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Abstract

The problem of fair pricing of contingent claims is well understood in the context of an
arbitrage free, complete financial market, with perfect information : the so-called arbitrage
approach permits to construct a unique valuation operator compatible with the observed
price processes.

In the more realistic context of partial information, the equilibrium analysis permits to

construct a unique valuation operator which only depends on some particular price processes



as well as on the dividends process.

In this paper we present these two approaches and we explore their links and the con-
ditions under which they are compatible. In particular, we derive from the equilibrium
conditions some links between the price processes parameters and those of the dividend

processes parameters.

Keywords: arbitrage, equilibrium, optimality, incomplete markets, nonredundant assets,

derivatives pricing

1. Introduction

The theory of asset pricing takes its roots in the Arrow-Debreu model (see, for instance, Debreu
1959, Chap. 7), the Black and Scholes [1973] formula, and the Cox and Ross [1976] linear
pricing model. This theory and its link to arbitrage has been formalized in a general framework
by Harrison and Kreps [1979], Harrison and Pliska [1981, 1983], and Duffie and Huang [1986].
In these models, security markets are assumed to be frictionless: securities can be sold short
in unlimited amounts, the borrowing and lending rates are equal, and there is no transaction
cost. The main result is that the price process of traded securities is arbitrage free if and only
if there exists some equivalent probability measure that transforms it into a martingale, when
normalized by the numeraire. Contingent claims can then be priced by taking the expected
value of their (normalized) payoff with respect to any equivalent martingale measure. If this
value is unique, the claim is said to be priced by arbitrage and it can be perfectly hedged (i.e.
duplicated) by dynamic trading. When the markets are dynamically complete, there is only

one such a martingale-probability measure and any contingent claim is priced by arbitrage. The



weight of each state of the world for this probability measure can be interpreted as the state
price of the economy (the price of $1 tomorrow in that state of the world) as well as the marginal
utilities (for consumption in that state of the world) of rational agents maximizing their expected
utility.

When there are frictions, including dynamic market incompleteness, the characterization of
the no-arbitrage condition is nomore equivalent to the existence of a unique equivalent martingale
measure and we generally have, more than one measure characterizing the no-arbitrage condition.
However arbitrage bounds can be computed, for arbitrary contingent claims, taking the expected
value of their (normalized) payoff with respect to all the measures that characterize the absence
of arbitrage opportunities. These bounds are the minimum amount it costs to hedge the claim
and the maximum amount that can be borrowed against it using dynamic strategies. These are
the tightest bounds that can be inferred on the price of a contingent claim without knowing the
agent’s preferences as shown by Jouini and Kallal [1995,1999] (see Jouini and Kallal [2000] for the
case where we further impose that the preferences derive from VNM utility functions). The main
assumption in these models is, in fact, a necessary condition for the existence of an equilibrium:
the no-arbitrage condition. These preference-free theories are based on the knowledge of the
price processes for the so-called marketed assets and give results of great generality without
specifying the equilibrium in its full details.

Another approach consists in a complete description of the economy (agents, preferences,
endowments,...) and of the equilibrium conditions. All the price processes as well as the valu-
ation operator are then obtained endogeneously from these equilibrium conditions. Models of
competitive equilibrium go back to Walras [1874] and the first complete proof for the existence of

an equilibrium in an economy with finitely many commodities was given by Arrow and Debreu



[1954]. In the chapter 7 of Debreu [1959], the author explains how this model permits to take
into account dynamic markets with uncertainty. Bewley [1972] studied the competitive equilib-
rium in an infinite-dimensional commodity space, namely L> and Mas-Colell [1986] generalized
Bewley’s results to Hausdorff locally convex, topological vector spaces under a ”uniform proper-
ness condition” on the agent’s preferences. Araujo and Monteiro [1989 a and b] and Duffie
and Zame [1989] proved independently the existence of an equilibrium without Mas-Colell’s
uniform properness condition. However, all the previous models does not take explicitely into
account dynamic security trading. Models where the agents achieve equilibrium allocations by
trading in securities like the capital asset pricing model (CAPM) of Merton [1971, 1973] or the
consumption based capital asset pricing model (CCAPM) of Breeden [1979] can be found in
the literature going back to Merton [1971], Cox, Ingersoll and Ross [1985], Duffie and Huang
[1985], Huang [1987] and Karatzas, Lehoczky and Shreve [1990]. The link between these two
approaches is made by Duffie and Huang [1985] where the authors explain how an Arrow-Debreu
equilibrium can be implemented by trading in securities. This role of securities was, in fact,
already recognized by Arrow [1952].

In this paper we explore the compatibility between the arbitrage approach and the equilib-
rium approach. In other words, we consider the price processes as given and we derive from
there a valuation operator through the arbitrage approach and another valuation operator from
the equilibrium conditions. The first operator only depends on the asset price processes and
does not depend on the dividends process. The second one depends on the dividends process
and only on the productive assets price processes. When these two operators coincides then
our price processes are compatible with an equilibrium or, in other words, there exists utility

functions and initial endowments for which our price processes are equilibrium price processes.



This problem that consists in considering specific pricing models and trying to find an eco-
nomic justification for them, i.e., to find utility functions for which there is an equilibrium in
the considered models has been raised by Bick [1987] for the Black and Scholes model and by
Bick [1990] and He and Leland [1993] for a Markovian diffusion model in a complete market
framework, where the unique risky asset is productive and available in one unit supply. They
characterize the risk premium as the unique solution of a nonlinear partial differential equation,
and they relate it to the shape of the representative agent utility function. In Pham-Touzi
[1996], a specific stochastic volatility model, which is a particular case of a Markov setting, is
considered; they apply their results to provide an economic foundation to the Hull and White
model and to the minimal martingale measure.

In this paper we do consider a non markovian setting and we obtain weaker conditions on
the utility functions and the dividends process than Pham and Touzi [1996]. However, we do
not address the existence of an equilibrium problem. In the framework of this paper, this is
done in a companion paper (Jouini and Napp [2000]).

Our framework is precisely the following: we consider a market in which there are a certain
number of productive assets, referred to as the primitive stocks, whose price processes are
supposed to be driven by a Brownian motion and we assume that the number of sources of
uncertainty are greater than the number of primitive stocks available so that the primitive
market consisting only of these primitive productive assets is incomplete. The price processes
are very general diffusion processes: in particular, we don’t assume that they are of Markovian
type.

In addition to these productive assets, we consider purely financial assets; we assume that they

complete the market and that the full market is in equilibrium. Our goal here is then to compare



the arbitrage pricing approach and the equilibrium one and to explore the conditions under which
they are equivalent.

