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Comonotonic Processes

Elyes JOUINTI* Clotilde NAPPT
July 12, 2007

Abstract

We consider in this paper two Markovian processes X and Y, solutions
of a stochastic differential equation with jumps, that are comonotonic,
i.e., that are such that for all ¢, almost surely, X, is greater in one state
of the world than in another if and only if the same is true for Y;. This
notion of comonotonicity can be of great use for finance, insurance and
actuarial issues.

We show here that the assumption of comonotonicity imposes strong con-
straints on the coefficients of the diffusion part of X and Y.

1 Introduction

We want to show that the assumption of comonotonicity for two processes im-
poses strong constraints on the coefficients of the diffusion part of the processes.
This result is to be used for instance in finance, insurance or actuarial apppli-
cations where the notion of comonotonicity appears quite naturally (see Yaari
(1987) for decision theory applications, Dybvig (1988) for finance applications,
and Dhaene et al. (2002 a and b) for a review of the actuarial literature).

We start by introducing the notion of comonotonicity. We shall first recall
its definition for random variables and we extend it for stochastic processes.

Definition 1 Two real-valued random variables x1 and xo defined on the same
probability space (2, F, P) are comonotonic if there exists A in F, with proba-
bility one, and such that

[71 (w) — 71 ()] [22 (W) — 22 (W)] >0 forall (w,') € Ax A

or equivalently if the cumulative distribution function F(;, 5,y of the pair (z1,22)
s given by
F117I2 (51752) = min (Frl (51) ﬂFﬂEQ (52)) .
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Other characterizations of comonotonic random variables can be found in Den-
neberg (1994) . In particular, if two random variables x; and x5 are such that
there exists a nondecreasing function ¢ for which x; can be written in the form
x1 = p (x2) (or if x9 can be written in the form xo = ¢ (1)), then x; and x5
are comonotonic. In fact, 1 and x5 are comonotonic if and only if they are
nondecreasing functions of the same third random variable x3, which can be
chosen to be equal to x1 + 22 (Denneberg (1994), Proposition 4.5, p.54). Hence,
as underlined by Wang and Dhaene (1998) comonotonic risks can be considered
as “‘common monotonic”.

This concept of comonotonicity emerges naturally in insurance issues since
most risk sharing schemes between insurer and reinsurer or between insured
and insurer lead to partial risks that are comonotonic. Furthermore, as proved
by Landsberger and Meilijson (1994), all Pareto optimal risk allocations are
comonotonic. It is also particularly useful in actuarial science since, as under-
lined by Dhaene et al. (2002 a), the concept of comonotonicity is closely related
to Fréchet bounds for multivariate distribution functions and permits approxi-
mations for sums of random variables when the distributions of the terms are
known, but the stochastic dependence structure between them is unknown, or
too cumbersome to work with. Applications of such approximations to for in-
stance the evaluation of insurance portfolios or cash flows, or to the determi-
nation of bounds for the price of an arithmetic asian option can be found in
Dhaene et al. (2002 b).

Definition 2 Two real-valued adapted processes X' and X? defined on the
same filtered probability space (Q,F, (Ft)tzo’P) are comonotonic if for all

t > 0, the random variables X} and X} are comonotonic.

Notice that if two processes X' and X? are such that for all ¢, X} = d (¢, X?)
where for all ¢, d (t,-) : R — R is some nondecreasing function, then X' and X2
are comonotonic.

Besides, if d is of class C*? and X = (Xl, X2) is a diffusion process of the form

dXt = btdt + O'tth

where the R2-valued process b = (bX 1,bX2) , as well as the matrix-valued

1 2\ * 1 2 .
process o = ((TX ,oX ) , where 60X = (01,02) and 06X~ = (03,04), satisfy the

usual regularity conditions, then the use of It6’s lemma enables us to get that

2
dx! = {dt (t, X7) +d. (t, X7) b5 +1/2d,, (t. X7) 052’ }dt

+d, (t, X2) o dW,.
Identifying the diffusion parts, we immediately obtain that for all ¢,

otXl :af(zdx (t,Xf) (1)



so that for all ¢,

deto (t) =01 (t)os(t) —o3(t)oa(t) =0 Pas.

