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Abstract

A hole in a graph is an induced cycle on at least four vertices. A graph
is Berge if it has no odd hole and if its complement has no odd hole. In
2002, Chudnovsky, Robertson, Seymour and Thomas proved a decomposi-
tion theorem for Berge graphs saying that every Berge graph either is in
a well understood basic class or has some kind of decomposition. Then,
Chudnovsky proved a stronger theorem by restricting the allowed decompo-
sitions. We prove here a stronger theorem by restricting again the allowed
decompositions. Motivation for this new theorem will be given in a work in
preparation.
AMS Mathematics Subject Classification: 05C17, 05C75

1 Definitions

In this paper graphs are simple, non-oriented, with no loop and finite. We
call path any connected graph with at least a vertex of degree 1 and no vertex
of degree greater than 2. A path has at most two vertices of degree 1 that
are the ends of the path. If a, b are the ends of P we say that P is from a
to b. The other vertices are the interior vertices of the path. We denote by
v1−· · ·−vn the path on n vertices whose edge set is {v1v2, . . . , vn−1vn}. When
P is a path, we say that P is a path of G if P is an induced subgraph of G.
If P is a path and if a, b are two vertices of P then we denote by a−P−b the
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only induced subgraph of P that is path from a to b. The length of a path is
the number of its edges. An antipath is the complement of a path.

Let G be a graph and let A and B be two subsets of V (G). A path is
said to be outgoing from A to B if it has an end in A, an end in B, length
at least 2, and no interior vertex in A ∪ B.

A skew partition of a graph G = (V, E) is a partition of V into two sets
A and B such that A induces a graph that is not connected, and B induces
a graph that is not anticonnected. Skew partitions were first introduced by
Chvátal for the study of perfect graphs [4]. An even skew partition is a skew
partition (A, B) with the additional property that every induced path with
ends in B, interior in A and every antipath with ends in A, interior in B have
even length. If (A, B) is a skew partition, we say that B is a skew cutset. If
(A, B) is even we say that the skew cutset B is even.

Even skew partitions were introduced by Chudnovsky, Robertson, Sey-
mour and Thomas in order to prove the Berge’s strong perfect graph conjec-
ture [1]. We say that a graph is Berge if it contain no odd hole (ie induced
cycle of odd length, at least 4) and no odd antihole (complement of cycle of
odd length, at least 4). A graph G is perfect if for every induced subgraph
G′, the chromatic number of G′ equals the size of the maximum clique of G′.
The strong perfect graph conjecture proved by Chudnovsky et al. says that
every Berge graph is perfect. In fact they proved a decomposition theorem for
Berge graphs [3] (first conjectured by Conforti, Cornuéjols and Vušković [5])
that implies the strong perfect graph theorem. And then, Chudnovsky [2]
proved a stronger decomposition theorem.

Before giving this decomposition theorem, we need some definitions. We
call double split graph (defined in [3]) any graph G that may be constructed
as follows. Let m, n ≥ 2 be integers. Let A = {a1, . . . , am}, B = {b1, . . . , bm},
C = {c1, . . . , cn}, D = {d1, . . . , dn} be four disjoint sets. Let G have vertex
set A ∪ B ∪ C ∪ D and edges in such a way that:

• ai is adjacent to bi for 1 ≤ i ≤ m. There are no edges between {ai, bi}
and {ai′, bi′} for 1 ≤ i < i′ ≤ m.

• cj is non-adjacent to dj for 1 ≤ i ≤ m. There are all four edges between
{cj , dj} and {cj′, bj′} for 1 ≤ j < j′ ≤ n.

• There are exactly two edges between {ai, bi} and {cj, dj} for 1 ≤ i ≤ m
and 1 ≤ j ≤ n and these two edges are disjoint.

We need to know how the smallest double split graphs look like. Fol-
lowing the definition, the smallest double-split graphs have 8 vertices :
a1, a2, b1, b2, c1, c2, d1, d2. The set {c1, c2, d1, d2} induces a C4. Vertex a1 sees
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an edge of this C4, and b1 the opposite edge. Also, a2 sees an edge of this C4

and b2 the opposite edge. Up to an isomorphism, there are only two cases:
a1, a2 see the same edge of the C4, or a1, a2 see consecutive edges of the C4.
In the first case, the graph obtained is called the double-diamond, and in the
second case we obtain L(K3,3 \ e) — see figure 1. It easy to check that the
complement of a double split graph is always a double split graph.

