
HAL Id: halshs-00176423
https://shs.hal.science/halshs-00176423

Submitted on 3 Oct 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Arbitrage pricing and equilibrium pricing : compatibility
conditions

Elyès Jouini, Clotilde Napp

To cite this version:
Elyès Jouini, Clotilde Napp. Arbitrage pricing and equilibrium pricing : compatibility conditions.
Collected Papers of the New York University Mathematical Finance Seminar, New York University,
pp.131-159, 2002. �halshs-00176423�

https://shs.hal.science/halshs-00176423
https://hal.archives-ouvertes.fr


Duelwudjh sulflqj dqg htxloleulxp sulflqj = frpsdwlelolw|

frqglwlrqv

Ho|ëv MRXLQL

FUHVW0HQVDH

48/ Eg Jdeulho Sìul

<5574 Pdodnr� Fhgh{/ Iudqfh1

Wìo1= 3417414:1::15;1

h0pdlo= mrxlqlChqvdh1iu

dqg FHUPVHP0Xqlyhuvlwì gh Sdulv L

Forwlogh QDSS

FUHVW

48/ Eg Jdeulho Sìul

<5574 Pdodnr� Fhgh{/ Iudqfh1

Wìo1= 3417414:1681<41

h0pdlo= qdssChqvdh1iu

Ghfhpehu 4/ 5336

Devwudfw

Wkh sureohp ri idlu sulflqj ri frqwlqjhqw fodlpv lv zhoo xqghuvwrrg lq wkh frqwh{w ri dq

duelwudjh iuhh/ frpsohwh �qdqfldo pdunhw/ zlwk shuihfw lqirupdwlrq = wkh vr0fdoohg duelwudjh

dssurdfk shuplwv wr frqvwuxfw d xqltxh ydoxdwlrq rshudwru frpsdwleoh zlwk wkh revhuyhg

sulfh surfhvvhv1

Lq wkh pruh uhdolvwlf frqwh{w ri sduwldo lqirupdwlrq/ wkh htxloleulxp dqdo|vlv shuplwv wr

frqvwuxfw d xqltxh ydoxdwlrq rshudwru zklfk rqo| ghshqgv rq vrph sduwlfxodu sulfh surfhvvhv



dv zhoo dv rq wkh glylghqgv surfhvv1

Lq wklv sdshu zh suhvhqw wkhvh wzr dssurdfkhv dqg zh h{soruh wkhlu olqnv dqg wkh frq0

glwlrqv xqghu zklfk wkh| duh frpsdwleoh1 Lq sduwlfxodu/ zh ghulyh iurp wkh htxloleulxp

frqglwlrqv vrph olqnv ehwzhhq wkh sulfh surfhvvhv sdudphwhuv dqg wkrvh ri wkh glylghqg

surfhvvhv sdudphwhuv1

Nh|zrugv= duelwudjh/ htxloleulxp/ rswlpdolw|/ lqfrpsohwh pdunhwv/ qrquhgxqgdqw dvvhwv/

ghulydwlyhv sulflqj

41 Lqwurgxfwlrq

Wkh wkhru| ri dvvhw sulflqj wdnhv lwv urrwv lq wkh Duurz0Gheuhx prgho +vhh/ iru lqvwdqfh/ Gheuhx

4<8</ Fkds1 :,/ wkh Eodfn dqg Vfkrohv ^4<:6` irupxod/ dqg wkh Fr{ dqg Urvv ^4<:9` olqhdu

sulflqj prgho1 Wklv wkhru| dqg lwv olqn wr duelwudjh kdv ehhq irupdol}hg lq d jhqhudo iudphzrun

e| Kduulvrq dqg Nuhsv ^4<:<`/ Kduulvrq dqg Solvnd ^4<;4/ 4<;6`/ dqg Gx!h dqg Kxdqj ^4<;9`1

Lq wkhvh prghov/ vhfxulw| pdunhwv duh dvvxphg wr eh iulfwlrqohvv= vhfxulwlhv fdq eh vrog vkruw

lq xqolplwhg dprxqwv/ wkh eruurzlqj dqg ohqglqj udwhv duh htxdo/ dqg wkhuh lv qr wudqvdfwlrq

frvw1 Wkh pdlq uhvxow lv wkdw wkh sulfh surfhvv ri wudghg vhfxulwlhv lv duelwudjh iuhh li dqg rqo|

li wkhuh h{lvwv vrph htxlydohqw suredelolw| phdvxuh wkdw wudqvirupv lw lqwr d pduwlqjdoh/ zkhq

qrupdol}hg e| wkh qxphudluh1 Frqwlqjhqw fodlpv fdq wkhq eh sulfhg e| wdnlqj wkh h{shfwhg

ydoxh ri wkhlu +qrupdol}hg, sd|r� zlwk uhvshfw wr dq| htxlydohqw pduwlqjdoh phdvxuh1 Li wklv

ydoxh lv xqltxh/ wkh fodlp lv vdlg wr eh sulfhg e| duelwudjh dqg lw fdq eh shuihfwo| khgjhg +l1h1

gxsolfdwhg, e| g|qdplf wudglqj1 Zkhq wkh pdunhwv duh g|qdplfdoo| frpsohwh/ wkhuh lv rqo|

rqh vxfk d pduwlqjdoh0suredelolw| phdvxuh dqg dq| frqwlqjhqw fodlp lv sulfhg e| duelwudjh1 Wkh
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zhljkw ri hdfk vwdwh ri wkh zruog iru wklv suredelolw| phdvxuh fdq eh lqwhusuhwhg dv wkh vwdwh

sulfh ri wkh hfrqrp| +wkh sulfh ri '4 wrpruurz lq wkdw vwdwh ri wkh zruog, dv zhoo dv wkh pdujlqdo

xwlolwlhv +iru frqvxpswlrq lq wkdw vwdwh ri wkh zruog, ri udwlrqdo djhqwv pd{lpl}lqj wkhlu h{shfwhg

xwlolw|1

Zkhq wkhuh duh iulfwlrqv/ lqfoxglqj g|qdplf pdunhw lqfrpsohwhqhvv/ wkh fkdudfwhul}dwlrq ri

wkh qr0duelwudjh frqglwlrq lv qrpruh htxlydohqw wr wkh h{lvwhqfh ri d xqltxh htxlydohqw pduwlqjdoh

phdvxuh dqg zh jhqhudoo| kdyh/ pruh wkdq rqh phdvxuh fkdudfwhul}lqj wkh qr0duelwudjh frqglwlrq1

Krzhyhu duelwudjh erxqgv fdq eh frpsxwhg/ iru duelwudu| frqwlqjhqw fodlpv/ wdnlqj wkh h{shfwhg

ydoxh ri wkhlu +qrupdol}hg, sd|r� zlwk uhvshfw wr doo wkh phdvxuhv wkdw fkdudfwhul}h wkh devhqfh

ri duelwudjh rssruwxqlwlhv1 Wkhvh erxqgv duh wkh plqlpxp dprxqw lw frvwv wr khgjh wkh fodlp

dqg wkh pd{lpxp dprxqw wkdw fdq eh eruurzhg djdlqvw lw xvlqj g|qdplf vwudwhjlhv1 Wkhvh duh

wkh wljkwhvw erxqgv wkdw fdq eh lqihuuhg rq wkh sulfh ri d frqwlqjhqw fodlp zlwkrxw nqrzlqj wkh

djhqw*v suhihuhqfhv dv vkrzq e| Mrxlql dqg Ndoodo ^4<<8/4<<<` +vhh Mrxlql dqg Ndoodo ^5333` iru wkh

fdvh zkhuh zh ixuwkhu lpsrvh wkdw wkh suhihuhqfhv ghulyh iurp YQP xwlolw| ixqfwlrqv,1 Wkh pdlq

dvvxpswlrq lq wkhvh prghov lv/ lq idfw/ d qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri dq htxloleulxp=

wkh qr0duelwudjh frqglwlrq1 Wkhvh suhihuhqfh0iuhh wkhrulhv duh edvhg rq wkh nqrzohgjh ri wkh

sulfh surfhvvhv iru wkh vr0fdoohg pdunhwhg dvvhwv dqg jlyh uhvxowv ri juhdw jhqhudolw| zlwkrxw

vshfli|lqj wkh htxloleulxp lq lwv ixoo ghwdlov1

Dqrwkhu dssurdfk frqvlvwv lq d frpsohwh ghvfulswlrq ri wkh hfrqrp| +djhqwv/ suhihuhqfhv/

hqgrzphqwv/111, dqg ri wkh htxloleulxp frqglwlrqv1 Doo wkh sulfh surfhvvhv dv zhoo dv wkh ydox0

dwlrq rshudwru duh wkhq rewdlqhg hqgrjhqhrxvo| iurp wkhvh htxloleulxp frqglwlrqv1 Prghov ri

frpshwlwlyh htxloleulxp jr edfn wr Zdoudv ^4;:7` dqg wkh �uvw frpsohwh surri iru wkh h{lvwhqfh ri

dq htxloleulxp lq dq hfrqrp| zlwk �qlwho| pdq| frpprglwlhv zdv jlyhq e| Duurz dqg Gheuhx
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^4<87`1 Lq wkh fkdswhu : ri Gheuhx ^4<8<`/ wkh dxwkru h{sodlqv krz wklv prgho shuplwv wr wdnh

lqwr dffrxqw g|qdplf pdunhwv zlwk xqfhuwdlqw|1 Ehzoh| ^4<:5` vwxglhg wkh frpshwlwlyh htxlole0

ulxp lq dq lq�qlwh0glphqvlrqdo frpprglw| vsdfh/ qdpho| O4 dqg Pdv0Frohoo ^4<;9` jhqhudol}hg