In the general diffusion case!, remark that if X! and X2 are comonotonic, then
the law of (X X 2) is singular with respect to the Lebesgue measure. The
problem can be treated as follows. Let T, = inf {¢,deto;0F > a}. The pair
(X},Xf) is a non-homogeneous diffusion process with transition kernels P; ,
and as soon as det 0,07 # 0 and o is continuous, then P, (z, -) admits a density
with respect to the Lebesgue measure for all ¢ in an interval [s, s+ ¢]. Since
E[f(X:)] = E [Pr, t—1, f (X1,) 1{1,<¢}] for any nonnegative f, it follows that
the joint law of (th, Xf) is not singular with respect to the Lebesgue measure
for some t, as soon as P (T, < o) > 0. Hence, if X! and X? are comonotonic,
then P (T, = co) =1 for all a > 0, that is det o0} = 0 for all ¢.

We want to get an analogous result in the general case of two processes
which are solutions of a stochastic differential equation with jumps. Notice
that such jump processes are particularly relevant for insurance applications.
Remark that in the case where one of the considered processes can be written
as a regular function of the other, then, as above, It6’s Lemma concludes.

Let (€2, F, P) be a given probability space and (F}), denote a right-continuous,

complete filtration. Let W = {(th, - Wtd)* it > 0} denote a d-dimensional

Brownian motion for (F}),.,. Let M denote the set of real valued (2 x d)-
matrices.

Let n be a finite measure on R¥. Let 0 : R? — M and b : R? — R? and
f : R? x R¥ — RZbe Borel measurable, bounded and uniformly continuous
functions such that for some positive constants A and K,

o () — o ()]>+1b(2) — b () + /B o @0 — f(yw)Pn(du) < K |z —y]?
’ (2)

o (@) + b (2)* + |f (@, 0)|* < A° 3)

mi1 . Miq

for z,y in R? and u in R¥ where as usual, for m € M given by m =
mo1 ... Mag

we let |m| = /32, (mij)2 and for € RY given by = = (z1,...,zn)", |2]

Zﬁ\; (mi)2~
Let 4 be the Poisson measure on Ry x R¥ with intensity ds ® n (du) and
= p—ds®n (du) its compensated measure. We suppose that u is independent
of the Brownian motion W. Let p be the (F})-stationary Poisson point process as-
sociated with the counting measure 4 (see e.g. Ikeda-Watanabe (1981), Section
11-3). Under our conditions, we know that the following stochastic differential

I'We are grateful to an anonymous referee for providing this short proof in the diffusion
case.



equation
X = X0+/0 b(XS)ds+/0 U(XS)dWS—i—/O /|u|>1f(Xs,u)u(ds,du)
" / /u|§1f(Xs—7U)u(ds,dU) (4)

with given initial condition Xy = (X&, Xg), where X is supposed to be a square
integrable R2-valued Fj -measurable random variable, admits a unique (F}),,-
adapted, cadlag 2-dimensional solution process. We shall in the remainder of
the paper write indifferently o (X;) (resp. b(X:)) or o, (resp. b).

In such a framework, we shall prove the following:

Theorem 1 If the two-dimensional solution process X of Equation (4) has
comonotonic components X' and X2, then for all t > 0, its dispersion ma-
triz oy almost surely does not have full rank.

2 Proof of Theorem 1

To prove Theorem 1, we shall assume that there exists £y > 0 such that the
dispersion matrix has full rank with a positive probability and show that the
two processes X' and X? cannot be comonotonic. The rough idea is that if the
dispersion matrix has full rank at date ¢ = ¢y, then according to the fact that
W = (Wl, e Wd)* is a d-dimensional Brownian motion, the processes AX!
and AX? do not necessarily have a “parallel” evolution? and as long as we take
tho and XEU in a small enough interval, we will be able to find At =t -1ty >0
such that the two random variables tho LAy and Xt20 | A¢ are not comonotonic.

In Section 2.1, we exhibit an event B;, in F}, on which the dispersion matrix
has full rank and each of the random variables X} , X2 and y; (to) for i = 1,2
and j = 1,...,d is stuck in an interval of given length. In Section 2.2, we show
that on some subevents, the problem can be reduced to the one with constant
coefficients and a diffusion process. In Section 2.3, we prove that these events
have a positive probability and we conclude.