Figure 1: The two smallest double split graphs: the double-diamond and
L(K3,3 \ e)

A graph is said to be basic if one of G, G is either a bipartite graph, the
line-graph of a bipartite graph or a double-split graph.

The 2-join is a kind of decomposition first defined by Cornuéjols and
Cunningham [6]. But the definition that we give here is a sligth modification
used in [3]. We say that a partition (X1, X2) of the vertex set is a 2-join
when there exist disjoint non-empty Ai, Bi ⊆ Xi (i = 1, 2) satisfying:

• Every vertex of A1 is adjacent to every vertex of A2 and every vertex
of B1 is adjacent to every vertex of B2.

• There are no other edges between X1 and X2.

The sets X1, X2 are the two sides of the 2-join. Implicitly, when (X1, X2)
is a 2-join of a graph, we use the notation of the definition for the sets Ai, Bi’s.
Also, when sets Ai’s Bi’s are like in the definition we say that (A1, B1, A2, B2)
is a split of (X1, X2). Note that a 2-join has two splits, obtained by swapping
A and B. Implicitly we will denote by Ci the set Xi \ (Ai ∪ Bi).

A 2-join (X1, X2) in a graph G is said to be connected when for i = 1, 2,
every component of G[Xi] meets both Ai and Bi. A 2-join (X1, X2) in a
graph G is said to be proper when it is connected and when for i = 1, 2, if
|Ai| = |Bi| = 1, and if Xi induces a path of G joining the vertex of Ai and
the vertex of Bi, then it has length at least 3.

Now we can state the decomposition theorem of Berge graphs, proved by
Chudnovsky.

Theorem 1.1 ([3, 2]) Let G be a Berge graph. Then either G is basic, or
one of G, G has a proper 2-join or G has an even skew partition.
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Here we give a stronger theorem: Theorem 2.13. Motivation for this
stronger theorem will be given in a work in preparation. Note that Chud-
novsky proved Theorem 1.1 from scratch, without using the slightly weaker
theorem stated in [3]. Theorem 2.13 is slightly stronger than Theorem 1.1,
but our proof uses Theorem 1.1.

2 results

The following fact is clear and useful:

Lemma 2.1 If (A, B) is an even skew partition of a graph G then (B, A)
is an even skew partition of G. In particular, a graph G has an even skew
partition if an only if G has an even skew partition.

A star cutset in a graph is a set of vertices B such that G \ B is discon-
nected and such that there a vertex x in B seeing every vertices of B \ x.
Note that a star cutset of size at least 2 is a skew cutset.

Lemma 2.2 Let G be a Berge graph. If G has a star cutset then G has an
even skew partition or G has no edges or G has size 3 or G is the complement
of C4.

proof — Let B be a star cutset of G. Let us suppose B being maximum
with that property. Let A1, A2 being such that A1, A2, B are pairwise disjoint,
there are no edges between A1, A2, and A1 ∪ A2 ∪ B = V (G).

Suppose first that B has size 1. Then A1, A2 are both of size one
(|V (G)| = 3) or we may assume there are no edges between B and A1.
Then we may assume that G has at least one edge e. If e is an edge of
A1, then we may assume |A1| = 2 for otherwise, e is a cutting edge of G,
contradicting B being maximum. Then there must be an edge in B ∪ A2

for otherwise, e is a cutting edge of G. So we may assume |B ∪ A2| = 2 for
otherwise e is a cuting edge of G. Thus, G is a perfect matching one four
vertices. If e is not an edge of A1 then we may assume that A1 has no edge.
Thus if V (G) ≥ 4 then every edge of B ∪ A2 is a cutting edge of G.

