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Abstract

In this article, we characterize e¢cient contingent claims in a con-
text of transaction costs and multidimensional utility functions. The
dual formulation of utility maximization helps us outline the key notion
of cyclic anticomonotonicity. Moreover, after de�ning a utility price in
this multidimensional setting, we provide a measure of strategies inef-
�ciency and a tool allowing to e¤ectively compute this measure with
the help of cyclic anticomonotonicity.

Keywords: cyclic anticomonotonicity, utility maximization, transaction
costs, utility price.

Introduction

We consider a general multivariate �nancial market with transactions costs
as in Kabanov ([?]), and we give tools to understand optimal strategies
when agents are modelled with preferences following stochastic dominance
of order 2. Precisely, an important feature of our analysis is the setting of
multidimensional model of the market as well as utility functions. We pro-
vide a characterization of e¢cient contingent claims, i.e. chosen by agents
endowed with a multidimensional utility function U . We also compute the
ine¢ciency part of a strategy without specifying any utility function.
[] In the literature, these questions were studied in the case of a discrete and
complete �nancial market by Dybvig ([?], and [?]); Jouini and Kallal
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([?]) generalizes the results in discrete markets with frictions, and when
agents maximize the expected utility of their terminal wealth with respect
to a numéraire. These papers show in particular the importance of the no-
tion of anticomonotonicity, translating the intuition that e¢cient contingent
claims are decreasing functions of Arrow-Debreu prices.
Our setting is more general as we consider a continuous �nancial market,
with an in�nite probability space, where preferences of agents are repre-
sented with the help of a multidimensional utility function, (studied in
Deelstra and al. [?]). This multidimensional model of preferences is in
accordance with the intuition that not only the liquidation value but also
the holdings of the portfolio matters. Moreover, when the preferences of
the agent are not only function of the liquidation value of the portfolio, the
notion of anticomonotonicity is not relevant anymore. In the main results
of this paper, we characterize e¢cient contingent claims with the notion of
cyclic anticomonotonicity, introduced by Rockafellar ([?]); this is done
with the help of the dual formulation of the problem of utility maximiza-
tion. The paper is organized as follows. Section (1) presents the setting
of this paper, and gives the �rst tools to solve our problem. Section (??)
states the principal result of this paper which gives the characterization of
strictly e¢cient contingent claims. We end this paper (section (??)) by the
computation of the ine¢ciency size of a trading strategy.

1 The �nancial market

1.1 Assets and trading strategies

Let T be a �nite time horizon and (
; ; ) a probability space endowed

with a �ltration = (Ft)0�t�T , satisfying the usual conditions. Let S
�
=

(S0; S1; :::; Sd) be a continuous semimartingale with strictly positive com-
ponents; the �rst component will play the role of numeraire, i.e. is assumed
to be constant over time S0(:) = 1.
In this market, we suppose there exists possibly constant proportional trans-
action costs. These transaction costs are described with a matrix (�ij) 2d+1+ ,

where d+1+ is the set of square matrix with (d+1) lines with nonnegatives
entries. Each coe¢cient �ij is the proportional cost to transfer value from
asset i to asset j. Furthermore, this matrix satis�es the following condition:

� �ii = 0 for all i 2 0; :::; d

� (1 + �ij) � (1 + �ik)(1 + �kj) for all i; j; k 2 0; :::; d

These conditions translate the economic hypothesis that transaction
costs can not be saved by an arti�cial transit. Following Kabanov([?]),
we de�ne the solvency region as the vectors of portfolio holdings such that
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the no bankruptcy condition is satis�ed:

K
�
=

8

<

:

x 2d+1j 9a 2d+1+ ; xi +
d
X

j=0

(aji � (1 + �ij)aij) � 0; i = 1; :::; d

9

=

;

This closed convex cone induces a partial ordering on d as:

x1 � x2 if and only if x1 � x2 2 K

We could also introduce the positive polar associated to K, de�ned as

K� �=
n

y 2d+1j hx; yi � 0; for all x 2 K
o

and the partial ordering induced by K�:

y1 �� y2 if and only if y1 � y2 2 K
�

A trading strategy on this market is a

tradingstrategyonthismarketisa610�adapted; right� continuous; process

Ltakingvaluesind+1. L
ij
t is the cumulative net amount of funds transferred

from the asset i to asset j up to the date t. Given an initial holdings vec-
tor x 2d and a strategy L, the portfolio holdings are de�ned by the dynamics,

610Xit = x
i+
R t

0
Xi
s
dSis
Si
s�

+
Pd
j=0

�

L
ji
t � (1 + �

ij)Lijt

�

1Atradingstrategyissaidadmissibleifitsatisfiesth

610Xx;L � 01andwedefinethesetofpositivecontingentclaimsattainablebyanadmissiblestrategy :