Ehzoh|*v uhvxowv wr Kdxvgru� orfdoo| frqyh{/ wrsrorjlfdo yhfwru vsdfhv xqghu d �xqlirup surshu0

qhvv frqglwlrq� rq wkh djhqw*v suhihuhqfhv1 Dudxmr dqg Prqwhlur ^4<;< d dqg e` dqg Gx!h

dqg ]dph ^4<;<` suryhg lqghshqghqwo| wkh h{lvwhqfh ri dq htxloleulxp zlwkrxw Pdv0Frohoo*v

xqlirup surshuqhvv frqglwlrq1 Krzhyhu/ doo wkh suhylrxv prghov grhv qrw wdnh h{solflwho| lqwr

dffrxqw g|qdplf vhfxulw| wudglqj1 Prghov zkhuh wkh djhqwv dfklhyh htxloleulxp doorfdwlrqv e|

wudglqj lq vhfxulwlhv olnh wkh fdslwdo dvvhw sulflqj prgho +FDSP, ri Phuwrq ^4<:4/ 4<:6` ru wkh

frqvxpswlrq edvhg fdslwdo dvvhw sulflqj prgho +FFDSP, ri Euhhghq ^4<:<` fdq eh irxqg lq

wkh olwhudwxuh jrlqj edfn wr Phuwrq ^4<:4`/ Fr{/ Lqjhuvroo dqg Urvv ^4<;8`/ Gx!h dqg Kxdqj

^4<;8`/ Kxdqj ^4<;:` dqg Ndudw}dv/ Ohkrf}n| dqg Vkuhyh ^4<<3`1 Wkh olqn ehwzhhq wkhvh wzr

dssurdfkhv lv pdgh e| Gx!h dqg Kxdqj ^4<;8` zkhuh wkh dxwkruv h{sodlq krz dq Duurz0Gheuhx

htxloleulxp fdq eh lpsohphqwhg e| wudglqj lq vhfxulwlhv1 Wklv uroh ri vhfxulwlhv zdv/ lq idfw/

douhdg| uhfrjql}hg e| Duurz ^4<85`1

Lq wklv sdshu zh h{soruh wkh frpsdwlelolw| ehwzhhq wkh duelwudjh dssurdfk dqg wkh htxlole0

ulxp dssurdfk1 Lq rwkhu zrugv/ zh frqvlghu wkh sulfh surfhvvhv dv jlyhq dqg zh ghulyh iurp

wkhuh d ydoxdwlrq rshudwru wkurxjk wkh duelwudjh dssurdfk dqg dqrwkhu ydoxdwlrq rshudwru iurp

wkh htxloleulxp frqglwlrqv1 Wkh �uvw rshudwru rqo| ghshqgv rq wkh dvvhw sulfh surfhvvhv dqg

grhv qrw ghshqg rq wkh glylghqgv surfhvv1 Wkh vhfrqg rqh ghshqgv rq wkh glylghqgv surfhvv

dqg rqo| rq wkh surgxfwlyh dvvhwv sulfh surfhvvhv1 Zkhq wkhvh wzr rshudwruv frlqflghv wkhq

rxu sulfh surfhvvhv duh frpsdwleoh zlwk dq htxloleulxp ru/ lq rwkhu zrugv/ wkhuh h{lvwv xwlolw|

ixqfwlrqv dqg lqlwldo hqgrzphqwv iru zklfk rxu sulfh surfhvvhv duh htxloleulxp sulfh surfhvvhv1
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Wklv sureohp wkdw frqvlvwv lq frqvlghulqj vshfl�f sulflqj prghov dqg wu|lqj wr �qg dq hfr0

qrplf mxvwl�fdwlrq iru wkhp/ l1h1/ wr �qg xwlolw| ixqfwlrqv iru zklfk wkhuh lv dq htxloleulxp lq

wkh frqvlghuhg prghov kdv ehhq udlvhg e| Elfn ^4<;:` iru wkh Eodfn dqg Vfkrohv prgho dqg e|

Elfn ^4<<3` dqg Kh dqg Ohodqg ^4<<6` iru d Pdunryldq gl�xvlrq prgho lq d frpsohwh pdunhw

iudphzrun/ zkhuh wkh xqltxh ulvn| dvvhw lv surgxfwlyh dqg dydlodeoh lq rqh xqlw vxsso|1 Wkh|

fkdudfwhul}h wkh ulvn suhplxp dv wkh xqltxh vroxwlrq ri d qrqolqhdu sduwldo gl�huhqwldo htxdwlrq/

dqg wkh| uhodwh lw wr wkh vkdsh ri wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq1 Lq Skdp0Wrx}l

^4<<9`/ d vshfl�f vwrfkdvwlf yrodwlolw| prgho/ zklfk lv d sduwlfxodu fdvh ri d Pdunry vhwwlqj/ lv

frqvlghuhg> wkh| dsso| wkhlu uhvxowv wr surylgh dq hfrqrplf irxqgdwlrq wr wkh Kxoo dqg Zklwh

prgho dqg wr wkh plqlpdo pduwlqjdoh phdvxuh1

Lq wklv sdshu zh gr frqvlghu d qrq pdunryldq vhwwlqj dqg zh rewdlq zhdnhu frqglwlrqv rq

wkh xwlolw| ixqfwlrqv dqg wkh glylghqgv surfhvv wkdq Skdp dqg Wrx}l ^4<<9`1 Krzhyhu/ zh gr

qrw dgguhvv wkh h{lvwhqfh ri dq htxloleulxp sureohp1 Lq wkh iudphzrun ri wklv sdshu/ wklv lv

grqh lq d frpsdqlrq sdshu +Mrxlql dqg Qdss ^5333`,1

Rxu iudphzrun lv suhflvho| wkh iroorzlqj= zh frqvlghu d pdunhw lq zklfk wkhuh duh d fhuwdlq

qxpehu ri surgxfwlyh dvvhwv/ uhihuuhg wr dv wkh sulplwlyh vwrfnv/ zkrvh sulfh surfhvvhv duh

vxssrvhg wr eh gulyhq e| d Eurzqldq prwlrq dqg zh dvvxph wkdw wkh qxpehu ri vrxufhv ri

xqfhuwdlqw| duh juhdwhu wkdq wkh qxpehu ri sulplwlyh vwrfnv dydlodeoh vr wkdw wkh sulplwlyh

pdunhw frqvlvwlqj rqo| ri wkhvh sulplwlyh surgxfwlyh dvvhwv lv lqfrpsohwh1 Wkh sulfh surfhvvhv

duh yhu| jhqhudo gl�xvlrq surfhvvhv= lq sduwlfxodu/ zh grq*w dvvxph wkdw wkh| duh ri Pdunryldq

w|sh1

Lq dgglwlrq wr wkhvh surgxfwlyh dvvhwv/ zh frqvlghu sxuho| �qdqfldo dvvhwv> zh dvvxph wkdw wkh|

frpsohwh wkh pdunhw dqg wkdw wkh ixoo pdunhw lv lq htxloleulxp1 Rxu jrdo khuh lv wkhq wr frpsduh
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wkh duelwudjh sulflqj dssurdfk dqg wkh htxloleulxp rqh dqg wr h{soruh wkh frqglwlrqv xqghu zklfk

wkh| duh htxlydohqw1

Iru wkh vdnh ri frpsohwhqhvv/ doo wkh uhvxowv derxw xwlolw| pd{lpl}dwlrq/ pdunhw frpsohwhqhvv

dqg htxloleulxp fkdudfwhul}dwlrq duh lqwurgxfhg vwhs e| vwhs1 Wkh sdshu lv wkhq rujdql}hg dv

iroorzv= lq vhfwlrq 5/ zh lqwurgxfh d pdunhw prgho zlwk rqo| rqh surgxfwlyh dvvhw> lq vhfwlrq

6/ zh fkdudfwhul}h wkh htxlydohqw pduwlqjdoh phdvxuhv> lq vhfwlrq 7/ zh frqvlghu krz hfrqrplf

djhqwv dfwxdoo| wudgh lq wklv pdunhw1 Lq vhfwlrq 8/ zh duh lqwhuhvwhg lq xwlolw| pd{lpl}dwlrq dqg

rswlpdo ghpdqg iru d vlqjoh djhqw1 Lq vhfwlrq 9/ zh gh�qh zkdw zh fdoo htxloleulxp dqg zh

xvh wkh suhfhglqj vhfwlrqv wr rewdlq qhfhvvdu| frqglwlrqv iru htxloleulxp dqg surylgh wkh pdlq

uhvxowv1 Vhfwlrq : h{whqgv wkh suhylrxv uhvxowv wr dq lqfrpsohwh pdunhw iudphzrun zlwk pdq|

surgxfwlyh dvvhwv1

Zh lqwurgxfh d ihz qrwdwlrqv= wzr suredelolw| phdvxuhv S dqg T/ gh�qhg rq wkh vdph phdvxu0

deoh vsdfh +
> I , duh vdlg wr eh htxlydohqw li wkh| djuhh rq wkh qxoo vhwv1

Doo yhfwruv duh froxpq yhfwruv dqg wudqvsrvlwlrq lv ghqrwhg e| wkh vxshuvfulsw �= Dv xvxdo/ 4g

ghqrwhv wkh g0glphqvlrqdo yhfwru zkrvh hyhu| frpsrqhqw lv rqh1 Li ] @
�

]4> ===> ]q
�

ghqrwhv d

yhfwru lq Uq> wkhq gldj] ghqrwhv wkh +q � q, gldjrqdo pdwul{ zkrvh gldjrqdo hqwulhv duh wkh

frpsrqhqwv ri ]= Zh ghqrwh e| n ] n5 wkh qrqqhjdwlyh uhdo qxpehu
Sq

l@4

�

]l
�5

=

Ohw +
> I> S , eh d �{hg suredelolw| vsdfh dqg W ghqrwh wkh lqwhuydo ^3> W `1 Wkhq O5
g +W , ghqrwhv

wkh vhw ri +Iw,w5W 0surjuhvvlyho| phdvxudeoh/ Ug0ydoxhg surfhvvhv i�w> w 5 W j vxfk wkdw

