjective probability that is larger than (resp. equal to, less
than) the consensus probability.

Finally, we consider in Subsection 3.4 alternative aggregation procedures. In
particular, we prove the existence of an equivalent equilibrium (of the second kind),
in which all agents would share the same common probability leaving unchanged
the equilibrium prices, the marginal valuations and the market portfolio (but with
possible income transfers) modulo a predictable aggregation bias, which takes the
form of a discount factor on the utility functions. This means that the equilibrium
prices and marginal valuations in an heterogeneous beliefs model are the same as
in an homogeneous beliefs economy modulo the introduction of discounted utility
functions.

All the proofs are in the Appendix.

2. Aggregation of heterogeneous beliefs in discrete time

We consider a collection of individual investors indexed by ¢ = 1,..., N. We fix a
finite time horizon T" on which we are going to treat our problem and we consider

r P) , which satisfies the usual

a filtered complete probability space (Q, F,(Fi);—o



conditions'. The set ) represents the set of all histories and the o —algebra F, can
be thought of as representing all (theoretically) observable events up to and includ-
ing time ¢. Each investor solves a standard dynamic utility maximization problem.
He has a current endowment at date ¢ denoted by e}, and a Von Neumann Mor-
genstern utility function for consumption of the form £ ZtT:o Miu; (t, )|, where
M} is a positive martingale process satisfying M} = 1, i.e. the positive den-
sity process of a probability measure Q° equivalent to P, and corresponds to the
subjective belief of individual i. We make the following assumptions

1. Forall t =0,...T, u; (t,-) : Ry — RU{—o0} is of class C' on R%, strictly
increasing and strictly concave.

2. For all t, u;(t,-) satisfies Inada conditions, i.e. the derivative of w; (¢,-)
denoted by ] (¢,-) is such that u] (¢,0;) = oo and u; (f,00) = 0. We shall
denote by (u})”" (t,-) the inverse function of ! (,-), which is continuous
and strictly decreasing.

* —

3. The aggregate endowment e* = Zf;l e satisfies e< e < € uniformly in
(t,w) for some positive constants e and e.

We recall that an Arrow-Debreu equilibrium relatively to the beliefs (M*) and
the endowment processes (e') is defined by a positive, uniformly bounded price

process ¢* and a family of optimal admissible consumption plans (y*) such that
markets clear, i.e. _
{ ]%* = yi<q*’]\][wi"ei)
Yim Y =l e =€
where

y'(q, M, e) = arg max EF
EFP [ZtT:O qt(yz—et)]SO

Z Mtui(ct)] .

t=0

We start from an Arrow-Debreu equilibrium (q*, (y*)) relatively to the be-

liefs (M?) and the endowment processes ¢'. Such an equilibrium, when it exists,

L A filtered complete probability space (Q, F, (Ft)tho , P) is said to satisfy the usual conditions
if (i) Fo contains all the P-null sets of F' and (ii) F; = Nys+Fy, all t, 0 <t < oo, i.e., the filtration
is right-continuous.



can be characterized by the first order necessary conditions for individual opti-
mality and the market clearing condition. These conditions can be written as
follows .
Miui(t,y™)
B[S (v =] =
Zz‘]\il y*l = e*
for some set of positive Lagrange multipliers ();) .

Our aim is to find an “equivalent equilibrium” in which the heterogeneous
subjective beliefs would be aggregated into a common belief M, i.e. all investors
would share the common belief M, the process M being like the M*"’s a positive
martingale process satisfying E [Mr] = 1, i.e. the positive density of a probability
measure () equivalent to P. We want the “equivalent equilibrium” to generate the
same equilibrium price process ¢* as in the original equilibrium with heterogeneous
beliefs, so that every asset gets the same valuation in both equilibria. The first
order conditions would then lead to

i=1,.,N (2.1)

My, (t,@i) = a; M <t, yf)

where 7;* stands for the new equilibrium allocation and where «; is a given positive
multiplier. Taking the product of all these equations in the particular case where
w(t, ) = exp —(x/6), we obtain

N N , 1/N
(i) ()"
=1 =1

In that case, it appears that M is a martingale only if all the M;’s are equal.
There is therefore in general no solution to the aggregation problem. Calvet et
al. (2002) in a static framework propose to permit a scalar adjustment of the
aggregate endowment and to replace the invariance principle on the aggregate
endowment by an invariance principle on the individual marginal valuation of
assets.

