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Abstract

This paper proves the existence of competitive equilibrium in a single-
sector dynamic economy with elastic labor supply. The method of
proof relies on some recent results (see Le Van and Saglam [2004])
concerning the existence of Langrange multipliers in infinite dimen-
sional spaces and their representation as a summable sequence.
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1 Introduction

Since the seminal work of Ramsey [1928], optimal growth models have played
a central role in modern macroeconomics. Classical growth theory relies
on the assumption that labor is supplied in fixed amounts, although the
original paper of Ramsey did include the disutility of labor as an argument in
consumers’ utility functions. Subsequent research in applied macroeconomics
(theories of business cycles fluctuations) have reassessed the role of labor-
leisure choice in the process of growth. Nowadays, intertemporal models
with elastic labor continue to be the standard setting used to model many
issues in applied macroeconomics.

Lagrange multipliers techniques have facilitated considerably the analysis
of constraint optimization problems. The applications of those techniques in
the analysis of intertemporal models inherits most of the tractability found in
a finite setting. However, the passage to an infinite dimensional setting raises
additional questions. These questions concerned both with the extension of
the Lagrangean in an infinite dimensional setting as well as the representation
of the Lagrange multipliers as a summable sequence.

Our purpose is to prove existence of competitive equilibrium for the ba-
sic neoclassical model with elastic labor using some recent results (see Le
Van and Saglam [2004]) concerning the existence of Lagrange multipliers in
infinite dimensional spaces and their representation as a summable sequence.

The issue of endogenous labor supply in intertemporal models have been
analyzed before. See, for example,Greenwood and Huffman [1995], Cole-
man(1997), and Datta et al. [2002]. These models analyze economies with
distortions and exploit the existence and uniqueness of stationary equilib-
rium paths. Recently, Le Van and Vailakis [2004] have proved the existence
of a competitive equilibrium in a version of a Ramsey model in which leisure
enters the utility function by exploiting the link between Pareto optima and
competitive equilibria. Their method of proof is in the line of Le Van and
Vailakis [2003] for the optimal growth model with inelastic labor supply. To
develop methods for studying the existence of competitive equilibrium in
a one sector growth model with leisure, this paper takes somewhat different
approach than attempting to impose Inada conditions on the utility function.

Following the early work of Peleg and Yaari [1970], Bewley [1972] studied
the existence of equilibrium in an economy in which [* is the commodity
space and the method of using the limit of equilibria of finite dimensional
economies. The most important development since Bewley’s work was pro-



vided by Mas-Collel [1986], by using Negishi’s approach when the commodity
space is a topological vector lattice. Many others works can be found in Flo-
renzano [1983], Aliprantis et al. [1990], Mas-Collel and Zame [1991], Dana
and Le Van [1991], Becker and Boyd [1997]... These methods constitute a
general and elegant approach to the question of optimality and existence but
they require a high level of abstraction. Our approach here extends the re-
sults of Le Van and Saglam [2004] to a model with endogenous leisure. The
proof of existence of equilibrium we give is more simple than in Le Van and
Vailakis [2004] and require less stringent assumptions ( no Inada conditions
for the utility function and the production function, no constant return to
scale for the production function).

The organization of the paper is as follows. Section 2 provides the suf-
ficient conditions on the objective function and the constraint functions so
that Lagrangean multipliers can be presented by an I} sequence of multipliers
in optimal growth model with the leisure in the utility function. In section 3,
we prove the existence of competitive equilibrium by using these multipliers
as sequences of price and wage systems.

2 The Lagrange Multipliers in Optimal Growth
Model

Consider an economy in which a representative consumer has preferences
defined over processes of consumption and leisure described by the utility

function
o0
K l
Bules, ).
=0
In each period, the consumer faces two resource constraints given by

et + ki < F(ky, L)+ (1= 0)ky,
lt + Lt == ]_, Vt

where F' is the production function, § € (0,1) is the depreciation rate of
capital stock and L; is labor. These constraints restrict allocations of com-
modities and time for the leisure.

Formally, the problem of the representative consumer is stated as follows:



max Z Bu(cr, 1)
t=0

F(ky, 1= 1) + (1 — 8k, ¥Vt >0

s.t. ¢ + kt—i—l <
Ct Z Oaktzoaltzoal_ltzoa VtZO
ko > 0is given.

We make the following assumptions:
Al: u(c,l) e Ry if (¢,1) € R, u(e,l) = —o0 if (¢,1) ¢ R and u(0,0) = 0.

