N
N

N

HAL

open science

Discounting and Divergence of Opinion
Elyes Jouini, Jean-Michel Marin, Clotilde Napp

» To cite this version:

Elyeés Jouini, Jean-Michel Marin, Clotilde Napp. Discounting and Divergence of Opinion. 2007.

halshs-00176636v1

HAL Id: halshs-00176636
https://shs.hal.science/halshs-00176636v1

Preprint submitted on 4 Oct 2007 (v1), last revised 2 Jun 2010 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://shs.hal.science/halshs-00176636v1
https://hal.archives-ouvertes.fr

Discounting and Divergence of Opinion

Elyes Jouini, CEREMADE-Université Paris Dauphine and IUF
Clotilde Napp, CNRS, DRM-Université Paris Dauphine and Crest
Jean-Michel Marin, INRIA FUTURS, Projet Select, Université Paris-Sud

June 18, 2007

Abstract

The objective of this paper is to adopt a general equilibrium model and determine the
socially efficient discount factor, risk free rate and discount rate when there are heterogeneous
anticipations about the growth of the economy as well as heterogeneous time preference rates.
Among others we tackle the following questions. Is the socially efficient discount factor
an arithmetic average of the individual subjectively anticipated discount factors ? More
generally, can the Arrow-Debreu prices, the risk free rates, the subjectively expected socially
efficient discount factors and discount rates be obtained as an average of the individual
subjectively anticipated ones 7 Can beliefs dispersion be analyzed as a sort of additional
risk or uncertainty leading to possibly lower discount rates ? Is it socially efficient, when
diversity of opinion is taken into account, to reduce the discount rate per year for more

distant horizons ? If so, what is the trajectory of the decline ?

1. Introduction

The concept of a discount rate is central to economic analysis, as it allows effects occurring at
different future times to be compared by converting each future dollar amount into equivalent
present dollars. The problem of the determination of a discount rate has acquired renewed
relevance lately in order to analyze environmental projects or activities' the effects of which
will be spread out over hundreds of years, and the evaluation of which, through Costs and
Benefits Analysis, is very sensitive to the discount rate being used. For instance, concerning
global climate change, it has been argued that the strong conclusions of the Stern Review were
essentially driven by the low assumed discount rate (see, e.g. Nordhaus, 2006 or Weitzman,
2007).

In the short run, the use of the observed risk free rate to discount (public) investment
projects leads to a socially efficient level of investment. The analysis is less easy to perform
when benefits and costs of the set of current potential actions are expected to last in the long
run. The carbon dioxide that one emits today will not be recycled for a couple of centuries,
yielding long term costs like global warming. Some nuclear wastes like plutonium have half-life
in the tens of thousands years. Financial markets are not very helpful to provide a guideline for

investing in technologies that prevent this kind of long-lasting risks to occur. Liquid financial

!Prominent examples include: global climate change, radioactive waste disposal, loss of biodiversity, thinning
of stratospheric ozone, groundwater pollution, minerals depletion, and many others.



instruments with such large durations do not exist. For the sake of comparison, US treasury
bonds have time horizons that do not exceed 30 years. We must thus rely on the use of an
economic model to value the distant future.

A critical feature that must be taken into account is divergence of opinion about the future
of the economy. Estimating the growth rate for the coming year is already a difficult task. It is
natural that the estimation of growth for the next century/millenium is subject to potentially
enormous divergence. It is doubtful that agents or economists currently have a complete under-
standing of the determinants of long term consumption growth. The debate on the notion of
sustainable growth is an illustration of the degree of possible divergence of opinion about future
of society. Some will argue that the effects of improvement in information technology have yet
to be realized and the world faces a period of more rapid growth. On the contrary, those who
emphasize the effects of natural resource scarcity will see lower growth rates in the future. Some
even suggest a negative growth of the GNP per head in the future, due to the deterioration of
the environment, population growth and decreasing return to scales. Moreover, as underlined
by Weitzman (2001), “these and many more are fundamentally matters of judgment or opinion,
on which fully informed and fully rational individuals might be expected to differ”. The objec-
tive of this paper is to determine the socially optimal discount rate, when explicitly taking into
account possible disagreement among agents.

More precisely, we consider a pure endowment/exchange economy in which agents hold
heterogeneous expectations about the growth of the economy. Agents may also differ in their
rate of pure time preference. We want to analyse the properties of equilibrium risk free rates,
discount factors and discount rates in such an economy; in particular, we want to determine
the analog of Ramsey Equation? in a time-varying, stochastic setting (as in standard models of
the term structure of interest rates®), in which agents are allowed to differ in their pure-time
preference rate as well as in their subjective expectations of the growth rate. Among others,
we wish to tackle the following questions. Is the socially efficient discount factor an arithmetic
average of the individual subjectively anticipated discount factors 7 More generally, can the
Arrow-Debreu prices, the risk free rates, the subjectively expected socially efficient discount
factors and discount rates be obtained as an average of the individual subjectively anticipated
ones 7 To what extent do equilibrium risk free rates and discount rates differ from the ones
in an homogenous economy ? Can beliefs dispersion be analyzed as a sort of additional risk
or uncertainty leading to possibly lower discount rates 7 How do discount rates vary with the
degree of divergence 7 Is it socially efficient, when diversity of opinion is taken into account,
to reduce the discount rate per year for more distant horizons 7 If so, what is the trajectory of
the decline 7

The last question about the shape of the yield curve is of particular interest. There is a

wide agreement that discounting at a constant positive rate for long time horizons is problem-

’In a deterministic setting, the well-known Ramsey equation gives the following expression for the discount
rate

1
R=p+—g,
n

where p denotes the rate of pure time preference, g is the per capita growth rate of consumption and 1/7 is the
elasticity of marginal utility, or equivalently the degree of relative risk aversion.
3See, e.g., Cox Ingersoll Ross, 1985, Ingersoll and Ross, 1992, Vasicek, 1977, Cochrane, 2001.



atic, irrespective of the particular discount rate employed. Indeed, with a constant rate, the
costs and benefits accruing to generations in the distant future appear relatively unimportant
in present value terms. Hence decisions made today on this basis, appear to tyrannise future
generations and in extreme cases leave them exposed to catastrophic consequences. Weitzman
(1998) summarises this succinctly when he states : « To think about the distant future in terms
of standard discounting is to have an uneasy intuitive feeling that something is wrong some-
where ». A recently proposed solution to this problem is to use a discount rate which declines
over time, according to some predetermined trajectory, thus raising the weight attached to the
welfare of future generations. It is clear that using a declining discount rate could make an
important contribution towards the goal of sustainable development. But what formal justi-
fications exist for using a declining discount rate and what is the optimal trajectory of the
decline* ? In a deterministic world, decreasing discount rates can arise as a result of known
changes in the growth rate, changes in risk aversion, etc. Additional motivations emerge once
uncertainty is considered. For example, Weitzman (1998, 2001) considers uncertainty on the
discount rate itself. Starting from the fact that there is a huge divergence of expectations about
future discount rates among economic experts, Weitzman (1998, 2001)°® introduces a probabil-
ity distribution for the future discount rate and its behaviour over time. The author adopts a
certainty equivalent analysis in order to determine the discount rates for varying horizons and
obtains decreasing discount rates. More generally, Gollier (2002a), Dybvig et al.(1996), Weitz-
man (1998, 2001) show in different contexts that from today’s perspective, the only relevant
limiting scenario is the one with the lowest interest rate. In the presence of uncertain growth,
Gollier (2002a, 2002b) shows that shape of the yield curve depends upon preferences for risk
and prudence, and higher order moments of the utility function. Regardless of whether it is
the discount rate or the growth rate that is uncertain, the nature of the distribution of random
growth is of particular importance; for instance, decreasing discount rates are obtained with
Bayesian learning in Weitzman (2004) and Gollier (2007) shows that serial correlation in the
growth rates leads to downward sloping yield curves when the representative agent is prudent.
Decreasing discount rates also emerge from the specification of a sustainable welfare function
a la Chichinisky (1996) and Li and Lofgren (2000). Lastly, there is considerable empirical and
experimental evidence to show that individuals are frequently hyperbolic discounters (see, e.g.
Loewenstein and Thaler, 1989). In this paper, we want to examine if divergence of beliefs and
heterogeneity of time preference rates can be a justification for the use of declining discount
rates.

We provide the following answers to the questions above. We first obtain that the equilibrium
Arrow Debreu prices can be obtained as an average of the individually anticipated Arrow-

6. However, the socially efficient discount factor is not necessarily an average

Debreu prices
of the individual subjectively anticipated ones. There is a bias, induced by beliefs and time

preference rates heterogeneity. Depending on the level of elasticity of substitution, this bias

1See Groom et al. (2005) for a survey.

"Weitzman (2001) undertakes a survey of over 2 000 academic economists, and a so-called blue ribbon selection
of 50, as to their opinion on the constant rate of discount to use for Cost Benefit Analysis. The responses were
distributed with a gamma distribution with mean 4% and standard deviation of 3%.

SFor a given agent 4, the individually anticipated prices, discount rates, discount factors, risk-free rates are
those that would prevail if the economy was made of agent ¢ only.



is towards lower or higher discount factors. This result is consistent with the interpretation
of beliefs and time preference heterogeneity as an additional source of risk or uncertainty in
the future, leading agents to value more or less future consumption (with respect to present
consumption) depending on their level of elasticity of substitution. Moreover, the right concept
of average to consider is not an equally weighted arithmetic average of the individually expected
discount factors but a weighted n-average, where 7 represents the intertemporal elasticity of
substitution. Note however that two settings are specific. The first is the case of myopic utility
functions (i.e. when n = 1); the equilibrium discount factors are then arithmetic averages
of the individually anticipated ones, which means that the certainty equivalent approach of
Weitzman (1998, 2001) is compatible with a general equilibrium approach with logarithmic
utility functions. It suffices to interpret each discount rate/discount factor that is announced
by an expert as her individually anticipated discount rate/discount factor. The second specific
setting is when there are deterministic time preference rates and no beliefs dispersion. In this
case, the socially efficient discount factor is an n-average of the individually anticipated ones
(as shown in Gollier-Zeckhauser, 2005, in a fully deterministic setting).