2.1. Aggregation of heterogeneous beliefs with a scalar adjustment of
the market portfolio
Following the approach of Calvet et al. (2002), we define the “equivalent equilib-

rium” by two requirements. First, the “equivalent equilibrium” should generate
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the same equilibrium price process ¢* as in the original equilibrium with hetero-
geneous beliefs, so that every asset gets the same valuation in both equilibria.
Second, every investor should be indifferent at the margin between investing one
additional unit of income in the original equilibrium with heterogeneous beliefs
and in the “equivalent equilibrium”, so that every asset gets the same marginal
valuation by each investor (in terms of his marginal expected utility) in both equi-
libria. We show in Section 3 that this requirement is essentially equivalent to a
monotonicity requirement between changes in the individual portfolios and the
underlying changes of individual probabilities.

Calvet et al. (2002) prove in a static setting that the construction of an
homogeneous beliefs equivalent equilibrium designed so as to mimic equilibrium
prices and marginal asset valuations by individual investors, is possible in a diverse
beliefs framework. The proposed design may require a scalar adjustment of the
market portfolio.

We show on the following example that this result does not extend to the dy-
namic setting, i.e., prices and individual marginal valuations in an heterogeneous
probability beliefs setting cannot necessarily be expressed as prices and individ-
ual marginal valuations in an homogeneous probability beliefs economy with a
possible scalar adjustment on aggregate endowment.

Let Q = {wy,wa}, P =(1/2,1/2), M! =1 and M? be such that

Mg =1, M7 (w1) = 2/3, M7 (wq) = 4/3.
Let u () = uy (t,-) = ua (t,-) be such that v’ (z) = 2* with o € [—1,0[. We take
e*' such that M/ (e*i> does not depend upon i and we fix ¢* = M'v/ (e*1> .
In this setting, <q*, (e*l)) is an equilibrium relative to the beliefs (M*) and the

endowment processes e* . We look for M, 7", 5> and 7 € R such that for i = 1,2,
we have

M (y') = MW (e*i> i=1,2

_ _ 1/a

1/2Mi (w)+1/2M; (w2) &, 1/3 2/3
It appears that T is given by 2 [(1+(2/3)1/a)”‘ + (Tr /3 7o) ,
which is equal to one if and only if & = —1. Consequently, except for the logarith-

mic utility function, all the other utility functions in our class lead to processes
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M that are not martingales. Hence, they can not be interpreted as the density
process of a given probability.

2.2. Aggregation of heterogeneous beliefs into a consensus probability
belief and a predictable adjustment process of the market portfolio

We have just seen in the previous subsection that we cannot in general aggregate
the beliefs M? in such a way that M is a martingale while keeping the adjust-
ment of the market portfolio a scalar. We shall introduce a predictable adjustment
process. We shall indifferently use the terminology “equilibrium relative to the be-
liefs Q% or “equilibrium relative to the beliefs M*,” where as above M represents
the density process of Q* with respect to P.

Proposition 2.1. Consider an Arrow-Debreu equilibrium (q*, (y’“)) relative to

the beliefs (Q') and the endowment processes e’ with Y1 | ¢ = ¢*. There exists
a unique equivalent probability measure (), a unique positive and bounded pre-
dictable adjustment process 7, a unique family of endowment processes (Ei) with

Zi\il e =Te* and a unique family of consumption processes (yﬁ) such that

1. (q*, (gl)) is an equilibrium relative to the common belief ) and the endow-
ment processes (')

2. Trading volumes and individual marginal valuation remain the same before
and after the aggregation procedure, i.e. for alli =1,...,N

«?

Y =7 &

and .
uf (t') =l (677)

Notice that this aggregation procedure satisfies the additional homogeneity re-
quirement. We obtain through this aggregation procedure that equilibrium prices
and individual marginal valuations in the heterogeneous beliefs setting are the
same as in an otherwise similar homogeneous beliefs economy in which aggregate
endowment is adjusted in a predictable way. A natural question is then to de-
termine whether this adjustment of the market portfolio is to be made upward
or downward. We shall at the end of Section 2 analyze, in the specific case of
HARA utility functions, the situations leading to an upward (resp. downward)
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adjustment of the market portfolio. We start by showing in the next section
that this homogeneous beliefs equivalent equilibrium is naturally associated to a
representative agent endowed with the adjusted market portfolio (Subsection 2.3).

2.3. Representative agent

As in the standard case of homogeneous beliefs, we want to construct an expected
utility maximizing aggregate investor, representing the economy in equilibrium.
More precisely, we look for a single aggregate investor, endowed with the market
portfolio, who, when maximizing his expected utility under the consensus prob-
ability generates the same equilibrium prices as in the original equilibrium. The
next proposition establishes the existence of such a representative agent, as long
as the market portfolio is being adjusted by the same predictable process 7 as

before. As in the standard case, for o € (Ri)N , we introduce the function

N

Uq (T, T) = max —u; (T, x;
«52) Zﬁlwiﬁx; @ (62:)

and we recall that we denote by A € (Ri)N the positive Lagrange multipliers of
the heterogeneous beliefs initial equilibrium.

