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Abstract

Closure systems on a set S arises in many areas as relational databases, data-mining,
formal concept analysis, articicial intelligence, logical programming or lattice the-
ory. Implicational systems represents an efficient and convenient tool to deal with
a closure system, and have been studied in various areas, with different terminol-
ogy. This paper states the equality between five implicational systems issued from
different works and satisfying various properties. The three main properties are the
directness, canonical and minimality properties, thus the name canonical direct im-
plicational basis given to this unique implicationnal system. This paper also gives
the link between the canonical direct implicational basis and the Horn functions
(via the prime implicants). It concludes by the necessity to compare more closely
related works made independantly, and with different terminology in order to take
advantage of the results really new.

Key words: implicational system, closure operator, closure system, canonical
direct basis, lattice, Horn function.

1 Introduction

An implicational system defined on a finite set S is any binary relation ¥
defined on the set P(S) ; when the subsets A and B of S are related by 3, one
writes A —y B. To any implicational system defined on S one can associate
a closure operator ¢ defined on S, i.e an isotone, extensive and idempotent
map from P(S) to P(S). In order to compute the closure ¢(X) of a subset X
of S, one first computes the map 7 (X) = X U{B C S : there exists A C X
such that A —y B}. The closure ¢(X) is obtained by iterating this map up
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obtaining a fixed point. The computation is clearly easier if X is direct in the
sense that one gets always the closure of X without iteration, i.e. when for
every X C S, px(X) = mx(X). Conversely, given a closure operator ¢ (or the
set of its closed sets), one can find implicational systems allowing to generate
@ by the above construction.

Obviously, it is interesting to get either minimal such implicational systems
or direct implicational systems. The above constructions and questions have
appeared in several domains : theory of relational databases (minimal system
of dependencies), data mining and formal concept analysis (descriptions and
links between concepts), artificial intelligence and expert systems (extraction
of rules), logical programming (Horn Boolean functions), lattice theory (join-
irreducible representations in the lattice of closure operators) and have fostered
many researches and results. This paper intends to show the equivalence of
some of these results.

The second section recalls the notions used on posets, lattices, closure opera-
tors or closure systems, and (unary) implicational systems. In the third section
we describe five implicational systems proposed by different authors in order
to generate efficiently a closure operator (for reasons explained later they are
called "bases” of the closure operator). The fourth section contains our main
results. We prove that these five bases are the same and we define what can be
called the canonical direct implicational basis. Whereas some of these equali-
ties are easy to obtain, others are deduced from a non obvious characterization
of a direct basis. One of the corollaries of these results shows the identity of
the necessary sets for z (defined in the context of relational databases) and of
the z-dominating sets (defined in the context of choice functions in microeco-
nomics). It is (more or less) well known that closure systems on a set S are in
a one-to-one correspondence with the so-called pure Horn Boolean functions
defined on P(S). In the fifth section we show that finding the canonical direct
implicational basis is the same that finding the prime implicants (or the prime
implicates) of a (pure) Horn Boolean function. The sixth section is composed
of two final notes: an historical note on the appearances of the notions con-
sidered in this paper; and an algorithmical note on the generation of a closure
system, and the generation of the canonical direct implicationnal basis. The
conclusion mentions some possible further researches, and, in particular, the
need to compare more closely related works made independently in various
domains in order to take advantage of the results really new.



2 Recalls and Definitions

2.1 Posets and Lattices

A partially ordered set P = (S, <), also called a poset, is a set S' equipped
with an order relation < where an order relation is a binary relation which is
reflexive (Vz € S,z < z), antisymmetric (Vz #y € S, z < y imply y £ 1)
and transitive (Vz,y,2z € S, x < y and y < z imply z < z). We denote by <
the irreflexive relation associated to <, and by < the cover relation defined by
x <y if x <y and if there exists no z € S with x < z < y. We then say that z
is covered by y (or y covers ). A poset P can also be given by its cover relation
< (P = (S,<)). The induced graphical representation is called the (Hasse)
diagram of P. In the following, we will write indifferently x € S or x € P. A
poset L = (S, <) is a lattice if any pair {z, y} of elements of L has a join (i.e.
a least upper bound) denoted by zVy and a meet (i.e. a greatest lower bound)
denoted by = Ay. Therefore, a lattice contains a minimum element (according
to the relation <) called the bottom of the lattice, and denoted _L; (or simply
1). Respectively, a lattice contains a maximum element called the top of the
lattice, and denoted T, (or simply T).

An element j (respectively, m) of a lattice L is a join-irreducible (respectively,
meet-irreducible) of L if it cannot be obtained as the join (respectively, meet)
of elements of L all distinct from j (respectively, from m). Equivalently, an
element j (respectively, m) of L is join- (respectively, meet-) irreducible if
it covers (respectively, is covered by) a unique element in L, which is then
denoted by j~ (respectively, m™) and called the lower cover of j (respectively,
upper cover of m). The sets of join-irreducibles and of meet-irreducibles of a
lattice (L, <) are respectively denoted by Jy, and M. For an element x in L, we
denote by J, (respectively, M,) the set of all join-irreducibles j (respectively,
meet-irreducibles m) such that j < z (respectively, z < m).

Signifiant relations between the irreducible elements of a lattice L are given
by the arrow relations defined on the set J;, x M, as follows, with j € J;, and
m € MLI

e j T mif mis maximal in {t € L : j £ t}.
e j | mifjis minimalin {t € L:t £ m}.

1 In this paper, all the sets will be finite



Fig. 1. The lattice (F, C) represented by its Hasse diagram, where F is the closure
system of our example.

2.2 Set systems and Lattices

A set system on a set S is a family of subsets of S. A closure system F on
a set S, also called a Moore family, is a set system stable by intersection
and which contains S: S € F and Fi,F;, € F implies Fi N F, € F. The
subsets belonging to a closure system I are called the closed sets of F. The
poset (F,C) is a lattice with, for each Fy, F; € F, F; A F, = F; N F, and
FIANF, ={F €F|F, UF, C F}. Moreover, any lattice L is isomorphic to
the lattice of closed sets of a closure system ([6]). The simplest closure system
representing L is defined on Jp: it is the set system {.J, |z € L}.

Example 1 Consider the closure system? , on the set S = {1,2,3,4,5}:

F = {0,1,2,3,4,12,13, 45,234, S}

One can verify that it is stable by intersection. The lattice (F,C) is represented
by its Hasse diagram in Figure 1. We will use this example to illustrate several
notions in this paper.