We also examine the impact of beliefs and time preference heterogeneity on the expression
of the risk free rate and the discount rate as well as on the relationship between the discount
rate and the time horizon (the possible shapes of the yield curve). We first obtain that the
equilibrium risk free rate is not an average of the individually anticipated ones. There is a bias
related to beliefs dispersion. As in the discount factors case, this bias is towards higher or lower
risk free rates depending on the position of 1 with respect to one. Note that for risk free rates,
this bias is only induced by beliefs dispersion and not by time preference rates heterogeneity.
Aggregate pessimism as well as aggregate patience reduce the rates. Since these aggregate levels
are given by stochastic, time-varying (risk-tolerance) weighted averages of the individual levels
of pessimism and patience, possible correlation effects are induced. Moreover, increased beliefs
dispersion can lead to a decrease of risk free and discount rates or to an increase of the risk free
and discount rates depending on the level of elasticity of substitution (n < 1 or n > 1). This
leads in the medium term to different possible shapes of the yield curve (decreasing discount
rates or increasing discount rates). Finally we show that the bias due to beliefs dispersion
vanishes in the long run and that the asymptotic discount rate is essentially given by the lowest
individually expected asymptotic discount rate among all agents, which is another element in
favor of decreasing discount rates in the long run.

The paper is organized as follows. Section 2 presents the model. Section 3 deals with
consensus Arrow-Debreu prices and consensus socially efficient discount factors and their link
with individually expected subjective Arrow-Debreu prices and discount factors. In Section 4,
we analyse the expression of both the consensus risk free rate and the socially efficient discount
rate and how they are impacted by beliefs dispersion. Section 5 is devoted to long term and
short term considerations. In Section 6, we consider specific settings. Appendix A-1 establishes

aggregation results. All proofs are in Appendix A-2.



2. The model

We consider a continuous-time Arrow-Debreu economy, in which risk averse agents try to
maximize the expected utility of future consumption. A time horizon T is fixed, and a fil-
tered probability space (Q,F, (Ft)te[o,T] ,P) is given. The model is adapted from Jouini-
Napp (2007). Each agent indexed by ¢ = 1,...N, has a current endowment at time ¢ denoted
by ef and a Von Neuman-Morgenstern utility function for future consumption of the form
EQ [ fOT exp” Jo PH(sw)ds 4, (ct (w))dt} , which means that agents may differ in their subjective
beliefs (represented by the probability measure Q?), in their pure time preference rate process
p', and in their endowment process e*'. We suppose that agents share the same CRRA utility
function’ for consumption, of the form u’ (z) = z~/". We let M’ denote the positive density

process of Q° with respect to P and we let D} = exp~ Jo ' (s.w)ds

denote the individual pure time
preference discount factor. With these notations, the utility function of agent ¢ can equivalently
be written in the form F [ fOT M} Diu (¢ (w)) dt} . We will consider arbitrarily large time hori-
zons which implicitly means that each individual takes into account his own preferences as well
as the preferences of his descendants as if they were his own preferences.

We let e* = Zf\il e*' denote the aggregate endowment process. We make the assumption

that e* and M satisfy the following stochastic differential equations®

de; = pyefdt + oe;dW ep =1
dM] = 5t MjdW,

where W denotes a standard unidimensional <(Ft)t€[0’ﬂ ,P) —Brownian motion.

We have M} = & (&) = exp <f0t SLdW, — fg (522)st> and ef = exp (fot /.Lsd8> & (o) which
means that e* and M* are stochastic processes that depend upon risk and time. The other
parameters (p, 5, i, o) themselves might depend upon risk and time. According to Girsanov
Theorem, for agent i, aggregate endowment is an Itd process with diffusion parameter ¢ and
with subjectively expected drift parameter p! = p + 6%, which means that in our model,
agents differ in their expected instantaneous growth rate of aggregate endowment?. Note that
individual beliefs M* and p' might result from a Bayesian udating of the investors predictive
instantaneous growth rate through the observation of the aggregate endowment process as in
e.g. Detemple-Murthy (1994) and Zapatero (1998).

We recall that an Arrow-Debreu equilibrium relative to the pure time preference discount

factors (DZ) v » the beliefs (M Z) and the endowment processes (e*i) . is de-
1=

geeey

i=1,..,N

i=1,...,

fined by a positive price process ¢* and a family of optimal consumption plans (y*l) LN
1=

EARR)

"Our approach can be extended to the case with heterogeneous utility functions of the form wj(t,z) =
(0; +nz) /",

8 There is no Markovian assumption; the coefficients p, o and 6° for i = 1,..., N may depend on the entire past
history of the economy. We only assume that fOT |y dt < o0, fOT }aﬂ dt < oo, and fOT ’(6@)2’ dt < oo.

9More precisely, letting Wi = W, — fot d'ds, we obtain through Girsanov Theorem that W' is a Brownian
motion under Q° and de} = (/.Lt + atdi) e;dt + ovel dWi.



such that markets clear, i.e.

{ y* =y (q*,Mi,D"',e*i)

Zﬁil y'=e
; T
where y' (¢, M, D, e) = arg MAX g [T 0 (i —e,)de] <0 E [fo M;Dyu (ct) dt} .

We start from an equilibrium (q*, <y*7)Z

goeay

> relative to the pure time preference dis-

count factors (D’) , the beliefs (M ’) and the endowment processes (e*i) . Note that since our
utility functions satisfy Inada conditions, all equilibria are interior, hence there exist Lagrange
multipliers (/\i)izl’_..7  such that for all 4, the equality M;Diu/ (y;f l) = \ig; holds for all ¢.

3. Consensus Arrow-Debreu prices and consensus socially efficient discount
factors

The first question deals with the possible aggregation of individually anticipated Arrow-Debreu
prices into the equilibrium Arrow-Debreu prices. We let ¢** denote the Arrow-Debreu prices

that would prevail if the economy was made of agent i only, i.e. ¢i = M/Dju’ (e}). We let the

risk tolerance of agent i be denoted by T; = ny*" and we introduce the notation 7; = ZNT*ZT =
=1+
Z—i. Moreover, we let v; = SEY2.) K o) inally, we denote by N’ the individual characteristic

N Y
' o i=1(1/25)
N* = M"D". We obtain the following result.

Proposition 3.1. The Arrow-Debreu prices can be written in the form

N 1/n N B -1/n
i= @) - [ le) ]
i=1 i=1

This means that the Arrow Debreu prices ¢* can be considered as consensus prices, since
they can be written in the form of an average of the individual subjectively expected Arrow-
Debreu prices. The Arrow-Debreu price ¢* is an n—average of the individually anticipated
Arrow-Debreu prices ¢° with deterministic weights +;. This result stems from the fact that
the Arrow-Debreu prices in our economy are the same as in an economy with a unique agent
with a consensus characteristic N which in n—average of the individual characteristics N* (see
Appendix A-1). Note that the Arrow-Debreu price is also a (—n) —average of the individually
anticipated Arrow-Debreu prices ¢' with stochastic weights, these weights being given by the
individual relative levels of risk-tolerance. As already seen, the individual relative level of risk-
tolerance is equal to the individual relative level of consumption and measures then the relative
“size” of the agent in the economy at a given date t and in a given state of the world w.

We now consider to what extent individual subjectively expected socially efficient dis-
count factors can be averaged into a consensus discount factor. We recall that the individ-
ually anticipated discount factor of agent 7 is the discount factor that would prevail if the
economy was made of agent ¢ only. It is the discount factor that agent ¢ “expects”, i.e.
Al = E [M{Dju' (e})] = E9 [Diw/ (e})] = E[qg} ]. Our question can then be rephrased as
follows: can the socially efficient discount factor A; = E [¢;] be represented as an average of the
individual A? ?



Proposition 3.2. 1. If there is no beliefs heterogeneity and if time-preference rates are
deterministic, i.e., if 6 = § and p* (s,w) = p* (s), then the socially efficient discount factor
is an n—average of the individual subjectively expected socially efficient discount factors,

more precisely

N 1/n
Ay = Z’Yi (Azzf)n
i=1
2. In the general setting,
o If=1, then A, =N ~, (4;) .
e Otherwise, we have
N 1/
A < Z% (Ai)T7 forn <1
i=1
and
N 1/n
A > Z’yi (Af;)n forn > 1,
i=1

with equality holding only when the divergence in individual characteristics is deter-

ministic, i.e. if N;/N; is deterministic for all (i, j).

This means that the equilibrium aggregate discount factor can be recovered as an average of
the individual subjectively expected discount factors only in the setting with no beliefs dispersion
and deterministic divergence in time preference rates'?, or for logarithmic utility functions. In
particular, this implies that the certainty equivalent approach of Weitzman (1998, 2001), in
which A, is taken as the equally weighted arithmetic average of the A%, each A! corresponding to
a possible scenario, would be consistent with a general equilibrium approach.It suffices to assume
that the model that expert i consults and that leads to the recommendation A* results from a
general equilibrium model with a subjective belief u?, time preference rate p’, logarithmic utility
functions and equal Lagrange multipliers (see Section 6.1.2 for more details). Assuming that
experts differ in their expectation about the growth rate is fairly natural. Indeed, the expected
growth rate reflects the opinion about the future. It is also natural to assume that they differ
in their pure time preference since it may reflect their point of view about intergenerational
equity.

More generally, Proposition 3.2 means first that the right concept of average to consider
for discount factors (in the case of power utility functions) is an n—average, which is an arith-
metic average only in the case of logarithmic utility functions. Moreover, this n—average is a
weighted average, the weights being given by the parameters 7,. Finally, in a general setting it
is not possible to recover the socially efficient discount factor as an average of the individual
subjectively expected discount factors. Except in specific settings (in the deterministic setting
as in Gollier-Zeckhauser, 2005, or, more generally, with deterministic heterogeneity in pure time

preference rates and no beliefs dispersion or in the case of logarithmic utility functions), there

10Note that no beliefs dispersion does not mean that individuals are rational; they can all share the same
subjective belief. Analogouslyz all time preference rates p' need not be deterministic but they need to be written
in the form p*(¢t,w) = p(t,w)a’(t) where p is a common term and where a’ is a deterministic process.



is an aggregation bias. The price at date 0 of a zero-coupon bond maturing at date ¢ is lower
(resp. higher) than the (weighted n—) average of the subjectively expected prices for n < 1
(resp. m > 1). This means that with beliefs dispersion and/or stochastic time preference het-
erogeneity, individuals value less (resp. more) one unit of consumption at date ¢ when 7 < 1
(resp. n > 1).