If B has size at least 2 then B is skew cutset of G. Let x be the center
of B. By maximality of B, every component of G \ B has either size 1 or
contains no neighbor of x. Thus, if P is path that makes the skew cutset
B non even, then P ∪ x induces an odd hole of G. If Q is an antipath that
makes the skew cutset B non even, then Q∪x induces an odd antihole of G.
2
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Lemma 2.3 Let G be a Berge graph with a connected 2-join (X1, X2). Then
all the outgoing paths from A1 to B1 and all the outgoing paths from A2 to
B2 have same parity.

proof — Note that since (X1, X2) is connected there actually exists in
G[X1] an outgoing path P1 from A1 to B1. Similarly, there exists in G[X2]
an outgoing path P2 from A2 to B2. Suppose now that there exist two paths
Q, Q′ that makes the lemma fails. Then one of Q ∪ P1, Q′ ∪ P1, Q ∪ P2 or
Q′ ∪ P2 induces an odd hole. 2

Lemma 2.4 Let G be a Berge graph with a 2-join (X1, X2). Let i be in
{1, 2}. Then every outgoing path from Ai to Ai (resp. from Bi to Bi) has
even length.

proof — Note that we do not suppose (X1, X2) being proper. Let P be an
outgoing path from A1 to A1 (the other case is similar). If P has a vertex
in A2, then P has length 2. Else, P must lie entirely in X1 except possibly
for one vertex in B2. If P lies entirely in X1, then P ∪ {a2} where a2 is any
vertex in A2 induces a hole, so P has even length. If P has a vertex b2 ∈ B2,
then we must have P = a−· · ·−b−b2−b′−· · ·−a′ where a−P−b and b′−P−a′

are outgoing paths from A1 to B1. Suppose that P has odd length. Let a2

be a vertex of A2. Then V (P ) ∪ {a2, b2} induces an odd cycle of G whose
only chord is a2b2. So one of V (a−P−b2)∪{a2}, V (a′−P−b2)∪{a2} induces
an odd hole of G, a contradiction. 2

The following four lemmas are a description of the paths and antipaths
of a Berge graph with a 2-join (possibly non proper).

Lemma 2.5 Let G be a graph with a 2-join (X1, X2). Let P be a path of G
whose end vertices are in X2. Then either:

1. There are vertices a ∈ A1, b ∈ B1 such that V (P ) ⊆ X2 ∪ {a, b}.
Moreover, if a, b are both in V (P ), then they are non adjacent.

2. P = c−· · ·−a2 −a−· · ·− b− b2 −· · ·− c′ where: a ∈ A1, b ∈ B1,
a2 ∈ A2, b2 ∈ B2. Moreover V (c−P −a2) ⊂ X2, V (b2−P −c′) ⊂ X2,
V (a−P−b) ⊂ X1.

proof — If P has no vertex in X1, then for any a ∈ A1, b ∈ B1, the first
outcome holds. Else let c, c′ be the end vertices of P . Starting from c, we
may assume that first vertex of P in X1 is a ∈ A1. Note that a is the only
vertex of P in A1. If a has its two neighbors on P in X2, then P has no other
vertex in X1, except possibly a single vertex b ∈ B1 and the first outcome
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holds. If a has only one neighbor on P in X2, then let a2 be this neighbor.
Note that P must have a single vertex b in B1. Let b2 be the neighbor of b
in X2 along P . So, the second outcome holds. 2

Lemma 2.6 Let G be a Berge graph with a 2-join (X1, X2). Let P be a path
of G whose end vertices are in A1 ∪ X2 (resp. B1 ∪ X2) and whose interior
vertices are not in A1 (resp. B1). Then either:

1. P has even length.

2. There are vertices a ∈ A1, b ∈ B1 such that V (P ) ⊆ X2 ∪ {a, b}.
Moreover, if a, b are both in V (P ), then they are non adjacent.

3. P = a−· · ·−b−b2−· · ·−c where: a ∈ A1, b ∈ B1, b2 ∈ B2.

Moreover V (a−P−b) ⊂ X1 and V (b2−P−c) ⊂ X2.

(resp. P = b−· · ·−a−a2−· · ·−c where: b ∈ B1, a ∈ A1, a2 ∈ A2.

Moreover V (b−P−a) ⊂ X1 and V (b2−P−c) ⊂ X2.)

proof — Note that we do not suppose (X1, X2) being proper. Suppose first
that the end vertices of P are in A1 ∪ X2.