2.1 A Specific Set at t =t

Suppose that at ¢ = ¢y, detoyo} # 0 with a positive probability. Without
loss of generality, we can assume that o11 (to) 022 (to) — 021 (o) 012 (to) # 0
with a positive probability. We show that there exists an event By, in Fy,, with
positive probability, on which each of the random variables tho, Xfo and o5 (o)
fori=1,2 and 7 = 1,...,d is stuck in an interval of given length and on which
o11 (to) 022 (to) — 021 (t0) 012 (t0) # 0.

2For any process Y = {V3;t > to}, let AY denote the stochastic process {Y; — Yi,;t > to}.




To do so, consider first B = {011 (tg) 022 (to) — 021 (t0) 012 (to) # 0}. By as-
sumption, we have P (B) # 0. Then there exists a positive real number denoted
by ¢ such that the event By given by

By = {lo11 (to) 022 (to) — 021 (to) 012 (to)| > £}

is of positive probability. Moreover, we can assume that the sign of the expres-
sion 011 (t0) 022 (to) — 021 (to) 012 (o) remains constant on By.
Let n denote any given integer. Let for all kin Z, fori = 1,2 and j =1,....d

and [ = 1,2,
i k k+1
C}?] = {O'ij (to) S |:2n’ on |:}
k k+1
1 — l
Dl = {xto e [2 - [}
As
Bo = Uy, .z |B e D,
0 Uk,;’/eeZZ { 0 i:l,Q;jm:L...,d Cr.s I:Q,2 l}
1
there exist k; ; for i« = 1,2;j = 1,...,d and k}, ky in Z such that the event

By, given by B, = By N C;? N DL, has positive probability. It
i=1,2;j=1,....d " l=1,2 "

is immediate that B, satisfies the conditions mentioned above, the length of

the intervals being equal to 1/2". We consider a decreasing sequence of such

nested sets By, (n). Since (04 (t0));—; o.j—1,. 4 IS stuck in a compact set and

lo11 (to) 022 (to) — 021 (t0) 012 (to)| > ¢, there exists some ng, such that for all n

o ki kij+1
greater than ng, a11a22 — az1a12 # 0 holds true for any a;; in [ i Mgt [ For

27L ) 2’”.
_ kii+1 ki;
such an ng, we let 5; = QJnJg i

and g; =

2.2 An Intermediary Lemma

We shall denote by X the stochastic process {X't = (X},th) it > tg} given
by _
Xt = Xto + UtgAWt

and by Z the stochastic process {Zt = (Ztl, Zf)* it > to} given by

¢ ¢ ¢
Zy = / bsds + / (05 — 04y) AW + / / f(Xs—,u) p(ds, du)
0 to ‘u|>1

t to

+/: /lugﬂxs,u)ﬁ(ds,du)

Then for all t > to, X; = X; + Z; and AX = AX + AZ.



Finally, for a given n € R}, let Z" be given by

t t t
AGE / bsds —|—/ o (0 — 01,) AW +/ / f(Xs—u) pu(ds, du)
to to to |U|>1

+/tt /|u<1f(Xs_,u)ﬁ(ds,du)

where ¢ (z) stands for x1),<, + \iﬁl\wbn'

Using the Lipschitz condition on o, we know that for all given n € R, there
exists a positive real number ¢ (1) such that for all x and y in R? satisfying

|z —y| <e(n),
lo(z) —o(y)l <n

For all (A, At,n,n) € (Rj_)g x N, we let B3 A, , denote the set

AX] > L1 4
{|AZ] Al <A} N sup  |AX | <e(n)pn fotar= 2
] s€[to,to+At] AXE A <A

and BiAtm’n denote the set

AX] ar <A }

ul -
{|AZt0+At’S)‘}m{ sup |AXSS5(U)}Q{AXEU+AtZ21n+/\

ES [tg ,to +At]

For I =1,2, we let A A, , , = B} sy N Bt (n) and we prove the following

1M

Lemma 1 If there exist [(A1,71),(A2,m5)] € (Rj_)2 X (Rj_)Q, At € RY, and
n € N for which P [Al/\hmm_’n} > 0 for 1 = 1,2, then the two processes X' and

X2 cannot be comonotonic.