A2:The function u is strictly increasing, concave and differentiable in R? | .
A3: F(k,L) € Ryif (k,L) € R%, F(k,L) = —ocif (k,L) ¢ R% and
F(0,L) = F(k,0) =0.
A4: The function F strictly increasing, concave and differentiable in R? .
Further, F;(0,1) > § and Fj(+o00,1) =0.

We say that a sequence (ct, ki, lt)1—0.1
the constraints

o 1s feasible from k, if it satisfies

.....

Vt Z 0, Ct+kt+1 S F(kt,l _lt)+(1_5)kt
¢ > 0,k>0,1;>0,1-1;>0,
>

ko 0 is given.

It is easy to check that, for any initial condition kq > 0, a sequence k =
(ko, k1, k2, ..., Ky, ...) is feasible iff 0 < Ky < F'(kt, 1) 4+ (1 —0)k; for all t. The
class of feasible capital paths is denoted by II(kg).A pair of consumption-
leisure sequences (c,1) =((co,lo), (c1,11),...) is feasible from ko > 0 if there
exists a sequence k € II(kg) that satisfies 0 < ¢;+ki g < F(ky, 1—1;)+(1-9)k;
and 0 <[, <1 for all ¢.

Define f(ki, Lt) = F(ki, Lt) + (1 — 0)k;. Assumption A4 implies that

fi(too,1) = Fu(too, 1) +(1—8)=1—-6<1
fi(0,1) = F(0,1) +(1—6) > L.

From above, it follows that there exists & > 0 such that: (i) f(k,1) =k , (ii)
k > k implies f(k,1) < k, (iii) k < k implies f(k,1) > k. Therefore for any
k € II(ko), we have 0 < k; < max(ko, k). Thus, k € [ which in turn implies
c € 17, if (c, k) is feasible from k.



Denote x = (c, k,1) and define F(x) = — > B'u(cs, It),
=0

@%(X) = + kt-ﬁ-l — F(kt, 1 — lt) — (1 — (S)kt, Vt

P (x) = —¢;, PX(x) = —ky, OH(x) = —1;,P2(x) =1, — 1, Vt,

o, = (D), D7, D) |, D}, DY), V.

The social planner’s problem (P) can be written as:

min F(x)
st.d(x) < 0,xelP xIPxIP

where:

F oo AP x I x1¥ = RU{+o0}
O = (B0 [ X 1P x1X — RU{+00)

Let:

C = dom(F)={xelP xIT¥ xIT|F(x) < oo}
T = dom(®) = {x €1 x I x I°|®,(x) < +00, ¥t}

.The following Theorem is due to Le Van and Saglam [2004].

Theorem 1 Letxe€l® yel®, T N.
) <

Define x! (x,y) = { Z Z’; z;;

Suppose that two following assumptions are satisfied:

Ti:Ifx e C,y €l satisfy VT > Ty, x' (x,y) € C then F(xT(x,y)) —
F(x) when T — oo.

T2: Ifxel,y el and x'(x,y) €T, VT > Ty.

Then,

a) ®;(xT(x,y)) — ®(x) as T — oo

b) IM s.t. YT > Ty , || P(xT(x,y))|| < M

¢) YN 2 Ty, lim [(x"(x,y)) — ®:(y)] = 0
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Let x* be a solution to (P) and x° € C' satisfy the Slater condition:

sup®, (x°) < 0.
t

Suppose x*' (x*,x") € CNT. Then, there exists A € I such that
Vx € 1™, F(x)+ Ad(x) > F(x*) + AP(x"), Vx € (CNT)
and A®(x*) = 0.

Proof. See Theorems 1 and 2 in Le Van and Saglam [2004].
We make use of Theorem 1 and obtain :

Proposition 2 If x* = (c*,k*,1%) is a solution to the following problem:

min — Z Bru(ey, ly) (Q)

stocp+ ki — Fky,1—1,) —(1—0)k: <0
—c <0
—k <0
—; <0
I, —1<0

Then there exists X = (A, A2, A3 AN N°) € 1L x 1L x 1L x 1L x 1L such that:
Vx = (c,k,1) € [P x I x I

hE

> Buler b)) =Y NG + ki — F(ki, 1=17) — (1 - 0)k])
t=0

+iA?CZ + i&”kﬁi + ix;‘z: + ixiu — 1)
t=0 t=0 t=0 t=0

> Bulenl) -
t=0

+ZA§ct + Z A
t=0 t=0

if
o

[M]8

v

Mci+k—F(ky,1—1,) — (1 —0)k)