If P has its two end vertices in A1, then by Lemma 2.4 P has even length
and Output 1 of the lemma holds.

If P has exactly one end vertex in A1, let a be this vertex. Let c ∈ X2

be the other end vertex of P . Let a′ be the neighbor of a along P . If a′ is in
A2, then we may apply Lemma 2.5 to a′−P−c: Outcome 2 is impossible and
Outcome 1 yields Outcome 2 of the lemma we are proving now since P has
exactly one vertex in A1. If a′ is not in A2, then let b be the last vertex of
X1 along P and b2 the first vertex of X2 along P . Outcome 3 of the lemma
holds.

If P has no end vertex in A1 then Lemma 2.5 applies to P . The second
outcome is impossible. The first outcome implies that there is a vertex
b ∈ B1 such that V (P ) ⊆ X2 ∪ {b} since no interior vertex of P is in A1. So,
Outcome 2 of the lemma we are proving now holds.

The case when the end vertices of P are all in B1 ∪ X2 is similar. 2

Lemma 2.7 Let G be a graph with a 2-join (X1, X2). Let Q be an antipath
of G of length at least 5 whose interior vertices are all in X2. Then there is
a vertex a in A1 ∪ B1 such that V (Q) ⊆ X2 ∪ {a}.
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proof — Let c, c′ be the end vertices of Q. Note that N(c) ∩ N(c′) ∩ X2

have to be non empty and that N(c) ∩ X2 must be different of N(c′) ∩ X2,
because c, c′ are the end vertices of an antipath of length at least 4. No pair
of vertices in X1 satisfies these two properties, so at most one of c, c′ is in
V (Q)∩X1. If none of c, c′ are in X1, then let a be any vertex in A1. Else, let
a be the unique vertex in X1 among c, c′. Since c, c′ must have a neighbor in
X2, a ∈ A1 ∪ B1 and clearly V (Q) ⊆ X2 ∪ {a}. 2

Lemma 2.8 Let G be a Berge graph with a 2-join (X1, X2). Let Q be an
antipath of G of length at least 5 whose interior vertices are all in A1 ∪ X2

(resp. B1 ∪ X2) and whose end vertices are not in A1 (resp. B1). Then
either:

1. Q has even length.

2. There is a vertex a ∈ A1 ∪ B1 such that V (Q) ⊆ X2 ∪ {a}.

proof — Suppose first that the interior vertices of Q are all in A1 ∪ X2.
The case when the interior vertices of Q are all in B1 ∪ X2 is similar.

If Q has at least 2 vertices in A1, then let a 6= a′ be two of these vertices.
Since the end vertices of Q are not in A1, a, a′ may be chosen in such a way

that there are vertices c, c′ /∈ A1 such that c−a−Q−a′−c′ is an antipath of
G. Since c must miss a while seeing a′, c must be in X1 \ A1, and so is c′.
But the interior vertices of Q cannot be in X1 \A1, so c, c′ are in fact the end
vertices of Q. Also, every interior vertex of Q must be adjacent to at least
one of c, c′, so all the interior vertices of Q are in A1. Now if we add to Q
any vertex of A2, we obtain an antihole of G that must be even. So Q has
even length and Output 1 of the lemma holds.

If Q has exactly one vertex in A1, let a be this vertex. If Q has no vertex
in X1 \A1 then Outcome 2 of the lemma holds. If Q has at least two vertices
in X1 \ A1 then these vertices are the end vertices of Q and Q has length 2.
So we may assume that Q has exactly one vertex b in X1 \ A1. Since by
assumption, Q has length at least 5 and since b must be an end vertex of Q,
a and b have a common neighbor in Q. This is a contradiction since a and b
have no common neighbor in X2.

If Q has no vertex in A1 then Lemma 2.7 applies. Outcomes 1 and 2 yield
a contradiction because of the length of Q. If we have the third outcome,
then there is a vertex a ∈ A1 ∪ B1 such that V (Q) ⊆ X2 ∪ {a}. 2

It is convenient to consider a degenerated kind of 2-join that implies the
existence of an even skew partition. A 2-join (X1, X2) is said to be degenerate
if either:
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• There exists i ∈ {1, 2} and a vertex v in Ai that has no neighbor in
Xi \ (Ai \ {v});

• There exists i ∈ {1, 2} and a vertex v in Bi that has no neighbor in
Xi \ (Bi \ {v});

• One of A1 ∪ A2, B1 ∪ B2 is a skew cutset of G;

• There exists i ∈ {1, 2} and a vertex in Ai that is complete to Bi or a
vertex in Bi that is complete to Ai.