Proof Let us see first what happens on A§\7At,n,n: we have sup ey, 1o+a4) [AXs| <
e (n) hence for all s € [tg, to + At]

|O-Sio'to| ST}

so that for all s € [tg,to + At], Zs = Z! and |AZ; 1 at] = ’AZZ)+At’ <A
As AX = AX+AZ, weget on A} ., , that AX] = AX]  (AAZE L >

QL and AXE(H_N <0.

Now, using the same method, we get that for all (A, At,n,n) € (Ri)3 x N, we

have AX,510+N <0 and AXfoJrAt > 2% on Ai’At%n.
As ‘i(tlo anletz0 both belong to a (semi—open)/intervall of given length equal
to 57 on AM,At,m,n’ we get that for all (w,w’) € Ax\l,Atml,n X AAz,AtM,W

tho+At (w) > Xt10+At (w') whereas Xt20+At (w) < XEO+At (w') so that

[tho-i-At (w) — thg+At (W,)] X [Xt20+At (w) = Xt20+At (WI)} <0



for all (w,w’) € AJ, Aty X Aiz,m,w’ and the two random variables X, | A,
and Xfo 1 a¢ cannot be comonotonic, which completes the proof of the lemma.l]

So the lemma reduces the proof of our theorem to the finding of [(A, 7,)];—; 5 €

(Ri)z X (Rif7 n € N and At € R} for which the two events A}mAtml,n and
Aiz,Atmg,n have positive probability.

2.3 End of the Proof of Theorem 1

We consider first the set A} At and we only need to show that there exist
(A, At,m,n) € (R1)® x N for which

P{(|AZ] ,a)l <A) N By} +P{< sup  |AX,| < 5(77)) thU}

Se[to,t()JrAt]
AXY a2 1n +A
AXt sar <A
> 2P (By,). (5)
-1 1 ~
We first consider the set { <AX€0;“Z zm A ) N By, } We shall denote by X the
AXt0+AtS7>‘

stochastic process {Xt (th, Xf) it > tg} given by

Xt Xt +a AWt

0 0
where a° = aél a(l)Q 0 .. 0 for some real numbers a?; € [];if , (kgjl) [
as; a5, 0 ... 0 J
for i,5 = 1,2. Then
AXt0+At = AXtO+At + [Uto — ao] AWyt
ki kij+1 .
On By, (n), 04 (to) € [2,5 , ~5n [ so that ‘O'U to) — ‘ < 5w It is easy to see

that for a given posmve real number &, if AXt A2 2)\+§, AXt 1oy < —20-E,
‘AWt +At‘ < >‘2ﬂ L for j =

to -‘rAt‘ S m for j = 3,...,d, then

AXtO+At 5w+ )\ and AXt ar < =X So
> 1 -
P [Bto N {AthOJrAt Z ot NAXE A < _)\H
AX} iar Z22+E ‘AWt{wAt‘Smgfl,j:l,z
= BN A ooy ¢ ;
fok &t = 5 ‘A forat| < @A I =3, 0d
P (By,) P (B*) e
= W/ alyataly>2a+e € AT dzdy

a81m+a22y§—2)\—§

A2 —1 A2 —1
|z|<A25=2 |y <225—



where B¢ = {’AW%JFN <
dent and independent of Fy,.

ﬁ,j =3,..., d} because p and W are indepen-

Let us now consider the other sets involved in Inequality (5), i.e., the sets
By, N {|A +At| < )\} and By, N {supse[to’tﬁm} |AX | <e (n)}
As for Z", we have
A
> P
i1,

f(Xs,u) p(ds,du)| >

t
¢ (05 = 01,)

d
. 3]

beds

S
1

PUIAZL <N = 1P [

[u]>1

~/to /Iug [ (Xs,u) p(ds, du)

By It6’s isometry, we get

t A 16 t ?
P|:/ cp"(Us—Uto) :| S sz / @n(gs_ato)dWS
to 4 A to
32n% (At)
i AQ .
It is immediate that
t 4A (A
P[/bsds >/\}§ ( t).
to 4 A