Proposition 2.2. Consider an equilibrium (q*, (y*)) relative to the beliefs (Q")

and the endowment processes e' with ZZN:1 e! = e*. The aggregate investor defined
by the normalized VNM utility u, is an equilibrium representative agent when en-
dowed with the common probability () as in Proposition 2.1, and the adjusted mar-
ket portfolio Te*, in the sense that the portfolio Te* maximizes his expected utility

E® |31 ux (t,5:)| under the market budget constraint E [ZtT:o q; (yr — Fte;‘)] <

The construction of the representative agent is exactly the same as in the stan-
dard setting. As a consequence, all classical properties of the representative agent
utility function remain valid in our setting (see e.g. Huang-Litzenberger, 1988).
Among other properties, if all individual utility functions are state independent,
then the aggregate utility function is also state independent, and if all individual

utility functions exhibit linear risk tolerance, i.e. are such that — Z:/(é?) = 0; +nx,
then the aggregate utility function is also such that —;‘,l,((';’i)) = 0 + nz where

0= Zi\il 0i.



Remark that our aggregation procedure applies to a framework where agents
have common beliefs but possibly different state dependent utility functions of
the following “separable” form

Ui (t,w,x) = v; (t,w)u; (t, ).

In that case?, we obtain a representative agent utility function of the same form
U(t,w,z) = v(t,w)u(t,x), where the function u is obtained from the u;’s as in
the standard framework, and where v is an average of the v;’s.

Our construction can be compared with Cuoco-He (1994) representative agent
construction in incomplete market models (or Basak-Cuoco (1998) in models with
restricted market participation). The main difference is that in Cuoco and He’s
construction, the representative agent ’s utility function appears as a stochastic
weighted average of the individual utility functions, whereas in our construction,
the weights are deterministic, the representative agent’s utility function is the same
as in the standard case, however the total endowment is stochastically adjusted. In
particular, as underlined above, in our construction, the classical properties of the
representative agent’s utility function remain valid, which is not the case in Cuoco
and He’s construction..Besides, our construction (or more precisely, Calvet et al.
’s contruction) seems to be more tractable in order to compare the equilibrium
characteristics in the standard and in the heterogeneous beliefs settings.

2.4. Example: HARA utility functions

In this subsection we assume that all the utility functions are in the HARA class.
More precisely, we suppose that u; (¢, z) is such that — 5 l((ttg;)) = 6; + nz for all i.
Although some of these functions do not satisfy Inada conditions, the consensus
probability and the predictable adjustment process, if they exist, should satisfy the
same first order conditions as before and any pair (M, r) satisfying these conditions
solves our aggregation problem. We obtain in the next proposition as in Calvet
et al. (2002) explicit expressions for the agggregate consensus probability and
the adjustment process 7 in the case of HARA utility functions. In particular,
we are able to determine if the aggregation bias contributes to an “increase” or a
“decrease” of aggregate endowment.

Proposition 2.3. Assume that individual VNM utilities belong to the HARA

family with — 402 = 0; + na > 0.

2Note that even if the v;’s are not martingales, our results still apply.
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1. The representative agent who supports the equilibrium with the common
probability ) in Proposition 2.2 belongs to the same HARA family with

uh\(tr) 0+ nx, where 0= Z'fil 0.

uy”(t,xz)

2. The density M with respect to P of the corresponding common probability
() and the adjustment process T are given

e when n # 0, by

M is a martingale

FO = MO == 1
— 0+ nrte;*) Z 7
t ( 0+ ne; i (M)
: A"
Wity = S

e when n =0, by

M is a martingale
To = My=1

A = i\0:/0 (ri—1)e;
t = H (Mt) exp —
i=1

3. The adjustment process T satisfies
7(t,w)>1ifn 1
7(t,w) <1ifn 1
F(t,w) = lifn=1
4. If = ZZ]\L 1 0; =0, then we obtain a simple construction algorithm

To = My=1

B | (S )
@ - = [z y <Mz>"]

11



and the predictable adjustment process T satisfies

T is nondecreasing if n < 1

T is nonincreasing ifn > 1

Notice that the consensus belief is always given by some weighted mean of
the individual heterogeneous beliefs, adjusted by a process depending on 7. The
mean is either a geometric mean (in the case of exponential utility functions) or
a “power-n” mean (in the case of power utility functions). The weights are given

by the individual risk tolerances T; = %" The process 7 is directly related to

] §+ne*
the dispersion of the beliefs M®.
In the specific case of power utility functions with 6; = 0, i.e. if for all i =
1,..,N, u (t,z) = (nz) """, then