] W

3

n �w n5 gw ? 4 d=v= S=
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Iru dq| Ug0ydoxhg surfhvv � @ i�w> w 5 W j lq O5
g +W , > ohw wkh uhdo0ydoxhg surfhvv H +�, @

iHw +�, > w 5 W j ghqrwh wkh h{srqhqwldo orfdo pduwlqjdoh jlyhq iru hdfk w lq W e|

Hw +�, @ h{s

�] w

3

+�v,
�

gZv � 4@5

] w

3

n �v n5 gv

�

=

Iru d uhdo0ydoxhg surfhvv x @ ixw> w 5 W j gh�qhg rq d suredelolw| vsdfh +
> I> S , > zh ghqrwh e|

x� @
�

x�
w > w 5 W

�

wkh surfhvv gh�qhg e| x�
w @ � plq +3> xw, iru doo w lq W =

Dv xvxdo/ d ixqfwlrq I = W � U $ U lv vdlg wr eh ri fodvv Fp>q li wkh p0wk ghulydwlyh ri

I +�> {, = W $ U dqg wkh q0wk ghulydwlyh ri I +w> �, = U $ U h{lvw dqg duh frqwlqxrxv1

51 Wkh pdunhw prgho

Zh �{ d �qlwh0wlph krul}rq W / ^3> W `/ rq zklfk zh duh jrlqj wr wuhdw rxu sureohp= W fruuhvsrqgv

wr wkh whuplqdo gdwh iru doo hfrqrplf dfwlylw| xqghu frqvlghudwlrq1 Doo surfhvvhv wkdw zh vkdoo

hqfrxqwhu lq wklv sdshu duh gh�qhg rq ^3> W ` = Zh frqvlghu d �sulplwlyh� pdunhw frqvlvwlqj ri

rqh erqg dqg rqh vlqjoh surgxfwlyh dvvhw1 Zh vkdoo uhihu wr wkhvh wzr dvvhwv dv wkh sulplwlyh

dvvhwv1 Dv zh kdyh vhhq lq wkh lqwurgxfwlrq/ zh dvvxph wkdw rxu ixoo pdunhw frqvlvwv qrw rqo| ri

wkhvh sulplwlyh dvvhwv exw dovr ri dgglwlrqdo �sxuho| �qdqfldo� dvvhwv �frpsohwlqj� wkh pdunhw1

Pruh suhflvho|=

5141 Frqglwlrqv rq wkh sulplwlyh pdunhw

Wkh sulplwlyh pdunhw prgho lv wkh vdph dv lq Ndudw}dv ^4<;<` wdnlqj p @ 4/ h{fhsw wkdw zh

frqvlghu khuh glylghqgv sd|lqj dvvhwv1

Zh dgrsw d prgho iru wkh sulplwlyh pdunhw frqvlvwlqj ri rqh erqg zlwk sulfh dw wlph w ghqrwhg

:



e| V3
w vxfk wkdw

gV3
w @ V3

w uwgw> V3
3 @ 4

dqg rqh vwrfn +ru rqh surgxfwlyh ulvn| dvvhw, zlwk sulfh shu vkduh dw wlph w ghqrwhg e| Vw

vdwlvi|lqj wkh htxdwlrq

gVw @ Vw ^+ew � �w, gw . �wgZw` > V3 @ 4= +514,

Khuh/ Z @
q

�

Z 4
w > ===> Z g

w

��
> w 5 W

r

lv d g0glphqvlrqdo Eurzqldq prwlrq rq d suredelolw| vsdfh

+
> I> S , dqg zh ohw +Iw,w5W ghqrwh wkh S 0dxjphqwdwlrq ri wkh qdwxudo �owudwlrq jhqhudwhg e|

Z 1 Zh dvvxph wkdw wkh vdpsoh sdwkv ri Z frpsohwho| vshfli| doo wkh glvwlqjxlvkdeoh hyhqwv/

zklfk pdwkhpdwlfdoo| hqwdlov IW @ I 1 Vlqfh vwdqgdug Eurzqldq prwlrqv vwduw iurp }hur zlwk

suredelolw| rqh/ I3 lv wulyldo1

Lw lv dvvxphg wkurxjkrxw wkdw g � 4> l1h1/ wkh qxpehu ri vrxufhv ri xqfhuwdlqw| lv odujhu wkdq

wkh qxpehu ri vwrfnv1

Wkh uhdo0ydoxhg lqwhuhvw udwh surfhvv iuw> w 5 W j/ wkh uhdo0ydoxhg surfhvv iew> w 5 W j/ wkh uhdo0

ydoxhg glylghqg |lhog surfhvv sdlg e| wkh vwrfn i�w> w 5 W j dv zhoo dv wkh yrodwlolw| +4 � g,0

pdwul{0ydoxhg surfhvv
�

�w @
�

�4
w > ===> �g

w

�

> w 5 W
�

duh wkh frh!flhqwv ri wkh prgho dqg duh wdnhq

wr eh surjuhvvlyho| phdvxudeoh zlwk uhvshfw wr +Iw,w5W dqg erxqghg xqlirupo| lq +w> $, lq W �
=
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Zlwk wkh deryh dvvxpswlrqv/ � lv dq +Iw,w5W 0surjuhvvlyho| phdvxudeoh surfhvv dqg zh vkdoo pdnh

lq wkh uhpdlqghu ri wkh sdshu wkh k|srwkhvlv K6 wkdw � lv xqlirupo| erxqghg1
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5151 Frqglwlrqv rq wkh sxuho| �qdqfldo dvvhwv

Zh frqvlghu dw ohdvw +g � 4, dgglwlrqdo sxuho| �qdqfldo dvvhwv +ru frqwlqjhqw fodlpv,/ l1h1/ dvvhwv

zklfk duh lq }hur qhw vxsso|1 Wkhlu sulfhv Fl
w iru l lq i4> ===> g � 4j duh gulyhq e| wkh g0glphqvlrqdo
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Zlwk wkh deryh dvvxpswlrqv/ �� lv +Iw,w5W 0surjuhvvlyho| phdvxudeoh dqg xqlirupo| erxqghg1

Vr rxu ixoo pdunhw frqvlvwv ri +g . 4, dvvhwv= wkh erqg/ wkh sulplwlyh vwrfn dqg +g � 4, dgglwlrqdo

sxuho| �qdqfldo dvvhwv1 Zh vkdoo ghqrwh e| ] wkh g0glphqvlrqdo ulvn| dvvhwv sulfh surfhvv jlyhq
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Qrwlfh wkdw dvvhwv sulfhv fdq  xfwxdwh lq dq doprvw duelwudu| qrw qhfhvvdulo| Pdunryldq idvklrq1

61 Htxlydohqw pduwlqjdoh phdvxuhv

Qrz wkdw zh kdyh ghvfulehg erwk rxu sulplwlyh dqg rxu ixoo pdunhwv/ zh fdq frqvlghu wkh sureohp

ri wkh h{lvwhqfh dqg ri wkh fkdudfwhul}dwlrq ri htxlydohqw suredelolw| phdvxuhv rq +
> I> S ,

wkdw pdnh wkh glvfrxqwhg sulfh surfhvvhv �V lq wkh sulplwlyh pdunhw dqg �] lq wkh ixoo pdunhw

pduwlqjdohv1 Zh zloo vhh lq vhfwlrq 9 wkdw wkhvh suredelolw| phdvxuhv duh ri juhdw xvh iru rxu

sureohp1 Zkhq zh rqo| revhuyh wkh vwrfn sulfh surfhvv V/ zh douhdg| nqrz/ vlqfh Kduulvrq dqg
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Nuhsv ^4<:<` wkdw wkh idlu sulfh ri dq| frqwlqjhqw fodlp/ zkrvh �qdo sd|r� lv lq wkh irup k +VW ,

iru vrph ixqfwlrq k/ ehorqjv wr wkh iroorzlqj lqwhuydo
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zkhuh PV ghqrwhv wkh vhw ri doo htxlydohqw suredelolw| phdvxuhv wkdw pdnh wkh surfhvv �V d

pduwlqjdoh1

6141 Lq wkh sulplwlyh pdunhw

Zlwk wkh qrwdwlrqv ri vhfwlrq 5/ zh vwloo frqvlghu wkh suredelolw| vsdfh +
> I> S , htxlsshg zlwk

wkh �owudwlrq +Iw,w5W =

Gh�qlwlrq 6141 D suredelolw| phdvxuh T gh�qhg rq +
> I> S , lv dq V0htxlydohqw pduwlqjdoh

suredelolw| phdvxuh iru +Iw,w5W li lw vdwlv�hv =

41 Wkh suredelolw| phdvxuhv S dqg T duh htxlydohqw=

51 Wkh surfhvv �V lv d T0pduwlqjdoh iru +Iw,w5W 1
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xvh Idwrx*v ohppd dqg jhw wkdw wklv surfhvv lv d vxshupduwlqjdoh> wkhuhiruh/ lw lv d pduwlqjdoh

li dqg rqo| li lwv h{shfwhg ydoxh lv d frqvwdqw iru doo w lq W =
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Qrwlfh wkdw N� lv qhyhu hpsw| ehfdxvh wkh qxoo surfhvv q @ iqw> w 5 W j gh�qhg e| qw @ 3 iru
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pduwlqjdoh 0vhh/ iru lqvwdqfh/ wkh Qrylnry frqglwlrq lq Ndudw}dv dqg Vkuhyh ^4<;;` s1 4<<1