Now,

>ﬂ < P[Au<[to,t1x{|z|>1}>>j

/tt /|u>1 F (X, u) pu (ds, du)

< E A (lto,t) % {le] > 1))

< 4A (At)n{|z| > 1}

A
and
t B \ . ) )
/to /Iulﬁlf(Xs,U)M(ds,du) >41 < /t /u<1f(XS,u)u(ds,du)
= / dS/u|<1 |f (Xs,u)] }n(du)
16A2 (At)n{|z] <1}
S 2

A



On the other hand,

PLoap AXJ<emb = 1-PL s
Se[t(),to—‘rAt] Se[to tg—‘rAt]

/ budu ’ elm) }

-P sup /Uu ﬂ
SE[to,to-‘y—At] 4

-P sup / / Xs—,u) p(ds,du)| >
s€[to,to+At] |Jtg J|u|>1

-P sup / / Xs—,u) i (ds,du)| >
s€lto,to+AL] [Jto J|ul<1

We easily get

IN

IN

IN

IN

IN

IA

IN

S
to

128 (At) A?
P sup > e () < 8(A1) .
SG[tO,t0+At]

4 [ (n))?
- s > € (n) 16 (At)* A2
P{se[to,top+At] /to budu| > 4 }S e (n)])?
L em
Pl [ Lttt ao] - 52
P{Au([to,to FA X {2 > 1) > (f)}
S (ot + A x {12 > 1)
4A (At)n ({|z] > 1})
e (n)
S el
P{se[to t0+At] / /u|<1 Kooy u) i (ds, du)| > 4 } (6)
16 ?
W ee[to t0+At] /tU /u|<1 Kooy <d8 du) ] (7)

4% 16 to+At 2
——FE X._,u) it (ds,du 8
e [/ [ e s ) ] S

64 to+At )
6(77)2/t0 d8/|ug1E [|f(Xsfau)| ]n(du)
644 (At)n ({]2] < 1})

e (n)?




where (8) is obtained by Doob’s inequality and the fact that [, flu\<1 f(Xs_,u) u(ds,du)
is a martingale (Ikeda Watanabe, p62).

Then, as mentioned at the beginning of the subsection, if there exist t* <
§(n) and (\,m,n) € (Ry)® x N for which for all At < ¢* the condition

327 (At)  4A(At)  4A(AYn{lz[ > 1}  16A4% (At n{|z] <1}

2P (By,) —

A2 A A A
C128(AN A2 16(AN A2 4AADn({l:] > 1) 6442 (A n({lz] < 1))
e (n))? e (n))? £ (n) e(n)®

P (Bf) P (By,)

2, .2
~ 55 dad
21 At afywtafy>2x+e € ©azay
uglx+a82y§—2)\—f
|2 <A25=L |y < 225=L

> 2P (By,) (9)
holds, then our problem is solved. Inequality (9) is equivalent to

P (BY) N
A
on At | ahwtalyzaate € P8 ardy
ag z+ag,y<—22—¢
n __ n__
|| < A25=1 |y | < 2201

820° (A1) | 4A(A1) | 4A(AD (] > 1) | 1642 (A0 n{|z] < 1)

\? A A 2’ (10)
128 (At) A2 N 16 (At)? A2 N 4A (At)n ({|z] > 1}) 6442 (At)n ({|2] < 1})
1)
e (n)]? 3 (77)]2 e () e (n)?
Letting £ =\, u = r LU= \/% and p = \/%, the inequality is equivalent to
_p(B ()
L = 5 / M(u)>(§z) ) e dudv > Lo
ul <222t |v|< 222
for
_ 32772 4A\/ At)  4A\/(At)n {|z| > 1} 16A4%n {|z| < 1}
L2 = /1,2 + Mz
128 (At) A° | 16 (An)* A2 4A(AY)n({]2] > ), 6442 (At)n ({]2| < 1})
le (77)]2 [ ()] e (n) e (n)?