N 1/
=[S 0|

a1/
The process 7 measures the default of martingality of the mean [Zfil v, (M})"

We know by the previous proposition that 7 is nondecreasing (resp. nonincreas-
ing) if n < 1 (resp. i > 1). The interpretation is the following. In the standard
setting, when there is more risk involved, depending on whether the investor is
cautious or not, that is to say depending on whether the cautiousness parameter is
smaller or greater than 1, it can be shown that the investor will increase or reduce
current consumption acting as if future wealth was decreased or increased. For
instance, a cautious investor (cautiousness parameter smaller than 1) increases
current consumption acting as if future wealth was increased. Now in our con-
text with heterogeneous beliefs, a possible interpretation consists in considering
the dispersion of beliefs as a source of risk, thereby leading for the representative
agent to an upward or downward adjustment of aggregate endowment depending
on whether the cautiousness parameter is smaller or greater than 1.

In particular if all agents have the same logarithmic utility functions, i.e. if
foralli=1,....N, v, (t,z) = 27!, then 7= 1 and

N
M, = Z%MZ
i=1

12
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effect on the market portfolio, and the consensus belief is given by a weighted

arithmetic mean of the individual heterogeneous beliefs. This is the result of
Rubinstein (1976).

where v, = —. In this case, we find that there is no adjustment

3. Remarks and extensions

3.1. Risk sharing rule

As underlined by Rubinstein (1976), one potential use of the aggregation proce-
dure is to relate the heterogeneity of individual demands to the heterogeneity of
individual beliefs. It is well known that in an homogeneous beliefs setting all the
individual allocations are comonotonic. This property is called ”the risk sharing
rule.” Let us see in our setting the implications of the aggregation procedure in

terms of risk sharing rule. In the “equivalent equilibrium” (q*,@, Fe*,g), the

beliefs are homogeneous (represented by the probability measure @) and all the
individual allocations 7' are then comonotonic. In the initial equilibrium with

heterogeneous beliefs, the individual allocations at time ¢ denoted by y;" are given
by

' = w+ (v -7)
= 7+ (M, M)
where for all ¢, the 7;’s are comonotonic and ¢} (M;, M) > 0 when M; > M, and
¢) (M], M;) < 0when M; < M,. Furthermore ¢} (M;, M;) = (u))~! (Mt u (m)) —

M i
7t is monotone with respect to M. The heterogeneity of the beliefs induces then a
distortion of the risk sharing rule and, for each agent, this distortion is monotone
in individual beliefs deviations from the aggregate probability.

The function ¢! can be explicitly computed for some specific classes of utility

functions. For instance, in the exponential case, we get that

u -7 =0 (log M} — log M;)

3.2. Aggregation of heterogeneous beliefs in a Continuous Time Setting

Let us now consider a continuous time framework. We fix a finite time horizon
T on which we are going to treat our problem, we let T = [0,7], and we con-

13



sider a filtered probability space <Q, F, (Ft)?zo , P) , where (F}),.; denotes the P

-augmentation of the natural filtration generated by a Brownian motion W on
(Q, F, P) . We assume that Fr = F.

The total endowment of the economy is described by a stochastic process e* sat-
isfying the following stochastic differential equation

dej = aye;dt + B,e;dW,

and ef is given.

As previously, we assume that each individual’s subjective belief M? is given by
the positive density process of a probability measure ¢, which is equivalent to the
original probability measure P. Such a positive density process can be represented
as the solution of the following stochastic differential equation

dM} = §{MidW,, M =1.
We recall that an Arrow-Debreu equilibrium relative to the beliefs (M?) and the
endowment processes (') is defined by a positive, uniformly bounded price process

¢* and a family of optimal admissible consumption plans <y*> such that markets
clear, i.e. _
{ ]%* - yi(q*yji]fwi"ei)
Yy =2l e =€
where

T
y'(q. M, e) = arg max <o E? [/0 Mtui(ct)dt] .

EP [fOT qt (yz;_et

We start from an Arrow-Debreu equilibrium <q*, (y*z>> relative to the be-
liefs (M?) and the endowment processes e’ and we assume that the equilibrium

allocations (y*) satisfy the following equations

dyf = Oziyfdt + ﬁiyfdet.

The R—valued processes {ay;t € T}, {al;t € T}, {B,;t € T}, {Bi, te T} ,
{5i;t € ']I‘} are the coefficients of the model and are taken to be progressively
measurable with respect to (£}),.; and bounded uniformly in (¢,w) in T x €.