A closure operator on a set S is a map ¢ on P(S) satisfying, VX,V C S:
X CoY) e p(X) CoY) (1)
Equivalently, and more usually, a closure operator is defined as a map ¢ sat-

isfying the three following properties: ¢ is isotone (i.e. VX, X' C S, X C
X' = ¢o(X) C ¢o(X')), extensive (i.e. VX C S, X C (X)) and idempo-

2 In this example as in the following, a subset X = {x1,z2,...,7,} is written as
the word z1zs...xz,. Moreover, we abuse notation in the following and use X + z
(respectively, X \ z) for X U {z} (respectively, X\{z}), with X C S and z € S.



tent (i.e. VX C S, ¢*(X) = p(X)). Still equivalently, a closure operator is
an extensive map satisfying the path-independence property (i.e. VX,V C S,
(X UY) =p(p(X)UY)). p(X) is called the closure of X by ¢. X is said to
be closed by ¢ whenever it is a fixed point for ¢, i.e. when ¢(X) = X.

A subset B of S is a basis of F, with F' closed set for ¢, if ¢(B) = F and
©(A) C ¢(B) for every A C B (in other words, B is a minimal generating set
of F). A subset B of S is free if for every x € B x ¢ ¢(B\x). Or, equivalently,
B is free if and only if p(A) C ¢(B) for every A C B, or if and only if B is
a basis of ¢(B). An element z of a subset X of S is an extreme point of X if
z & ¢(X \ z). One denotes by Ez,(X) or simply Ex(X) the set of extreme
points of X. Observe that X is free if and only if Ez(X) = X. A subset C of
S is a copoint of x € S if C' is a maximal subset of S such that z & ¢(C). It
is well known that in the lattice I, the copoints of x are the closed sets C'
such that ¢(x) 1 C, and that they are meet-irreducible.

Closure operators are in one-to-one correspondance with closure systems. On
the first hand, the set of all closed elements of ¢ forms a closure system F,:

Fo ={F CS|F=¢(F)} (2)

Dually, given a closure system F on a set S, one defines the closure pp(X) of
a subset X of S as the least element F' € F that contains X:

er(X) =({F eF|X CF} (3)

In particular @p(()) = Lp. Moreover for all Fi, F, € F, Fy V Fy, = pp(F, U F)
and F1 N FQ = SDIF(FI N FQ) = F1 N FQ.

2.8 Unary Implicational System

An Unary Implicational System (UIS for short) ¥ on S is a binary relation
between P(S) and S: ¥ C P(S) x S. An ordered pair (A,b) € X is called a
Y -implication whose premise is A and conclusion is b. It is written A —x b
or A — b (meaning “A implies b”). A subset X C S respects a 3-implication
A — bwhen A C X implies b € X (i.e. “if X contains A then X contains b”).

X C S is ¥-closed when X respects all X-implications, i.e A C X implies
b € X for every Y-implication A — b. The set of all X-closed sets forms a
closure system Fy, on S:

Fy ={X C S| X is X-closed} (4)



Then, we can associate to X a closure operator ¢y, = ¢pr, which defines the
closure of a subset X C S by [43] and [44]:

es(X) =mg(X)Ura(X)urd(X)U... (5)

where
WE(X):XUU{b\AgXandA—)Eb} (6)

Remark that S being finite, the procedure in (5) terminates. Moreover, ¢y (X) =
72(X) with n < |S| being the first integer such that 72 (X) = 72" (X).

Now, consider a closure operator ¢ on S. Then the closed sets of ¢ coincide
with the Y-closed sets of the following UIS:

Yo ={X = yly € p(X) and X C 5} (7)
It is easy to see that X, satisfies the two following properties:

F1 r€ X CSimply X —y, z.
F2 for every y € S and all X,Y C S, [X —5, yand Vo € X, Y —5, 1]
imply ¥V —s_ y.

Unary IS statisfying properties F'1 and F2 are called full UIS and are in one-to-
one correspondance with closure operators, and thus with closure systems and
lattices (via the set representation of lattices by the closure system {J, |z €

L}).

When an IS X is not full, the full IS ¥, induced by the closure operator ¢
(= ¢x) can be obtained by applying recursively rules F1 and F2 to X. ¥ is
then called a generating system for the full IS ¥, and thus for the induced
closure operator ¢, the closure system Fy, and the induced lattice (Fy,C).
When some UISs ¥ and Y on S are generating systems for the same closure
system, they are called equivalent (i.e. Fy = Fy).

As an illustration, let us introduce Xj.c., the generating system of ¥, com-
posed of the subsets of S that also are free subsets:

Ypee ={X =2y : y € p(X)\X and X free subset of S} (8)

An UIS ¥ is called direct or iteration-free if for every X C S, o(X) = mg(X)
(see Equation (6)). An UIS X is minimal or non-redundant if 3\ {X — y}
is not equivalent to X, for all X — y in X. It is minimum if it is of least
cardinality, i.e. if |3| < |X'| for all UIS X' equivalent to X. A minimum UIS is
trivially non-redondant, but the converse is false. ¥ is optimal if s(X) < s(X’)



for all UIS X' equivalent to X, where the size s(X) of X is defined by:

s(T)= 2 (14[+1) (9)

A—beX

A minimal UIS is usually called a basis for the induced closure system (and
thus for the induced lattice), and a minimum basis is then a basis of least
cardinality.

An implication X —y ¢ with x € X is called t¢rivial. An UIS is called proper
if it doesn’t contains trivial implications. When an UIS is not proper, an
equivalent proper UIS can be obtained by applying the following rule:

F3 delete A —x b from ¥ when b € A.

In this paper, all UISs will be considered to be proper UISs. Then, for instance,
the full IS will means the proper full IS deduced from the full IS by applying
F3.

In the litterature, an implicational system (IS for short) 3 can also be defined
as a binary relation on P(S). A ¥X-implication is then an ordered pair (A, B) €
Y, written A —y B, with A, B € P(S). An equivalent unary IS can be
obtained by applying the following rule:

F4 replaceA —yn B = {bl,bg, .. ,bn} byA -y bl, A —n bg, ...and A —yn bn

Dually, an equivalent IS can be obtained from an unary IS by applying recur-
sively the following rule:

F5 replace A -y B and A —y, B'by A »x BUB'.

Generating systems (also called covers) and bases can be also defined for
US. In this case, there exists an unique minimum basis, called the canonical
basis ([19]), enabling to get all the others minimum basis. We denote X, the
UIS deduced from this canonical basis by applying F4. Other definitions and
bibliographical remarks can be found in the survey of Caspard and Monjardet
in [9]. Just recall that in the domain of relationnal data bases, an implication
is called a functionnal dependency.