Zh vkdoo qrz fkdudfwhul}h doo V0htxlydohqw pduwlqjdoh suredelolw| phdvxuhv=
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41 Wkh suredelolw| phdvxuh T lv dq V0htxlydohqw pduwlqjdoh suredelolw| phdvxuh iru +Iw,w5W 1

51 Wkh suredelolw| phdvxuh T lv vxfk wkdw gT@gS @ HW +���, iru vrph � lq N�=
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Zh vkdoo ghqrwh e| PV wkh vhw ri V0htxlydohqw pduwlqjdoh suredelolw| phdvxuhv iru +Iw,w5W 1

Dv zh kdyh vhhq/ wkh qxoo surfhvv q dozd|v ehorqjv wr N� vr PV lv qhyhu uhgxfhg wr wkh
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Qrwlfh dovr wkdw �S qrw rqo| ghshqgv rq wkh surgxfwlyh dvvhw sulfh surfhvv exw dovr rq wkh

�qdqfldo dvvhwv sulfh surfhvvhv1

71 Wudglqj vwudwhjlhv
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Qrwlfh wkdw erwk rxu ixoo pdunhw prgho dqg rxu sulplwlyh pdunhw prgho h{foxgh duelwudjh

rssruwxqlwlhv> dq duelwudjh rssruwxqlw| lv dq dgplvvleoh sodq wkdw |lhogv wkurxjk vrph frpelqd0

wlrq ri ex|lqj dqg vhoolqj d srvlwlyh jdlq lq vrph flufxpvwdqfhv zlwkrxw d frxqwhuydlolqj wkuhdw

ri orvv lq rwkhu flufxpvwdqfhv ru htxlydohqwo| lq rxu vhwwlqj/ d wudglqj vwudwhj| wkdw dfklhyhv
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Xvlqj wkh pduwlqjdoh uhsuhvhqwdwlrq wkhruhp/ Pw fdq eh zulwwhq lq wkh irup

Pw @ H
�S

%

] W

3

�vfvgv . �W [

&

.

] w

3

�v��
v ��vgZ

�S
v

iru vrph sruwirolr surfhvv �1 Wkhq/ dffruglqj wr htxdwlrq +7=5,/ [w / Pw �
U w

3
�vfvgv @ �w[{>�>f

w

dqg [{>�>f
W @ [=�

Zh duh qrz lq d srvlwlrq wr dqvzhu wkh odvw txhvwlrq udlvhg dw wkh ehjlqqlqj ri wkh vhfwlrq=

Fruroodu| 71441 Iru dq| sdlu +f> [, lq D/ wkhuh h{lvw dq lqlwldo zhdowk { A 3 dqg d wudglqj

vwudwhj| � vxfk wkdw +�> f, ehorqjv wr D +{, dqg [{>�>f
W @ [1
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Surri Lpphgldwh xvlqj wkh surri ri wkh suhfhglqj wkhruhp dqg frqvlghulqj { / H
�S

k

U W

3
�vfvgv . �W [

l

1�

81 Rswlpdo ghpdqg lq wkh ixoo pdunhw

Zh vwloo frqvlghu dq hfrqrplf djhqw/ zkr lqyhvwv lq wkh vr0fdoohg ixoo pdunhw1 Zh dvvxph

wkdw klv suhihuhqfhv duh uhsuhvhqwhg e| d xwlolw| ixqfwlrq iru frqvxpswlrq dqg whuplqdo zhdowk1

Wkh sureohp lv wkh iroorzlqj= krz vkrxog wklv djhqw fkrrvh dw hyhu| wlph klv sruwirolr dqg klv

frqvxpswlrq udwh surfhvvhv iurp dprqj dgplvvleoh sdluv lq rughu wr rewdlq d pd{lpxp h{shfwhg

xwlolw| iurp erwk frqvxpswlrq ryhu wkh wlph0lqwhuydo W dqg whuplqdo zhdowk1

Pruh suhflvho|/ wkh djhqw kdv d xwlolw| ixqfwlrq X = D $ U jlyhq e|

X +f> [, @ H

%

] W

3

x +w> fw, gw . Y +[,

&

zkhuh

� Y = U. $ U lv vwulfwo| lqfuhdvlqj dqg frqfdyh>

� x = W � U. $ U lv frqwlqxrxv dqg/ iru hdfk w lq W / x +w> �, = U. $ U lv vwulfwo| lqfuhdvlqj

dqg frqfdyh>

� Y lv vwulfwo| frqfdyh ru/ iru hdfk w lq W / x +w> �, lv vwulfwo| frqfdyh1

Zh dvvxph wkdw wkh djhqw lv hqgrzhg zlwk dq lqlwldo fdslwdo { A 3 dqg wkdw wkhuh lv qr h{rjhqrxv

hqgrzphqw gxulqj wkh wudglqj shulrg W 1 Zh qrz kdyh wkh sureohp iru hdfk lqlwldo zhdowk {/

vxs
+�>f,5D+{,

X +f> [{>�>f
W , 1
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Xvlqj sursrvlwlrq 7=43 dqg wkh vwulfw prqrwrqlflw| ri hlwkhu ru erwk ri Y dqg ix +w> �, > w 5 W j/

zh jhw wkdw wkh djhqw*v rswlpl}dwlrq sureohp lv htxlydohqw wr

vxs
+f>[,5D

X +f> [,

vxemhfw wr H
�S

%

] W

3

�wfwgw . �W [

&

� {1

Sursrvlwlrq 8141 D sdlu +f�> [�, lq D lv rswlpdo iru wkh djhqw li dqg rqo| li

H

%

] W

3

�wPwf�
w gw . �W PW [�

&

@ {

dqg wkhuh lv d frqvwdqw �� A 3 vxfk wkdw +f�> [�, vroyhv

vxs
+f>[,5D

H

%

] W

3

x +w> fw, � ���wPwfwgw . Y +[, � ���W PW [

&

1 +814,

Surri E| wkh Vdggoh Srlqw Wkhruhp +vhh Gx!h ^4<<9`/ s15:9, dqg wkh vwulfw prqrwrqlflw|

ri X / +f�> [�, 5 D vroyhv rxu sureohp li dqg rqo| li wkhuh lv d Odjudqjh pxowlsolhu � A 3 vxfk

wkdw +f�> [�, vroyhv wkh xqfrqvwudlqhg sureohp

vxs
+f>[,5D

X +f> [, � �H
�S

%

] W

3

�wfwgw . �W [ � {

&

zlwk wkh frpsohphqwdu| vodfnqhvv frqglwlrq

H
�S

%

] W

3

�wfwgw . �W [

&

@ {1
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Wkhq/ e| Ixelql*v wkhruhp/ wkh idfw wkdw f lv dq dgdswhg surfhvv/ wkh odz ri lwhudwhg h{shfwdwlrqv

dqg wkh idfw wkdw wkh surfhvv
�

�Pw> w 5 W
�

lv d pduwlqjdoh/ zh jhw wkdw

H
�S

%

] W

3

�wfwgw . �W [

&

@ H

%

PW

#

] W

3

�wfwgw . �W [

$&

@ H

%

] W

3

PW �wfwgw . PW �W [

&

@ H

%

] W

3

Hw ^PW ` �wfwgw . PW �W [

&

@ H

%

] W

3

Pw�wfwgw . PW �W [

&

zklfk frpsohwhv wkh surri1�

Zh fdq eh d olwwoh pruh v|vwhpdwlf derxw wkh surshuwlhv ri X dqg Y lq rughu wr fkdudfwhul}h

rswlpdo sdluv1 D vwulfwo| frqfdyh lqfuhdvlqj ixqfwlrq I = U. $ U wkdw lv F4 rq +3> 4, vdwlv�hv

Lqdgd frqglwlrqv li lqi{ I 3 +{, @ 3 dqg vxs{ I 3 +{, @ .41 Li I vdwlv�hv wkhvh Lqdgd frqglwlrqv/

wkhq wkh lqyhuvh LI ri I 3 lv zhoo gh�qhg dv d vwulfwo| ghfuhdvlqj frqwlqxrxv ixqfwlrq rq +3> 4,

zkrvh lpdjh lv +3> 4,1

Dvvxpswlrq D= Wkh ixqfwlrq Y lv F4rq +3> 4,/ vwulfwo| frqfdyh dqg vdwlv�hv Lqdgd frqglwlrqv1

Iru doo w 5 W > x +w> �, lv F4rq +3> 4,/ vwulfwo| frqfdyh dqg vdwlv�hv Lqdgd frqglwlrqv1

Xqghu Dvvxpswlrq D/ zh vkdoo ghqrwh e| xf +w> �, wkh ghulydwlyh ri x +w> �, dqg e| Lx +w> �, wkh

lqyhuvh ixqfwlrq ri xf +w> �,1 Wkhq

Sursrvlwlrq 8151 Xqghu Dvvxpswlrq D/ d sdlu +f�> [�, lq D lv rswlpdo iru wkh djhqw li dqg