Furthermore, we clearly have

{ Zf\il azy*l — ae*
Zf\il Bzy*l _ 66*

14



Recall that our conditions on the density M and on the "equivalent equilib-
rium” lead to find an adjustment process 7, a density M and an allocation scheme
(¥') such that

N
Y =Te”
i=1
and

M () = 0 (-, 7)

for all . We have seen that we can not impose that 7 be a scalar if we want M to
be the density process of a probability measure equivalent to the initial probability
measure P, i.e. a positive martingale with My = 1. In the previous sections, we
imposed that 7 be a positive predictable process and the uniqueness of such an 7
confirms that this condition is a natural condition. In the present setting, we are
dealing with continuous processes and there is no difference between predictable
processes and adapted processes. The predictability condition becomes then too
weak. Indeed, it suffices to take any M, to choose the 3'’s accordingly, i.e. such

that M, <,y*l> = Mu, (-,7') and finally to take 7 = ' 7/e*. The right
condition in the current setting seems to be a zero-diffusion coefficient for 7, i.e.

dFt = ptFt dt

for some process (p,) .
In the next, we assume that the utility functions are C13. If we impose that
the 7'’s and M be solutions of stochastic differential equations of the form

dy. = alyidt + by.dW, (3.1)
dﬁt - 5tMtth

and if we differentiate these conditions we obtain the following system of equations

(aiucc(t, ™) + 38 e (1, y*) + 61 Buce(t, y*i)) M} =

( iUC(tv y*l) + Biuw(tv y*z)> M} = (5tuc(t7yi) + biuw(uyi)) M (3:2)
> ayl‘: =T O‘;Z; +p 2y
3 _
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with the initial conditions

To=1
Uo = Y5
Mo =1

Proposition 3.1. There exists a unique solution ((at), (b%),ds, p,) to the system
of equations 3.2.

This solution depends on ( (™), (M), (77) , (M) , (a), (81) . (67) .7¢) . TF it
is regular enough in order to ensure that the stochastic differential equations

dy; = agi'dt+bgdWi, o=y
th = (StMtth, MO = 1
dFt = PtFtdt; FO =1

admit a solution, then we have

N
Zyl — Fe*
=1
M (y) = M (7))

As in the discrete time framework, it is possible, in the HARA utility setting, to
characterize more precisely these solutions.

wi(te)
]/ (t.2)

Proposition 3.2. If we suppose that each utility function is such that —

0; + nx, the density M and the adjustment process T are given by

1. whenn # 0,
M is a martingale
Fo = MO - 1
— _ 1/n [ N 1/n

— 0+ 'rmet) -
M, = | =——— E (M

' (0+net i:1’y( t)

. oA
with v, =
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2. when n =0, by

M is a martingale
To = My=1

7 = - N (r—1)e
=TT e 0
i=1

3. If0 = Zf\il 0; = 0 and n # 0 , then we obtain a simple construction
algorithm

M is a martingale
To = My=1

N
0n)" = 7 [Zv (Mf)"]
i=1
and the adjustment process T satisfies

T is nondecreasing if n < 1

T is nonincreasing if n > 1.

In particular, as in the discrete time setting, we find that beliefs heterogeneity
leads to an equivalent equilibrium with increased aggregate endowment if and only
if the investor is cautious, i.e. if the cautiousness parameter 7 is smaller than one.

3.3. Comonotonicity property and the second requirement

A desirable property of the “equivalent equilibrium” is that each investor’s ob-
served (or initial) demand be larger than (resp. equal to, less than) his demand
in the “equivalent equilibrium” if and only if he attaches a subjective probability
that is larger than (resp. equal to, less than) the aggregate common probability,
i.e.

yi' > 7' if and only if M} > M,

and | | o
y* <7 if and only if M} < M,

that we shall refer to as the comonotonicity property (at date t). We want in
this subsection to analyze the links between this comonotonicity property and the
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second invariance requirement of our aggregation procedure, i.e. the invariance of
individual marginal valuations.

It is easy to see that, due to our second invariance requirement, the comonotonic-
ity property is automatically satisfied by our aggregation procedure. Indeed, as
seen previously, we have for all = 1,..., N and for all t =0, ..., T,

and, since u} (¢,-) is decreasing, the comonotonicity property follows immediately
at any date t =0, ..., T.