• There is an outgoing path of even length from A2 to B2 and one of X1,
X2 is a skew cutset of G.

Lemma 2.9 Let G be a Berge graph and (X1, X2) be a degenerate proper
2-join of G. Then G has an even skew partition.

proof — Let us look at the possible reasons why (X1, X2) is degenerate.
If there is a vertex v in A1 that has no neighbor in X1 \ (A1 \ {v}), then

note that |A1| > 1 since every component of X1 meets A1. So (A1 \{v})∪A2

is a skew cutset separating v from the rest of the graph. Let us check that
this skew cutset is even. Let P be an outgoing path from (A1 \ {v}) ∪ A2

to (A1 \ {v}) ∪ A2. If P goes through v, then P has length 2. Else, P is
outgoing from A1 to A1 or outgoing from A2 to A2, so P has even length by
Lemma 2.4. If there is an antipath Q of length at least 5 with its interior in
(A1 \ {v})∪A2 and its ends in the rest of the graph, then it must lie entirely
in X1 or X2, say X1 up to symmetry. Then Q∪{a2}, where a2 ∈ A2, induces
an antihole. So, Q has even length. Finally, the skew cutset (A1\{v})∪A2 is
even. If there is a vertex v in A2, B1 or B2 that makes the 2-join degenerate
like in the definition, we prove as above that G has an even skew partition.

If A1 ∪A2 is a skew cutset of G then the proof is the same as above: any
path or antipath that could make the skew partition non-even yields a hole or
an antihole by adding a vertex of A1 ∪A2, or has even length by Lemma 2.4.
The case when B1 ∪ B2 is a skew cutset is similar.

If X1 ∪ A2 is a skew cutset of G, there is at least a vertex a1 ∈ A1 that
is complete to B1. Otherwise G[X1 ∪ A2] would be connected because there
would be an antipath of length at most 2 from any vertex of this graph to
any vertex of A2. So, there is at least a path of length 1 between a vertex of
A1 and a vertex of B1, and by Lemma 2.3 every outgoing path from A2 to
B2 has odd length. By this remark and by Lemma 2.4, every outgoing path
from X1∪A2 to X1∪A2 has even length. Let Q be an antipath with its ends
in V (G) \ (X1 ∪ A2) and its interior in X1 ∪ A2. If Q goes through a vertex
of X1 \ B1, it has length 2. Else, V (Q) ∪ {a1} induces an antihole, so Q has
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even length. Finally, the skew cutset X1 ∪ A2 is even. If one of X1 ∪ B2,
X2 ∪ A1 and X2 ∪ B1 is a skew cutset of G the proof is again the same.

Suppose that there is a vertex a ∈ Ai that is complete to Bi (the case
when a vertex in Bi is complete to Ai is similar). Suppose up to a symmetry
that i = 1. If |A1| > 1 then pick a′ 6= a in A1. Now ({a} ∪ N(a)) \ a′ is a
star cutset of G separating a′ from B2. So, by Lemma 2.2, we may assume
that A1 = {a}. If |B1| > 1, consider b 6= b′ in B1. Now, ({b} ∪N(b)) \ b′ is a
star cutset of G separating b′ from A2. So again we may assume B1 = {b}.
Since |X1| ≥ 3 and |X2| ≥ 3, there is a vertex c in V (G) \ (A1 ∪ B1). Now,
{a, b} is a star cutset separating c from X2.