For the sake of completeness, all the results about utility maximization, market completeness
and equilibrium characterization are introduced step by step. The paper is then organized as
follows: in section 2, we introduce a market model with only one productive asset; in section
3, we characterize the equivalent martingale measures; in section 4, we consider how economic
agents actually trade in this market. In section 5, we are interested in utility maximization and
optimal demand for a single agent. In section 6, we define what we call equilibrium and we
use the preceding sections to obtain necessary conditions for equilibrium and provide the main
results. Section 7 extends the previous results to an incomplete market framework with many

productive assets.

We introduce a few notations: two probability measures P and @, defined on the same measur-
able space (2, F') are said to be equivalent if they agree on the null sets.

All vectors are column vectors and transposition is denoted by the superscript *. As usual, 14
denotes the d-dimensional vector whose every component is one. If Z = (Z Lo, Z'”’) denotes a
vector in R™, then diagZ denotes the (n x n) diagonal matrix whose diagonal entries are the
components of Z. We denote by || Z ||? the nonnegative real number Y ., (Z")2 .

Let (Q, F, P) be a fixed probability space and F denote the interval [0, T]. Then L2 (F) denotes

the set of (Ft)tef—progressively measurable, R?-valued processes {U;;¢ € F} such that

T
/ |0, |2dt <00 as. P
0



For any R-valued process ¥ = {W¥;;t € F} in L2 (F), let the real-valued process € (¥) =

{& (¥);t € F} denote the exponential local martingale given for each t in F by

& (V) = exp {/Ot (U) dW, —1/2 /Ot | o, |? ds} )

For a real-valued process u = {uy;t € F} defined on a probability space ({2, F, P), we denote by
u~ = {u; ;t € F} the process defined by u; = —min (0,,) for all ¢ in F.
As usual, a function F' : £ x R — R is said to be of class C"™™ if the m-th derivative of

F(.,z):F — R and the n-th derivative of F (t¢,-) : R — R exist and are continuous.

2. The market model

We fix a finite-time horizon £ £ [0, T, on which we are going to treat our problem: T corresponds
to the terminal date for all economic activity under consideration. All processes that we shall
encounter in this paper are defined on [0,7]. We consider a “primitive” market consisting of
one bond and one single productive asset. We shall refer to these two assets as the primitive
assets. As we have seen in the introduction, we assume that our full market consists not only of
these primitive assets but also of additional “purely financial” assets “completing” the market.

More precisely:

2.1. Conditions on the primitive market

The primitive market model is the same as in Karatzas [1989] taking m = 1, except that we
consider here dividends paying assets.

We adopt a model for the primitive market consisting of one bond with price at time ¢ denoted



by Sy such that

ds? = S0rydt, S0 =1

and one stock (or one productive risky asset) with price per share at time ¢ denoted by S;

satisfying the equation
dSt = St [(bt — (St) dt + O'tth] s S() =1. (21)

Here, W = {(th, e Wtd)* RS T} is a d-dimensional Brownian motion on a probability space
(€, F, P) and we let (F}),o+ denote the P-augmentation of the natural filtration generated by
W. We assume that the sample paths of W completely specify all the distinguishable events,
which mathematically entails Fp = F. Since standard Brownian motions start from zero with
probability one, Fj is trivial.

It is assumed throughout that d > 1, i.e., the number of sources of uncertainty is larger than
the number of stocks.

The real-valued interest rate process {r:;t € F}, the real-valued process {b;;t € F}, the real-
valued dividend yield process paid by the stock {6t € F} as well as the volatility (1 x d)-
matrix-valued process {Ut = (0’%, s af) it e ?} are the coefficients of the model and are taken
to be progressively measurable with respect to (/). and bounded uniformly in (¢,w) in F x 2.
Under these hypotheses that we shall denote by Hj, we know that equation (2.1) admits a unique
real-valued, (F}),.4-adapted, continuous solution {S;;¢ € F}, satisfying F/ [fuefpsf} < 00.

We assume that for all ¢ in F, the volatility matrix o; has full rank 1, which amounts to assuming
that, for all ¢ in F, P |07 =0 for all j in {1, ..., d}} = 0. We denote this hypothesis by Hy. A

d-dimensional process 6 = {0;;t € F} that we shall call in a natural way the relative risk process



can then be defined by :

With the above assumptions, 6 is an (F}),-progressively measurable process and we shall make

in the remainder of the paper the hypothesis H3 that 6 is uniformly bounded.

Let 3 = {B,;t € F} denote the process given by 3, £ 1/5? = exp — fg rsds. We shall also have

the occasion to use the discounted price process S = {S't; te T} defined by S, 2 S; exp fot (6s —1s)ds
for all ¢ in #. Using Ito’s lemma, we easily get that S is the unique solution of the following

stochastic differential equation:
dgt = St [(bf - Tt) dt + O'tdeJ = gtO't [gfdt + de] , SO = 1.

2.2. Conditions on the purely financial assets

We consider at least (d — 1) additional purely financial assets (or contingent claims), i.e., assets
which are in zero net supply. Their prices C} for i in {1, ...,d — 1} are driven by the d-dimensional
Brownian motion W and we assume that they “complete” the market. More precisely, we assume

that the prices C} are governed by
dC} = C; [ajdt + pydW] i=1,..,(d-1).

where the process {Mf, = |:(M;)t:| 1<i<d—13t € T} is an (F}),op-progressively measurable, uni-
1<5<d

formly bounded, (d — 1) x d matrix-valued process such that for all ¢ in F, the (d x d)-augmented



volatility matrix o, £ [Zj admits an inverse: for example a matrix-valued process {y,;t € F}
such that for all ¢, the rows of u,, thought of as vectors in R? are orthonormal and in the
kernel of oy, i.e., oy = 0, like in Karatzas et al. [1991]. Moreover, we assume that the norms
of (5,&)71 and of (57)”" are uniformly bounded: we could for instance impose for all ¢ in F
a nondegeneracy condition on the matrix 6;67. The process {at = (ai)lgigd—l it e SU} is an
(F})e- progressively measurable, uniformly bounded (d — 1)-dimensional vector process. We
shall denote the preceding regularity assumptions by Hy. Let b £ [2] denote the d-dimensional
augmented stock appreciation vector. A d-dimensional process 6 = {ét;t € T} can then be
defined by :

0:

1>

@G0) " [(be —7rela)] as. P, 0<t<T.

With the above assumptions, 6 is (F});cp-progressively measurable and uniformly bounded.

So our full market consists of (d + 1) assets: the bond, the primitive stock and (d — 1) additional
purely financial assets. We shall denote by Z the d-dimensional risky assets price process given
by Z & (S, C’l,...,C’d_l) and by Z the discounted price process Z £ (S,C’l/SO,...,C’d_l/S()).

Notice that assets prices can fluctuate in an almost arbitrary not necessarily Markovian fashion.