Conversely, let us study to which extent the comonotonicity property as well
as the first requirement imply our second requirement. By the first requirement,
we must have for alli =1,..., N

Ml (t.7)
Mt Cz u; (ta y:l) ’

where )\; is as above the Lagrange multiplier in the initial equilibrium, and (; is
the Lagrange multiplier in the “equivalent equilibrium.” The second requirement
is then equivalent to the condition that 2 ) = 1for all « = 1,..., N. Imposing
directly the comonotonicity property, instead of the second requ1rement leads to

M} i M}
Mttl{MZS } = ¢ = ﬁttl{iﬁﬁ} (3:3)

If we require the comonotonicity property to be satisfied from date 0, then it is
immediate that it implies our second requirement: indeed, since M = My = 1,
we get by (3.3) at t = Othat’\zzlfora,HZ—l L N.

If we only require the comonotonicity property from date ¢t = 1, then it is
immediate that the following condition (C'1) implies the second requirement.
Condition (C1) : For all ¢ € {1,..., N}, for all ¢ € R*, there exists some ¢ €
{1,...,T} for which

M;} M}
P{_t 6]1—5,1]} xp{:te [1,1—1—5[} > 0.
Mt Mt

Notice that condition (C'1) can be interpreted as a closeness condition between
M and the M"s.
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We introduce the following condition.
Condition (C2) : For all i € {1,..., N}, there exists some ¢t € {1, ...,T'} for which
(a) The vector (Mtl, oy MM, e;‘) admits a positive density with respect to the
Lebesgue measure on (R, )" x [e,2].
(b) The random variable M, can be written in the form M, = g (M}, ..., M, €})
for some function g of class C! such that xig—xgi —g#0.
Notice that condition (C2) (b) is satisfied if ¢ is concave and nonnegative.
We obtain the following result:

Proposition 3.3. 1. If the aggregation procedure satisfies the first require-
ment and the comonotonicity property at all datest = 0,..., T, then the
“equivalent equilibrium” satisfies the second requirement.

2. If the aggregation procedure satisfies the first requirement, the comonotonic-
ity property at datest = 1,...,T as well as (C2), then the “equivalent equi-
librium” satisfies the second requirement.

3.4. Other possible aggregation procedures

We have considered so far extensions of Calvet et al. (2002). More precisely,
knowing that a true aggregation of individual beliefs leaving all equilibrium char-
acteristics invariant is impossible, we have proposed aggregation procedures that
authorize an adjustment of the market portfolio. Another possible aggregation
procedure consists in leaving the market portfolio invariant and in authorizing the
introduction of a discount factor on the utility functions. We show in Jouini-Napp
(2003), in continuous time, that given an equilibrium price process ¢* relative to
the beliefs (M?), and the endowment processes (¢f) with S_N ¢’ = ¢*, there ex-
ists a positive martingale process M with M, = 1, and a finite variation positive
process B = exp [, f1(s)ds such that, with the notations of Section 2,

MtBtul)\(t, 6:) = q:

The adjustment process B measures then the aggregation bias induced by the
heterogeneity of individual beliefs and leads to a (possibly negative) discount of
utility from future consumption through the “discount rate” (—pu). It is shown in
Jouini-Napp (2003) that the consensus belief M is given by some weighted average
of the individual beliefs, the weights being given by the individual risk tolerances,
and that the process B (or u) is directly related to the weighted variance (with
the same weights) of the individual beliefs.
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4. Appendix

Proof of Proposition 2.1 Since (q*, (y*>> is an equilibrium relative to the

beliefs (@), and the endowment processes ¢/ with 31 | ¢/ = ¢*, we know that for
allt =0,...,7,

N N

i i %
E Y = E € = €
i=1 i=1

and that there exist positive Lagrange multipliers ();) such that for all i =
1,....N,forallt=0,..,T,

Mju; (t,yl‘i) =\

where M} = E [‘i%

process r, we consider the maximization problem

Ft} . For a given bounded and nonnegative predictable

N N
1 |
(P") : maXZ )\—Ui (y') under the constraint Z y' < re’,
i=1 i=1

where U; (¢) = E [ZtT:o u; (t, ct)].
If we denote by (yi’(’")) the solution of the maximization program (P"), then

the positive process (/\i

by p). Let M) = ‘%—:), where by convention, M) =0 on {p(r) = oo}. We then
p
have for all i, for all t =0, ..., T

. T
) <t, yZ’(T))) is independent from ¢ and we denote it
=0

() , (t’yf)
M = M= (4.1)
U; (t?yt7 >

Notice that for all £, the random variables y,f’(r) (resp. Mt(r)) depend on the process
r only through r; and can therefore be denoted by yi’(”) (resp. Mt(”)). We want
to find a positive and bounded predictable process 7 such that Mé?) =1and M®
is a martingale. Let us construct such a process by induction on t.