If there is an outgoing path of even length from A2 to B2 and if one of
X1 is a skew cutset of G (the case with X2 is similar) then we claim that
(X2, X1) is an even skew partition. Every outgoing path from X1 to X1 has
even length because such a path is an outgoing path from A1 to B1, that has
even length by Lemma 2.3. Now, we know that every antipath of odd length
with its ends in X2 and its interior in X1 has length at least 5. If there is
an such an antipath Q then the ends of Q must have a common neighbor in
X1, thus we may assume that the ends of Q are in A2. Hence, every interior
vertex of Q is either complete to the ends of Q or has no neighbor among
the ends of Q. This is a contradiction. 2

Lemma 2.10 Let G be a graph with a non degenerate connected 2-join
(X1, X2). Let i be in {1, 2}. Then for every vertex v ∈ Xi there is a path
Pa = a−· · ·−v and a path Pb = b−· · ·−v such that:

• a ∈ Ai, b ∈ Bi;

• Every interior vertex of Pa, Pb is in Xi \ (Ai ∪ Bi).

proof — Suppose first v ∈ Xi\(Ai∪Bi). By the definition of the connected
2-join, every connected component of Xi must meet both Ai and Bi. So Xv,
the connected component of v in G[Xi], meets both Ai, Bi and there is at
least one path from v to a vertex of Bi in G[Xi]. If every path of G[Xi]
from v to Bi goes through Ai, then Ai is a cutset of G[Xi] that separates
v from Bi. Thus A1 ∪ A2 is a skew cutset of G, so (X1, X2) is degenerate,
a contradiction. So there is a path Pb as desired, and by the same way, Pa

exists.
If v ∈ Ai, then Pa exists and have length 0: put Pa = v. The vertex v has

a neighbor w in Xi \ Ai otherwise (X1, X2) is degenerate. By the preceding
paragraph, there is a path Q from w to b ∈ Bi whose interior vertices lie in
Xi \ (Ai ∪Bi). For Pb, consider a shortest path from v to b in G[V (Q)∪{b}].
2
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A 2-join is said to be loose if it has a split (X1, X2, A1, B1, A2, B2) such
that:

1. G[X1] is an outgoing path from A1 to B1. Implicitly we will denote by
a1 the unique vertex in A1 and by b1 the unique vertex in B1.

2. There are sets B3, B4 such that:

• B3 6= ∅, B4 6= ∅, B3 ∩ B4 = ∅, B3 ∪ B4 = B2.

• There are no edges between B3 and B4.

• There is no vertex in X2 \ B2 that is complete to B2.

• Every outgoing path from B3 to B3 (resp. from B4 to B4) has
even length.

We say that X1 is the path-side of the 2-join. It is clear that some Berge
graphs have loose 2-joins. However the following theorem shows that they
are not necessary to decompose Berge graphs.

Lemma 2.11 Let G be a Berge graph. Then either:

• G is basic;

• G has an even skew partition;

• One of G, G has a non loose proper 2-join.

proof — For any graph G let f(G) be the number of loose 2-joins of G.
Note that when counting 2-joins, we count each 2-join once regardless of the
other 2-join one may obtain by swapping the two sides. Let us consider G,
a counter example to the theorem such that f(G) + f(G) is minimal. By
minimality we have:

(1) For every graph G′, if G′ is a counter-example to theorem then

f(G) + f(G) ≤ f(G′) + f(G′)

Since G is a counter-example and since G is Berge, by Theorem 1.1 and
up to a complementation of G, we may assume that:

(2) • G is not basic;

• G has no even skew partition;

10



• None of G, G has a non loose proper 2-join;

• G has a loose proper 2-join.

(3) G and G have no degenerate proper 2-join and no star cutset.

If one of G, G has a degenerate proper 2-join or a star cutset then one of G, G
has an even skew partition by Lemma 2.9 or by Lemma 2.2. So G has an
even skew partition by Lemma 2.1. This contradicts (2). This proves (3).

By (2) we know that G has a loose proper 2-join (X1, X2). Up to a
symmetry, we may assume that X1 is the path-side of the 2-join. We put
C2 = X2 \ (A2 ∪ B2). We denote by ε ∈ {0, 1} the parity of the length of
G[X1]. We may assume that X2 is minimal with respect to all the properties
above. More precisely:

(4) For every X ′

2 ( X2, the partition (V (G) \ X ′

2, X
′

2) is not a loose proper
2-join of G with V (G) \ X ′

2 as path-side.