3. Equivalent martingale measures

Now that we have described both our primitive and our full markets, we can consider the problem
of the existence and of the characterization of equivalent probability measures on ({2, F, P)
that make the discounted price processes S in the primitive market and Z in the full market
martingales. We will see in section 6 that these probability measures are of great use for our

problem. When we only observe the stock price process S, we already know, since Harrison and

10



Kreps [1979] that the fair price of any contingent claim, whose final payoff is in the form h (St)

for some function h, belongs to the following interval

o E?[Brh (57)]  up E? [Brh (Sr)]

where Mg denotes the set of all equivalent probability measures that make the process S a
martingale.
3.1. In the primitive market

With the notations of section 2, we still consider the probability space (€, F, P) equipped with

the filtration (F}), o -

Definition 3.1. A probability measure @) defined on (Q, F, P) is an S-equivalent martingale

probability measure for (Fy), s if it satisfies :
1. The probability measures P and () are equivalent.
2. The process S is a Q-martingale for (Ft) e

Using It6’s lemma and the fact that the dividend yield process is uniformly bounded, notice that
an S-equivalent martingale probability measure is in fact an equivalent probability measure that

makes the discounted “gain” process

t s
G = {i{) +/ exp (/ —mdU> 6s5sds;t € ?}
St 0 0

a martingale; and we know that the existence of such a probability measure is essentially equiv-

alent to the assumption of no arbitrage. Under such a probability measure, the expected return

11



of the stock is equal to the (short term) interest rate minus the dividend yield.

Let M3 (F) denote the set of R%-valued processes ® = {®;;¢ € F} in L2 (F) such that

T . T , -
exp{/o (®s) dVVs—l/Q/O I @ |l ds}] =1.

Notice that M3 (F) corresponds to the set of processes {®;;t € F} in L2 (F) such that the

Eler ()] = E

exponential local martingale

£ (@) = {xp{/ <<1>s>*dwg—1/2/0t | a, ||2ds};teaﬂ}

is a true martingale: as a matter of fact, £ (®) being a nonnegative local martingale, we can
use Fatou’s lemma and get that this process is a supermartingale; therefore, it is a martingale
if and only if its expected value is a constant for all ¢ in F.

We introduce the following set
K7 & {1/ € L% (#) such that V¢, oyv; =0and — 0" 2 — (0 +v) € M3 (T)} .

Notice that K7 is never empty because the null process n = {n;;t € F} defined by n; = 0 for
all ¢ always belongs to K. Indeed, the first two conditions: n in L2 (F) and oyn; = 0 for all
t are trivially satisfied and as 6 is assumed to be uniformly bounded, the process &£ (—0) is a

martingale -see, for instance, the Novikov condition in Karatzas and Shreve [1988] p. 199.

We shall now characterize all S-equivalent martingale probability measures:

Lemma 3.2. Let Q be a probability measure defined on (Q, F, P). The following are equivalent

12



1. The probability measure @) is an S-equivalent martingale probability measure for (F}),c-

2. The probability measure @ is such that dQ/dP = Er (—0") for some v in K°.

Proof 1) Let us first show that @ is an equivalent probability measure if and only if it is
such that dQ/dP = Er (p) for some process p = {p,;t € F} in M3 (F).
One implication is immediate: as p belongs to L2 (F), the random variable Er (p) is well defined.
As it is nonnegative, it can be expressed as a measure density respectively to P, i.e., we can
define on (Q, F) a measure denoted by P given by dP?/dP = Er(p) and as E[Er(p)] = 1
-because p belongs to M7 (F)- this measure P is a probability measure. As M? is positive, the
probability measure P” is equivalent to P.
For the reverse implication, we shall denote dQ/dP by My and consider the process M =
{M;;t € F} given by M; £ F [Mr | Fy] for all ¢t in F. The process {M;;t € F} is well defined
because My € L' (2, F, P); it is in an obvious way a continuous (F}), g-martingale and (F}),cp
is the P-augmentation of the filtration generated by W so, by the fundamental martingales
representation theorem (see Karatzas-Shreve [1988], p.170), M can be written as a stochastic

integral with respect to W: there exists a process {v;;t € ¥} in L? (F) such that

t
MtzE[MTH/ (7)) dWs 0<t<T
0

13



so My =1+ fot (74)" dWs. As Mz > 0, the process M satisfies M; > 0 for all ¢ in F, so we can

apply It6’s lemma and obtain for all ¢ in F

t t
hﬂ@=mwﬁ+/(%MLYM%—lﬂ/IMJMAP%
0 0

or M; = exp{fot (pg)" dWs —1/2 fot | ps |12 ds} = & (p) for the d-dimensional process p =
{py;t € F} in L2 (F), defined by p, = 1 for all t in F. As E[Mr] = 1= E[Er (p)], the process
p belongs to M2 (F) and this completes the proof.

So we can index the set of equivalent probability measures by Mi (F) and for each process
p={py;;t € F} in M? (F) denote by P? the equivalent probability measure such that dP?/dP =

Er (p)-

2) Let us now show the lemma: by Girsanov’s theorem (see e.g. Karatzas-Shreve [1988],
p.191), for all process p in M7 (F), the d-dimensional process WP = {thp; te ?} defined for
all t in F by

t
m”ém—/@mw
0

is a PP- Brownian motion for (F}),.s. As dS, = S, [(by — 7¢) dt + 01 dWy], we have for all
process p in M3 (F), dS; = S, [(be — 7 + 0upy) dt + 04 dW"]; defining the process {vy;t € F}
by vi £ — (p, + 0;) for all t in F, we have dS; = S, I:—O'tl/tdt + otthPp] and S is a PP-martingale

for (Ft)teT if and only if o,y = 0 for all ¢. This ends the proof of the lemma.[]

14



We shall denote by M the set of S-equivalent martingale probability measures for (F}), -
As we have seen, the null process n always belongs to K7 so Mg is never reduced to the
empty set and there always exists at least one S—equivalent martingale probability measure
denoted by P° and given by dP°/dP = Er (—0); it is the so-called minimal martingale-measure
of Follmer-Schweitzer [1991].
There exists a unique martingale probability measure if and only if we have K° = {0} which is
the case if and only if d = 1. In that case, the unique S-equivalent martingale probability measure
is the one given by Follmer and Schweitzer [1991]. More generally, Mg can be considered as
indexed by K7: for each v in K7, we shall denote by P” the corresponding martingale measure,

i.e., such that
T T
dP” /AP = exp / ()" aw, — 1/2/ 10,12 + || v |7 ds
0 0
and by M? £ £ [—0"] the corresponding process and then we have
Mg={P";v e K°} # (.

Notice that for each S—equivalent martingale probability measure P”, we have ds, =S, [o’tthP U] .