Example 2 Consider the closure system of our example given by the lattice
(F, C) in Figure 1. The two equivalent UILS that are the UIS Xeqn deduced from
the canonical basis and the generating system X fpee are:

1)5—4 (2)23—>4(3)24—>3(4)34— 2
(5) 14 — 2 (6) 14 — 3 (7) 14 — 5 (8) 2345 — 1

Ecan =



2)23 — 4
6)14 — 3

) (2) 3
) (6)

)35 — 1 (10) 15 — 2

) (14)

) (18)

7
11
15

24 — 3
14 —= 5

4)34 —2
8)25—1
12)
16)

35— 2
15— 4

15— 3
25 — 4

(3) (
(7) (
(11) (
(15) (

14) 123 — 5

18

(
(
Yfree = 9 (
(
( 123 — 4

\

Remark that Yo, and Xy are proper ULS since for every implication con-
clusion is not included in premisse. Remark also that Xeu, € Yjree since the
Yean-tmplication (8) not belongs to Lfre.. Concerning the direct property, it
is clear that Yyee is a direct UIS. To show, on the contrary, that Y., is
not direct, consider the px-closure of 15: mx(15) = 15 4+ 4 by applying Ycan-
implication (1) and 7¢(15) = (154 4) + 2 + 3 by applying Ten-implications
(5) and (6). Therefore ¢x(15) # mx(15).

3 Some interesting bases

In this section we are going to define several proper UIS which are generating
systems for a given closure operator ¢ (equivalently for a given closure system
F) which can be the closure operator associated to a given UIS X. In the
litterature on IS, the term basis is often used not only for minimal IS but also
for IS satisfying various minimality criteria. We will do the same by defining
five such bases.

3.1 The direct-optimal basis X4,

A number of problems related to closure systems, (thus closure operators or
lattices) can be answered by computing closures of the kind ¢5(X), for some
X C S. According to the definition (see Eq.(5)) ¢(X) can be obtained given
an UIS X by iteratively scanning 3-implications: ¢(X) is initialized with X
then increased with b for each implication A —x b such that ¢(X) contains A.
The computation cost depends on the number of iterations, and in any case is
bounded by |S|. It is worth noticing that for direct (or iteration-free) UISs the
computation of ¢(X) requires only one iteration, since ¢x(X) = m=(X). The
direct-optimal property combines the directness and optimality properties:

Definition 3 An IS ¥ is direct-optimal if it is direct, and if s(X) < s(X') for
any direct IS ¥ equivalent to X.



In [4], Bertet and Nebut show that a direct-optimal UIS is unique and can be
obtained from any equivalent and proper UIS:

Proposition 4 [}] The direct-optimal basis 34, is obtained from any equiv-
alent and proper UIS % as follows:

(1) first apply recursively the following rule® to obtain a direct equivalent
UIS:
F7 forallA—gband C+b—sgdwithd#b, add AUC — d to &
(2) then apply the F3 rule to obtain a proper UIS, and the following rule to
minimize premisses of the Y-implications:
F8 for all A —»s b and C —x b, if C C A then delete A —5 b from X.

Example 5 Consider our example given by (F, C) in Figure 1. The basis g,
18:

((1)554 (2)2354 (3)24—3 (4)34—2

g ] ()12 (6)143 (115 (8)2551
(9)35— 1 (10)15 — 2 (11)35 — 2 (12)15 — 3
| (13)25 - 3 (14) 123 — 5

Ona can verify that ¥4, is direct like X ree. Moreover, s(X4,) < $(Xfree) and
Edo C Efree-

3.2 The dependence relation’s basis YXgep

The dependence relation’s basis Y5 on S is issued from the dependence relation
d defined for a lattice, and introduced in [31] (see also [32]):

Definition 6 The dependence relation’s basis ¥ is:
Ys={X+4+y—z: 20xy and X is minimal for this property} (10)

where the dependence relation 0y is defined on S, with x,y € S and X C S,
by:
xzxy if and only if ¢ & o(X), y & ©(X) and z € p(X +y) (11)

The dual relation of the relation dx has been considered in [3] where it is
called domination. One can observe that the dependence relation § on the
lattice (F,C) is then given by xdy if there exists X C S\{z,y} such that
zéxy (so 6 = U{dx, X C S}).

3 when X is not proper, this rule has to be apply only when b A and d ¢ AUC



Fig. 2. Relation §x for IF of our example represented by a directed graph where each
relation adxb is represented by an arc and labelled by X (0 is denoted by 0)

Example 7 Figure 2 gives the dependence relations § and éx of our example,
where two vertices x and y are linked by an arc if xdy. This arc is valued by
the subset X such that xéxy. For instance, 5341, and 5do31.

3.8 The canonical iteration-free basis X.;f

The canonical iteration-free basis Y.y on S has been introduced by Wild
in [44]. As for the direct-optimal basis it is based on the direct (also called
iteration-free) property, that aims at efficiently generating closures ¢(X):
Definition 8 [{{/ The canonical iteration-free basis X.;; 4s:

Y ={B— 2 : z € ¢(B)\my(B) and B is a free subset} (12)

where m, is derived from ¢ as follows:

m,(B) = BU{z € S : there exists A C B with z € p(A) and p(A) C ¢(B)}*

3.4 The left-minimal basis ¥,

The left-minimal basis ¥y, is the restriction of the (proper) full UIS X, to
implications where the premisse is of minimal cardinality. Using the definition
of ¥,, X can be expressed directly from ¢:

4 Note that the condition p(A) C (B) is useless when B is a free subset

10



Definition 9 The left-minimal basis >, 2s:

Yim ={X =y :ye€p(X)\ X and for every X' C X, y & o(X)} (13)

An implication X — y is called left-minimal when it is a ¥;,-implication.
It is also called proper implication in [41] where implications are used in the
data-mining area research, and minimal functional dependency in the domains
of relational databases and Horn theories ([27,25]).

Example 10 For our example, ¥, is the same has X4,. Remark that Xy, of
our example has 14 implications, and not 15 as written wrongly in [9] on the
same example (p.37).

3.5 The weak-implication basis Xyeqk

The weak-implication basis has been introduced by Wille in [39] to show a
connection between the theory of knowledge spaces ([13]) and formal concept
analysis ([18]). It is based on the definition of a copoint (recall that a subset C
of S is a copoint of x € S if C' is a maximal subset of S such that z ¢ ¢(C)),
and on the following classical notion of transversal set.

A subset B of a set S is a transversal of a family F of subsets of S if BNF # ()
for every F' € F. A transversal B is a minimal transversal of F if for every
A C B, Ais not a transversal of F (i.e. there exists F' € F with AN F = ().