It is usually assumed that risk aversion is greater than 1, which would lead to consider the
case 1 < 1 as the most likely. However, the parameter 1/n has other possible interpretations
than just risk aversion. In particular, our model with CRRA utility functions does not permit
to distinguish intertemporal elasticity of substitution from risk aversion, and setting n > 1 can
also be interpreted as assuming that intertemporal elasticity of substitution is higher than 1'!.
The condition n > 1 is also equivalent in our setting to the condition that prudence (1+1/7) is
larger than twice absolute risk aversion (1/7), a condition which has been thoroughly studied by
Gollier (2000), among others. Determining whether prudence should be smaller or larger than
twice risk aversion or equivalently (1/u") concave has appeared in different contexts (Dréze and
Modigliani, 1972, Caroll and Kimball, 1996, Sinclair-Desgagné and Gabel, 1997, Dionne and
Fombaron, 1996). More directly related to our results, Gollier and Kimball (1996) show that, in
a standard portfolio problem, the opportunity to invest in a risky asset raises (resp. reduces) the
aggregate saving if and only if absolute prudence is larger (resp. smaller) than twice absolute
risk aversion. Moreover, Gollier (2000) studies the problem of the optimal use of a good whose
consumption can produce damages in the future and shows that scientific progress providing
information on the distribution of the intensity of damages induces earlier prevention effort only
if prudence is larger than twice risk aversion. As underlined by Gollier (2000), maybe one of the
best arguments in favor of the restriction n > 1 was made by Debreu and Koopmans (1982).
These authors argue that a good measure of risk aversion should be the following concavity
(%2. In our setting, it is given by %x_H
equivalent to 77 > 1. The Debreu and Koopmans index was used lately in political economy (see
Alesina and Tabellini, 1990, Chandler, 1998).

Hence, a possible interpretation of our results is the following. Interpret beliefs heterogeneity

1 . . . .
index — n. Decreasing absolute risk aversion is then

and time preference heterogeneity in a stochastic setting as additional risk or as less information
or more uncertainty about the future. According to Gollier and Kimball (1996) or Gollier
(2000), this should lead agents to value more future consumption in the case n > 1 and less

future consumption in the case n < 1, which is essentially the result of Proposition 3.2.

4. Consensus risk free rates and consensus socially efficient discount rates

We let R; = —% log A; denote the (average) socially efficient discount rate between date 0 and
date t. We denote by Ri = —% log A¢ the socially efficient discount rate that would prevail if the
economy was made of agent ¢ only. It is also the discount rate subjectively expected by agent

1. The results of Proposition 3.2 imply, in particular, that the socially efficient discount rate Ry

"1 See Hansen-Singleton (1982) for reasonable values of the Intertemporal Elasticity of Substitution.



is lower when 7 > 1 (resp. higher when 7 < 1) than the quantity

1/n

1 [& | N N
—~ log [Zv (A)" = —log [Z o (eXp’Rf) ]
=1 =1

which is the discount rate associated to the average of the individually anticipated discount

factors. The bias is all the more important as dispersion of individual characteristics N? is
important.

In order to better identify the bias, its origin and its impact on the socially efficient discount
rate, let us analyse more precisely the expressions of the socially efficient discount rate and of
the risk free rate. Note that in the homogeneous setting with constant parameters (d, p, i, o),
the yield curve is flat and the discount rate for all horizons is equal to the risk free rate and
given by R =1/ = p+ % - % (%) (1 + %) o2. This is an easy extension of Ramsey Equation
to a setting with uncertainty. In our heterogeneous setting with parameters (5i, pl, i, o) which

may be time and state dependent, we obtain the following result.

Proposition 4.1. We obtain the following expressions for the risk free rate and the socially

efficient discount rate.

1. The risk free rate is given by'?
1 11 1
y A 2
r p —|—[L+5MO'—<1+>O' +p 4.1
D 77[ ] 27 7 B (4.1)
1
= rf(stdard)—ka—kEéMa%—pB (4.2)

. 7 i i\ 2 — T
with oy = Yo, 0%, pp = S mip s pp = 3 (1 =) [ L7 (6) = 6% = § A - m Var (9).

2. If we let (ri)f denote the risk free rate that would prevail if the economy was made of

agent ¢ only, then
N

Tf = ZTi (ri)f + pp- (43)

=1

3. The socially efficient discount rate R; is given by
1 /
R, = 3 log E [MtBtDtu (e)} (4.4)

1 _ t
= —ElogEQ [exp—/ Tf;ds] (4.5)
0

with By = exp (— fng(s)ds>, Dy = exp <— fng(s)ds>, M; = & (6y) and g =

Er (5M—%).

Let us interpret the expression of the risk free rate obtained in Equation (4.1). The first

term corresponds to the time preference component of the risk free rate. In the homogeneous

2We let 7 (stdard) denote the risk free rate that would prevail in an economy with rational beliefs and with
zero time preference rates.



setting, it is simply given by the time preference parameter p, that is common to all agents. In
our setting, it is a stochastic risk tolerance weighted average of the individual time preference
parameters. The second term corresponds to the wealth effect component of the risk free rate.
As in the homogeneous setting, it is given by the product of the representative agent constant
relative risk aversion level 1/n by the expected rate of return of aggregate consumption. In the
homogeneous setting, this expected rate of return is the same for all agents and given by pu.
In our setting, the quantity u + dyj0 = pu + <Z£\L1 Ti5i> o= Zf\il T;u' is the risk tolerance
weighted average of the individual subjectively expected rates of return and corresponds to a
consensus expected rate of return. The third term is related to future risk and corresponds to
the precautionary savings component of the risk free rate. It is the same as in the standard
setting and involves the prudence <1 + %) and the risk aversion % of the representative agent as
well as the future risk measured by 2. Finally, the last term reflects a beliefs dispersion effect.
As shown in Equation (4.3), due to this effect, the equilibrium risk free rate with heterogeneous
beliefs can not be written as an average of the “individual risk free rates (’I“i)f”. Note that
when there is no beliefs dispersion but possible dispersion in time preference rates, the risk free
rate is an average of the individually anticipated risk free rates.

As enlightened by Equation (4.1), the risk free rate in our setting is the same as in an
homogeneous economy in which the representative agent pure time preference process is given
by ZZ]\; 1 7ip" and the representative agent belief is given by 0y = Zf\; 1 7;0%, except that there is
the beliefs dispersion bias. Pessimism!® at the aggregate level, i.e. 7 < 0, induces a decrease
of the risk free rate. This is easily understandable since a pessimistic agent will attempt to
reduce current consumption and increase precautionary savings, putting downwards pressure
on the risk free rate. Note that since dpy = Zf\; 1 Tiéi, there is no need for all individuals to
be pessimistic to induce a lower risk free rate. It suffices that the weighted average of the
individual beliefs be pessimistic, which is the case if the agents are on average rational and if
there is a positive correlation between pessimism and risk tolerance. Analogously, as far as the
aggregate rate of impatience Zf\; 1 7ip" is concerned, it induces a lower risk free rate if there is a
negative correlation between impatience and risk tolerance and/or if the agents are on average
more patient than is usually assumed. Finally, as far as the beliefs dispersion bias is concerned,
it induces a decrease of the risk free rate if and only if > 1. Therefore, everything works as
if agents would face an additional source of risk or uncertainty. As underlined in the previous
section, in the case n > 1, agents would react to this additional source of risk by saving more,
which would put downward pressure on the risk free rate. In particular, an increased dispersion
represented by a higher Var™ (0) induces a lower risk free rate.

To sum up, we have exhibited three main effects of beliefs and time preference heterogene-
ity on the risk free rate. There is first a consensus belief effect. The consensus belief is a risk
tolerance weighted average of individual beliefs. There is also a consensus pure time preference
effect, the consensus pure time preference parameter being a risk tolerance weighted average
of the individual pure time preference parameters. Aggregate pessimism as well as aggregate
patience induce lower rates. Since the weights are not constant but stochastic, possible corre-

lation effects are induced. Indeed, it is noteworthy that even in the case where all individual

13See Abel (2000) or Jouini-Napp (2006) for the impact of pessimism on the risk premium and risk free rates.
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subjective beliefs 6° and all individual time preference parameters are constant, the consensus
belief §); = Ef\; 1 7;0" as well as the consensus time preference rate pp = Zf\; 1 T;p" are time-
varying, stochastic weighted averages of the individual parameters. Finally, there is a beliefs
dispersion bias which makes the heterogeneous beliefs setting fundamentally different from the
homogeneous one. When n > 1, increased dispersion induces lower risk free rates.

As far as discount rates are concerned, notice first through Equation (4.5) that when rf is
deterministic (or when rf and g—g are independent), all that we have said about the impact
of beliefs and time preference rates heterogeneity on 7/ is true of R. In particular, aggregate
pessimism, aggregate patience as well as increased beliefs dispersion when 7 > 1 induce a lower
discount rate.

More precisely, we see on Equation (4.4) the impact of the consensus belief M, of the
consensus time preference discount factor D and of the beliefs dispersion bias B on the socially
efficient discount rate R. Intuitively, increased beliefs dispersion for n > 1 leads to a higher B
hence, all other things being equal, to a lower discount rate R. Analogously, "aggregate patience"
should lead, ceteris paribus, to a higher D hence to a lower R. As far as aggregate pessimism is
concerned, intuitively, a pessimistic belief increases the expected value of a decreasing function
of the total endowment e*, hence should lead to a lower discount rate R.

The case with deterministic parameters p; and oy illustrates this intuition. Indeed, it is then

easy to obtain (see Appendix A-2) that, when d,; <0,

1 1
—ElogE (M (ef)] < - log E [ (e})],

hence the effect of pessimism only is toward a lower discount rate, which is intuitive. Moreover
still in the same context of deterministic p, and o; we can show (see Appendix A-2) that if the
consensus belief is neutral or pessimistic (d5; < 0 ) and when 1 > 1 then the impact of beliefs

heterogeneity is towards a lower socially efficient discount rate, i.e.
1 / * 1 /! *
5 log E [ ByMyu! (e})] < —ElogE [u' ()] .

We obtain analogously that if the consensus belief is neutral or optimistic (i.e. dp; > 0) and
when 1 < 1, then the impact of beliefs heterogeneity is towards a higher socially efficient
discount rate. This result is in the spririt of the findings of Dumas et al. (2005) that obtains in
their specific sentiment framework that “whenever risk aversion is [an integer| greater than 1,
an increase in the variance of sentiment reduces the expected values of all the future stochastic

discount factors.”

5. Short term and long term considerations

We now turn to (very) short term and (very) long term considerations. In particular, we have
seen in previous sections that there is an aggregation bias that makes the heterogeneous beliefs
setting fundamentally different from an homogeneous setting with consensus characteristics. Is
this bias present in the very short and very long run 7 More generally, is it socially efficient,

when diversity of opinion is taken into account, to reduce the discount rate per year for far

11



distant horizons ?

In this section, since we let the time horizon T' vary, we denote by )ij the Lagrange mul-

T\"
1% the normalized Lagrange multipliers and by QT the consensus
j=1\1/4;

probability measure. Similarly, we denote by A} and R} the discount factor and discount rate

tipliers, by v; =

for date t amounts when the agents time horizon is T'. Individual discount factors and rates will
be denoted by A?’i and RtTZ

For long term horizons, we obtain the following results.