3.2. In the full market

We are interested in what we shall call Z—equivalent martingale probability measures, i.e.,

equivalent probability measures @ that make the full process

z2 (S 01/50,...,0d—1/50)

15



a @-martingale for (Ft)teT‘ Notice that any Z—equivalent martingale probability measure is
in an obvious way an S-equivalent martingale probability measure. Following exactly the same

approach as in the preceding section for d = 1, we show the following result:

Lemma 3.3. There exists a unique equivalent probability measure P defined on (), F, P) that

makes the full process Z a martingale for (Ft)e- It is given by

dP/dP = & (—0) = exp {_/OT (8.)" AW, —1/2 /OT 16, |2 ds} .

Proof Analogous to the previous one in the primitive market for d = 1. As a matter of

fact, replacing o with & and 6 with 6, if we let
K° 2 {v e L (F) such that 5,v; =0 for all t and — (0 +v) € M (F)},

then K? = {0}, because & admits an inverse. So there exists a unique equivalent martingale
measure which is in the form given above.[J

We then have dZ, = diath [5,5th15} where {th;t € T} is the P—Brownian motion for
(F})c defined by WP 2w, + fg 0,ds for all t in F. We shall in the remainder of the pa-
per denote the martingale process {E [Z—g \ Ft} it € T} by M = {]V[t; te T} As P belongs to

Mg, it can be written in the form P” for 7 = § — 0 satisfying

o =0 (0 —0;) = (10..0) (b — r41la) — (by — ry) = 0.

16



Notice also that P not only depends on the productive asset price process but also on the

financial assets price processes.

4. Trading strategies

Let us now consider an economic agent, who invests in the full market.

4.1. Wealth process and admissible strategies

We shall denote respectively by 77 and 7rfC the amounts that the agent invests at time ¢ in

the stock and in the ith contingent claim respectively, by c; the rate at which he withdraws
x5 ,(wci) ,

(&
funds for consumption and by X, the corresponding wealth of this agent at time ¢. We

allow here any 7% or 7¢ " to become negative, which amounts to allowing the agent to sell short

s cl cd—l )
any risky asset. Similarly, the amount of money 7} = X, — Ty — Y Ty

invested in the bond at time ¢ may also become negative, which is to be interpreted as borrowing

at the interest rate r;. More precisely:

Definition 4.1. A trading strategy or a portfolio process
s ¢t cd-1\*
7T={(7Tt,ﬂ't O ) ;tET}

is an element of L% (F).

Definition 4.2. A consumption strategy or a consumption rate process
c={e;;t € F}

17



is a nonnegative, progressively measurable, real-valued process that satisfies fOT cdt < oo a.s.

P.

Assuming that the trading-consumption strategy is self financing, i.e., that at each time ¢, sales
and dividends must finance purchases and consumption, we obtain, with the above interpreta-

tions and definitions, for each ¢ in F, the following equation for the wealth of the agent

ax;c = —L-dS} +—1+dS;+ —dCY}
t Sto t St t ; Cfl t

S

St

where the terms on the right-hand side of the equation account respectively for capital gains
or losses from the productive asset held, capital gains or losses from financial assets held, the
decrease in wealth due to consumption and the increase in wealth due to dividends paid by the
productive asset. It is easy to see that, with the assumptions made on the trading and con-
sumption strategies, all quantities are well defined. Using what has been done in the preceding

section, the dynamics of the wealth process can be rewritten

d—1
dXTC = X7 —7] = x| rdt + 77 (b — 64) dt + o0 dW]
=1
d—1 ) _ _ 775
+>nf [ajdt + pidWi] — codt + =-6,5,dt
=1 t

= [’I“tXZnC — Ct] dt + (7'('{,)* [6{ - T'tld] dt + (Wt)* 6tth

[Tthr,c — Ct] dt + (7'('{,)* 6'1,th}5.

18



where, as above, th 2 W, + f(f f,ds is a P-Brownian motion. The unique solution of this
equation with initial wealth X“ = x > 0 is denoted by {X;"™“;t € F} and is easily seen to be

given for all ¢ in F by
t t _
B,XT™ — g - / Bycuds + / 8, (m.)" 7. dW?. (4.2)
0 0

We shall now single out those pairs (m, ¢) for which the investor avoids negative wealth by

defining admissible strategies:

Definition 4.3. A pair (m,c) of portfolio and consumption rate processes is called admissible
for the initial capital x > 0 if the unique corresponding wealth process {X;""“;t € T} given by
equation (4.2) above satisfies

X;/™>0 forallte®. (4.3)

The class of such pairs is denoted by A (z). Notice that we don’t need the assumption that
7 satisfies { fOT BN ds} < oo, which is often found in the literature and implies that the

process

t
M2 {ﬁtXf"T’c +/ Bcsds;t € T}
0

consisting of current discounted wealth plus total discounted consumption is a P-martingale.
One may note the requirement in (4.3) that wealth is always nonnegative which makes bud-
get feasibility somewhat more restrictive than the usual notion. We impose a no-bankruptcy
condition not only at terminal time but at each time ¢ in F, i.e., X; > 0 for all ¢ in F, which
amounts to saying that at each time ¢, the investor must be able to cover his debts -see e.g.

Karatzas-Lehoczky-Shreve [1987] or Duffie [1996] where the same assumption is made. It is

19



technically useful as it enables us to apply Fatou’s lemma in equation (4.2) and get that the

above mentioned process

t
M A {@X?‘”"‘ +/ B.cods;t € ?} (4.4)
0

consisting of current discounted wealth plus total discounted consumption is a P-supermartingale.

We then get the inequality

_ t
EF [ﬂthc;Tr,c +/ ﬂscsds} <z (4.5)
0

which can be interpreted as a budget constraint: the expected total value of current wealth and

consumption-to-date, both deflated to ¢ = 0, does not exceed the initial capital.

If we consider an economic agent who only invests in the primitive market, all definitions and
interpretations remain the same, provided we adapt them in a natural way to the primitive
market: more precisely, a trading strategy is an element ™ = {(77;9 )* it e 33} of L? (F); a con-
sumption strategy is a nonnegative, progressively measurable, real-valued process ¢ = {¢;;t € F}
that satisfies fOT cdt < 0o a.s. P. The wealth process corresponding to a trading-consumption

strategy (,c) is given for all ¢ in F by

t t
B, X =2 — / Bycsds —|—/ By (ms)” astVfO. (4.6)
0 0

Finally, a pair (m,¢) of trading and consumption strategies is called admissible for the initial
capital z > 0 if the unique corresponding wealth process {X; ™t € F} satisfies X;" > 0

for all t € F.
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Notice that both our full market model and our primitive market model exclude arbitrage
opportunities; an arbitrage opportunity is an admissible plan that yields through some combina-
tion of buying and selling a positive gain in some circumstances without a countervailing threat
of loss in other circumstances or equivalently in our setting, a trading strategy that achieves
with zero initial capital an amount of terminal wealth which is almost surely nonnegative and
positive with positive probability; so here, an arbitrage opportunity consists in a pair (7, c¢) of
portfolio and consumption rate processes such that (,c) is in A (0) and such that the corre-
sponding wealth process with initial capital x = 0 is almost surely nonnull at terminal time.
In both cases (full and primitive markets), the existence of at least one equivalent martingale
probability measure (for Z in the first case and for S in the second case) rules out such oppor-
tunities: indeed, in both cases, as we have seen with equation (4.5), the wealth at initial time is
greater than the expected value of the discounted wealth at terminal time: the discount process
being positive and the wealth process being nonnegative, it is then impossible, starting from the

initial capital x = 0 to reach a nonnull wealth at terminal time.