5<



rqo| li wkhuh h{lvwv d frqvwdqw �� A 3 vxfk wkdw

�w
�Pw @ ��xf +w> f�

w , 3 � w � W d=v= S +815,

�W
�PW @ ��Y 3 +[�, +816,

H

%

] W

3

�w
�Pwf

�
w gw . �W

�PW [�

&

@ {= +817,

Surri Dv frqglwlrqv +8=5, dqg +8=6, duh htxlydohqw wr

f�
w @ Lx

�

w> ���w
�Pw

�

;w 5 W dqg [� @ LY

�

���W
�PW

�

/ +818,

zh rqo| qhhg wr fkhfn wkdw wkh vroxwlrq ri wkh rswlpl}dwlrq sureohp +8=4, lv jlyhq e| +f�> [�,

olnh lq +8=8,1 Zh hdvlo| jhw iurp hohphqwdu| fdofxoxv wkdw iru doo w lq W >

plq
f�3

^f| � x +w> f,` @ |Lx +w> |, � x +w> Lx +w> |,, iru doo | lq +3> 4,

dqg wkdw iru doo | lq +3> 4,/ wkh plqlpxp lv xqltxho| dwwdlqhg dw Lx +w> |,/ vr wkdw

x +w> Lx +w> |,, � x +w> f, . | ^Lx +w> |, � f` iru doo f � 3 dqg doo | lq +3> 4, /

wkh lqhtxdolw| ehlqj vwulfw iru f 9@ Lx +w> |,1 Wkhq

x +w> f�
w , � x +w> fw, . ���w

�Pw

�

Lx

�

w> ���w
�Pw

�

� fw

�

dqg
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x +w> f�
w , � ���w

�Pwf�
w gw

&

� H

%

] W

3

x +w> fw, � ���w
�Pwfwgw

&

wkh lqhtxdolw| ehlqj vwulfw iru f 9@ f�/ zklfk suryhv rxu sursrvlwlrq1�

Qrz wkdw zh kdyh fkdudfwhul}hg wkh rswlpdo sdluv +f�> [�, 5 D/ zh fdq wxuq wr pxowl0djhqw

htxloleulxp frqvlghudwlrqv1

91 Htxloleulxp dqg frpsdwleoh vwdwh sulfh ghqvlwlhv

Zh kdyh vr idu frqvlghuhg d vlqjoh hfrqrplf djhqw/ wudglqj lq wkh ixoo pdunhw1 Zh vkdoo qrz

dvvxph wkdw rxu hfrqrp| frqvlvwv ri d �qlwh qxpehu q ri djhqwv/ zkr doo kdyh xwlolw| ixqfwlrqv

Xm = D $ U jlyhq e|

Xm +f> [, @ H

%

] W

3

xm +w> fw, gw . Ym +[,

&

iru m @ 4> ===> q

zkhuh xm dqg Ym vdwlvi| wkh vdph frqglwlrqv dv x dqg Y dw wkh ehjlqqlqj ri vhfwlrq 81 Hdfk djhqw

m kdv dq lqlwldo hqgrzphqw {m dqg wulhv wr pd{lpl}h klv xwlolw| Xm +f> [, iurp erwk frqvxpswlrq

ryhu wkh wlph0lqwhuydo W dqg whuplqdo zhdowk1 Vr wkh rswlpdo ghpdqg +fm,� ri hdfk djhqw m lq

wkh frqvxpswlrq frpprglw| dv zhoo dv klv rswlpdo sruwirolr fkrlfh +�m,
�
duh ghwhuplqhg e| wkh

rswlpl}dwlrq sureohp vwxglhg lq wkh suhfhglqj vhfwlrq

vxs
+�>f,5D+{m ,

Xm

�

f> [
{m >�>f

W

�

1
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Ehvlghv/ wkh wrwdo vxsso| lq wkh hfrqrp| dw wlph w frqvlvwv ri rqh xqlw ri wkh surgxfwlyh dvvhw

Vw dqg ri wkh glylghqg sdlg e| wkh vwrfn Gw= Lq htxloleulxp/ wkh djjuhjdwhg rswlpdo ghpdqgv

ri wkh djhqwv pxvw htxdo wkh wrwdo vxsso| dydlodeoh1

Pruh suhflvho|/ dq htxloleulxp frqvlvwv lq sulfh surfhvvhv V3> V> F4> ===> Fg�4 dqg wudglqj0frqvxpswlrq

fkrlfhv

�

+��
m ,V >

k

+��
m ,Fl

l

l�g�4
> f�

m

�

4�m�q

zklfk duh rswlpdo iru wkh djhqwv dqg vxfk wkdw iru doo

w lq W / wkh iroorzlqj pdunhw fohdulqj frqglwlrqv krog doprvw vxuho|=

q
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m@4

�

f�
m

�

w
@ Gw

q
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m@4

+��
m ,V

w @ Vw

q
[

m@4

+��
m ,Fl

w @ 3 4 � l � +g � 4,

q
[

m@4

[
��

m >f�

m

w @ Vw

zkhuh wkh odvw uhodwlrq iroorzv iurp wkh htxloleulxp frqglwlrq rq wkh dprxqw lqyhvwhg lq wkh

erqg=
S

m+��
m ,V3

w @
S

m [
��

m >f�

m

w �
S

m+��
m ,V

w �
S

m

Sg�4
l@4 +��

m ,Fl

w @ 31

Dv ghvfulehg lq wkh lqwurgxfwlrq/ rxu sureohp frqvlvwv lq �qglqj d idlu sulfh iru frqwlqjhqw

fodlpv wkdw rqo| xvhv lqirupdwlrq rq wkh surgxfwlyh dvvhw*v sulfh surfhvv1

Dv lpsolhg e| wkh qh{w ohppd dqg phqwlrqhg lq wkh lqwurgxfwlrq/ e| rqo| xvlqj wkh dvvxpswlrq

ri qr duelwudjh/ rxu sureohp lv vroyhg iru dq| frqwlqjhqw fodlp lq wkh fdvh g @ 4 dqg iru

frqwlqjhqw fodlpv E/ zklfk duh uhgxqgdqw zlwk uhvshfw wr wkh sulplwlyh pdunhw lq wkh fdvh
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g A 41

Gh�qlwlrq 9141 Zh vd| wkdw d frqwlqjhqw fodlp E lv uhgxqgdqw 0zlwk uhvshfw wr wkh sulplwlyh

pdunhw0 li wkhuh h{lvw d qrqqhjdwlyh lqlwldo fdslwdo { dqg dq dgplvvleoh wudglqj0frqvxpswlrq

vwudwhj| +�> 3, lq D +{, vxfk wkdw wkh fruuhvsrqglqj glvfrxqwhg zhdowk surfhvv lv d S 30pduwlqjdoh

dqg kdv d whuplqdo ydoxh htxdo wr wkh glvfrxqwhg frqwlqjhqw fodlp/ l1h1/ [{>�>3
W @ E=

Qrwlfh wkdw li wkh wudglqj vwudwhj| � lv lq wkh irup � @
�

�V > 3> ===> 3
�

wkhq wkh fruuhvsrqglqj

zhdowk surfhvv lv lq wkh irup

g[{>�>3
w @ ^uw[w` gw .

�

�V
w

��
�wgZ S 3

w

vr wkdw wkh frqglwlrq H
k

U W

3

�

��V
v

�

�

5
gv

l

? 4 hqvxuhv wkdw �[{>�>3 lv d S 30pduwlqjdoh1

Ohppd 9151 Ohw E eh d jlyhq frqwlqjhqw fodlp1

41 Li g @ 4/ wkhq wkh xqltxh idlu sulfh iru E lv htxdo wr HS 3

^�W E`1

51 Li g A 4 dqg li E lv uhgxqgdqw wkhq lwv xqltxh idlu sulfh lv dovr htxdo wr HS 3

^�W E`1

Surri 4= Dv dq| frqwlqjhqw fodlp E ehorqjv wr P
�

HS 3

^�W E`
�

/ sursrvlwlrq 71< whoov xv

wkdw lq wkh fdvh g @ 4/ doo frqwlqjhqw fodlpv duh uhgxqgdqw= iru dq| frqwlqjhqw fodlp E/ wkhuh

h{lvwv d wudglqj vwudwhj| � vxfk wkdw +�> 3, lv lq D
�

HS 3

^�W E`
�

/ �[HS 3

^�W E`>�>3 lv d pduwlqjdoh

dqg [
HS 3

^�W E`>�>3
W @ E1 Wkhq/ e| devhqfh ri duelwudjh rssruwxqlw|/ wkh sulfh iru E dw wlph 3 lv

qhfhvvdulo| htxdo wr HS 3

^�W E` =

5= Dv E @ [{>�>3
W iru vrph { lq +3> 4, dqg vrph sdlu +�> 3, lq D +{,/ e| devhqfh ri duelwudjh

rssruwxqlw|/ wkh frqwlqjhqw fodlp E pxvw kdyh d sulfh htxdo wr {/ vr zh rqo| qhhg wr frpsxwh
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wkh ydoxh ri {1 Dv wkh fruuhvsrqglqj glvfrxqwhg zhdowk surfhvv �[{>�>3 lv d S 30pduwlqjdoh/ zh

kdyh

{ @ [{>�>3
3 @ HS 3

k

�W [{>�>3
W

l

@ HS 3

^�W E` /

zklfk lv wkh uhvxow dqqrxqfhg1�

Qrwlfh wkdw S 3 rqo| ghshqgv rq wkh surgxfwlyh dvvhw*v sulfh surfhvv vr wkdw lq erwk fdvhv

wkh xqltxh idlu sulfh iru dq| frqwlqjhqw fodlp E lv shuihfwo| ghwhuplqhg zlwkrxw dq| nqrzohgjh

derxw wkh �qdqfldo dvvhwv sulfh surfhvvhv1

Dvvxph qrz wkdw wkh frqwlqjhqw fodlp E lv qrquhgxqgdqw +zlwk uhvshfw wr wkh sulplwlyh pdunhw,>

iroorzlqj wkh vdph dssurdfk dv deryh lq wkh fdvh g @ 4/ lwv xqltxh idlu sulfh lv H
�S ^�W E`> wkh

sureohp lv wkdw/ dv zh kdyh qrwlfhg dw wkh hqg ri vhfwlrq 615/ zh qhhg wr nqrz doo wkh dgglwlrqdo

sxuho| �qdqfldo dvvhwv sulfh surfhvvhv lq rughu wr frpsxwh wklv sulfh/ zklfk lv qrw vxssrvhg wr eh

wkh fdvh khuh1 Dv wkh htxlydohqw suredelolw| phdvxuh �S ehorqjv wr wkh vhw PV ri doo V0htxlydohqw

pduwlqjdoh phdvxuhv/ zh nqrz wkdw wklv idlu sulfh olhv lq wkh lqwhuydo frqvlvwlqj ri wkh h{shfwhg

ydoxhv ri wkh glvfrxqwhg frqwlqjhqw fodlp zlwk uhvshfw wr doo V0htxlydohqw pduwlqjdoh phdvxuhv1