—a, —a22
know that for i,j = 1,2, aw [0”,0”] on By, and for all a € H” 1 [ ”,O'ij],
aiiazy — aziaiz # 0. Then there exist real numbers #,,’s for which, letting

M= ( T T2 ), M is invertible and

T @)

a? a?
where M = ( 1 12, ) As we have seen in Section 3.1, for n > ng, we



Then,

2 (5)eM~([Buitoel?) e~ 2 (v*+0%) gudy

A2 —1 A2™ -1
|u| <22=L Ju| <22

L > P(B*)/

Since M ! ([3;;; —|—oo[2) is independent of n and since we can choose n as large

as we want (greater than ng), we only need to solve

P (B*)

2m /(Z)Gﬂl ([Bus+oo[?)

e~ 3 (@) dudy > Lo.

As for P (B’\) , we have

. A _
P(BY) = P{‘AWtjﬁAt‘Sw,j:&...,d}
d 2

4(d—2)° A2 ) 2

= H{l_()\z)E[(AWfo+m)]}
j=3

N2 42 d—2

. [1_4@ 2° 4,
A

Let o (u) = i f(g)eM,l([Seroo[Q) e 2 (“") qudy . We fix then 1 such that

4A 4A >1 16 A2 <1 1
44 ddn{le| > 1} 1640 {2 <1} 1

LAV
j I 1 6 W)
d—2
and {1 — ‘%\#At} > 1 we find n such that 3,372’2 < +¢(p), then (At) < 1
128(At)A? 16(A1)2A% | 4A(AD)n({]z]>1}) | 64A4%(At)n({]z]<1}) 1
such that =7 o + S8 + O + oL < g (1)

and A = pv/ At. This enables us to get

P(BYe(n) > %w(u)

3222 N 44 N 4An {|z| > 1} N 16A2n{|2z| <1}

I I I I

128(AN A7 16(A0° A2 AN ({2] > 1)) | 6442 (At ({]z] < 1))
e ()] e ()]? e (n) e (n)? '

32n? N 4A./(At) N 4A\/(At)n{|z| > 1} N 164%n {|z| < 1}

I p I p?

128 (AL A2 16 (A0 A2 4A(AO)n({|z] > 1)) 6442 (At)n ({|z| < 1})

2 + 2 + + 2 .

e (m)] [e (n)] e (n) e(n)

We have then the existence of (A1, (At), ,n;,n1) € (Ri)g x N such that Inequa-
tion (5) holds.

>

11



Proceding in the exact same way for the set Ai Atne We get the exis-

“\3
tence of (A2, (At)y,my,n2) € (R%)” x N such that P |:A§\27(At)277]27n2:| > 0; now,
taking n = sup (n1,n2) and At = inf [(At), , (At),], we obtain that there exist
[Ny 1)1 0 € (R3)2x (R%)2, n € Nand At € R for which P [Aghmm_m} >0

for 4 = 1,2, which, using Lemma 1, completes the proof.

2.4 m-dimensional Processes

We now assume that the process X is an m-dimensional Markov process, so-
lution of a stochastic differential equation with jumps, for m possibly greater

than 2. As in the preceding subsection, let W = {(th, Wt > O} de-
note a d -dimensional Brownian motion for (F}),»,. Let M™9 denote the set
of real valued (m x d) -matrices. Let o : R™ — M™9 and b : R™ — R™ and
f : R™xR* — R™ be Borel measurable and uniformly continuous functions such
that for some positive constants A and K, Inequations(2) and (3) are satisfied.
Under these conditions, we know that the stochastic differential equation (4)
with given initial condition Xy = (X(%7 ...,X{)”), where X is supposed to be a
square integrable R™-valued F{ -measurable random variable, admits a unique
continuous, (F}),-adapted m -dimensional solution process X = { (Xl, e Xm) * }

We shall prove the following

Theorem 2 If the real-valued solution processes X' and X? of Equation (4)
are comonotonic, then for all t, their dispersion coefficients are linked by the
following relation

o1j (t) o9 (t) — 025 (t) o157 (£) =0 P as. foralll<j,j <d.
Proof The proof is similar to the one made in the case m = 2. We consider
the same specific set By, at time ¢y and the same sets B}\,At,n,n and B?\’At’n’n for

all (A, At,n,n) € (Ry)* x N. Lemma 1 remains valid. Then, we show exactly

like in the preceding section that there exist (A, At,n,n) € (Ri)s x N for which
the condition of Lemma 1 holds.[J
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