4.2. Achievable consumption and wealth processes

For every given real number x > 0, denote by C (x) the class of consumption rate processes ¢
which satisfy EP { fOT ﬁscsds} < z and by L (x) the class of nonnegative, F-measurable random
variables B which satisfy E [6;B] < .

We have just seen with equation (4.5) that (7, c¢) € A (x) implies that ¢ € C (z) and X1 € L (z).
We shall now study to which extent the “opposite implications” are true, i.e., for every cin C (z),

does there exist a trading strategy = such that (m,¢) € A (z); for every B in L (x), does there

21



exist (m,¢) in A (z) such that X77™° = B and for every pair (¢, B) in C (x) x L (x) satisfying

- t
P [BTBJr/ ﬁscsds} <z,
0

does there exist a trading strategy 7 such that (7, ¢) € A(z) and X777 = B.
Achievable consumption processes

Given an initial wealth x > 0, we want to know which consumption processes an investor

can achieve and we shall give a positive answer to the first question just raised.

Proposition 4.4. 1. For every c in C (z), there exists a portfolio process 7 such that (r,c)

belongs to A (z).

2. For every c in D (z) £ {c e C(x) . EP [fOT ﬁscsds} = x}, the preceding w is unique, the
corresponding wealth process satisfies X7'"“ = 0 and the process M given in (4.4) is a

P-martingale.
Proof See Karatzas [1989]: the proof uses a representation result and is analogous to the
proof of the completeness of the full market, given in theorem 4.8 below.[]
Achievable terminal wealth and completeness issues

We shall see now that the primitive market in the case d = 1 as well as the full market enable

agents to hedge against all risk.

Definition 4.5. A contingent claim is a financial instrument consisting of a payment B at
maturity, where B is a nonnegative, Fr-measurable random variable satisfying E [B"] < oo for

some p > 1.
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We shall denote any contingent claim by its payment B. Using the boundedness of the processes
6, 0 and r as well as Holder’s inequality, it is not hard to see that any contingent claim B satisfies

EP[BB;] < 0o as well as EF’ [Bf;] < co.

Definition 4.6. The market is complete if, for all contingent claim B, there exist a trading
strategy m and an initial capital x > 0 such that (7,0) is in A (x) and the terminal value of the

corresponding wealth process is equal to B, i.e., X%m’o = B.

We say that the full market -resp. the primitive market- is complete if the conditions of the
definition are satisfied for a trading strategy in the form © = (71'5, T, ch,l) -resp. in the
form 7 = (7)- and for a wealth process satisfying equation (4.2) -resp. equation (4.6).

We first state a representation result, which is an easy corollary of the fundamental martingales

representation theorem:

Lemma 4.7. Let Y = {Y;;t € F} be a P—martingale for (F}),.. Then there exists a d-

dimensional process ® in L? (F) such that

Proof Apply the martingales representation theorem (see Karatzas and Shreve [1988]) to
the process M;Y;, which is a continuous P-martingale for (Ft);e, where (F}),cq is the P-
augmentation of the filtration generated by W and the lemma is obtained through the use of

Ito’s lemma (see lemma 8.4 in Karatzas-Lehoczy-Shreve [1990] for a detailed proof).0]

We can now prove the following
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Theorem 4.8. 1. The primitive market is complete if and only if d = 1.

2. The full market is complete.

Proof 2. For each contingent claim B, we consider the process X given for all ¢ in F by
X = ﬁ%EP [BrB | Fi]. The process BX = {3,X;;t € F} is in a trivial way a P—martingale for

(F});c - Using the lemma, we can write 3X in the form
_ t _
6,X, = EF [3;B] +/ (@) dWr, 0<t<T
0
for some d-dimensional process ® in L3 (F). Defining the process 7 by
mo=(1/8,) (57") @, 0<t<T
we get that 7 is a portfolio process and that
_ t _
B,X; = EY [8;B] +/ B, (ms)* GsdWE,
0

which shows that X is the wealth process corresponding to the trading strategy (w,0) with
initial value EP [3,B], i.e., X = XEPBrBlm0 _gee equation (4.2). The terminal value satisfies
X1 = B and as X is nonnegative, the trading strategy (m,0) is admissible.

1. The proof is analogous to the proof of 2. and can be found for instance in Musiela-

Rutkowski [1997], p.250. O

Following exactly the same approach and using the same lemma, we can characterize the levels
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of wealth attainable by an initial capital > 0. For every real number x > 0, we have
Proposition 4.9. Given an initial wealth x > 0,

1. For every B in L (x), there exists a pair (7, c) in A (z) such that the corresponding wealth

process X*™¢ satisfies X7."'“ = B almost surely.

2. For any B in M (z) £ {B € L(x);EP[6;B] = x}, the pair (m,c) in A(z) above is
unique and ¢ = 0; moreover, the corresponding wealth process is given by 3,X7™" =
EP 7B | ).
Proof See Karatzas [1989].

Achievable pairs of terminal wealth and consumption processes

Let A denote the set of pairs (¢, X) where ¢ is an adapted nonnegative consumption rate process
and X is a nonnegative Fp-measurable random variable describing terminal wealth; we want to
know which pairs (¢, X) in A an investor can achieve starting with an initial capital z > 0 and

following an admissible strategy.

Proposition 4.10. If a pair (¢, X) in A is such that EP UOT B.csds + BpX| = x, then there

exists a trading strategy m such that (m,c) belongs to A(x) and X7 ™ = X.

Proof We consider the following quantities

A _
{171:EP

T _
/ ﬁtctdt] and 3 2z — z; = BV B, X],
0
for which it is easy to see that we have ¢ € D (z1) and X € M (x2).
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As ¢ belongs to D (z1), according to proposition 4.4, there exists a unique trading strategy m;
such that (71, c¢) is in A (z1) and the corresponding wealth process satisfies X" = 0.