Fort = 0, we take 7y = 1, and we get yé’%) = yg‘i and Mém = 1. Let us suppose
that we have obtained the positive and bounded predictable process (FS)Z;B , hence
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t—

1 _
and let us construct 7; such that F [Mt(”) | thl} =
s=0

Mt(?T‘l). We introduce the function ® : r, — E [Mt(”) | Ft_l] - Mt(f?) and we
want to prove that there exists an F}_;-measurable positive and bounded random
variable 7; such that ® (7;) = 0 (almost surely).

We first show that there exists a positive constant R such that any nonnegative
and bounded F;_;—measurable random variable a satisfies ® (a) > 0 on {a > R}.

Notice that since u (t,yi’(a)> = M9 we have q;‘a) = hy (ae}) with h; ' (z) =

M M
Zij\il (u/)il (t, \ix). We have

i

the positive process <M5(F)>

Mtlu; (t, yfl>

F_ _ M(m)
Aihy (ae}) | Fis =1

®(a)=F

hence

Miu; (t,e)

) 1 F|—=
(a) {a>R} > |:)\iht (gR)

]-{a>R} | Ft—l} - Mt(T)l{a>R}

i (t,e) (ri=1)
> | M} ——TL — MV 1y,
|: t—1 )\th (QR) t—1 { >R}
so that the existence of R such that ® (a) > 0 on {a > R} is given by the existence
(7t=1)
of a positive constant A such that inf; —=*— < A . Now,
1

and ) ( )
M uw, (t—1,%
inf —— < su
v M, Pt —1,Re)
where R;_; denotes the upper bound for 7, 7.

Let us consider the set I' of nonnegative and bounded F;_;—measurable ran-
dom variables r., such that <I>(7"7) < 0. The set I' contains 0 and we have just proved
that any 7, in I' is bounded by R. Furthermore, it is easy to check that, for all
F;_1—nonnegative and bounded measurable random variables r; and ro, and any
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event B € Fy_q, ®(r11p + rolpe) = ®(r1)1p + ® (r9) 15 and the monotonicity of
M) with respect to r leads to ®(ry V ry) = ®(r1) V @ (r3) .

Let r* = esssup, 7. The family being directed upward, we know that there
exists (r,, ) in I such that 7* = limy_.o, /" 7,,. We prove now that @ (r*) = 0.

It is immediate that r* is nonnegative, bounded and predictable. Besides,
it is easy to see that, when £ — oo, then M) /M) and since for all
k, ® (rvk) < 0, we get by the Beppo-Levi Theorem that & (r*) < 0. It re-
mains to show that for all (¢,b) € (]Ri)2, we have P (§.;) = 0, where ., =
{®(r*) < —e,E_1[qf] < b} € Fy_1. We introduce 7 = 7* + alq_, for a € RY.
We get @ (7) = @ (r*) + [® (" +a) — @ (1*)] 1o, We shall prove that for some
positive «, | (7* + o) — @ (r*)| < € on .. This would lead to ® (7) < 0, hence
P(Q.;) =0and ® (r*) = 0.

Now,

@ (" + ) =@ ()| 1a,,

P ) 1 1 1
S () en) e ]| e
< b sup |¥(z)—-V(y)la,

|z—y|<ae

z,y€[0,Re]

for U = hit and then |® (r* + a) — @ (r*)| < € on Q. for o small enough.

Taking 7, = r* completes the construction by induction of the process 7.

As far as uniqueness is concerned, it is first easy to see (as in the proof of
Proposition ?7) that for any positive and bounded process 7, there exists a unique

(M, (7). () = <M(?), YoM el — g @i) satisfying requirements 1. and 2. of
the Theorem. The uniqueness of 7 is immediate by monotonicity of ®. B

Proof of Proposition 2.2 Similar to the proof of the existence of a repre-
sentative agent in the homogeneous beliefs setting. B

Proof of Proposition 2.3
1) We know that

1 ) 1 T — % 1
)\—Mt’u; (t,yt > m M\ (t,7€f) = X

We get from the second equality that u) (¢,7e})
n >0, [u (t,7)] " = [Auh (t,Tre;)] ", Since u (¢, z)

to 0; + nyz’m = [N, (t,7ef)] ", hence u) (t,Tef) "

= yu; (t,7;) so that, for
(6; + nz) /", this leads

§+T]Fte;
SN o From the first
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equality, we get that [ug <t, yr )] [)\Z %2 u (1, rtet)} =60, +ny; , hence 0 +

* EVan — %\ — N A\ 0+nrie; L/n i 1/n
ne; = M, "y (t,Te}) " Y00, <1\)Zg) ,and M, = <ﬁ) [Zz v (M)
If n = 0, we have u} (t,z) = exp —9%_ and adopting the same approach, using

the second equality ) (t,Ftez‘) = exp—F‘TeZ exp—l SV 6;In ). From the first
equality, we get that exp—yg_ pYRLE exp — tet exp —1 vale In \;, and then

7,7\[7,
3 9 9 Tt— 6*
1

/n /n
2) Since M, = (9;?;;?) [ZZ s (M) ] , we have

1/
Ei 4 [Mt} 11 < By

171.