Exw wklv lqwhuydo kdv ehhq vkrzq wr eh wrr odujh +Fylwdqlf0Skdp0Wrx}l ^4<<:`,1 Rxu sxusrvh khuh

lv wr �qg sulfhv ru htxlydohqwo| V0htxlydohqw pduwlqjdoh phdvxuhv wkdw duh frpsdwleoh zlwk zkdw

zh kdyh fdoohg htxloleulxp dqg wr uhvwulfw wklv zd| wkh idlu sulflqj lqwhuydo1 Lq wkh uhpdlqghu

ri wkh sdshu/ d idlu sulfh zloo ghqrwh d sulfh wkdw lv frpsdwleoh zlwk erwk htxloleulxp dqg wkh

dvvxpswlrq ri qr duelwudjh1
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9141 D qhfhvvdu| frqglwlrq iru htxloleulxp

Zh kdyh vhhq lq vhfwlrq 6 wkdw dv �S ehorqjv wr PV / zh fdq zulwh lw lq wkh irup S �� iru vrph �� lq

N�1 Zh vkdoo khuh vxssrvh wkdw wkhuh lv dq htxloleulxp dqg/ lq rughu wr jude pruh lqirupdwlrq

rq ��/ ghgxfh qhfhvvdu| frqglwlrqv wkdw wkh surfhvv iP ��
w > w 5 W j pxvw vdwlvi|1 Zh hpskdvl}h wkh

idfw wkdw zh duh lq wklv vhfwlrq rqo| lqwhuhvwhg lq qhfhvvdu| frqglwlrqv iru htxloleulxp1

Zh dvvxph wkdw wkh djhqwv* xwlolw| ixqfwlrqv vdwlvi| Lqdgd frqglwlrqv ru pruh suhflvho| Dvvxpswlrq

D ri vhfwlrq 81

Dv wkhuh lv dq htxloleulxp/ hdfk djhqw m pxvw dfklhyh dq rswlpdo frqvxpswlrq udwh surfhvv

f�
m dv zhoo dv dq rswlpdo whuplqdo zhdowk [�

m 1 Dffruglqj wr vhfwlrq 8/ wklv lpsolhv wkdw iru doo

m @ 4> ===q/ wkhuh h{lvwv d srvlwlyh frqvwdqw ��
m A 3 vxfk wkdw
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3 � w � W d=v= S 1

Rq wkh rwkhu kdqg/ dv wkhuh lv dq htxloleulxp/ pdunhwv pxvw fohdu1 Dv zh kdyh vhhq dw wkh

ehjlqqlqj ri wklv vhfwlrq/ wklv lpsolhv wkdw

q
[

m@4

�

f�
m

�

w
@ Gw=

Vr/ zlwk wkh qrwdwlrqv lqwurgxfhg lq wkh suhfhglqj vhfwlrqv/ zh jhw wkh iroorzlqj
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Ohppd 9161 D qhfhvvdu| frqglwlrq iru dq htxloleulxp wr eh uhdfkhg lq rxu prgho lv wkdw wkhuh

h{lvw srvlwlyh frqvwdqwv ��
m / m @ 4> ===q/ vxfk wkdw

q
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m@4

Lxm

#

w>
4

��
m

�wP
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w

$

@ Gw=

Surri Lpphgldwh1�

9151 Dvvxplqj wkdw wkh xwlolw| ixqfwlrqv duh �uhjxodu�

Zh vkdoo qrz dvvxph wkdw iru hdfk m/ wkh xwlolw| ixqfwlrq xm vdwlv�hv fhuwdlq uhjxodulw| frqglwlrqv/

wr zlw/

Lxm
= W � U�

. $ U.

lv ri fodvv F4>51 Zh dovr dvvxph wkdw wkh frh!flhqwv ri wkh sulplwlyh ulvn| dvvhw duh vxfk wkdw

iru doo w lq W / ew 9@ uw1

Zh vkrz wkdw wkh frpsdwlelolw| zlwk htxloleulxp hqdeohv xv wr sulfh wkh frqwlqjhqw fodlpv

lq d xqltxh zd|/ rqo| xvlqj lqirupdwlrq rq wkh sulplwlyh dvvhwv1

Ohw * +w> {, /
Sq

m@4 Lxm

�

w> 4
��

m
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�

1 Wkh uhjxodulw| dvvxpswlrqv pdgh rq doo xwlolw| ixqfwlrqv

lpso| wkdw * lv ri fodvv F4>5 rq U. � U�
. dqg hqdeoh xv wr dsso| Lw÷*v ohppd wr wkh surfhvv

� @ i* +w> �wP
��
w , > w 5 W j dqg jhw wkdw iru doo w lq W

g�w @ dwgw � *{
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w> �wP ��
w
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�wP
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���
w
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gZw

iru vrph surjuhvvlyho| phdvxudeoh surfhvv d @ idw> w 5 W j1 Xvlqj ohppd 9=6/ li htxloleulxp lv

uhdfkhg lq rxu prgho/ wkh glylghqg surfhvv iGw> w 5 W j pxvw iroorz d gl�xvlrq surfhvv jlyhq e|

69
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Dv iru doo m dqg iru doo w/ Lxm
+w> �, lv dvvxphg wr eh vwulfwo| ghfuhdvlqj/ *{ +w> �, lv qhjdwlyh> iru doo

w 5 W / wkh udqgrp yduldeoh �wP
��
w lv srvlwlyh> wklv lpsolhv wkdw wkhuh h{lvwv d phdvxudeoh srvlwlyh

surfhvv � vxfk wkdw iru doo w lq W >
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�w . ��w @ �w+�G
w ,� d=v= S 1

Qrwlfh wkdw wklv lpsolhv wkdw/ iru doo l lq i4> ===> gj/

+���,l
w @ �w+�G,l

w d=v= S /

vr wkdw wkh frh!flhqwv +���,l
w dqg +�G,l

w duh ri wkh vdph vljq1

Wkh surfhvv �� zh duh orrnlqj iru vdwlv�hv

�w��w @ 3 iru doo w lq W

lq rughu wr ehorqj wr N�1 Zh pxvw wkhq kdyh

�w�w @ �w�w+�G
w ,�= +915,
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Iru doo w lq W / zh kdyh dvvxphg wkdw ew � uw 9@ 3/ vr wkdw �w+�G
w ,� 9@ 3 dqg zh jhw

�w @
+ew � uw,

�w+�G
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Frqvhtxhqwo|/ ��w pxvw eh htxdo wr

a�w /
+ew � uw,

�w+�G
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+�G
w ,� � �w

Wkh rqo| pduwlqjdoh phdvxuh wr eh frpsdwleoh zlwk htxloleulxp lv wkhq S a� 1 Wkh sureohp ri idlu

sulflqj ri qrquhgxqgdqw frqwlqjhqw fodlpv lv wkhq uhgxfhg wr wdnlqj wkh h{shfwhg ydoxh zlwk

uhvshfw wr S a� > zklfk rqo| lqyroyhv wkh surgxfwlyh dvvhw dqg lwv glylghqgv sulfh surfhvvhv= rxu

sureohp lv vroyhg1

Qrwlfh wkdw/ dffruglqj wr uhodwlrq +9=5,/ wkh frqglwlrq zh kdyh lpsrvhg rq ew dqg uw lv

htxlydohqw wr wkh frqglwlrq wkdw iru doo w/ �w+�G
w ,� 9@ 3 zklfk dprxqwv wr vd|lqj wkdw wkh sulfh

surfhvv V dqg lwv dvvrfldwhg glylghqg surfhvv duh lq d zd| fruuhodwhg/ zklfk vhhpv uhdvrqdeoh1

Zh kdyh wkhq wzr zd|v wr gh�qh d ydoxdwlrq rshudwru1 Wkh �uvw rqh lv edvhg rq wkh duelwudjh

dssurdfk dqg ohdgv wr d xqltxh pduwlqjdoh phdvxuh gh�qhg e|
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Lw rqo| ghshqgv rq wkh dvvhw sulfh surfhvvhv dqg grhv qrw ghshqg rq wkh glylghqg surfhvv1 Wkh

vhfrqg rqh lv edvhg rq wkh htxloleulxp dssurdfk dqg ohdgv wr

a�w /
+ew � uw,

�w+�G
w ,�

+�G
w ,� � �w=
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Lw rqo| ghshqgv rq wkh surgxfwlyh dvvhw sulfh dqg glylghqg surfhvvhv dqg grhv qrw lqyroyh wkh

sxuho| �qdqfldo dvvhwv sulfh surfhvvhv1 Zh kdyh wkhq wkh iroorzlqj =

Fruroodu| 9171 Dw wkh htxloleulxp zh pxvw kdyh �� @ a� ru lq rwkhu zrugv
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Lq sduwlfxodu/ uhfdoo wkdw wkh plqlpdo pduwlqjdoh0phdvxuh dovr fdoohg Iùoophu dqg Vfkzhlw}hu