We now consider the graph G′ obtained from G by deleting X1 \ {a1, b1}.
Moreover, we add some new vertices: c1, c2, b3, b4. Then we add every possible
edge between b3 and B3, between b4 and B4. We also add edges a1c1, c2b3,
c2b4. If ε = 0, we consider c1 = c2. Else we consider c1 6= c2 and we add an
edge between c1 and c2. Note that in G′, b1 has neighbors only in B2. Here
are two claims about the connectivity of G and G′.

(5) G[X2] = G′[X2] is connected.

Suppose not. Let X ′

2 be any component of X2. Since (X1, X2) is proper, the
sets A′

2 = A2 ∩ X ′

2 and B′

2 = B2 ∩ X ′

2 are not empty. So (V (G) \ X ′

2, X
′

2)
is a 2-join of G. Let us suppose that X ′

2 is not an outgoing path length 1
or 2 from A2 to B2. This implies that (V (G) \X ′

2, X
′

2) is a proper 2-join. So,
by (2), we know that (V (G) \X ′

2, X
′

2) is loose. By (4), V (G) \X ′

2 cannot be
the path side of this 2-join. But X ′

2 cannot be the path side of this 2-join
since for that, one of A1, B1 would have to be of size at least 2. Hence we
know that every component of X2 is an outgoing path length 1 or 2 from A2

to B2. This implies that G is bipartite, contradicting (2). This proves (5).
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(6) • For every A′

2 ⊆ A2 the graphs G′[A′

2 ∪ C2 ∪ B3 ∪ B4 ∪ {b1}] and
G[A′

2 ∪ C2 ∪ B3 ∪ B4 ∪ {b1}] are connected.

• For every B′

2 ⊆ B2 the graphs G′[B′

2 ∪C2 ∪A2 ∪ {a1}] and G[B′

2 ∪
C2 ∪ A2 ∪ {a1}] are connected.

• In G[X2] = G′[X2], there is an outgoing path from A2 to B3 and
an outgoing path from A2 to B4.

By (3) (X1, X2) is a non degenerated 2-join of G. So, by Lemma 2.10 there
is a path from any vertex v of A′

2 ∪ C2 to B2 in G[A′

2 ∪ C2 ∪ B2]. Since b1 is
complete to B2, the first item holds. The second item holds similarly. The
third item is clear since (X1, X2) is a proper 2-join of G. This proves (6).

Here are six claims about the parity of various kinds of paths and an-
tipaths in G′.

(7) Every outgoing path of G′ from B2 to A2 has length of parity ε.

If such a path contains one of a1, b3, b4, c1, c2 then it has length 4 + ε. Else
such a path may be viewed as an outgoing path of G from B2 to A2. By
Lemma 2.3 it has parity ε. This proves (7).

(8) Every outgoing path of G′ from B2 to B2 has even length.

For suppose there is such a path P = b−· · ·−b′, b, b′ ∈ B2. If P goes through
b1 then it has length 2. If P goes through b3 and b4 it has length 4. If P
goes through only one of b3, b4 then either P has length 2 or we may assume
up to a symmetry that P = b−b3−c2−c1−a1−a−· · ·−b′ where a ∈ A2. So,
a−P −b′ is an outgoing path from A2 to B2 and by (7) it has parity ε. So,
P has even length. If P goes through c2 or c1 then it must goes through at
least one of b3, b4, and by the discussion above it must have even length. So
we may assume that P goes through none of c1, c2, b1, b3, b4.

If P goes through a1 but through none of {b3, b4}, then we must have
P = b−· · ·−a−a1−a′−· · ·−b′. Then a−P−b and a−P−b are both outgoing
paths from A2 to B2, so they both have parity ε by (7). Once again, P has
even length.

So we may assume that P is entirely contained in X2. Thus, P has even
length by Lemma 2.4.

In every cases, P has even length. This proves (8).

(9) Every outgoing path of G′ from A2 to A2 has even length.