Definition 11 /39] The weak-implication basis Xyeqr 1S

Yweak = {B — x : BC S and B is a blockade for z} (14)

where a blockade for x € S (also called z-block) is a minimal transversal of
D., the following family of subsets of S':

D, ={S\(C +x), C is a copoint of x} (15)

Lemma 12 Let z € S and B C S. Then B z-block implies x ¢ B and
z € ¢(B) (i.e. B— 1)

Proof Consider a z-block B C S. The first point is immediate: by definition
of a blockade for x, we have x ¢ B. For the second point, suppose z & ¢(B).
Let FF C S closed set of ¢ such that x ¢ F and ¢(B) C F. Then we have
@(z) 1 F. But B C F implies BN (S\(F + z)) = 0, a contradiction with B a
x-block. O

11



4 The main results

The first result (Theorem 15) of this paper is to state the equality between the
five bases defined in the previous section which thus are all direct bases. The
second main result (Theorem 14) is to give an interesting characterization of
the direct property based on an exchange property.

This exchange property has been independently introduced in [12] and under
a stronger form in [4]. In [12], Demetrovics and Nam Son use it to define the
notion of Sperner village and to show its equivalence with the notion of closure
operator. In [4], Bertet and Nebut use it in the generation of the direct-optimal
basis Y4, where rule F7 is directly issued from this exchange property.

The characterisation of the Theorem 14 uses another formulation of the direct
property issued from the definition (i.e. for every X C S, p(X) = mx(X)).

Lemma 13 An UIS X is direct if and only if for every X C S, mx(X) =
2
e (X).

Theorem 14 A proper UIS ¥ is direct if and only if it satisfies the following
exchange condition:

VA,C C S,Vbe S\A, Vd e S\(AUC) and different from b : (16)

A =5 b and C + b —x d implies there exists G C AU C such that G —y d

Proof =: Let X be a direct UIS. Assume that for b € S\A, d € S\(AU C)
and different from b, we have A —y b and C +b —y d, what means b € px(A)
and d € ¢y (C + b). Then, using the path-independence property of a closure
operator, we get

d € ps(AU(C+1b)) = pu(ps(A+0)UC) = px(pu(A) UC) = px(AUC)

Now, ¥ being direct, there exists G C A U C such that G —y d.

<: Let X be an UIS satisfying condition (16). One must show that ¢z (X) =
7s(X), or equivalently by Lemma 13 that 75 (X) = 74 (X), or still equivalently
(since 7y is extensive) that 724(X) C mx(X).

Assume that there exists X with 73 (X) C 74(X), i.e. that there exists z €
74(X)\7mx(X). Then there exists Z C 7x(X) with Z —x 2z and 2z € mx(X).
We set p(Z) = |Z N (mx(X)\X)|. The proof of ¢x(X) = mx(X) will follow
immediatly from the proof of the following result:

if p(Z) = p then there exists Z' C S with Z' —x z and p(Z') < p(Z).

12



Indeed, by iteration of this result we would get some Z*) with Z*) -y 2 and
p(Z®) = 0, what means Z*) C X and z € 75(X), a contradiction with our
hypothesis.

First, observe that p(Z) > 0: if not, Z € X and z € mx(X), a contradiction.
p(Z) > 0 means that there exists y € Z with y € 715 (X)\X. Thus there exists
Y C X with Y —y y. Now writing Z =U +y, we have Y =gy, U +y —5 2
with y ¢ Y and (since z € ms(X)) 2 ¢ Y UU and z different from y. So, by
applying the exchange condition, we get that there exists Z’ C Y U U with
Z" =y z. Moreover, since p(Y UU) = p(Z) — 1, we have p(Z') < p(Z) like
wanted. O

Now, let us give our other main result.

Theorem 15 Let ¢ be a closure operator defined on a set S, and the five
associated UISs above defined. Then

Edo = Ecif = Edep = Elm = Ewea.lc

Proof We prove first Yo = Xgep = X = Zear by proving Meip C Ygep C
Yim C Ypeak € Xeif. Then we prove Yy, = Yy,

Yeif C Yaep: Let B — x be a ¥ p-implication. That means that x € ¢(B)\7,(B)
where B is free, i.e. © € p(B) and x & ¢(A) for every A C B. Take any y
in B. Since B\y C B and B is free, one has x & p(B\y), v € ¢(B\y) and
(obviously) z € o((B\y)+y).If X C B\y, X+y C B,and so z &€ o(X +y).
Then B\y is minimal such that z,y ¢ ¢(X) and z € (X +y), ie. B—x
is a Xgep-implication.

Yaep € Xyt Let B = X 4+ y — x be a Xyp-implication. Then z ¢ ¢(X) and
forevery Y C X, z & (Y +y). So B — z is a ¥y,-implication.

Yim € Ypear: Let B — x be a X, -implication. Let us first prove that B is

a transversal of D, = {S\(C + z), C copoint of z} before to prove that it
is a minimal transversal. Since = ¢ B, B is a transversal of D, if and only
if B is a transversal of D, = {S\C, C copoint of x}. Suppose there exists
C copoint of z such that BN (S\C) = 0 and so B C C. Then ¢(B) C C
which implies x € C', a contradiction with C' copoint of z.
Suppose now that B is not a minimal transversal of D,., i.e. that it exists
Y C B with Y transversal of D,. Since B is left-minimal for the implication
B — 1z, we have © ¢ ¢(Y). Then there exists a copoint C' of = such that
Y C ¢(Y) C C. Therefore YN(S\C) = 0, a contradiction with Y transversal
of D,.

Yweak € Xeif: Let B — x be a Xyeqp-implication. That means that = €
©(B)\B and B is minimal transversal of D, = {S\(C + z), C copoint
of x}. We prove first that B is free by showing that for any A C B one
has ¢(A) C ¢(B). Indeed, when A C B, A is not a transverasl of D, and

13



there exists a copoint C of x such that AN (S\C+z) = 0. So A C C (since
x ¢ A) and p(A) C C. But z ¢ C implies z ¢ ¢(A) and so p(A) C ¢(B).
Moreover, we have just proved that x ¢ ¢(A) for every A C B, i.e. that
z & m,(B). Finally, B — z is a X.s-implication.

Yim = 2dot To prove the equality X, = Xg,, let us prove that Y, is direct-
optimal (since there is a unique direct-optimal basis). First we prove that
Yim is direct, i.e. that for every A C S, 9(A) = AU {z € S : there exists
B C A with B —y,  x}. This is obvious since one can take for B a basis of
©(A) such that B C A.

Now, let us prove that ¥, is direct-optimal. Consider a direct and equiv-
alent UIS X. It is sufficient to prove that, when B — z is a ¥;,,-implication,
it is also a Y-implication. Assume that it is not the case. Since B — 1 is left-
minimal, A — z ¢ ¥ for every A C B. Therefore, x ¢ ¢(B) = BU{z € S :
there exists A C B with A —y z}, a contradiction with ¥ direct.