Proposition 5.1. We suppose that for all i, the individual asymptotic discount rate R’ =

<Tlirjrﬂl RtT " exists. Moreover, letting I denote an agent with the lowest subjectively ex-
t<T;t, T—o0

pected asymptotic discount rate (i.e., Rgo = inf {Réo;z' =1, ...N}), we suppose that the weight
of this agent does not vanish, i.e. 'yfIF >e>0.

Under these assumptions, the asymptotic value for the socially efficient discount rate is given
by the lowest subjectively expected discount rate i.e.

Reo = tg}if%booRtT =inf {R,i=1,..,N}.

In a model where each individual corresponds to an expert who consults a subjective model
in order to recommend discount rates, the existence of R’_ for all 4, means that each expert
is able to propose an asymptotic discount rate. The condition '7? > € > 0 ensures that no
agent, vanishes when the economic horizon increases. We will see in the next section on specific
examples that this condition is satisfied as long as the infinite horizon problem is well defined
(i.e. the individual maximization problems are well defined for 7' = o0).

Proposition 5.1 shows first that the bias, due to beliefs heterogeneity, that we have exhibited
in previous sections vanishes in the long run. The socially efficient discount rate behaves asymp-
totically as the discount rate associated to an average of the individual subjectively anticipated
discount factors. Indeed, under the conditions of the proposition, the socially efficient discount
rate R} converges to the lowest siubjiectively anticipated discount rate R.  as does the quantity

T
—log {ZZN 17 (1) (exp_RiT)n " . Nevertheless, we emphasize that the bias vanishes only
asymptotically, and we shall see in the next section that we may have to consider very far
horizons (hundreds of years) before observing this asymptotic behavior.

Proposition 5.1 proves foremost that, from today’s perspective, among the possible subjec-
tively expected asymptotic behaviors R._, the only relevant asymptotic behavior is the one with
the lowest interest rate (as long as it exists in the long run). In other words, in a setting with
heterogeneous agents, only the agent with the lowest expected discount rate matters in the long
run. The interpretation is the following. From today’s perspectives, all the other agents become

¢

negligible in the long run, because their “weight” has been reduced by the power of compound
discounting at a higher expected discount rate. Asymptotically, the value of the socially efficient

discount factor is then given by the discount factor that would prevail in an economy made of

4 These limits can be replaced by limits along sequences, i.e. R = limp oo Rizl for some sequence (t,, )
such that t, < ¢, and limt, = lim¢,, = co. In this case, the asymptotic socially efficient discount rate would be
defined along the same sequences.
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the agent with the lowest rate only. In the case of homogeneous beliefs and heterogeneous time
preference rates, this implies that the asymptotic discount rate is given by the rate associated
with the lowest rate of impatience. This means that the result of Gollier-Zeckhauser (2005)
on the asymptotic discount rate with heterogeneous time preference rates'® remains valid in a
stochastic setting. In the case with homogeneous pure time-preference rates and heterogeneous
beliefs, Proposition 5.1 implies that the asymptotic socially efficient discount rate is given by
the most pessimistic rate.

Proposition 5.1 is another element in favor of declining discount rates in the long run. As
underlined in differing contexts by Dybvig et al.(1996), Gollier (2002), Weitzman (1998, 2001),
in the standard stochastic setting with a representative agent with rational beliefs and given
time preference rate parameter, the long term discount rate is associated with the scenario
with the lowest possible rate. In the case of heterogeneous agents, this implies that for each
agent denoted by 4, the asymptotic rate R’  corresponds to his worst expected scenario (over
possible states of the world). Proposition 5.1 implies then that the asymptotic behavior of
the discount rate is given by the lowest (among agents) of the lowest possible rate (among
possible scenarios or states of the world). Consider for example the simple case in which
the instantaneous rate of growth of aggregate endowment denoted by g is a discrete random
variable, independent of ¢ and of W, taking values pq,..., 7 with probability pi,...,p; and
suppose that oy, 8%, p' are constants. We easily get that for all i = 1,...N, the asymptotic
subjectively expected discount rate is given by the rate associated to the worst possible scenario,
ie, R = pi—i—% (infj:L._.,J pi+ 051) — (% + #) o2. According to Proposition 5.1, the socially
efficient discount rate is then given by the lowest possible rate among the agents, i.e. Roo =
infi—y. n (o' + 0d6") + mf]ﬁ% - (% + ﬁ) o2.

We now turn to short term horizons. We have essentially two ways of defining the limit
of Rl at 0. We can consider the limit discount rate when the term goes to zero and the limit
discount rate when the economic horizon goes to zero. The first one corresponds to the very
short rate in a model where the agents have a given utility maximization horizon 7T It informs
us about the shape of the yield curve (RtT) te[0.T

denoted by R = %irr(l)RtT and will be called the short term rate for the economic horizon 7.

} for a given economic horizon 7. It will be

The second one corresponds to the very short rate when the economic horizon goes to zero.

It informs us about the shape of the curve (R%) that corresponds to the discount rate at

T>0
horizon T'; agents are short-sighted for small values of T" and far-sighted for large values of 76.

It will be denoted by Ry = F}imo RE and will be called the short-sighted rate!”.

Proposition 5.2. For all T, the short term socially efficient discount Rg is given by

N N XY
B () =3 - Y- 03! (14307
i=1 i=1 i=1

%See also Blanchard and Fischer (1989) and Li and Lofgren (2000).

16 The already introduced asymptotic discount rate Roo corresponds then to the long term rate for far-sighted
agents.

17Tt corresponds then to the short term rate for an economy with short-sighted agents. Obviously, it would be
possible to define the limit lim RY along some sequences 0 < t, < T}, — 0, as we discussed it for lime R} in
footnote 14.
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and the short-sighted rate Ry satisfies

N 2
R():RO ZP},ORZ_, _I)Z,Y?< nyo(sz>
=1

*i .
where 79 = lenb'y;fp = ee‘l and R} = %Hll()RTl = %m&RZﬂl = (rf))f .
— 0 — —

The benchmark for the short rate is given by Zf\i 1 *yZT (ré)f , the weighted average of the
individually anticipated short rates. The difference between this benchmark and the actual
short rate is proportional to beliefs dispersion and its sign depends upon the position of 7
with respect to 1. Recall that in the long term, the benchmark is given by the infimum of the
individually anticipated long rates and there is no impact of beliefs dispersion. In particular,
for 7 < 1 the short term rate is necessarily higher than the asymptotic rate.

In order to determine the whole shape of the yield curve, we must determine explicit formulas
for the socially efficient discount rates. In particular, as highlighted by the previous analysis, we
need to determine the coefficients 'yiT. We need also to analyse how the individual risk tolerances
evolve over time, since they represent the weights in the consensus characteristics. Besides, we
have seen that the covariance between individual risk tolerance and individual beliefs and taste
parameters play an important part. This means that it is useful to consider specific settings,

which is the aim of the next section.

6. Specific settings

We consider the case in which the beliefs and taste parameters 6%, p, as well as the aggregate

endowment parameters y and o > 0 are constant!®.

i, ptodt
Ty

11 (1 + l) 02. We recall that even in this setting the consensus characteristics 65, and p,

For all i, the discount rate R: is the same for all ¢ and given by R' = p

2n Ul
are time-varying, stochastic processes.

As an immediate consequence of Proposition 4.1 we obtain that, for all ¢, the risk free rate

r{ and the socially efficient discount rate R} are given by

2 2 , i 0
o= th)pu“*zi;?““” 5+ Dt =S Var (9)() (6.)

Rl = B2 42 1lnE [(vlT exp(M—o)Wi—nplt +~T eXp(—n5—0)Wt—np2t) 1/’7] '

ef e

i A2\ 2
where 7; = L and Var™ (6) (t) = 6° [1 - (%4%) ] (52% v

By Proposition 5.1, we know that Ro = inf;—1 (pi + %5’) + L2 (1 + )02 if the

agent with the lowest subjectively expected socially efficient discount rate “does not vanish.”

'8One could object that when p is constant, agents will learn and then that the §”s can not be taken as
constant. However; the case with constant parameters without taking learning into account seems to be a
good approximation of the situation where all the parameters are stochastic and where learning is regularly
compensated by new shocks on pu.
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6.1. Logarithmic utility functions

As we have underlined it in previous sections, the case of “myopic” utility functions is very
specific. Indeed, in that case, the socially efficient discount factor can be expressed as a weighted

arithmetic average of the individual subjectively expected ones!'?

, more precisely 4; = Y, v, AL
There is no beliefs aggregation bias in the expression of the risk free rate and the socially efficient

risk free rate can be written as an average of the individual subjectively expected risk free rates,
ie. rf = > T (ri)f.

6.1.1. With two agents and rational average belief

We start by considering the case with two agents, i = 1,2, differing in their beliefs 6°. Moreover,
we suppose that agent 1 is optimistic (i.e., 6* > 0), that agent 2 is pessimistic (i.e., 6% < 0), and
that the agents are “on average” rational i.e. 61 +62 =0 (we shall consider below a more general

case). We let w; denote the relative wealth level of agent i, and we suppose that et = w;e*.

Proposition 6.1. Consider the case of logarithmic utility functions. Suppose that §' + 6% = 0.
We obtain the following results.

w; p (lfexp 7,0"LT)71
- ——.
2 wjpl (1—exp —piT)

1. For all time horizon T, %T =
2. The socially efficient discount rate satisfies
1
Bl = = o® = log [yf expm (749 4T ey (70|

Ry = p—o’+w (p1—|—50)+w2(p2—50)
,ufa2+inf(p1+o'5,p2705).

=
8
I

The yield curve (RtT) , 1s downward sloping and Ry > Roo.

We recall that in the standard setting with logarithmic utility functions, the yield curve is
flat and for all wealth distribution, the rational discount rate R; is given by R, = 7{ = p—o? for
all . When beliefs and time preference rates are heterogeneous, the situation is more complex
and we sum up in Table 1 the possible behaviors of the socially efficient discount rate as a

function of time and of beliefs dispersion.

Insert Table 1

Consider first the particular setting with w, = wy and p' = p? = 0, as illustrated in Figure
1. In this case, the discount factor is an equally weighted arithmetic average of the individual
subjectively expected discount factors, as in Weitzman (1998, 2001). The short term rate is the
rational rate and the long term rate is the pessimistic rate. Moreover, for all ¢, the discount

rate R; decreases with beliefs dispersion (see Table 1).