^4<<4` pduwlqjdoh0phdvxuh grhv qrw wdnh lqwr dffrxqw �ruwkrjrqdo� ulvnv dqg frlqflghv zlwk rxu

pduwlqjdoh0phdvxuh S 3= Zh kdyh wkhq wkh iroorzlqj =

Fruroodu| 9181 Wkh Iùoophu dqg Vfkzhlw}hu ^4<<4` pduwlqjdoh0phdvxuh lv frpsdwleoh zlwk dq

htxloleulxp lq wkh prgho +V3>V> +Fl,> G, rqo| li a� @ 3 ru

+ew � uw,

�w+�G
w ,�

+�G
w ,� @

+ew � uw,
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w d=v= S> 3 � w � W

ru �qdoo|/ li wkhuh h{lvwv d surfhvv � vxfk wkdw � @ ��G=

Lw phdqv wkdw wkh Iùoophu dqg Vfkzhlw}hu ^4<<4` pduwlqjdoh0phdvxuh lv frpsdwleoh zlwk dq

htxloleulxp rqo| li doo wkh vwrfn sulfh ulvn lv h{sodlqhg e| wkh fxuuhqw glylghqg ulvn dqg wklv lv/

lq sduwlfxodu/ wkh fdvh zkhq wkh vwrfn sulfh dw gdwh w lv d uhjxodu ixqfwlrq ri wkh glylghqg dw wkh

vdph gdwh/ l1h1 Vw @ i+w> Gw,=

Ohw xv qrz frpsduh rxu uhvxow zlwk wkh rqh frqfhuqlqj rxu sureohp rewdlqhg lq Skdp0Wrx}l

^4<<9`1 Wkh| frqvlghu d prgho lq zklfk wkhuh lv d erqg V3/ rqh ulvn| surgxfwlyh dvvhw/ zkrvh

sulfh surfhvv V lv ghvfulehg e| d vwrfkdvwlf yrodwlolw| prgho/ dqg rqh frqwlqjhqw fodlp frpsohwlqj

wkh pdunhw1 Wkh| �{ wkh surgxfwlyh dvvhw sulfh surfhvv V dqg wkh frqwlqjhqw fodlp*v rqh dqg wklv
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ghwhuplqhv d xqltxh htxlydohqw pduwlqjdoh phdvxuh1 Wkhq wkh| vwxg| wkh frqvlvwhqf| ri vxfk d

pduwlqjdoh phdvxuh zlwk dq htxloleulxp prgho> wkh| dqvzhu wkh txhvwlrq= gr wkhuh h{lvw xwlolw|

ixqfwlrqv vxfk wkdw wkh sulfh surfhvv V lv dq htxloleulxp sulfh surfhvvB Li wkh dqvzhu lv |hv/ wkh|

vd| wkdw wkh pduwlqjdoh phdvxuh lv yldeoh/ dqg wkh| vkrz wkdw wklv lqgxfhv vwurqj frqvwudlqwv

rq wkh frh!flhqwv ri wkh sulfh gl�xvlrq surfhvv1 Pruh vshfl�fdoo| uhodwhg wr rxu sureohp/ lw

lv vkrzq 0vhh sursrvlwlrq 8140 wkdw lq wkh srvlwlyh glylghqg fdvh/ dv orqj dv wkh frh!flhqwv ri

wkh prgho uhvshfw wkh deryh phqwlrqhg frqvwudlqwv/ wkh plqlpdo pduwlqjdoh phdvxuh ri Iùoophu

dqg Vfkzhlw}hu lv yldeoh li dqg rqo| li wkh glylghqg surfhvv lv lq wkh irup Gw @ d +w, Vw . e +w,

iru vrph frqwlqxrxv ixqfwlrqv d +w, A 3 dqg e +w, � 3 dqg li wkh xwlolw| ixqfwlrqv duh orjdulwkplf

rqhv zklfk vhhpv wr eh d yhu| uhvwulfwlyh frqglwlrq=

Zh kdyh vkrzq lq vhfwlrq 915 wkdw lq d prgho zklfk lv qrw qhfhvvdulo| pdunryldq dq|pruh/ li wkh

glylghqg surfhvv lv d gl�xvlrq surfhvv wkhq wkhuh h{lvwv d xqltxh dgplvvleoh pduwlqjdoh phdvxuh1

Li zh xvh wkh uhvxow ri Skdp0Wrx}l ^4<<9`/ wkhq zh rewdlq wkdw lq d vwrfkdvwlf yrodwlolw| vhwwlqj/

li wkh glylghqg surfhvv lv lq wkh irup phqwlrqhg deryh/ wkh plqlpdo pduwlqjdoh phdvxuh ehlqj

yldeoh/ lw lv qhfhvvdulo| wkh xqltxh yldeoh pduwlqjdoh phdvxuh1 Wklv lv zkdw zh �qg li zh dgdsw

rxu uhvxow wr wkhlu vshfl�f vhwwlqj dqg li zh ohw wkh ixqfwlrq g eh dq d!qh ixqfwlrq1

Ehvlghv/ zh kdyh vkrzq wkdw wkhuh lv dovr d xqltxh dgplvvleoh sulfh lq dq| rwkhu fdvh1

Lq idfw/ lq Mrxlql dqg Qdss ^5333`/ xqghu vrph plog whfkqlfdo frqglwlrqv/ zh suryh wkdw rxu

qhfhvvdu| frqglwlrq lv dovr vx!flhqw dqg wkdw wkh Iùoophu dqg Vfkzhlw}hu pduwlqjdoh0phdvxuh lv

frpsdwleoh zlwk pdq| rwkhu xwlolw| ixqfwlrqv dqg iru sulfhv wkdw duh qrw d!qh ixqfwlrqv ri wkh

glylghqgv1 Wklv elj gl�huhqfh zlwk Skdp dqg Wrx}l ^4<<9` uhvxowv lv gxh wr rxu qrq pdunryldq

vhwwlqj1
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:1 Lqfrpsohwh pdunhwv dqg pdq| surgxfwlyh dvvhwv

Li zh dvvxph qrz wkdw wkhuh lv pdq| surgxfwlyh dvvhwv ghqrwhg e| V4> � � � > Vn zlwk glylghqg

surfhvvhv G4> � � � > Gn> lw lv hdv| wr fkhfn wkdw wkh suhylrxv uhvxowv vwloo dsso|=
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Zkhq wkh pdunhwv duh lqfrpsohwh/ zh fdq*w dvvxph wkdw wkhuh lv rqo| rqh ]�htxlydohqw

pduwlqjdoh phdvxuh dq|pruh1 Krzhyhu/ dv lq Ohppd 915/ doo wkh ]�htxlydohqw pduwlqjdoh

phdvxuh frlqflgh rq wkh vhw ri dwwdlqdeoh dvvhwv +dvvhwv wkdw duh uhgxqgdqw lq wkh ixoo pdunhw,1
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Pruhryhu/ vlqfh aPw lv wkh ghqvlw| surfhvv ri d Vk�htxlydohqw pduwlqjdoh iru dq| k lq

i4> � � � > nj/ zh pxvw kdyh/ xvlqj htxdwlrq :14/
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Htxdwlrqv :16 dqg :17 duh wkhq qhfhvvdu| frqglwlrqv iru +V3>+Vk,> +Fl,> +Gk,, wr eh dq htxl0

oleulxp sulfh v|vwhp1

Qrwh wkdw wkhvh frqglwlrqv duh rqo| qhfhvvdu| rqhv dqg dv xqghuolqhg e| Gx!h ^4<<9`/ wkhuh lv

dv |hw qr vhw ri frqglwlrqv wkdw lv vx!flhqw iru wkh h{lvwhqfh ri htxloleulxp lq vxfk dq lqfrpsohwh

pdunhw iudphzrun h{fhsw lq wulyldo ru vlpsoh sdudphwulf h{dpsohv1

Uhihuhqfhv

^4` Dudxmr/ D1 dqg S1 N1 Prqwhlur ^4<;<d`/ �Htxloleulxp zlwkrxw xqlirup frqglwlrqv�1 Mrxuqdo

ri Hfrqrplf Wkhru| 7;/ 749075:/

^5` Dudxmr/ D1 dqg S1 N1 Prqwhlur ^4<;<e`/ �Jhqhudo htxloleulxp zlwk lq�qlwho| pdq| jrrgv =
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Wkh fdvh ri vhsdudeoh xwlolwlhv�1 Lq Htxloleulxp dqg g|qdplfv = Hvvd|v lq krqru ri Gdylg

Jdoh1 PfPloodq/ Orqgrq1

^6` Duurz/ N1 ^4<85`/ �Oh u÷oh ghv ydohxuv erxuvlëuhv srxu od uìsduwlwlrq od phloohxuh ghv ulvtxhv�/

Hfrqrpìwulh/ Froortxh Lqwhuqdwlrqdo gx FQUV/ Sdulv 73/ 7407: +zlwk glvfxvvlrq 7:07;,1

Hqjolvk wudqvodwlrq lq Uhylhz ri Hfrqrplf Vwxglhv 64 ^4<97`/ 40<91

^7` Duurz/ N1 dqg J1 Gheuhx ^4<87`/ �H{lvwhqfh ri htxloleulxp iru d frpshwlwlyh hfrqrp|�1

Hfrqrphwulfd 55/ 59805<31

^8` Ehzoh|/ W1 ^4<:5`/ �H{lvwhqfh ri htxloleuld lq hfrqrplhv zlwk lq�qlwho| pdq| frpprglwlhv�1