The above result justifies the following definition:

Definition 16 The unique basis obtained in Theorem 15 is called the canon-
ical direct basis, and is denoted X.q4.

Theorem 14 induces others nice characterizations of the canonical direct basis:

Corollary 17 Let ¢ be a closure operator. The canonical direct basis ¥4 is
the least basis of the set of all direct bases ordered by inclusion.

Corollary 18 An UIS ¥ is the canonical direct basis if and only if it satisfies
the two following properties:

(1) for every x € S, B =y, x and B' =y, x, B and B’ are incomparable.
(2) the exchange condition (16).

One can also observe that Corollary 17 is equivalent to the property of X/
to be iteration-free in a canonical way, introduced in [44].

One can observe that the first property in Corollary 18 can equivalently be
reformulated using the terminology of a Sperner family like in [12]: for every
x € S, the set B, of all premisses of the Y-implications B —y x forms a
Sperner family.

The fact that X, = Yyeqr shows that the Sperner family B, is the family
of blockades of x, i.e. the family of minimal transversals of the family D, =
{S\ (C +x) : C copoint of x}. We show now that the necessary sets for x,
and the z-dominating sets introduced in the litterature are the same that the
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sets S\ (C + z). Mannila and Raiha ([28,29]) define a necessary set for x as
a minimal transversal of B,. On the other hand, one finds in Aizerman and
Aleskerov’s book on choice functions ([1]) the definition of an z-dominating
set as a subset T of S such that € Ex,(S\T) and = ¢ Ex, (U) for every U
satisfying S\ T C U.

Corollary 19 Let ¢ be a closure operator on S, T C S and x € S\ T. The
three following conditions are equivalent:

(1) T is a necessary set for x,
(2) there exists a copoint C of x such that T = S\ (C + z),
(8) T is an z-dominating set.

Proof

1< 2 Let us denote by M, the family of necessary sets for x. By definition,
M, =Tr(B,), the family of minimal transversal of B,. And, as said above,
B, = Tr(D,) the family of minimal transversal of D, = {S\ (C +z) : C
copoint of z}. But, it is well known that, when F is a Sperner family,
Tr(Tr(F)) = F. Therefore M, = Tr(B;) = Tr(Tr(D,)) = D;.

2=3 IfT=S\(C+=x),onehas S\T = C+z. Since C is a maximal set such
that ¢ C, x € Ex(S\ T), whereas if U D S\ T =C +z, then U\z D C
and z ¢ Ex(U).

3 = 2 Let T be an z-dominating set. So, z € Ez,(S\ T), i.e. {x € ¢((S\
T)\z)). Now, it U € S\T,U\z € (S\T)\ z and z € Ez,(U) means
that x € (U \ z)). Thus (S\7T)\ z) = (S\ T + z) is a maximal set such
that x € p(S\ T + z)), i.e. a copoint C of z. Then T'= S\ (C + z), with
C copoint of x.

One can notice that the equivalence between 2 and 3 was proved in [33] but
only for closure operators satisfying the antiexchange property.

5 The canonical direct basis and the Horn functions

It is well known that families of subsets of a set S are in a one-to-one corre-
spondence with the Boolean functions defined on the Boolean algebra P(S).
Indeed, one can associate to a family F of subsets of S its characteristic func-

tion fr:

fx(M) = (17)

1 fMeFwithMCS
0 if not
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And conversely, one can associate to a Boolean function f from P(S) to {0,1}
the following family of subets of S called the models or the true points of f:

Fr={M C 5 : f(M)=1} (18)

Observe that the set of all Boolean functions ordered by f < g if F; C F is
itself a Boolean algebra.

By considering dually the false points, one can provide another one-to-one
correspondance between families on S and Boolean functions on P(S). In
the following, we will prefer this second correspondance that associates to a
Boolean fonction A the family Fj, of its false points or its counter-models.
Conversely, one can associate to a family F on S the Boolean function hr:

Fn={MCS : h(M)=0} (19)
0 if M € F with M C S
he(M) = (20)
1 if not

A less known and still less used fact is that the closure systems on S are in a
one-to-one correspondence with the Boolean functions called pure (or definite)
Horn functions (see historical notes for references). Then, any result on closure
systems (or closure operators or implicational systems) can be translated into
results on Horn functions, and conversely. In this section we are going to do
this translation for the canonical direct basis.

In order to define Horn functions we will recall some classical definitions and
facts. We denote by 2 = (0,1,V,A,) the Boolean algebra on two elements
0 and 1, with the two Boolean operations V (called disjonction or sum) and
A (called conjunction or product), and the unary operation ' (called comple-
mentation). A Boolean function of n (Boolean) variables is then a function on
2™ to 2. We denote by S = {z1, s, ...z, } the set of these Boolean variables.
We denote by (z1, 2, ...x,) a n-tuple of values 0 or 1 taken by these variables
(then, take care that the same symbol z; can represent the variable z; or the
value 0 or 1 taken by this variable according as it belongs either to a set or
to a n-uple). The set 2" of these n-uples is in one-to-one correspondance with
the set 25 of subsets of S (by the map (z1,29,...,7,) = {z; €S : z; =1})
where such a subset will also be called a point.

A variable z is called a literal whereas the complemented variable z’ is called a
complemented literal. A conjunction (respectively, a disjonction) of literals and
complemented literals, where each variable, complemented or not, appears at
most once is called a term (respectively, a clause). A conjunction like zAy' Az
will be generally written more simply zy’'z.
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Let f be a Boolean function on 2" and (1, xs, ...x,) a true n-tuple of f (re-
spectively, a false n-tuple of f), i.e. a n-tuple such that f(z1,zo,...,2,) =1
(respectively, f(xi,22,...,2,) = 0). A true point (respectively false point)
of f is a subset of S corresponding to a true n-tuple (respectively false n-
tuple) of f. To a true (respectively false) n-tuple (or point) of f one asso-
ciates the term A{x; : z; = 1} A {z} : z; = 0} (respectively, the clause
VA{z; 1 x; =0} V{z} : z; = 1}).

The sum (respectively, the product) of all these terms (respectively, clauses)
constitutes the canonical disjonctive normal form (respectively, the canonical
conjonctive normal form) denoted as the canonical DNF (respectively as the
canonical CNF) of f. But, using the well known properties of a Boolean algebra
(such that z = zVae =2z =2V (vy) = z(yVe) ,zVe =1, z2' =
0), it is possible to get many others disjonctive or conjonctive normal forms
representing f. Any two such normal forms representing the same Boolean
function are called equivalent.