W
i
o

+w

B> ML+ N1 —1) (1)
t=0 t=0

and

M(et + ki = F(kj, 1= 1) = (1= 0)k) =0 (2)
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Aei =0 (3)

k=0 (4)

NI =0 (5)

ML) =0 (6)

0 € Broulcy, i) — {N} + {\} (7)

0 € B'0yulc, ly) — MO F (K, Ly) + {\} — {\?} (8)
0€ NOF (R, L) +{(1 = A} + {A\} — {Na} 9)

where Oyu(cy, 17), 0;F (k;, L}) respectively denote the projection on the i'" com-
ponent of the subdifferential of function u at (c},1}) and the function F at
(K7, LY).-

Proof. We first check that Slater condition holds. Indeed, since fk,(O 1) > 1,
then for all kg > 0, there exists some 0 < k < ko such that: 0 < k < f(k 1)
and 0 < &k < f(ko, 1).Thus, there exists two small positive numbers ¢, £; such

that:
O<k+e<f(k,1—e)and0<k+e< flko,1—e1).
Denote x° = (¢, k°,1°) such that ¢® = (¢, ¢,¢,...), K = (ko, k, k,...), 10 =
(e1,€1,€1, -..).
We have
CI)(I)(X()) = (O + ]{71 - F(k’o, 1-— lg) - (1 - 5)]{30

6+/]{\7—f(k’0,1—61) <0
@i(x()) = ]+ k’g - F(k’l, 1-— ll) - (]_ - 5)]@'1

= c4+k—f(k,1—e)<0
Ol(x%) = e4+k—f(k,1—e)<0, Vt>2

P}(x%) =—-e<0, Vt>0
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DG(x°) = —ko <O0;
PxY) = —k<0 Vt>1

P} (x%) = —£, <0, Vt>0
PP(x") =6 -1<0, Vt>0
Therefore the Slater condition is satisfied. Now, it is obvious that, VT,
x7'(x*,x%) belongs to [ x 1%° x [$°.
As in Le Van-Saglam 2004, Assumption T2 is satisfied. We now check
Assumption T1.

For any X € C,X € 1° x 1%° x 1% such that for any T x’ (X, X) € C we

have
T

FT(%X) = =Y Au@,l) - Z@uct,zt

t=0 t=T+1
Asx € 1° x [ x I, sup gt < 400 , there exists m > 0,Vt, |c;| < m. Since
+ 200 b, S

S € (0,1) we have

f: Bu(m, 1) = u(m,1) i pt—0asT — oco.

t=T+1 t=T+1
Hence, F(x' (X, §)) — F(X) when T" — o0.Taking account of the Theorem
1, we get (1) - (6)

Finally, we obtain (7) - (9) from the Kuhn-Tucker first-order conditions.

3 Competitive Equilibrium

Definition 3 A competitive equilibrium for this model consists of an allo-
cation {c*, 1*, k* L*} € I X I° x I x I%°, price sequence p* € L for the
consumption good, a wage sequence w* € L for labor and a price r > 0 for

the initial capital stock ko such that:
i) (c*,1*) is a solution to the problem

max Zﬁtu(ct, )
t=0
st.  pc<wL+7w"+rk

8



where 7 is the maximum profit of the firm.
it) (k*,L*) is a solution to the firm’s problem

™ = max Zpt (e, Ly) + (1 = 0)ky — kp] — Zwt L, — rkg
st. 0O S kt+1 S F(kt, Lt) ( — (S)k't, Lt 2 O,Vt

iii)Markets clear

Vi 4k, = F(kLLYD)+ (1= 0k
P+ L = 1andk =k

Theorem 4 Let (c*,k* 1) solve Problem (Q). Take

=)} for anyt and r > 0.

There exists f2(kf, L) € O.F(kf,L}) such that {c*, k*, L*, p*,w*,r} is a
competitive equilibrium with w; = A, fF(k}, L}).