Mrxuqdo ri Hfrqrplf Wkhru| 7/ 84708731

^9` Elfn/ D1 ^4<;:`= �Rq wkh frqvlvwhqf| ri wkh Eodfn0Vfkrohv* prgho zlwk d jhqhudo htxloleulxp

iudphzrun1�/ Mrxuqdo ri Ilqdqfldo dqg txdqwlwdwlyh dqdo|vlv/ 55/ 58605:81

^:` Elfn/ D1 ^4<<3`= �Rq yldeoh gl�xvlrq sulfh surfhvvhv ri wkh pdunhw sruwirolr1�/ Mrxuqdo ri

Ilqdqfh/ 78/ 9:609<31

^;` Eodfn/ I1 dqg P1 Vfkrohv/ ^4<:6`= �Wkh sulflqj ri rswlrqv dqg frusrudwh oldelolwlhv1�/ Mrxuqdo

ri srolwlfdo hfrqrp|/ ;4/ 96:0871

^<` Euhhghq/ G1W1/ ^4<:<`=�Dq lqwhuwhpsrudo dvvhw sulflqj prgho zlwk vwrfkdvwlf frqvxpswlrq

dqg lqyhvwphqw rssruwxqlwlhv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ :/ 59805<91

^43` Fr{/ M1F1/ Lqjhuvroo/ M1H1 dqg V1 Urvv ^4<;8`/ �Dq lqwhuwhpsrudo jhqhudo htxloleulxp prgho

ri dvvhw sulfhv�/ Hfrqrphwulfd 86/ 69606;71
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^44` Fr{/ M1F1 dqg V1 Urvv ^4<:9`/ �Wkh ydoxdwlrq ri rswlrqv iru dowhuqdwlyh vwrfkdvwlf surfhvvhv�/

Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6/ 47804991

^45` Fylwdqlf/ M1/ Skdp/ K1 dqg Q1 Wrx}l/ ^4<<:`= �Frvw ri grplqdwlqj vwudwhjlhv lq d vwrfkdvwlf

yrodwlolw| prgho xqghu sruwirolr frqvwudlqwv1�/ suhsulqw1

^46` Gheuhx/ J1/ ^4<8<`= Wkhru| ri ydoxh/ Qhz0\run/ Zloh|1

^47` Gx!h/ G1 ^4<<9`/ G|qdplf Dvvhw Sulflqj Wkhru|/ Sulqfhwrq/ Qhz0Mhuvh|= Sulqfhwrq Xql0

yhuvlw| Suhvv/ 5qg hglwlrq/

^48` Gx!h G1 dqg F1I1 Kxdqj/ ^4<;8`/ Lpsohphqwlqj Duurz0Gheuhx htxloleuld e| frqwlqxrxv ri

ihz orqj0olyhg vhfxulwlhv1 Hfrqrphwulfd 86/ 466:046891

^49` Gx!h G1 dqg Z1 ]dph/ ^4<;<`/ Wkh frqvxpswlrq0edvhg fdslwdo dvvhw sulflqj prgho1 Hfrqr0

phwulfd 8:/ 45:<045<:1

^4:` Iùoophu/ K1dqg P1 Vfkzhlw}hu/ ^4<<4`= �Khgjlqj ri frqwlqjhqw fodlpv xqghu lqfrpsohwh

lqirupdwlrq1�/ Dssolhg Vwrfkdvwlf Dqdo|vlv/ Vwrfkdvwlf Prqrjudskv yro18/ Jrugrq dqg

Euhdfk1

^4;` Kduulvrq/ M10P1dqg G1 Nuhsv/^4<:<`= �Pduwlqjdohv dqg duelwudjh lq pxowlshulrg vhfxulwlhv

pdunhwv1�/ Mrxuqdo ri Hfrqrplf Wkhru| 53/ 6;4073;1

^4<` Kduulvrq/ M1/ dqg V1 Solvnd ^4<;4`/ Pduwlqjdohv dqg vwrfkdvwlf lqwhjudov lq wkh wkhru| ri

frqwlqxrxv wudglqj1 Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv 44/ 5480931

^53` Kduulvrq/ M1/ dqg V1 Solvnd ^4<;6`/ D vwrfkdvwlf fdofxoxv prgho ri frqwlqxrxv wudglqj =

frpsohwh pdunhwv/ Vwrfkdvwlf Surfhvvhv ) Dsso1 48/ 64606491

78



^54` Kh/ K1 dqg K1 Ohodqg/ ^4<<6`= �Rq htxloleulxp dvvhw sulfh surfhvvhv1�/ Uhylhz ri Ilqdqfldo

Vwxglhv/ 9/ 8<6094:1

^55` Kxdqj/ F1I1 ^4<;:`= �Dq Lqwhuwhpsrudo Jhqhudo Htxloleulxp Dvvhw Sulflqj Prgho= Wkh

Fdvh ri Gl�xvlrq Lqirupdwlrq1�/ Hfrqrphwulfd/ 88/ 44:04751

^56` Mrxlql/ H1/ dqg K1 Ndoodo ^4<<8`/ �Pduwlqjdohv dqg duelwudjh lq vhfxulwlhv pdunhwv zlwk

wudqvdfwlrq frvwv�1 Mrxuqdo ri Hfrqrplf Wkhru| 99 +4,/ 4:;04<:1

^57` Mrxlql/ H1 dqg K1 Ndoodo ^4<<<`/ �Yldelolw| dqg htxloleulxp lq vhfxulwlhv pdunhwv zlwk iulf0

wlrqv�1 Pdwkhpdwlfdo Ilqdqfh <+6,/ 5:805<51

^58` Mrxlql/ H1 dqg K1 Ndoodo ^5333`/ �H!flhqw wudglqj vwudwhjlhv zlwk pdunhw iulfwlrqv�/ wr

dsshdu lq Uhylhz ri Ilqdqfldo Vwxglhv

^59` Mrxlql/ H1 dqg F1 Qdss ^5333`/ �Frqwlxrxv wlph htxloleulxp sulflqj ri qrquhgxqgdqw dvvhwv

�/ FUHVW Zrunlqj Sdshu q� <;631

^5:` Ndudw}dv/ L1 ^4<;<`= �Rswlpl}dwlrq sureohpv lq wkh wkhru| ri frqwlqxrxv wudglqj1�/ VLDP

M1Frqwuro Rswlp1/ 5:/ 45540458<

^5;` Ndudw}dv/ L1/ Ohnrf}n|/ M0S1dqg V1H1 Vkuhyh/ ^4<;:`= �Rswlpdo sruwirolr dqg frqvxpswlrq

ghflvlrqv iru d vpdoo lqyhvwru rq d �qlwh krul}rq1�/ VLDP Mrxuqdo ri Frqwuro dqg Rswlpl}d0

wlrq/ 58/ 9/ Qry1

^5<` Ndudw}dv/ L1/ Ohnrf}n|/ M0S1dqg V1H1 Vkuhyh/ ^4<<3`= �H{lvwhqfh dqg xqltxhqhvv ri pxowl0

djhqw htxloleulxp lq d vwrfkdvwlf g|qdplf frqvxpswlrq2lqyhvwphqw prgho1�/ Pdwkhpdwlfv

ri Rshudwlrqv Uhvhdufk/ 48/ 4/ Ihe1
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^63` Ndudw}dv/ L1/ Ohnrf}n|/ M0S1/ Vkuhyh/ V1H1 dqg J1O1 [x/ ^4<<4`= �Pduwlqjdoh dqg gxdolw|

phwkrgv iru xwlolw| pd{lpl}dwlrq lq dq lqfrpsohwh pdunhw1�/ VLDP M1Frqwuro Rswlp1/ 5</

:350:631

^64` Ndudw}dv/ L1dqg V1H1 Vkuhyh/ ^4<;;`= Eurzqldq prwlrq dqg vwrfkdvwlf fdofxoxv/ Vsulqjhu

Yhuodj1

^65` Pdv0Frohoo/ D1 ^4<;9`/ �Wkh sulfh htxloleulxp h{lvwhqfh sureohp lq wrsrorjlfdo yhfwru odw0

wlfhv�1 Hfrqrphwulfd 87/ 436<043861

^66` Phuwrq/ U1F1 ^4<:4`/ �Rswlpxp frqvxpswlrq dqg sruwirolr uxohv lq d frqwlqxrxv0wlph

prgho�1 M1 Hfrqrp1 Wkhru| 6/ 6:607461 Huudwxp = lelg1 9 ^4<:6`/ 54605471

^67` Phuwrq/ U1F1 ^4<:6`/ �Dq lqwhuwhpsrudo fdslwdo dvvhw sulflqj prgho�1 Hfrqrphwulfd 74/

;9:0;;:1 Huudwxp = lelg1 9 ^4<:6`/ 54605471

^68` Pxvlhod/ P1dqg P1 Uxwnrzvnl/ ^4<<:`= Pduwlqjdoh phwkrgv lq �qdqfldo prghoolqj/ Vsulqjhu

Yhuodj1

^69` Skdp/ K1dqg Q1 Wrx}l/ ^4<<9`= �Htxloleulxp vwdwh sulfhv lq d vwrfkdvwlf yrodwlolw| prgho1�/

Pdwkhpdwlfdo Ilqdqfh/ 9/ 5/ 54805691

^6:` Zdoudv/ O1 ^4;:7`/ Hoìphqwv g*ìfrqrplh srolwltxh sxuh1 Irxuwk hglwlrq/ O1 Frued}/ Odxvdqqh1

Hqjolvk wudqvodwlrq lq Hohphqwv ri Sxuh Hfrqrplfv +Z1 Mh�ì/ hg1, Doohq ) Xqzlq/ Orqgrq1
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