19 As shown in Appendix A-1, in that case, individual heterogeneous beliefs can be aggregated into a consensus
belief and time preference rates can be aggregated into a consensus time preference rate and there is no aggregation
bias.
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Insert Figure 1

The setting with possibly different wealth levels is illustrated in Figure 2. The consensus
discount factor is a wealth-weighted arithmetic average of the individual subjective discount
factor. The yield curve is still downward sloping. The short term rate is a wealth weighted
average of the individually expected short term rates, which differs from the rational rate if
wy # ws. If there is a positive correlation between optimism and initial wealth, then the short-
term discount rate is higher than in the rational setting and an increase in beliefs heterogeneity
increases the short-term rate. The long term rate is still given by the pessimistic rate and an
increase in beliefs dispersion always decreases the long term rate. Finally, an increase in the
initial relative wealth of the optimistic agent induces a higher short-term discount rate and a
greater spread between the short-term discount rate Ry and the long-term discount rate R,

which is always positive.

Insert Figure 2

Consider now the setting with possible divergence in the pure time preference rates. The
yield curve (R;‘F) , 1s still decreasing. The asymptotic as well as the short term behaviors of the
discount rate are similar to those observed in the setting with zero pure time discount rate,
replacing 6’c by p' + d'c. In particular, the asymptotic discount rate is the lowest subjectively
expected asymptotic discount rate. However, as a consequence of the dependence in T" of ’yiT, R%
is not necessarily decreasing with T' (see Table 1). Consider the case in which p! + 06 < p? — 00,
which is illustrated in Figure 3. In that case, the relative weight of agent 1 decreases with T"
there is a bias in favor of agent 2. For small 7', an increase in 1" induces a higher weight on the

discount rate of agent 2, which is the highest discount rate, inducing an increase in Rp.

Insert Figure 3

6.1.2. More general settings (with logarithmic utility functions)

The results of Section 6.1.1 are easily generalized to the setting with N agents, with constant
beliefs §° (not necessarily neutral on average), constant pure time preference rate p’ and wealth
levels w;. In such a setting, we obtain as an immediate extension of the results of the previous

section that

wip' (1 — exp —,oiT)_1
S wipd (1 —exp—p/T)™!

N
1 i si
W= neot g [T o)
i=1

N
2 (i i _ 2 . i i
Ry = p U+Zwl(p —i—a5),Roo—u U+i:1111fN(p +a5).

i=1
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Let us first analyse the impact of the average level of pessimism/optimism. In the previous
sections, we have supposed Zfi 1 8" = 0. If there is a (pessimistic or optimistic) bias on average
with % Zf\il §; = 6 # 0, then there is an additional optimism (when ¢ is positive) or pessimism
(when ¢ is negative) effect on the risk free rate and on the discount rate. Pessimism at the
aggregate level reduces the risk free rate as well as the discount rate, which is intuitive.

This “average level of pessimism” effect disappears in the long run, since the long run
discount rate is given by the lowest subjectively expected discount rate. This is not the case
for the short-term discount rate which is given by an average of the individual subjectively
expected (constant) discount rates. The long run discount rate is then necessarily lower than

the short term discount rate. Moreover, the yield curve (R%F ) is still decreasing.

<

We can consider settings with a continuous distribution OI:_'CEG individual beliefs (6’) If we
suppose that wealth is equally distributed?’, then we obtain as an easy extension of the discrete
setting that the discount factor is an average of the individual subjectively expected discount
factors, ie. A; = E [A%] . For instance in the case of a normal distribution on individual
beliefs, i.e. if (52) ~ N(O,wQ), we obtain that Ry = u — o2 — %02w2t; the discount rate
is clearly decreasing and converges asymptotically to the lowest possible rate (among agents)
which is —co. Consider now the more realistic case of a Gamma distribution?' on the individual
subjectively expected discount rates, as in Weitzman (2001), i.e. if (R’) ~ v (a, 3) . Note that in
our framework, R’ = y— o2+ 6%c, and considering a given distribution on the (RZ) is equivalent
to considering the translated distribution on the (51) . As in Weitzman (2001), we obtain (see
Appendix A-2) that A; = (1 + to?/p) /o , hence —% = m, or Ry = L’T‘—;t log (1 4+ to? /)
which is also clearly decreasing and converges to the lowest possible discount rate (which is
zero) when ¢ goes to infinity.

The main difference between the setting with two agents, who are on average rational,
and the general setting with NV agents who are not necessarily rational on average lies in the
distribution among agents of individual optimal consumptions as well as of individual wealth
levels at time ¢. Consider for instance the setting of Proposition 6.1 with p' = p? = 0 and
wy; = we. It is easy to obtain that for all ¢, the ratio of individual wealth levels at time t as

et
well as the ratio of individual optimal consumptions at time ¢ are given by % and that this
Yt
2
ratio has the same distribution as its inverse %+, which means that none of the agents ”wins”.
Yi

What happens now if, for instance, one agent is pessimistic (or optimistic) with M! = &£ (67)
and the other is rational with M? = 1. In this case, the weights fyiT are the same as in the
previous setting since they do not depend upon individuel beliefs. However, agent 1 is “wrong”
while agent 2 is “right” and the consumption legel of agent 1 vanishes in the long run®?. Indeed,
i

1
e 2yt .
‘- has the same distribution as exp?t %, which
Yi Yt

. 2 . . 1 .
means that as ¢ increases, y; becomes very important with respect to y; . The same is true

the ratio of optimal consumptions at time ¢,

of the ratio of the individual wealth levels at time ¢. The equilibrium risk free rate converges

23

then to the rational rate”®. However, we still have that the asymptotic discount rate is given

20More precisely, we need that E° [Af—l] =FE' [MZ] .

21We recall that the density of a Gamma distribution v (a, 8) is f (z) = %x"‘_l exp % 1,50.
22The same would be valid as soon as one agent is “more wrong” than the other agent.
23Indeed, it can be shown that 71 — 0, a.s., and 72 — 1, a.s.
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by the more pessimistic individually anticipated asymptotic rate. The asymptotic rate R is
then equal to p — o2 if the irrational agent is optimistic, and to u — 0% 4+ 061 < p — o2 if the

irrational agent is pessimistic.

6.2. Power utility functions

We still consider the setting with two agents, one optimistic (61 = +4 € R* ), one pessimistic
((52 = —5) but we now assume that they are endowed with power utility functions. As we have
underlined it previously, there are essentially two different settings, n < 1 or n > 1, for which

the impact of beliefs divergence is opposite.

6.2.1. The case n < 1

Let us start by considering the specific case n = 1/2. In this case, we recall that in the standard

setting the yield curve is flat and, for all ¢, R; = r{ =24 — 302,

Proposition 6.2. Consider the case of power utility functions with n = 1/2. We suppose®*
that y — 02 — 06 > 0. Suppose that ' + 6% =0, wy = wy and p' = p? = 0.

2
(_N+02_U6) exp(ﬂﬂro +U§)T -1
(—p+o2+00) exp(fu+o2fm5)T _1’

2
1. We have @ =
¥

2

which is an increasing function of T, and

T T _ 42 5
lim 2L =1, Jim 2L = [EZ 0 F00
T~>0’y2 T~>oo’y2 uw—o0o — 0l
2. For all t, the discount rate is given by
T 2 1 T™NE 260t | (T\2 .. 280t Lo T T . 152
Ry = 2p—30°— n In ((’yl) exp + (72) exp +27v] 73 exp” 2 )
f 1 2
RY = (rg) =2u — 30% + 200 (fle—’yg) —i—zéz [1 — ('le—fyg) ]

Roo = 24— 30%—205 <R}

The discount rate is a decreasing function of t.

According to the first point of the proposition, the relative weight of the optimistic agent is
greater than the relative weight of the pessimistic agent, i.e., ¥/ > 42 : there is an optimistic
bias at the aggregate level, and this bias increases with the time horizon, i.e. 7{ increases with
T. This result is valid in the general setting with n < 1 (see Appendix A-2). This means that
an increase in beliefs dispersion leads to an increase of the short term rate. Notice that in
the long term an increase in beliefs dispersion leads to a decrease of the discount rate since it
corresponds to a more pessimistic belief for the more pessimistic agent.

The main result we obtain is the fact that the yield curve is decreasing. In fact, as shown
on Equation (4.3), the risk free rate is equal to an average of the individually anticipated

risk free rates plus a beliefs dispersion term 3 (n — 1) Vaar™ (§). For n = 1, there is no beliefs

24 This condition ensures that the individual optimization programs are well posed for both agents even for an
infinite horizon.
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dispersion term and, as already seen, the socially efficient discount rate R decreases with t

and converges to the more pessimistic individually anticipated one. For general n, we have

1, T 2\ N
(%) = (%) ~InN (0, 2775\/i) . In particular, this implies that, for large ¢, ”yg“l is large
*1y

with respect to yf or yZ‘2 is large with respect to y; " with a probability near 1. Loosely
speaking, there are two kinds of states of the world, those for which y; " vanishes for large t
and those for which y;” vanishes for large ¢. The beliefs dispersion term s(n—1)Var () =

1 2
1yl yi

* *
4 ey e}

converges, as in the logarithmic case, to the most pessimistic rate. Everything works then as

vanishes then asymptotically. The discount rate curve is then globally decreasing and

if we had two scenarios one with the optimistic rate and one with the pessimistic rate and the
asymptotic socially efficient discount rate is associated to the worst scenario as in Gollier (2002)
and Weitzman (1998, 2001).

In Figure 4, we represent?® the discount rate curve R%.

Insert Figure 4

In Figure 5 we represent the yield curve as well as the rates associated to the n—average and
to the arithmetic average of the individual discount factors. All these curves converge asymp-
totically to the rate associated to the most pessimistic belief but the "n" one is a much better
approximation of the yield curve than the "arithmetic" one. The distance between the yield
curve and the "n" curve measures the impact of the bias due to beliefs dispersion. The vari-
ance term increases the short rate but its impact decreases with ¢ and vanishes asymptotically.

However this impact can remain non negligible for centuries.

Insert Figure 5

We have assumed so far that both agents are endowed with the same initial wealth. If we
relax this assumption, we still obtain decreasing yield curves converging to the most pessimistic
rate. However, when the more optimistic agent is wealthier, she has a greater weight in the
average formula and the impact of her optimism lasts longer. The yield curve has then a higher
starting point at 7' = 0 and its initial slope is smaller. When the more pessimistic agent
is wealthier, she has a larger weight, the starting point of the yield curve is lower and the

convergence to its asymptotic rate is more rapid.