610(x)
�
=
n

X 2 L0(d+1+ ) j X = Xx;L
T mbox for an admissible trading strategy L

o

1g

values in d+1. L
ij
t is the cumulative net amount of funds transferred from

the asset i to asset j up to the date t. Given an initial holdings vector x 2d

and a strategy L, the portfolio holdings are de�ned by the dynamics,

Xi
t = x

i +

Z t

0

Xi
s

dSis
Si
s�

+
d
X

j=0

�

L
ji
t � (1 + �

ij)Lijt

�

A trading strategy is said admissible if it satis�es the no bankruptcy condi-
tion, at each time t, i.e.:

Xx;L � 0

and we de�ne the set of positive contingent claims attainable by an admis-
sible strategy:

(x)
�
=
n

X 2 L0(d+1+ ) j X = Xx;L
T for an admissible trading strategy L

o
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1.2 Tools of valuation and a Duality result

1.2.1 Valuation functions

In the framework of a market with transaction costs, the valuation of a
portfolio with respect to a given asset is not equivalent to the valuation
with respect to cash. Thus, di¤erent functions of valuation are possible. We
could de�ne the liquidation value of a portfolio x0 2 K as the maximum
cash endowment that we can get from portfolio x0 when clearing all the
positions in risky assets and paying the transaction costs:

l(x)
�
= sup fw 2j x � w1g :

This de�nition implies that l(x1) � l(x2) if and only if x1 � x2. Moreover,

it is possible to reformulate the liquidation function withK�
0

�
=
�

y 2 K� j y0 = 1
	

:

l(x) = inf
y2K�

0

xy

To further comment on this function, we refer to Kabanov( [?]), Deelstra
and al. ([?]) and Bouchard ([?]).
Another function of valuation, which turns out to be very useful in our
setting, is the amount of a certain position x0 that we can get from the
initial holdings vector x:

vx0(x)
�
= sup fw 2j wx0 � xg

In the same way as for the liquidation function, we can give a dual formu-

lation of vx0(:) with the set K
�
x0

�
=
n

y 2 K� j y = x0
kx0k2

+ y?
o

. We obtain

the following proposition:

Proposition 1.1 Let x0 2 int(K). The set K
�
x0
is compact and K� is the

cone generated by K�
x0
. Moreover, the amount vx0(x) of the portfolio x0 that

can be obtained from the initial holdings vector x is:

vx0(x) = inf
y2K�

x0

yx

Proof of the e.
t x0 2 int(K); there exists r0 > 0 such that x� = x0�x

?
0 2 K as soon as jx?0 j � r0.

In consequence, if we de�ne y� = x0 + �x
?
0 , then :

y�x
+

� = t(x0)x0 + �
t(x?0 )x0 < 0 for � > �0

y�x
�

� = t(x0)x0 � �
t(x?0 )x0 < 0 for � < ��0

We deduce that if y� 2 K
�, then j�j < j�0j : the set K

�
x0
is compact. The fact that

K� is generated by the compact set K�
x0
is straightforward. Now, for the last item,

take y 2 K�
x0
and w 2 such that wx0 � x. We have, by de�nition of K

�:

hy; xi � hy; wx0i � 0
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i.e hy; xi � w and we deduce that

vx0(x) � inf
y2K�

x0

yx

To the converse inequality, if w� > vx0(x), we have w
�x0 � x. We deduce for

y 2 K�
x0
:

hy; w�x0i = w
� � hy; xi

This leads to :
vx0(x) � inf

y2K�

x0

yx

�.

We introduce also the function, issued from the partial ordering induced
by K�:

l�(y)
�
= inf
x2K;jxj=1

xy

Before ending this paragraph, let us just recall the following properties:

Proposition 1.2 The functions of valuation verify:

� l�(y1) � 0 if and only if y1 � 0.

� vx0(x1) � 0 if and only if x1 � 0.

� @K� = fy 2 K� j l�(y) = 0g.

� @K = fx 2 K j l(x) = 0g

Proof of the h.

e two �rst items are straightforward. Item (3) and (4) can be found in Deelstra

and al. ([?]).

1.2.2 Dual formulation of the super-replication price

In this paragraph, we give an important result of Kabanov and Last ([?]),
allowing us to write the pricing function of contingent claims with a dual
formulation.
For some positive contingent claim C 2 L0(K;T ), let:

�(C)
�
=
n

x 2d+1j X � C for some X 2 (x)
o

�(C) is the set of initial portfolio allowing to construct a strategy which
hedges the contingent claim C. For a probability

denoting
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()thesetofall-martingales, we introduce the set:

�
=

�

Z 2 () j
Zt

St
2 K�; 0 � t � T

�

With these de�nitions we can state the following result.

Theorem 1.1 (Kabanov and Last.) Let S be a continuous process in ()
for some �. Suppose further that int(K�) 6= ;, Then:

�(C) = D(C)
�
= fx 2d+1j

�

ẐTC
�

� Ẑ0x � 0 for all Z 2 Dg
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