As X belongs to M (z2), according to proposition 4.9, there exists a unique pair (72, cz) in
A (x2) such that X777 = X and it satisfies ¢o = 0.

We then consider the strategy 7 given by 7 £ 71 47 and it is easy to check that (7, c) belongs
to A (x) and that

X;;‘IT,C — X%I?Trlyc —l—X;«Q:’TrQ’CQ - X

which completes the proof.

We can sketch the proof of a direct approach, that leads to the same result using the martingales

;tET}.

Using the martingale representation theorem, M; can be written in the form

representation theorem: consider the martingale process

B T
{Mt £ P / Bycsds + B X | Fy
0

_ T L _
M, = EF / Bycsds + BpX | + / B, 5. dWE
0 0

for some portfolio process . Then, according to equation (4.2), X; £ M, —fot B.csds = 3, X,7™°

and X777 = X.00

We are now in a position to answer the last question raised at the beginning of the section:

Corollary 4.11. For any pair (¢, X) in A, there exist an initial wealth x > 0 and a trading

strategy m such that (m,c) belongs to A(x) and X7 = X.
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Proof Immediate using the proof of the preceding theorem and considering = £ EP [ fOT Bscsds + B X |.0

5. Optimal demand in the full market

We still consider an economic agent, who invests in the so-called full market. We assume
that his preferences are represented by a utility function for consumption and terminal wealth.
The problem is the following: how should this agent choose at every time his portfolio and his
consumption rate processes from among admissible pairs in order to obtain a maximum expected
utility from both consumption over the time-interval F and terminal wealth.

More precisely, the agent has a utility function U : A — R given by

Ule,X)=E VTu(t,ct)dHV(X)

where

e V: R, — R is strictly increasing and concave;

e u:F X Ry — R is continuous and, for each ¢t in F, u (¢, ) : Ry — R is strictly increasing

and concave;

e V is strictly concave or, for each ¢t in F, u (¢, -) is strictly concave.

We assume that the agent is endowed with an initial capital £ > 0 and that there is no exogenous

endowment during the trading period . We now have the problem for each initial wealth z,

sup U (e, X7™°).
(m,c)EA(z)
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Using proposition 4.10 and the strict monotonicity of either or both of V' and {u (¢,-);t € F},

we get that the agent’s optimization problem is equivalent to

sup U (e, X)
(¢,X)EA

subject to EP <z

T
/ ﬂth/dt + ﬂTX
0

Proposition 5.1. A pair (¢*, X*) in A is optimal for the agent if and only if

E

T

/ B, Myc dt +ﬂTMTX*] =z
0

and there is a constant v* > 0 such that (¢*, X*) solves

sup F

T
/ u(t,c) — v B Mecidt + V (X) — v*ﬂTMTX] . (5.1)
(¢,X)EA 0

Proof By the Saddle Point Theorem (see Duffie [1996], p.276) and the strict monotonicity
of U, (¢*, X*) € A solves our problem if and only if there is a Lagrange multiplier v > 0 such
that (¢*, X*) solves the unconstrained problem

sup U (¢, X) — ~EF
(e,X)EA

T
/ Bicrdt + Bp X — :1:]
0

with the complementary slackness condition

B T
EF [ / ﬂtctdt+ﬁTX] =
0
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Then, by Fubini’s theorem, the fact that ¢ is an adapted process, the law of iterated expectations

and the fact that the process {Mt;t € T} is a martingale, we get that

T [ T
/ ﬁtctdt + BTX‘| = F MT (/ ﬂth,dt =+ ﬂTX>‘|
0 L 0

[T
= F / MTﬂtCtdt + NITﬁTX]
0

EP

T
= E / Et [MT] Btctdt + MTﬁTX‘|
0

: T
= F / ]V[fﬂtctdt + N[TBTX]
0

which completes the proof.[]

We can be a little more systematic about the properties of U and V in order to characterize
optimal pairs. A strictly concave increasing function F : RT™ — R that is C* on (0, c0) satisfies
Inada conditions if inf, F’ (z) = 0 and sup, F’ (z) = 4o0. If F satisfies these Inada conditions,
then the inverse Ir of F” is well defined as a strictly decreasing continuous function on (0, c0)
whose image is (0, 00).

Assumption A: The function V is Cton (0, 00), strictly concave and satisfies Inada conditions.

For all t € F,u(t,-) is Cton (0,00), strictly concave and satisfies Inada conditions.

Under Assumption A, we shall denote by wu, (¢,-) the derivative of u (¢,-) and by I, (¢,-) the

inverse function of u. (¢,-). Then

Proposition 5.2. Under Assumption A, a pair (¢*, X*) in A is optimal for the agent if and
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only if there exists a constant v* > 0 such that

B My = v*u, (t,c) 0<t<T as. P (5.2)
BrMr =5V’ (X7) (5.3)
T — —
E / B, Mycidt + BpMpX*| = . (5.4)
0

Proof As conditions (5.2) and (5.3) are equivalent to

¢ =L (t,7" 0, My) ¥t € F and X* = Iy (v"BrMr),

—
Ut
(@3

N

we only need to check that the solution of the optimization problem (5.1) is given by (c¢*, X™*)

like in (5.5). We easily get from elementary calculus that for all ¢ in F,

min [ey — u (t,¢)] =y, (t,y) —u(t, I, (t,y)) for all y in (0, 00)

c>0

and that for all y in (0, 00), the minimum is uniquely attained at I, (¢,y), so that

u(t, L, (t,y)) > u(t,c) +y [, (t,y) — ] for all ¢ > 0 and all y in (0, 00),

the inequality being strict for ¢ # I, (¢,y). Then

u(t,cf) = u(t,e) +* B, My [L (t,7* B, M) — ¢;] and
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T T
E / w(t,c}) — v*B,Mycidt| > E / w(tcr) — 7B, Mycodt
0 0

the inequality being strict for ¢ # ¢*, which proves our proposition.[]

Now that we have characterized the optimal pairs (¢*, X*) € A, we can turn to multi-agent

equilibrium considerations.

6. Equilibrium and compatible state price densities

We have so far considered a single economic agent, trading in the full market. We shall now
assume that our economy consists of a finite number n of agents, who all have utility functions

U; : A — R given by

T
Uj(e,X)=FE / uj (t,e)dt+V; (X)| forj=1,..,n
0

where u; and V; satisfy the same conditions as v and V" at the beginning of section 5. Each agent
Jj has an initial endowment z; and tries to maximize his utility U; (¢, X) from both consumption
over the time-interval F and terminal wealth. So the optimal demand (c;)" of each agent j in
the consumption commodity as well as his optimal portfolio choice (7;)" are determined by the

optimization problem studied in the preceding section

sup  Uj (¢, X7777°).
(m.)EA(z;)
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Besides, the total supply in the economy at time ¢ consists of one unit of the productive asset

S; and of the dividend paid by the stock D;. In equilibrium, the aggregated optimal demands

of the agents must equal the total supply available.