Example 20 For instance, let us denote more simply the set of n Boolean
variables by {1,2,...n} and consider the Boolean function defined on {1,2,3,4,5}
by its canonical DNF:

h=1'2'3'4'5" v 12'3'4'5' v 1'23'4'5" v 1'2'34'5" v 1'2'3'45" v
123'4'5" v 12'34'5' v 1'2'3'45 v 1'2345" v 12345

Then, since:

1'2'3'4'5" v 12'3'4'5" v 1'23'4'5" v 123'4'5' =345
and 1'2'34'5" v 12'34'5' =2'34'5

an equivalent DNF for h is:

h=(1'2'3'4'5" v 12'3'4'5' v 1'23'4'5" v 1'2'34'5" v 1'2'3'45")
Vv (123'4'5" v 12'34'5')
Vv 1'2'3'45 v 1'2345" v 12345
=34'5" v 2'34'5" v 1'2'3'45 v 1'2345" v 12345.

A classical problem (called the Boolean function minimization problem) is to
find minimum DNF (or CNF) of a Boolean function, i.e. DNF (or CNF) us-
ing a minimum number of literals (other minimization problems using other
criteria can be also considered). The first step for this research is to find
the so-called prime implicants (respectively, prime implicates) of the Boolean
function f. A prime implicant (respectively, a prime implicate) of f is a term
t (respectively, a clause c) such that (in the order between Boolean functions),
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t < f (respectively, f < ¢) and is maximal (respectively, minimal) with this
property. Indeed, a Boolean function f is always the sum of its prime impli-
cants and the product of its prime implicates. But, it is generally possible to
delete some implicants (respectively, implicates) in these expressions to get
an equivalent more economical DNF or CNF. Then the second step consists
in searching the expressions using the less of implicants (respectively, impli-
cates). For an arbitrary Boolean function, the search of all its prime implicants
(respectively, implicates) is a NP-complete problem.

We now define the so-called pure (or definite) Horn functions. Since we will
consider only such Boolean functions, we will henceforth omit the word pure.
A term is called Horn if it contains exactly one complemented literal. For
instance, 34’5 is a Horn term. A DNF is called Horn is all its terms are Horn.
A Boolean function is called a Horn function if it can be represented by a
Horn DNF. Now we have the following well known result (see Section 6.1):

Theorem 21 A Boolean function h of n wvariables x1,%o,...x, s a Horn
function if and only if the set of its false points is a closure system on S =

{,’El, T2y ... .Tn}

Remark. In the litterature one finds also another definition of a Horn func-
tion. A clause is called Horn if it contains exactly one literal. For instance,
1v 2 v 4 v5isa Horn clause. A CNF is called Horn is all its clauses are
Horn. A Boolean function is called a Horn function if it can be represented
by a Horn CNF. This definition is not equivalent to the previous one. In fact,
a Boolean function f is a Horn function in this second sense if and only if the
complementary function f’ (in the Boolean algebra of all Boolean functions)
is Horn in the first sense. With this second definition, one has: “a Boolean
function is a Horn function if and only if the set of its true points is a closure
system”.

Now we can give the relation between the prime implicants of a Horn function
h and the canonical direct implicational basis ¥.; of its associated closure
operator. It is known that the prime implicants of a Horn function are Horn
terms, and so we can write Bz’ such a prime implicant, where B is the subset
of S corresponding to the literals of this prime implicant. For completeness
we give the proof of the following known result (see for instance [25]).

Proposition 22 Let S = {z1,z9,...,2,} be a set of elements, and:

h be a Horn function of n variables on P(S);

Fn the closure system defined on S by the false points of h;
©n the associated closure operator on S;

Y.cqa the corresponding canonical direct implicational basis.
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Then Bx' is a prime implicant of h if and only if B — x € Y.

Proof Let Bz’ be a prime implicant of A and consider the implication B — .
It belongs to X, since h(p,(B)) = 0 implies Bx' (¢, (B)) = 0 and so x € ¢, (B).
Let A C B. Since Az’ is not an implicant of h, there exists X C S such that
Az'(X) =1 and h(X) = 0. Then, AC X C S\ z and X € F;, what means
that © € p(A). So, A= 2 € X, and B — = € ¥y.

Conversely, let B — x € X4 and consider the Boolean term Bx'. For X C S,
we have Bz/(X) = 1 if and only if B C X and ¢ ¢ X. Then X € F;, and
h(X) = 1, what shows Bz’ < h. Moreover, B < h since B(pn(B)) = 1
and h(en(B)) = 0. Similary, if A C B, Az’ £ h, since Az'(pn(A4)) = 1 and
h(¢n(B)) = 0. Then Bz’ is a prime implicant of h. O

Corollary 23 There is a one-to-one map between the set of prime implicants
of a Horn function and the set of implications in the canonical direct basis of
the closure operator corresponding to the Horn function.

Remark. When one Consider the definition of a Horn function mentionned
in the previous remark. One gets a one-to-one map between the set of prime
implicates of the Horn function and the set of implications in the canonical
direct basis of the corresponding closure operator.

Example 24 For our example (Example 1), consider its closure system F
defined on S = {1,2,3,4,5}, and its canonical direct ULS Y.q (equal to g,
given in Example 5). By Proposition 22, F is the closure system given by the
false points of the following Horn function whose prime implicants are deduced
from ¥.4:

h=>54" v 234" v 243" v 342" v 142' v 143" v 145" v
251" v 351" v 152" v 352" v 153" v 253" v 1235’

For instance, one can verify that 12 € F is equivalent to h(12) = 0; and 14 ¢ F
is equivalent to h(14) = 1.

6 Notes

6.1 Historical note

Unary implicational systems have been considered at least as early as in a
Hertz’s paper ([22]) on logical deductive systems where they formalize “con-
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sequence” relations. The link with closure operators (or systems) appears for
example in a Scott’s paper ([40]) as well as in Doignon and Falmagne’s work
[13], authors which speak of entailment relations. This link appears also in
Buchi ([8]) where its dependence relations are the dual form of UIS, i.e. rela-
tions contained in S x P(S). On the other hand, Armstrong ([2]) have shown
the one-to-one correspondance between closure systems and full implicational
systems. This paper has fostered many developments in relationnal databases
theory (see, for instance, [28,27]). Related works appeared in data analysis
([19,17,39]).