6.2.2. The case n > 1

As can be seen e.g. in Equation (6.1) and as already underlined, the risk free rate exhibits both
an average belief/time preference effect that is measured by > 7;0; and by ) 7;p; and a beliefs
dispersion effect that is measured by the variance term. As in the case n < 1, the average effect
induces a decrease in the yield curve (since the associated rate converges asymptotically to the
lowest rate) and the variance term decreases and vanishes asymptotically. However, we have

now n < 1 and the sign of the beliefs dispersion term is then negative. This leads then to two

%5In order to evaluate the integrals and expectations that are involved in the formulas we used the adaptive
quadrature implemented in the R function INTEGRATE to approximate the target integral. This function is based
on QUADPACK routines DQAGS and DQAGI (R. Piessens and E. deDoncker-Kapenga,1983) available from Netlib.
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opposite effects, the average effect inducing a decrease of the yield curve and the dispersion
effect inducing an increase in the yield curve. Depending on the relative size of these effects,
we may obtain decreasing curves as in the case n < 1 as well as increasing then decreasing
curves as in Figure 6. The case > 1 leads then to a richer family of possible shapes and is
compatible with the fact that long-term rates in bonds markets (i.e. 7' = 30) are usually higher
than short-term rates. In the case of an initially increasing yield curve, this initial shape results
from beliefs dispersion and is not retrieved when we approximate the yield curve by the rates
associated to the n—average or the arithmetic average of the individual discount factors as can

be seen in Figure 6.
Insert Figure 6

7. Conclusion

When public investment projects entail costs and benefits in the very long run, a question arises
about the selection of the relevant discount rate to use for the Cost-Benefit Analysis. Indeed,
financial markets do not provide a guideline in this case.

In this paper we provide an equilibrium analysis of the effect of expectations heterogeneity
and pure time preference rates heterogeneity on the socially efficient discount factor in a (quite
general) stochastic setting.

First, we show that the certainty equivalent approach of Weitzman (1998, 2001) that consists
in taking the arithmetic average of the individually recommended discount factors is compatible
with an equilibrium approach if we assume that all utility functions are logarithmic and that
all agents have the same initial wealth. However, for more general utility functions and wealth
distributions, the right concept of average to consider within an equilibrium approach is not the
arithmetic average but an n—average. Moreover, this n—average is a weighted average. Finally,
there is a bias induced by beliefs and pure time preference rates dispersion.

Increased beliefs and/or time preference rates dispersion leads to higher or lower discount
rates depending on the position of the relative risk aversion parameter with respect to 1. In
fact, beliefs and time preference rate heterogeneity impact the socially efficient discount factor
as would an additional source of risk.

In the long run, we show that the asymptotic discount rate is the lowest individually antic-
ipated discount rate, which is another element in favor of decreasing discount rates in the long
run.

In the short and in the medium term, beliefs heterogeneity leads to a richer class of possible
shapes for the yield curve. In particular, we may obtain increasing yield curves for the first 50

years as it is usually the case in financial markets.

Appendix

A-1 Aggregation of individual beliefs and time-preferences

The aim of this Appendix is to adapt the results of Jouini and Napp (2007) to our setting with

heterogeneous time preference rates. We deal with aggregation issues in the spirit of Varian
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(1985, 1989), Abel (1989), Calvet et al. (2002), Shefrin (2005). We obtain the following result.
Proposition A-1 We let N’ denote the individual composite characteristic M*D".

1. The individual characteristics N* can be aggregated into a consensus characteristic N such
that
g = Ny (ef)

with
—1/n

N 1/n N
x=[Sr] = [Snon]
i=1 i=1
2. The consensus characteristic N can be written in the form
N =BDM

where M is a consensus probability belief, D is a pure time consensus discount factor
and B is an aggregation bias, related to beliefs dispersion. More precisely, the martingale
process M and the finite variation processes D and B satisfy dMy = §pr MydWy, dDy =
—ppDidt, dBy = —pgBidt with Mo = Dy = By =1 and

N A N )
5M = ZTZ'(SZ, pD:ZTi,OZ
i=1 i=1
1 A I .
pp = 5(1-mn) > i (0 =% =5 (1L =m)Var™(9)
i=1

We let QQ denote the consensus probability measure aggregating the individual subjective

probability measures Q°, i.e. % = Mr.

Proof
1. Since ¢* is an interior equilibrium price process, we know that there exist Lagrange multipliers
(A\i) such that for all 4 and for all ¢,

L
Ai

(AliNti)n = (@) (v)

N () = at (7.1)

We easily obtain that

. N P*
Since ) ;7 y; = e€j, we get

N 1/n
g = Ny (ef) with Ny = [Z Vi (Nt’)n] . (7.2)
i=1

The other formulation for N is obtained analogously; indeed, since

1

N (4i7) = Ned (), (7.3)
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we have

hence

2. We can write that dyi = a;(t)dt+b; (t) dW; for processes (a;) and (b;) such that Zfil a; (t) =
ey and Zfi 1 bi (t) = oef. Analogously, we introduce the processes py and 0y such that
ANy = pp () Nedt + 0 (t) NedWy. We apply Itd’s Lemma to both sides of Equation (7.3).
Identifying the diffusion parts leads to

1 i 1. N
XN’u;’ (y* > bi + YNZU;; (y* ) 5" = Nu' (€*)dp + Nu" (e) oe*
(2 (2

hence, using Equation (7.3),

u (v o ()
o = ——bi + 0" — e (7.4)
w; (y*) ' (e*)
and
N .
o =Y Tid'.
i=1
Identifying the drift parts leads to
1 u” (e*) 1 b8 1u" (ef) 5 0 u” (e*)
= ——q; — x - 1) & — 2 _ = * —§ *'
/"LN Ea u/(e*)lu‘e pl+2(77+ )1—;2 711 2u/(e*)a (6) Mu/(e*)a—e

Replacing b; by its expression in Equation (7.4) and simple computation leads to

1 u’(e”) 1 2 1 2 i i
N = i = u,(e*),ue _pi+§(n+1)5M+§(77_1)6i_775M5 + 06" — oy
(2

Simple computation leads to

1 N L N
py =50 —1) [Zﬂ'(y) —5?\4] =Y Tip.
i—1 i=1

Since dN; = 130 (t) Nydt + 0p (t) N dW; with Ng = 1, we have for all t, N; = exp fg fy —
(51\24)2 ds + fJ S mdWs, or equivalently

2
SprdWs— Car)” g

3 %(n_l) [Zf\r:l ”(51‘)2_6?‘4]&9 exp fot Zz]'v=1 Tip'ds 2

ft
N; = exp”® exp’o

which is of the form N = BDM. R
Proposition A-1 means that the Arrow-Debreu prices are the same as in an economy in which
the representative agent, endowed with the same utility function as the agents in the economy,

has a consensus characteristic N which is an n—average of the individual initial characteristics
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N? = M'D'. The process N can be decomposed into a consensus belief M and a consensus
discount factor D modulo the introduction of a finite variation process B. The consensus belief
parameter d7 is the risk tolerance weighted arithmetic average of the individual beliefs (diffu-
sion) parameters 0°. Notice that under the consensus probability @, the dynamics of aggregate
endowment is given by dej = (p + dp0) e dt + oref thQ, where by Girsanov Theorem W€ is a
Brownian motion under @), which means that the instantaneous expected rate of return at the
aggregate level can be written as a risk tolerance weighted average of the individual subjectively
expected rates of return, i.e., u@ = (u + dp0) = ZZ]\L 1 7i1*. The consensus pure time discount
rate pp is also a risk tolerance weighted arithmetic average of the individual pure time discount
rates p'. The presence of the factor B makes the setting with heterogeneous beliefs fundamen-
tally different from the setting with homogeneous beliefs. This factor represents an aggregation
bias and is directly related to beliefs dispersion (and not to time preference rates dispersion).
Notice that since the factor B is of finite variation, its effect can be interpreted as a modification
of the rate of time preference. Indeed, since B is of the form B; = exp~ o 3(1=m)VarT(9)ds , the
presence of this aggregation bias is analogous to a bias on the consensus time preference rate.
Since Var™ (§) is always nonnegative, it induces a lower time-preference rate for n > 1 and a
higher time-preference rate for n < 1. This means that beliefs heterogeneity induces a bias on
the trade off between present and future consumption.

Let us underline two specific settings. The myopic logarithmic setting (with n = 1) appears
as very specific; the consensus characteristic is then an arithmetic average of the individual
ones, and there is no aggregation bias.

In the particular setting with rational beliefs, i.e. if for all i, M* = 1, we obtain that N =

D= {ZZJ\; 1 Ti (D’) —n] o . There is then no aggregation bias. The consensus characteristic NV
is also the consensus discount factor and is given by the risk tolerance weighted average of the
individual discount factors. This is the analog of the result of Gollier and Zeckauser (2005),
obtained in a deterministic setting. Analogously, if there is no divergence of opinion, i.e. for all
i, M = M (beliefs are then subjective but not heterogeneous) then N = M D and there is no

aggregation bias.

A-2 Proofs

Proof of Proposition 3.1
By Proposition A-1, we have

- N 1/n ) N o 1/n
i = | (NZ)”] ()71 = [Z% (N <ez>n)]
Li=1 i=1

r N 1/n
= D (q,?*)n] .
Li=1

Sk — 71/”7
Analogously, using Proposition A-1, we obtain that ¢* = {Zfil T (q@ ) 77] .

Proof of Proposition 3.2
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1. In the deterministic setting, we have Al = ¢¢ and A; = ¢}, hence by Proposition 3.1,

1/n
A =

N .
Z’Yi (Af:)n
i=1

2. Since A; = E [¢f], we get from Proposition 3.1 that

N

()]

=1

A =F

In the case n =1, we have Ay, = F [Zf\il ’yiqz*] = le\il v, E [qé*] = Zi\il v, AL
In the case n < 1, we have

Al =

N n

> i (d)

=1 1/n

N N N
Z% (qi ) H1/77 - Z%
i=1 i=1

IN

,[:*
gt

T ,
L Z%’ (Ai)n
i=1

hence A; < [Zf\il Vi (A;)n} I/n.

In the case n > 1, using Minkovski’s Lemma, we get analogously that

N 0 1/n) "
Eq D <Qt*) ] > vE[q]",
=1 =1
hence A; > [Zfil Vi (Aft)n} 1/77. |

Proof of Proposition 4.1

We adopt the notations of Appendix A-1. We let ji,« (resp. og4+) denote the drift (resp.
diffusion) parameter of the process ¢*, i.e. dgqf = Pg=qi dt + og=q; dWy. Since, by Proposition
A-1, ¢* = N/ (e*), we easily get through Ito’s Lemma that

B 5 o (6*) .
:u’q* - :u’u’(e*) + 1Y% +om o (6*) ge

where fi,(c+) denotes the drift parameter of the process u' (e*), and

u/l (e*)
o =0p + oe*
T ()
1. Since ¢* is a state price density, we obtain as in the standard setting that r/ = — pg+- We know

from the proof of Proposition A-1 that d; = Z@]L ;0" and that puy = 1 (n — 1) [Zfil Ti (6i)2 - (5?\4 —
Zi]\il 7;p'. Letting 7/ (stdard) denote —Hu e+, 1-€. the risk free rate that would prevail if agents
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held rational beliefs (Q = P), and had a zero rate of time preference, we easily deduce that

+ Z Tipt + = (Z ms%)

=1

N

= rf(standard) — % (n—1) [Z Ti (51) — 62,

=1
Z TipP; +

1 1 1
i+ ZTZ, —<1+>02—(n—1)VarT(5).
21 1 2
2. Immediate using 1.