More precisely, an equilibrium consists in price processes S°, S, C', ..., C%~! and trading-consumption
J J i<d1’

choices ((Wf)s ) {(w*)cl} ;c*f> which are optimal for the agents and such that for all
1<j<n

t in F, the following market clearing conditions hold almost surely:

S

3

where the last relation follows from the equilibrium condition on the amount invested in the

£\ S0 T ,cl x d— *\C'*
bond: Zj(ﬂ—j)f = Zj Xy = Zj(ﬂ—j)f - Zj Zi:ll(’]rj)tc =0.

As described in the introduction, our problem consists in finding a fair price for contingent

claims that only uses information on the productive asset’s price process.

As implied by the next lemma and mentioned in the introduction, by only using the assumption
of no arbitrage, our problem is solved for any contingent claim in the case d = 1 and for

contingent claims B, which are redundant with respect to the primitive market in the case
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d>1.

Definition 6.1. We say that a contingent claim B is redundant -with respect to the primitive
market- if there exist a nonnegative initial capital x and an admissible trading-consumption
strategy (,0) in A (x) such that the corresponding discounted wealth process is a P°-martingale

and has a terminal value equal to the discounted contingent claim, i.e., X3"" = B.

Notice that if the trading strategy « is in the form 7 = (7TS, o0,..., O) then the corresponding

wealth process is in the form
AXT™0 = [ Xy dt + (75)" o dWE”

so that the condition E UOT H7r§||2 ds} < 0o ensures that 3X%7™0 is a PO-martingale.
Lemma 6.2. Let B be a given contingent claim.

1. Ifd = 1, then the unique fair price for B is equal to EF" [BrB].

2. If d > 1 and if B is redundant then its unique fair price is also equal to EP° [BrB].

Proof 1. As any contingent claim B belongs to M (EPU [ﬁTB]>, proposition 4.9 tells us
that in the case d = 1, all contingent claims are redundant: for any contingent claim B, there
0
exists a trading strategy 7 such that (7,0) is in A (EPO [ﬁTB]), BXE" BrBEm0 ig 4 martingale
EP°[8,B];m,0 . . . . .
and X, = B. Then, by absence of arbitrage opportunity, the price for B at time 0 is
necessarily equal to EX [8,B].

2. As B = X5™" for some z in (0, 00) and some pair (,0) in A (z), by absence of arbitrage

opportunity, the contingent claim B must have a price equal to x, so we only need to compute
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the value of 2. As the corresponding discounted wealth process 5X%™0 is a P’-martingale, we
have

2= X5 = B” |8, X5 = B” 37,

which is the result announced.[J

Notice that P°® only depends on the productive asset’s price process so that in both cases
the unique fair price for any contingent claim B is perfectly determined without any knowledge

about the financial assets price processes.

Assume now that the contingent claim B is nonredundant (with respect to the primitive market);
following the same approach as above in the case d = 1, its unique fair price is EP [BrB]; the
problem is that, as we have noticed at the end of section 3.2, we need to know all the additional
purely financial assets price processes in order to compute this price, which is not supposed to be
the case here. As the equivalent probability measure P belongs to the set Mg of all S-equivalent
martingale measures, we know that this fair price lies in the interval consisting of the expected
values of the discounted contingent claim with respect to all S-equivalent martingale measures.
But this interval has been shown to be too large (Cvitanic-Pham-Touzi [1997]). Our purpose here
is to find prices or equivalently S-equivalent martingale measures that are compatible with what
we have called equilibrium and to restrict this way the fair pricing interval. In the remainder
of the paper, a fair price will denote a price that is compatible with both equilibrium and the

assumption of no arbitrage.

34



6.1. A necessary condition for equilibrium

We have seen in section 3 that as P belongs to Mg, we can write it in the form P” for some 7 in
K. We shall here suppose that there is an equilibrium and, in order to grab more information
on 7, deduce necessary conditions that the process {M/};t € F} must satisfy. We emphasize the
fact that we are in this section only interested in necessary conditions for equilibrium.

We assume that the agents’ utility functions satisfy Inada conditions or more precisely Assumption

A of section 5.

As there is an equilibrium, each agent j must achieve an optimal consumption rate process

c*

7 as well as an optimal terminal wealth X . According to section 5, this implies that for all

J =1,..n, there exists a positive constant 7; > 0 such that

B MY = (uj), [t, (c;‘)f] 0<t<T as P

or

1 _
(C;)t = I, (t’ _*ﬁtMty) 0<t<T a.s. P.
7

On the other hand, as there is an equilibrium, markets must clear. As we have seen at the

beginning of this section, this implies that

(C;)t = Dt-
1

n

J

So, with the notations introduced in the preceding sections, we get the following
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Lemma 6.3. A necessary condition for an equilibrium to be reached in our model is that there

exist positive constants v, j = 1,...n, such that

n 1 -
> L, (t, —*ﬂtMt”> = D;.
j=1 7

Proof Immediate.dd

6.2. Assuming that the utility functions are “regular”

We shall now assume that for each j, the utility function u; satisfies certain regularity conditions,
to wit,

I,:FxR, - R,

is of class C12. We also assume that the coefficients of the primitive risky asset are such that
for all t in F, by # ry.

We show that the compatibility with equilibrium enables us to price the contingent claims
in a unique way, only using information on the primitive assets.
Let ¢ (t,z) £ Z?’Zl I, (t, 7—1;1’) The regularity assumptions made on all utility functions
imply that ¢ is of class C1? on R, x R} and enable us to apply It6’s lemma to the process

D = {p(t, B, M]);t € F} and get that for all ¢ in F
d®; = azdt — @, (ta 5#”5) B, MY (0?)* AW

for some progressively measurable process a = {a;;t € F}. Using lemma 6.3, if equilibrium is

reached in our model, the dividend process {D;;t € F} must follow a diffusion process given by
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dDy = bPdt + oPdW,  for all t in F

where

of & —p, (t,6,M) 6,M7 (67)".

As for all j and for all ¢, I,,; (t,) is assumed to be strictly decreasing, ¢, (t,-) is negative; for all
t € F, the random variable 3, MY is positive; this implies that there exists a measurable positive
process A such that for all ¢ in F,

9? =\ (UtD)* or
975 + v = At(O'tD)* a.s. P.

Notice that this implies that, for all ¢ in {1,...,d},

so that the coefficients (#”)! and (oP)! are of the same sign.