Proof. Consider A = (}\1, A%, A% A% A9) of Proposition2. Conditions (7),(8),(9)
in Proposition2 show that du(c;, Iy) and OF (k}, L;) are nonempty. Moreover,Vt,

there exists u; (¢}, [}) € oyu(cr, ), uZ(c,1}) € daul(ct,1}), fH(kr, L) € 0, F(k}, L})and

J2(kr, Ly) € 0oF (ky, Ly) such that

Bl (c;, 1) — )\i—l—)\f:() (10)
Bluy(cr ) = N fE(ky, L) + Ay = N =0 (11)
AT L) 4 (L= 0)A + X = Ay =0 (12)
Define w; = A, f2(kf, L) < +00.We now prove that w* € [!.
We have
+OO>ZBUQ’ ZBUOO Z 10 Ct+26ut (et I,
=0
which implies
Zﬁ u (e, 1) < +oo, (13)



and

+00 > Y NF(k, L) =Y MF(0,0) > Y N f(kf, L)k + Z)\lft (ki L)L
t=0 t=0 t=0 t=0
which implies
Y NSk L)L < oo (14)

=0
Given T, we multiply (11) by L; and sum from 0 to 7. We then obtain

T
VT, > il Z/\ F2(ks L) L*+Z>\5L* ZX*L*. (15)
t=0

Observe that

0< > WL <Y N < oo, (16)
t=0 t=0

0<> XL <> N <400 (17)
t=0 t=0

Thus, since L} =1 — [}, from (15), we get

T

Zﬁtut(ct, [ = Zﬂt (Cta l*—I—Z)\ ft (ki Ly)L;
t=0 t=0
T
+Y NI - ZA?L;
t=0 t=0

Using (13),(14),(16),(17) and letting 7" — oo, we obtain

0 = Zﬁut(ct’ )= Z (el I+ Z)\ JP (kL L)L

t=0 t=0

+Y NI - me < +00
t=0 t=0

10



Consequently, from (11), YA f2(k}, L}) < 400 ie. w* €L,
=0

So, we have {c*, I* k* L*} c 19° % 15° x 1 x 1P, with p* € I}, and w* € [1.
We show that (k*, L) is solution to the firm’s problem.
Since pf = \j, w = A} f2(kf, L¥), we have

= NIF(k; L) + (1= 0k — kjy] = Y N f2(kf, Ly) Ly — kg
t=0

t=0

Let :

Z/\l (ki LE) + (1 — &)k — K7y fot (kL) L — rky

<Z/\ (Fe, Le) + (L= 0)ky — k] — ZAiff(kﬁZ‘, L{) L — Tko)
t=0

By the concavity of F', we get

T
Ar > Y NSRS L) (R = k) + (1= 0)> N (K — ki) —

t=1 t=1
T
> A Ky — ki) = MRS D) 4 (1= 0)A — Mg (B — k) +
t=0
+ARS (R L) + (1= A — Ap (K5 — kr) — Ap(Kfyy — k).

By (4) and (12), we have: Vt =1,2,....,T

[/\%ftl(k:»[/:) +(1— 5>/\t1 - )\tl—l](k't* — k) = —)\f(k: — k) = Aflft > 0.
Thus,
Ar > Ny — kros) = ~Abkpyn + Abkres > <A

Since A' € I}, supk},; < +oo, we have
T

11



lim Ay > lim — A\pk;,, =0.
T—+400 = T—+400 T+l

We have proved that the sequences (k*, L*) maximize the profit of the
firm.

We now show that c¢* solves the consumer’s problem.

Let {c, L} satisfy

Z)\ict < Zw;‘Lt + 7 +rko (18)
=0 t=0

By the concavity of u, we have:

A= Zﬁtu(c:, ;) — Zﬁtu(ct, lt)
=0 =0

Z Zﬁtutl(cta - Ct + Zﬁtut Ct7 l* - lt)

AZZO‘%_ Ct_ct+z)‘ft (k51 =15) + X = X)) — 1)
t=0 t=0
= DY NG =)+ > Mo — Y N+Y (wr+ M) — 1)
t=0 t=0 t=0 t=0

SN YA,
t=0 t=0

> Y NG =)+ D (W ) 1) =
t=0 t=0
Z/\ — ) Zwt I = 1)+ > A1 —1)
t=0
> Y NG —a)+ wa(Lt - Ly)
t=0 t=0

12



Since
T = le (ki L) + (1 — 8)kF — kf\ ] — Zw*L* — rkq

and

ki — (L= 0)k) = F(k/, L) — ¢,

it follows from ( 18) that

d Ne < ZwZLH—Z)\ (ki L¥) — F(kf, L) + ] — Zw;L*
t=0

< N wi(Le— L) + ZAic:
t=0 t=0

Consequently, A > 0 that means ¢* solves the consumer’s problem.

Finally, the market clears at every period, since V¢, ¢; +kf, — (1 —0)kf =
F(kr L) and 1 — If = L
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