Birkhoff ([5]) do date back the origin of the notions of closure systems and clo-
sure operators to Moore’s papers ([34,35]°). But it is probable that Moore’s
observations on the equivalence between these two notions would have been
forgotten if these two concepts, under various names and in a more or less gen-
eral way, have not played a significant role in the birth of the general topology
as an axiomatic theory in the beginning of the last century. Many math-
ematicians (Alexander, Alexandroff, Frechet, Hausdorff, Kuratowski, Riesz,
Sierpinski, Siskorski, Monteiro, Ribero, Appert, etc...) contributed to this cre-
ation, using systems of axioms based on several different primitive notions
like derivation, neighbourood, surrounding, closed or open sets, closure or in-
terior operators....On the other hand, in early works of Tarski (for instance
[42], see also Martin and Pollard’s book 1996) the consequence relation of a
logical deductive system was defined as a closure operator on an infinite set S
satisfying a “finitary” axiom. Other logicians (like Hertz ([22]), Scott ([40]))
defined it as a binary relation between sets and, later, a one-to-one correspon-
dence between Scott’s “informations systems” and “algebraic N-structures”
has been displayed (see Davey and Priestley ([10])). In the finite case, this
correspondence becomes exactly the one-to-one correspondence between full
implicational systems and closure systems. This last one has been first shown
by Armstrong ([2]), who, in the context of relational data bases, called a full
implicational system a full family of functional dependencies.

The name Horn clause comes from the logician Alfred Horn, who first pointed
out the significance of such clauses in [24]. This attribution is sometimes con-
tested. For instance Hodges ([23]) writes: “ Horn clause logic is a part of

5 In the first edition of Lattice Theory ([5]) Birkhoff thanks O.Ore to have commu-
nicated to him the references of works’ Moore and he uses the term Moore family
for a closure system. In his 1909 paper ([34]), Moore speaks in terms of property
of a class of functions : “Let a property satisfied by the class (of all functions) and
by the greatest common subclass of subclasses satisfying it. Then this property is
extensionnaly attainable in the sense that for every subclass S there exists a least

extensive class containing S, given by the intersection of all subclasses containing
S”.
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first-order logic. It was first isolated by J.C.C. McKinsey in [30]. The name
Horn is a historical accident. After McKinsey’s paper, Alfred Tarski suggested
investigating a more general class of sentences which are like Horn clauses ex-
cept that they have arbitrarily many existential and universal quantifiers at
the beginning. The sentences which Tarski described are now known as Horn
sentences, because Tarski’s colleague Alfred Horn ([24]) responded to Tarski’s
suggestion by showing that one of McKinsey’s theorems is true for them too.
This work of Horn is important in its own right, but it is not directly relevant
to Horn clauses. (Henschen in [21] p.820 explains the name “Horn clause” by
a result of Horn in [24] on Horn clauses; but the result is false, and it is not
in [24].”

On the other hand, Dechter and Pearl in [11] write that : “the equivalence
between Horn functions and family of subsets closed by intersection appears to
be a general folklore among many researchers, although we could not trace its
precise origin.”

Apparently, the result attributed to Horn by Henshen and said “false and not
in Horn” by Hodges is the following: “.. the class of Horn sets equals the
class of sets of clauses which are true in a cross product of two interpretations
if and only if they are true in each individual interpretation”. But, in fact,
Horn’s 1943 paper deals with Horn terms (i.e. propositional terms containing
at most one complemented literal) and its Lemma 7 amounts exactly to say
that a Boolean function A is Horn (in the sense that it admits a Horn DNF)
if and only if the family of its false points is closed by intersection. So, this
result has a precise origin and, far to be an “historical accident”, the term
Horn (Boolean) functions seems quite justified.

It is interesting to mention that the equivalence between Horn Boolean func-
tions and families of sets closed by intersection was rediscovered independently
by Flament in [14]. Flament, motivated by the need to generalize the well-
known Guttman’s scale in questionnaries’analysis, searched to find systems of
implications between questions explaining the answers of subjects to queries.
Then, he associates with these answers a Boolean algebra. And he writes (page
198): ”le protocole (i.e. the family of sets associated to the answers of subjects
to a series of dichotomous questions) est fermé pour l'intersection si et seule-
ment si aucune des PCU (= prime implicant) ne comporte plus d’une réponse
négative”.

6.2 Algorithmical note

Closure systems appears in many areas where we need efficient algorithms to
handle them. So, in these areas, many (generally independant) works have
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been made to adress the many algorithmical problem raised. In particular,
since these systems may have several “representations”, a general problem is
to provide algorithms to go from a representation taken as input to another
taken as output. We will come back later on the notion of representation, but
we consider first the two following important transformations problems:

e Generation of the canonical direct basis X.; with an equivalent UIS
> as input.

e Generation of the closure operator ¢ or/and of the family F of
closed sets with either an UIS ¥ or the basis ¥.4 as input.

Since F and X4 are bounded by 25! in the worst case, and by 1 in the best
case, with a reasonable size in practice, these problems belong to the more
general class of problems having an input of size n, and an output of size NV
bounded by 2". For this class of problems, a classical worst-case analysis makes
them exponential, thus NP-complete in time and in space. Special analysis
techniques, that are output-sensitive, have to be used to go beyond this result
(see a survey in [36]).

Regarding the time-analysis, the idea is to extract the time complexity needed
to generate only one element of the output (i.e. one implication or one closed
set in our case). Two analysis are proposed to compute such a complexity, de-
pending on the algorithm. The first analysis is called the amortized complex-
ity and computes the “average cost” per element. It consists in extracting the
amortized cost ¢ per element from the general classical time complexity O(cN)
where N is the size of the output. When ¢ can be bounded by a polynomial,
we talk about a polynomial amortized time algorithm. The second analysis,
called the delay complexity, considers the output as a sequence of generated
elements. It consists then in more accurately computing the time between the
generation of two element called the delay cost. A polynomial delay algorithm
is then an algorithm with a delay cost bounded by a polynomial.

Regarding the space-analysis, one can introduce the storage requirement which
is satisfied when the output has to be stored in memory. Hence, one can distin-
guish between counting algorithms (output is only counted, and not stored),
generation algorithms (output is generated, sometimes it has to be stored)
and construction algorithms (output is generated and stored).

Consider the special case where ' contains all the subsets of S, and thus with
a size equal to 2/5 ((F,C) is then a boolean lattice). The generation of F
consists then in generating all subsets of S, that can be performed in O(1)
per element using algorithms of constant amortized time or of constant delay.
Moreover, since storage is not required by these algorithms, they have a non
exponential space complexity.
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6.2.0.1 Generation of X.. Since Y. has an exponential size in the
worst-case, any generation algorithm has also to be analysed by consider-
ing the time-complexity per implication. Currently, there exists no algorithm
with a polynomial generation per implication, using the storage requirement.
Moreover, the existence of such a polynomial algorithm is still an open prob-
lem. Wild in [44] provides an algorithm with an IS ¥ as input that has an
exponential time complexity per implication. His algorithm computes an in-
termediate but larger UIS of exponential size in the worst case. Bertet and
Nebut’s algorithm in [4] also generates an intermediate and exponential but
direct UIS X, before minimizing it, and computes X.4 in O(|S||X4]?) by ap-
plying rule F7 then rule F3 as described in Definition 4. Let us also mention
in the area of data-mining the algorithm of Taouil and Bastide in [41] where
the left-minimal implications are called proper implications. It has the same
exponential time ans space complexity per implication.