3. The first equation results from the definition of R; = —1log E [g;] and from Proposition A-1.

For the second equation, we have Ry = —1 log F [g;] hence
1 t . 2 t
R, = —-logFE exp/ Lhgx — m ds+/ og+dWy
1 (o0)”
= —2 log E expfg Hq* ds expfot JQ*dWS_f(f q2dS] .
Since prgx = —rf and Og« = 0M — %, we obtain

R, = f% log E9T {exp_ Jo ngs} :

|
Proof of —1log E[Mu/ (€})] < —1log E[u/ (e})] when &) <0 and —1log E [M By (e})] <
—1log E [/ (et)] when 67 <0, 7> 1 (¢ and o are deterministic).

Since dej = ef (u,dt + o dWy) with ef = 1, we have

t 1 t
ef = exp [/ <uu 3 u) du —I—/ Juqu:| .
0 0

Letting WtQ =W, — fo du we know, by Girsanov’s Lemma, that W is a Q-Brownian
motion where @ is defined by ap = M and, for s > t, we have

<Z;£>_l/n = exp (—1/n) [/ts (Mu - ;ai) du + /ts O'uquQ:| exp (—1/n) /ts oud™ (1) du.

If 6™ <0, then exp (—=1/n) [;* 0u6™ (u) du > 1, hence,

w (8 /]
()~ EQ {exp ~1/n) M < )du+/tsaudwg?ﬂ
()1 B, [exp “1/n) [/t( L 3) du+/tsouqu”

> B [(e;)*l/"] .

B [ M) = (e B

AV

v
1\3
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It suffices now to remark that B; > 1, a.s. for n > 1 to obtain F [MSBS (ez,‘)l_l/77 >

E, [(e;)l—l/ﬂ .n
Proof of Proposition 5.1

We let th (resp. th 2) denote the Arrow-Debreu prices (resp. the individual subjectively
anticipated Arrow-Debreu prices) when the agents horizon is 7. We start by comparing in 1.
the socially efficient discount factor A with the individually anticipated ones.
1. For n = 1, we know by Proposition 3.2 that Al = Zf\il VZ-TA;‘F’i, hence

sup <W1TA,TZ> < AT <sup A;”
i i

: s T N (47T N T _
For 1 < 1, we have seen in Proposition 3.2 that A; < |> .1, 7, (4; .Since ) ;" v =1,

we get that A7 < sup; AtTZ Moreover, since A} = E [th ] , we get from Proposition 3.1 that

N 1/

> oAt (th l) !

{7} sl

hence A7 > sup; ((’7;[) 1/n AtT,i> '

AT = F

For n > 1, we get analogously that A7 > sup, ((7?) Ln AtT’i) . Moreover, since for nonneg-

ative real numbers

we get that

IN
S|

2. Consider first the case n = 1. Since AtT’i = exp_RtT’it, we have sup; AtT’i = exp— infi R For
all (¢,T), let us denote by i(¢,7) an agent such that inf; Rf’i = R;‘F AT) For t and T large

enough, it is easy to check that exp_(inf"' Rp)T _ exp_Ré‘T. Since for all 4, fyz-T < 1, and since
I > &, we have sup; (va’T) > ~T eXp_RITT for T large enough. We then get, for T large
enough,

1 1
— 7 log (exp’RITT) < Ry < —log (%T eXp’RITT>

or equivalently
log (v])

R[
T hr

RL <Ry < -

: I
hence limy_,o Ry = R_..
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Consider the case n < 1. As above, it is easy to verify that for 7" large enough sup; ((%T) L/n AZT) >

(+7) 1/n exp 1T and that sup; AL, = exp 77 hence that Ry —7_,s0 RL .

Consider now the case n > 1. We have

N N

i=1 i=1

For t and T large enough, we then have
; 1 1
RIAED) _ Jlog N < R < R é” log e

and R::F —¢ T—o0 RL. . m

o0

Proof of Proposition 5.2
We know from Proposition 4.1 that for all (¢,7T),

1 I t
RT = —glogEQT [exp—/ rgds]
0

. QT o
with % = & exp (Zf\il (1:0;) (t) — %) .
Let us denote by S; = exp — trsfds, we have dS; = —Strfdt and BQ" exp — trgds =
0 t 0
EQT[S)] =1 - EQT [fg S récds] We have then Rf = —1log <1 o [fg S rgdsD which is
equivalent in a neighborhood of 0 to 1EQT [fo S, r!ds} We have then hmRt = S’oro = 7"(’;
T f .
We also have R% = _T log <1 — EP { fo EP (dQ ) Syry dtD which is equivalent in a neigh-
borhood of 0 to %EP {fg Etp <dQT) Strgdt} We have then %ighR% S (%) Sorg = rg.
Applied to the case N = 1, this leads to R = %in%RtT’i = %in% Rg’i =rp.

N N N 2
Furthermore, for a given horizon T', we know that rg = Z Iri—5 (n—1) Z rr <56 -> T?(%)
v i=1 i=1 i=1
T,%" *’5
with 77 = yoe—*. It is easy to check that lim~! = limr! = %,
0 T—0 T—0 €0

The comparison with S>% 497 is immediate.
Proof of Proposition 6.1

1. The relative wealth level w; of agent ¢ when time horizon is T' must satisfy

T T T 4 ) ‘ 1 /T i
wik [ / % etdt:| [ / 4 vy dt] [ / exp” tMZdt} = / exp ™7t dt.
0 0 0 )\z )\’L 0

7 1
, et i wip' (7
If p! = 0, then v} = w;. Otherwise, w; E [fOT qfe;‘dt] = e T hencenT = <1‘e"P —p T) _

Aipt . 1( 1
' szp l1—exp 7piT

2. The expression for R} is a direct consequence of the fact that R} = —% log [23:1 7? exp_Rit] .
The expression for Ry results from Proposition 5.1 and from the fact that, according to 1., none
of the agents vanishes. The expression for Ry results from Proposition 5.2. B
Proof of the result with a Gamma distribution

We have A = E [EZ [e%MZH = E [exp_RiT} . Since (RZ) ~ v(a,B), we have Ap =
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B [0 \r—aT (8" = 1
Koy Jo~ e [ (@) do = (%) = 1o T

Proof of Proposition 6.2

1. Since w; = wa, the relative weights ’y;fr must solve

T
B[ e [ 0n)' =g 0m2) ) [ ) 45 (0a7)?] at] =0,
This is equivalent to

T
/0 exp(—#te* 2= 2)t | [(’ff)Q exp@=We _ (41 exp(_‘;_“)Wt} dt =0

or

T o2 )2
/ exp(_“+g2/2_62/2)t <(7{)2 exp e (Vg)Q exp(5+z : t) dt = 0.
0

This implies that
(7”{)2 B exp(—u+a2+aé)T 1 (—p+ 0% — 06)
(VF)?  expluta®=odT 1 (—p+ 02 +00)

aT
This function is of the form Z’;ng :i with a,b < 0 and a > b, it is then easy to verify that this
function is increasing in 7.

2. We know that Ry = —+1 log [{2?1 o (M%)n}l/’?

(e%)fl/” . It is then easy to obtain that

Ry = % — % + % — %lnE [(,le exp(”‘S’”)WT —l—'sz exp(’"‘g’U)WT)l/n} . For n = 1/2, we have

Ry =2u— 0%+ % — %anT with
Vp=E [(%T)? exp20/2=0)Wr | (,@)2 exp2(0/2+0)Wr +2,YIT,Y2T exp~20Wr
We have then

2 —_5)2 2 2 2
Vv (,Y’il‘) eXp2(<5/2 0)*T (’7;) eXp2(6/2+a) T 27’{75 esza T
2 2 2 — 20 2 2 + g
= exp™ T ((Vip) exp(/27270)T 1 (4] exp(?/24200)T +27:1F7§F) ;

hence
1 T\ 2 T T\ 2 T T T 1s2p
ji’l = ZM — 3(72 — —1In ((’}/1 ) exp 200 + ( y2) exp%a +2 Y1 Y2 €XP 262 ) .

The result on Ry comes from the expression for %T obtained in 1., which implies that none of
the agents vanishes and from Proposition 5.1. The result on Ry comes from Proposition 5.2. B
Proof of the optimistic bias 77 > ~I for 7 < 1 and of the pessimistic bias v{ < 2
for n > 1.

The proof is taken from Jouini-Napp (2007). As in Proposition 6.2, we have

A=F

[F 0y oy
0 LY/ n) ()
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n
It is immediate that A can be written in the form A = )\— “ng (z) with 2% = (Q> and

T(e:)l—l/n x (Ml)n (Mt2)n
J (o

sk )+ L8 }“/”dt] ‘

For n < 1, we show that \; < Aa. We prove 1) that g (1) < 0, and 2) that g is increasing with
x, which implies that for Ay > As we would have A < 0, which is impossible. We have

/T (MY + (M2)" /;,32)2 — 2 ((MY)" = (MB)" /1»2)2 (1—-1/n) (e dt]
0 ( (M2)" + (M2)" f2)> /" t ’

g (x)=FE

1\"_ 2\7
which is positive for n < 1 and proves 2). Now, g ( fo [ 1 L/n {(A}ﬁimﬁﬂ;}g,w dt.

With deterministic coefficients, (M?!)" and (M2) can be written in the form (M1)"(t) =
) &
Z (t) (e (t))% and (M )77 (t)=Z(t) (e* (15))_777 for some deterministic process Z. It is easy to

(M)"—(2)"
see that TOENIE0!

—i7; 18 increasing in e*, hence decreasing in (e*)l_l/ " leading to

. (M)" = (M2)" . (a)" — (ME)"
R R A
Since £ {{(]\21]\)4’;1422;4(1\)4 — 1/"} 0, we obtain that ¢ (1) < 0. H
References

[1] Abel, A., 1989. Asset prices under heterogeneous beliefs: implications for the equity pre-

mium. Mimeo, University of Pennsylvania.

[2] Abel, A., 2000. An exploration of the effects of pessimism and doubt on asset returns.
Journal of Economic Dynamics and Control, 26(7), 1075-1092.