N .
Z Vi (*Mtl)77
i=1

. ey . . N N7 1/n
Now, for 0 < n < 1, we get by Minkovski’s inequality F; [Zizl v; (M}) } <

) 1/n — T e\ ~L/M
[Zi\il Yi (Mtl_l)n:| s hence Et—l Wt} 1Ft<1 < Mt—l <M> 1Ft<17 and

0+ney_,

0+ nri_ie;,
0+ ney_q

) 1?t<1 < 1?t<1'

This leads to {7; < 1} C {T;-1 < 1}. Since 7y = 1, we have 7 > 1. The case n > 1
can be treated similarly. For n = 1, it is clear that 7 = 1 and M = Zfil v M is
the solution of our equations.

i\0:/0 N (i %
Forn =0, Bt Wt] 1r,c1 < By |:Hz (M) ] 174 < H¢:1 (Mtq) and

%ht <1 and as previously {7, < 1} C {r,1 < 1}.

3) Inthecased = SN 6; = 0, it is immediate that (Mt) = [sz\il v (Mt’)n]

then 17, .1 < exp—

1 Y/n
hence E;_; [M;] < B, HZ?LI Vi (MZ)"] } . Now, for n > 1, we get the fol-

o1 1/m : 1/n
lowing Minkovski-like inequality F; 1 [[Zil Y (Mt’)n} ] > [Zfil Y (Mtz_l)n] )

1/n__

. 1/n — _
hence Mt 1> 7“1/" [valyi (Mt’ 1)77] ,and M, 4 > (?” ) M;_; or equiva-

t—1

lently = <L The case n > 1 can be treated similarly. B
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Proof of Proposition 3.1 The second equation in the system 3.2 gives us

Ucc(taT)M a tucc(t’yi) t

and we deduce from the fourth equation in the same system that

N (5iuc(t,y*l)+5i%c(t7y*l))MZ

_ N 7
din1 oo (LG )M — T i By
ZN ue(ty") ’

=1 ucc(tvyl)

(St:

This gives d; and the b'’s.

The a;’s (resp. p) are then obtained from the first (resp. the third) equation
in the system 3.2. &

Proof of Proposition 3.2 The relations between M, 7 and the M®s are
obtained exactly as in the discrete time framework. In the particular case where
6 =0, we have

() =7 [z . (W] »

and if we differentiate both sides, we obtain

N

1 . . al . 1
5T (= 1)) () (M) + 5,7 Y7 (M) = 5= 1) 67 M
i=1 =1

N
T Y v (M) = nd My

=1

or equivalently
N
op = Zﬂiéi
i=1
N
=1

2
1 Nooo o
po= gn(n—1) (Zuiéi) =" (8)°
=1 )

)

(A]\%) and satisfy SN i =1 (by 4.2).

where for all i, i = 7y,
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SN\ 2 S
Since <Zf\;1 uiéi) — Efil iy ((5;)2 is always nonpositive, p, and (7 — 1) have
opposite signs and T is nondecreasing (resp. nonincreasing) for n < 1 (resp.
n>1).m
Proof of Proposition 3.3 It is easy to see that under condition (C2), the
application

Z;

g (1’1, <y IN,Y

h:(xy,..,xN,y) — <:L’1,...xi1, ),ajiﬂ, ...,xN,y>

is a C'-diffeomorphism from (Ri)N X |e, €[ to an open subset U of (Ri)N X e, €.

Then the random vector <Mt1, e Mf_l, %, MZH, . MtN,e;‘) admits a density

with respect to the Lebesgue measure on (R, )" x [e, €], which is positive on U. Fur-
thermore, since F [Mt} = FE[M}] = 1, it is impossible to have g (z1, ..., zn,y) < z;
for all (xy,...,zN,y), or g(z1,...,xN,y) > x; for all (z1,...,zx,y). Since ImU is
connected, Proj; (Im U) is also connected, where Proj; denotes the projection on
the i-th coordinate, hence there exists (71, ..., Ty, y)such that g (Zy, ..., Ty, y) = T;.
Since U is open, there exists a neighborhood of (71, ...,Z;-1,1,Zi41, ..., Tn, Y) in
U, which leads to

M;} M;}
P{_t 6]1—5,1]} xP{_t e[l,l—l—e[} > 0.
M M

t t
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