6.2.0.2 Generation of ¢ and F. In [28], Mannila and R&ihd propose
the generation of a closure ¢(X) (algorithm Linclosure) in O(|S|?|%|), with a
given Y as input. This algorithm iteratively scans implications of an UIS X,
and the computation cost depends on the number of iterations, in any case
bounded by |S|. In order to practically limit this number while keeping the
same complexity, Wild in [44] modifies this algorithm using additional and
sophisticated data structures. It is worth noticing that for direct UIS, and
thus with X4, the computation of ¢(X) requires only one iteration. Therefore,
using Y4, a closure ¢(X) is obtained by Bertet and Nebut in [4] in O(| X ||2.4))
(when expressed with respect to X) or in O(s(3.4)) (when expressed with
respect to X.4). They also propose in [4] an algorithm to generate the family
F by computing some closures ¢(X). This algorithm has an exponential space-
complexity since the closed sets have to be stored, and a time complexity in
O(|S|* + |S|ey,) per element, where ¢, is the cost to generate one closure
©(X). Therefore, their algorithm is in O(|S|®) using a given ¥ as input, and
an improvement in O(|S|? + |S|s(X.q)) is obtained using the canonical direct
basis ¥.4 as input. This improvement is due to the direct property of ¥.; and
can be applied to every algorithm that uses the computation of a closure ¢(X)
as a basic step.

6.2.0.3 Others representations of F. When one takes the closure sys-
tem F (or its associated closure operator ¢) as the primitive structure, one can
consider any implicationnal system 3 such that F = Fy, as a representation Ry
of it. Nevertheless, to take the full (unary) implicationnal system X, (given by
Formula (7)) would be not very efficient. A representation Ry of a closure sys-
tem F is said good when it is small, readily identifiable, and when it uniquely
determinates I via simple and efficient generation algorithm. This paper fo-
cuses on the representation of F by the canonical direct basis (R = X.4).
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However, one can find many others (but not always good) representations Ry
of a closure system F: representation by the canonical basis in data analysis
([19]) ; representation by Horn functions in logical programming ([15]) ; repre-
sentation by a poset of irreducibles in lattice theory ([36]) ; representation by a
table called a contezt in formal concept analysis ([18]) and data-mining. Some
links between these different representations have been studied. For instance,
in [25], one finds the correspondance between left minimal implications (called
there the minimal functionnal dependencies) and prime implicates (Corollary
23). When Ry is one of these representations the two generation problems
becomes the generation of the direct canonical basis ¥.; with another repre-
sentation Ry as input, and the generation of a closure system F with Ry as
input.

Concerning the generation of ¥.; from another representation, let us men-
tion the algorithm of Mannila in [28], with the irreducibles elements of F as
input. It has an exponential time per implication in the worst case, and is
based on the generation of all minimal transversals, problem known to be ex-
ponential. Issued from the links between UIS and Horn functions, let us also
mention the algorithm with the best known complexity that is due to Fred-
man and Khachiyan ([15]) with a DNF as input. It generates one implication
in O(]S['°8'5)), i.e a quasi-polynomial time and has recently been modified in
[26] to solve this problem with a first step in deterministic polynomial time,
following by O(log?|S|) non deterministic steps. Although it is computation-
naly difficult to compute X.; with a general DNF' as input, one can compute
a Y.g-implication in a polynomial time with a Horn DNF or the family F as
input, using an algorithm due to Ibaraki et al. ([25]).

The well-known algorithm generating F is the Next-closure algorithm due to
Ganter ([16]) in the context of the formal concept analysis ([18]). It accepts
a table, and more generally a closure operator as input, and has a polyno-
mial space-complexity (since the closed sets have not to be stored) and a
time complexity in O(|S|?) per element. It generates closed sets according to
a total order on all the closed sets (extending the inclusion order) called the
lectic order. One can find various algorithms generating F using different rep-
resentations, with the same complexity as the Next-closure algorithm, i.e. in
O(|S?) per generated closed set. However, the algorithm with the best known
complexity uses a poset or a table as representation and is due to Nourine and
Raynaud in [37]. It has a time-complexity in O(]S|?) per generated closed set,
and an exponential space-complexity since all closed sets have to be stored
in a tree structure (so it satisfies the storage requirement). Let us mention
also an attribute-incremental algorithm generating the canonical basis from a
context ([38]).
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7 Conclusion

We have shown in this paper that several notions of bases for a closure op-
erator (or an implicational system or a lattice of closed sets) are the same,
and define what we have called the canonical direct implicational basis. One
could also mention that finding this basis is equivalent finding in the lattice
of all closure systems defined on S the expression of a closure system ¢ as the
meet of the minimal meet-irreducible closure systems containing ¢ (see [9]).
Moreover, the search of the canonical direct implicational basis is equivalent to
the search of the prime implicants or the prime implicates of a Boolean func-
tion, a Horn function associated with the closure operator. So, the following
problems, appeared in different domains, are all equivalent:

e “Finding the canonical direct basis of a closure operator”,
e “Inferring minimal functional dependencies in a Horn theory” or
o “Computing the set of prime implicants of a Horn function”.

Since equivalent notions as closure systems (or systems of sets closed by union),
closure operators (or dual closure operators), full systems of implications (de-
pendencies), Horn functions have been studied by different authors in different
domains (topology, lattice theory, hypergraph theory, choice functions, rela-
tional data bases, data mining and concept analysis, artificial intelligence and
expert systems, knowledge spaces, logic and logic programming, theorem prov-
ing...), it is not surprising that one finds the same notions, results or algorithms
under various names. For instance, when Horn functions are used in artificial
intelligence, the meet-irreducible elements of the associated lattice of closed
sets are called its characteristic sets, and the the associated closure operator
is called the forward chaining procedure. In the context of Horn functions, an-
other interesting example is the significant directed graph introduced at least
since 1987 by different authors on the set of the Boolean variables (see for
instance [20,7]). It can be shown that in the case of a pure Horn function, the
relation defined by this graph is the inverse of the dependency relation defined
in Section 3 (it is also the domination relation in [3]).

On the other side, ono can find also many original results or algorithms but
which are generally known only in a specified domain. It would be very prof-
itable to extend (or create) the communications between the various domains
using the same (or equivalent) tools. Our paper is a step in this direction.
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