[3] Alesina, A. and G. Tabellini, 1990. Voting on budget deficit. American Economic Review,
80, 37-49.

[4] Blanchard, O. and S. Fischer, 1989. Lectures on Macroeconomics. MIT Press.

[5] Calvet, L., Grandmont, J.-M., and I. Lemaire, 2002. Aggregation of Heterogenous Beliefs
and Asset Pricing in Complete Financial Markets. Working Paper.

[6] Caroll, C.D. and M. Kimball, 1996. On the concavity of the consumption function. Econo-
metrica, 64, 981-992.

[7] Chandler, P., 1998. A stronger measure of risk aversion and a general characterization of

optimal income tax enforcement. Mimeo, University of Baltimore.

[8] Chichilnisky, G., 1996, An axiomatic approach to sustainable development. Social Choice
and Welfare 13, 231-257.

29



[9]

[10]

[11]

[17]

[18]

[19]

21]

[22]

[23]

Cochrane, J., 2001. Asset Pricing. Princeton University Press.

Cox, J., J. Ingersoll and S. Ross, 1985. A theory of the term structure of interest rates.
Econometrica, 53, 385-403.

Debreu, G. and T. Koopmans, 1982. Additively decomposed quasi convex functions. Math-

ematical programming, 24, 1-38.

Detemple, J. and S. Murthy, 1994. Intertemporal asset pricing with heterogeneous beliefs.
Journal of Economic Theory, 62, 294-320.

Dionne, G. and N. Fombaron, 1996. Non convexities and efficiency of equilibria in insurance

markets with asymmetric information. Economics Letters, 52, 31-40.

Dreéze, J.H. and F. Modigliani, 1972. Consumption decisions under uncertainty. Journal of
Economic Theory, 5, 308-335.

Dumas, B., Kurshev, A. and R. Uppal, 2005. What can rational investors do about excessive

volatility and sentiment fluctuations 7 CEPR Working Paper.

Dybvig, P., J. Ingersoll and S. Ross, 1996. Long forward and Zero Coupon rates can never
fall. Journal of Business, 69, 1, 1-25.

Gollier, C., 2000. Scientific progress and irreversibility: an economic interpretation of the

‘Precautionary Principle’. Journal of Public Economics, 75, 2, 229-253.

Gollier, C., 2002a. Discounting an uncertain future. Journal of Public Economics, 85, 2,
149-166.

Gollier, C., 2002b. Time Horizon and the Discount Rate. Journal of Economic Theory, 107,
463-473.

Gollier, C., 2007. The Consumption-Based Determinants of the Term Structure of Discount

Rates. To appear in Mathematics and Financial Economics.

Gollier, C. and M.S. Kimball , 1996. New Methods in the Classical Economics of Uncer-
tainty: Comparing Risks. Papers 96.412, Toulouse - GREMAQ.

Gollier, C. and R. Zeckhauser, 2005. Aggregation of heterogeneous time preferences. Journal
of Political Economy, 113, 4, 878-896.

Groom, B., Hepburn, C., Koundouri, P., and D. Pearce, 2005. Declining discount rates:
the long and the short of it. Environmental &Resource Economics, 32, 445-493.

Hansen, L. and K. Singleton, 1982. Generalized instrumental variables estimation of non-

linear rational expectations models. Econometrica, 50, 1269-1286.

Ingersoll, J.E. and S.A. Ross, 1992. Waiting to invest: investment and uncertainty. Journal
of Business, 65, 1-29.

30



[26]

Jouini, E. and C. Napp, 2006. Heterogeneous beliefs and asset pricing in discrete time:
An analysis of pessimism and doubt. Journal of Economic Dynamics and Control, 30 (7),
1233-1260.

Jouini, E. and C. Napp, 2007. Consensus consumer and intertemporal asset pricing with

heterogeneous beliefs. Review of Economic Studies, 74, 1-26.

Li, C-Z and K.-G. Lofgren, 2000. Renewable Resources and Economic Sustainability: A
Dynamic Analysis with Heterogeneous Time Preferences. Journal of Environmental Eco-

nomics and Management, 40, 236-250.

Loewenstein, G. and R. Thaler, 1989. Anomalies. Intertemporal choice. Journal of Eco-

nomic Perspectives, 3, 181-193.

Nordhaus, W., 2006. The Stern Review of the Economics of Climate Change.
http://nordhaus.econ.yale.edu/SternReviewD2.pdf

Piessens, R., deDoncker-Kapenga, E., Uberhuber, C. and D. Kahaner, 1983. Quadpack: a

Subroutine Package for Automatic Integration. Springer Verlag.
Shefrin, H., 2005. A Behavioral Approach to Asset Pricing. Elsevier.

Sinclair-Desgagné, B. and Gabel, H.L., 1997. Environmental auditing in management sys-

tems and public policy. Journal of Environmental Economics and Management, 33, 331-346.

Varian, H., 1985. Divergence of Opinion in Complete Markets. Journal of Finance, 40,
309-317.

Varian, H., 1989. Difference of Opinion in Financial Markets. In Financial Risk: Theory,
Evidence, and Implications. Stone C.C. (Ed.), Kluwer, Dordrecht, The Netherlands.

Vasicek, O., 1977. An equilibrium characterization of the term structure. Journal of Finan-
cial Economics, 5, 177-188.

Weitzman, M., 1998. Why the far-distant future should be discounted at its lowest possible

rate. Journal of Environmental Economics and Management, 36, 201-208.
Weitzman, M., 2001. Gamma discounting. American Economic Review, 91, 1, 260-271.

Weitzman, M., 2004. Discounting a Distant Future Whose Technology is Unknown. Work-
ing Paper.

Weitzman, M., 2007. The Stern Review of the Economics of Climate Change. Book review

for the Journal of Economic Literature, to appear.

Zapatero, F., 1998. Effects of financial innovations on market volatility when beliefs are

heterogeneous. Journal of Economic Dynamics and Control, 22, 597-626.

31



S sarel aousajad sy pue e [en

arpann nodn puadsp g uc

y gjal]ag Jo uoroumy e se | f uoz

[ HULCER 1 _./...m e g Aquangem

uaald v 10 ore1 Jmoastp 1) (¢) fif Jo taveq o) puw [, O Honouny ¥ se ( f, WoZMe 9fWonos 91 1 918l nosstp auy) iy jo wmegeq o, Suidos preatuaop sAae ST oA pots s,

%| = NW _..:3« _u L W = q@ ! _4«.__...._.:: afiRIane 10 ol sahe =_u:_..5. i .._..::...._ AL

#30] Jo aseo o) W seradord aamo pretx T o[qe],

'E "
U EERTT “IELAIDO Sutsearsa(] : .3" = ok
(o - ; &..,:. .__ (0¢ — 7)2m+ "FUIEERINA D DT SUISea I Smses T ; = mr [
- o Sl ' A . A 3 2,
Ok ._“ " (og+ d)im+ 0—1d 09— 0> op+ d pue it Vit t eV 2t gt g [e19Ua5)
£ = ao d < dyp
"} @EIR] 10]
Fuiseanap puw § [pems 10 el osTssad . . . 1
ST T < T O 5 00— g0 —1f og(fm — tm) + o —1f FurseaIie] Furseasa] VM4 oy im =% =1
Iseamap ‘Tm = Im I
L ael orjsrmEsad PRI [RTIOT eI L N r T n="%="1
TSI | 07 > 00— 0 —1 o1l SurseaIRe (] Furseaza| eVt VT puw tm = m
¢ JO UOUIg @ s onmy e se mj e i )
=y oy iV !

Q& H_M_.

32



y
0.016257

0.015T

0.013757

0.01257T

0.011257

0.01 T

Figure 7.1: This figure represents R; as a function of ¢ in the case of logarithmic utility functions,
zero time-preference discount rates (p1 =p? = ()), same relative initial wealth levels (w; = wa),
and for three different levels of beliefs dispersion ¢;, j = 1,2,3. The straight line represents the
rational rate. We take pu = 1.8%, o0 = 3.6%. We take 6, = 0.07, 5 = 0.14, §3 = 0.21. The three
curves are decreasing (see Proposition 6.1). For all ¢, the discount rate R; decreases with the
level of beliefs dispersion (see Table 1), hence the three curves do not cross and the lowest curve
corresponds to the highest level of beliefs dispersion. The three curves start from the rational
rate. Each curve C; converges asymptotically to the pessimistic discount rate p — o? — 0d;.
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Figure 7.2: This figure represents R; as a function of ¢ for three different levels of beliefs
dispersion d;, j = 1,2, 3 in the case of logarithmic utility functions, zero time-preference discount
rates (p1 =p’= 0) and a positive correlation between wealth and optimism. The straight line
represents the rational rate. We take yu = 1.8%, o = 3.6%; d; = 0.07, 2 = 0.14, 03 = 0.21;wy =
0.8, w2 = 0.2. The three curves are decreasing, each curve C; converging asymptotically to the
pessimistic discount rate y — 02 — 0d; (see Proposition 6.1). Since wy > ws, for small ¢ the
discount rate R; increases with the level of beliefs dispersion, and for larger ¢, it decreases with
the level of beliefs dispersion, hence the three curves cross. Since wy # ws, the three curves
start from different initial points given by u — 0 + (w1 — w2)od;. The lowest curve at ¢ = 1000
corresponds to the highest level of beliefs dispersion.
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Figure 7.3: This figure represents Ry as a function of T' for three different levels of relative
initial wealth w;, j = 1,2,3 in the case of logarithmic utility functions when the discount rate
of the optimistic agent is lower than the discount rate of the pessimistic agent. The three curves
are first increasing, then decreasing (see Table 1), each curve C; converging asymptotically to
the pessimistic discount rate u — o2 + p? — 00 (see Proposition 6.1 ). The three curves start
from different points, which are given by p — o + w (p* 4+ do) + (1 — w) (p* — 60). We take
w=18%, 0 =3.6%; w = 0.2, wy = 0.5, wy = 0.8;p" = 1%, p?> = 8%; = 0.25. The highest
curve corresponds to the lowest w.
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Figure 7.4: This figure represents the socially efficient discount rate for v; = 9,7 = 0.4,
w = 0.018, 0 = 0.036 and 6 = 0.35 as well as the curves associated to the Holder-n (resp.
arithmetic) average of the individual discount factors. The discount rate curve dominates the
n—average that dominates the arithmetic average. With these parameters values, the rational
rate is equal to 3.2%.
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Figure 7.5: This figure represents the socially efficient discount rate for v; = 0.6,n = 1.2,
w=10.04, 0 =0.036,5 = 0.7 as well as the curves associated to the Holder-n (resp. arithmetic)
average of the individual discount factors. The arithmetic average dominates the n—average
that dominates the discount rate curve.
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