The process 7 we are looking for satisfies

oy =0 for all ¢t in F

in order to belong to K. We must then have

Utet = )\tO't(O'tD)*. (62)
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For all t in 7, we have assumed that b, — r; # 0, so that o;(cP)* # 0 and we get

(be — 1)
A= ———=.
" o)
Consequently, 7; must be equal to
A A (bt - Tt) D\ *
= - — 0
vt Ut(U?)* (o) '

The only martingale measure to be compatible with equilibrium is then P”. The problem of fair
pricing of nonredundant contingent claims is then reduced to taking the expected value with
respect to P”, which only involves the productive asset and its dividends price processes: our
problem is solved.

Notice that, according to relation (6.2), the condition we have imposed on b; and ry is
equivalent to the condition that for all ¢, o(c”)* # 0 which amounts to saying that the price
process S and its associated dividend process are in a way correlated, which seems reasonable.

We have then two ways to define a valuation operator. The first one is based on the arbitrage

approach and leads to a unique martingale measure defined by

7 = (6 [(by —7¢lq)] — 60 as. P, 0<t<T.

It only depends on the asset price processes and does not depend on the dividend process. The
second one is based on the equilibrium approach and leads to

A (bt —Tt)

Uy =
" oy(aP)

(07)" = 0:.
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It only depends on the productive asset price and dividend processes and does not involve the

purely financial assets price processes. We have then the following :

Corollary 6.4. At the equilibrium we must have v =  or in other words

In particular, recall that the minimal martingale-measure also called Follmer and Schweitzer
[1991] martingale-measure does not take into account ”orthogonal” risks and coincides with our

martingale-measure P°. We have then the following :

Corollary 6.5. The Follmer and Schweitzer [1991] martingale-measure is compatible with an
equilibrium in the model (Sp S, (C*), D) only if v = 0 or
(b —741)

oi(oP)*

b, —
(O’tD)*ZMU’{ as. P 0<t<T
O¢0y

or finally, if there exists a process A\ such that o = \oP.

It means that the Follmer and Schweitzer [1991] martingale-measure is compatible with an
equilibrium only if all the stock price risk is explained by the current dividend risk and this is,
in particular, the case when the stock price at date ¢ is a regular function of the dividend at the
same date, i.e. Sy = f(¢, Dy).

Let us now compare our result with the one concerning our problem obtained in Pham-Touzi
[1996]. They consider a model in which there is a bond S, one risky productive asset, whose
price process S is described by a stochastic volatility model, and one contingent claim completing

the market. They fix the productive asset price process S and the contingent claim’s one and this
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determines a unique equivalent martingale measure. Then they study the consistency of such a
martingale measure with an equilibrium model; they answer the question: do there exist utility
functions such that the price process S is an equilibrium price process? If the answer is yes, they
say that the martingale measure is viable, and they show that this induces strong constraints
on the coefficients of the price diffusion process. More specifically related to our problem, it
is shown -see proposition 5.1- that in the positive dividend case, as long as the coefficients of
the model respect the above mentioned constraints, the minimal martingale measure of Follmer
and Schweitzer is viable if and only if the dividend process is in the form D; = a (t) S; + b (t)
for some continuous functions a (¢t) > 0 and b (¢) > 0 and if the utility functions are logarithmic
ones which seems to be a very restrictive condition.

We have shown in section 6.2 that in a model which is not necessarily markovian anymore, if the
dividend process is a diffusion process then there exists a unique admissible martingale measure.
If we use the result of Pham-Touzi [1996], then we obtain that in a stochastic volatility setting,
if the dividend process is in the form mentioned above, the minimal martingale measure being
viable, it is necessarily the unique viable martingale measure. This is what we find if we adapt
our result to their specific setting and if we let the function d be an affine function.

Besides, we have shown that there is also a unique admissible price in any other case.

In fact, in Jouini and Napp [2000], under some mild technical conditions, we prove that our
necessary condition is also sufficient and that the Follmer and Schweitzer martingale-measure is
compatible with many other utility functions and for prices that are not affine functions of the
dividends. This big difference with Pham and Touzi [1996] results is due to our non markovian

setting.
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7. Incomplete markets and many productive assets

If we assume now that there is many productive assets denoted by S*,---,S* with dividend

processes D', .-+, DF it is easy to check that the previous results still apply:

1. at the equilibrium we must have

h _
(7)7" [(Bt—rtld)]:w(af)* as. P, 0<t<T, h=

ok
ol (o))"

where D = D' +--- 4 DF anda?:a?l+o~—|—a?k.

2. the Follmer and Schweitzer [1991] martingale-measure is compatible with an equilibrium

in the model (So (S")n=1.... k, (CV)iz1....d—k, (D7) j=1,... ;) only if

b —
%(0?)*:a:‘(ataf)_l(bt—rtlk) as. P, 0<t<T, h=1---,k
ai(o))
1 1 1
021 O'ts:d bf
where o; = and b, =
k k k
0-?:1 Uf,d bf

When the markets are incomplete, we can’t assume that there is only one Z—equivalent
martingale measure anymore. However, as in Lemma 6.2, all the Z—equivalent martingale
measure coincide on the set of attainable assets (assets that are redundant in the full market).

If the gradient of the utility of agent j at an optimal consumption process ¢/ exists and has

a representation similar to the representation given by equation (6.1), i.e.

BiM] =~(u)e [t (c})] 0<t<T as. P
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where JV[tj is a martingale, then it is easy to check that Mtj is the density process of a Z—equivalent
martingale measure. Furthermore under the regularity conditions of section 6.2, ]V[g is an Ito
process and we have

dMj = ¢oldw,
where C? = ;—i(uj)cc [t, (c}‘)t] .
Let us now consider the process M, defined by

-1
n n

A = [ Y ()] Do) ang
j=1 j=1
we have
-1
v, = (> EHTH] D eldws (7.1)
j=1 =1
—1
= Z(Cb_l opdWy
j=1
2 0dwW,

and it is easy to check that M, is the density process of a Z—equivalent martingale measure.

Therefore, we must have

5.0, = [(b —e14)] - (7.2)
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Moreover, since M, is the density process of a S"—equivalent martingale for any A in

{1,---,k}, we must have, using equation 7.1,
) =)
et — t (O'D)*
of(eP) "

and in particular, for all pair h, ¢ in {1,--- ,k},

bh_ bé_
(t—”)(a?)*zw(a?)*, as. P, 0<t<T, htefl, - k}.

o (of)" oi(of)"

Equation 7.2 can then be rewritten as follows

7(1)?_”)@(013)*:@—”1(1 as. P, 0<t<T, h=1,---,k
obeP) ’ o o

(7.4)

Equations 7.3 and 7.4 are then necessary conditions for (Sp (S"), (C?), (D")) to be an equi-

librium price system.

Note that these conditions are only necessary ones and as underlined by Duffie [1996], there is

as yet no set of conditions that is sufficient for the existence of equilibrium in such an incomplete

market framework except in trivial or simple parametric examples.
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