For suppose there is such a path P = a−· · ·−a′, where a, a′ ∈ A2. If P
goes through a1 then it has length 2. So we may assume that P does not go
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through a1. Note that if c1 6= c2 then P does not go through c1.
If P goes through b3, b4 and not through c2 then we may assume P =

a−· · ·−b′3−b3−b′′3−· · ·−b′4−b4−b′′4−· · ·−a′ where b′3, b
′′

3 ∈ B3 and b′4, b
′′

4 ∈ B4.
By (7), a−P −b′3 and b′′4−P −a′ have both parity ε and by (8) b′′3−P −b′4
has even length. Thus P has even length. If P goes through both b3, b4 and
through c2 then we may assume P = a−· · ·−b−b3−c2−b4−b′−· · ·−a′ where
b ∈ B3 and b′ ∈ B4. By (7) b−P−a and a′−P−b′ have both parity ε. Thus,
P has even length. If P goes through B3, b1 and B4 then we prove that it
has even length by the same way. So we may assume that P neither goes
through c2 nor through both b3, b4 nor through B3, b1 and B4.

If P goes through exactly one of b3, b4, say b3 up to a symmetry, then just
like above P = a−· · ·−b−b3−b′−· · ·−a′, where both b−P−a and a′−P−b′

are outgoing paths from B2 to A2. So by (7), they both have parity ε. Thus,
P has even length. If P goes through b1 and exactly one of B3, B4, then we
prove that it has even length by the same way. So we may assume that P
goes though none of b1, b3, b4.

Now P goes through none of a1, c1, c2, b1, b3, b4, so P may be viewed as
an outgoing path of G from A2 to A2. It has even length by Lemma 2.4.

In every cases, P has even length. This proves (9).

(10) Every antipath of G′ with length at least 2, with its end vertices in
V (G′) \ A2, and all its interior vertices in A2 has even length.

Let Q be such an antipath. We may assume that Q has length at least 3.
So each end vertex of Q must have a neighbor in A2 and a non neighbor in
A2. So none of a1, c1, c2, b1, b3, b4 can be an end vertex of Q, and Q may be
viewed as an antipath of G. Its union with a1 is an antihole of G that must
have even length. So Q has even length. This proves (10).

(11) Every antipath of G′ with length at least 2, with its end vertices in
V (G′) \ B2, and all its interior vertices in B2 has even length.

Let Q be such an antipath. We may assume that Q has length at least 3.
So each end vertex of Q must have a neighbor in B2 and a non neighbor in
B2. So none of a1, b1, c1, c2 can be an end vertex of Q. If b3 is an end vertex
of Q, then the other end vertex must be adjacent to b3 while not being in
B2 ∪{a1, b1, c1, c2}, a contradiction. So b3 is not an end-vertex of Q and by a
similar proof, neither b4 is. So none of a1, c1, c2, b1, b3, b4 is in Q and Q may
be viewed as an antipath of G. Its union with b1 is an antihole of G that
must have even length. So Q has even length. This proves (11).
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(12) • Every antipath of G′ with length at least 2, with its end vertices in
V (G′) \ B3, and all its interior vertices in B3 has even length.

• Every antipath of G′ with length at least 2, with its end vertices in
V (G′) \ B4, and all its interior vertices in B4 has even length.

Let us prove the first item (the second is similar). Let Q be such an antipath.
We may assume that Q has length at least 3. So each end vertex of Q must
have a neighbor in B3. So no vertex of B4 can be an end-vertex of Q.
Thus (11) applies and Q has even length. This proves (12).

(13) Let Q be an antipath of G′ of length at least 4. Then Q does not go
through c1, c2. Moreover Q goes through at most one of a1, b1, b3, b4.

In an antipath of length at least 4, each vertex either is in a square of the
antipath or in a triangle of the antipath. So, c1, c2 are not in Q since they are
not in any triangle or square of G′. In an antipath of length at least 4, for any
pair x, y of non adjacent vertices, there must be a third vertex adjacent to
both x, y. Thus, Q goes through at most one vertex among a1, b3, b4. Suppose
now that Q also goes through b1. Then it does not go through a1 since a1, b1

have no common neighbours. So, up to a symmetry we may assume that Q
goes through b3 and b1. There is no vertex in G′ \ c2 seeing b3 and missing b1.
So b1 is an end of Q. Along Q, after b1 we meet b3. The next vertex along
Q must be in B4. The next one, in B3. The next one must see b3 and must
have a neighbor in B4, a contradiction. This proves (13).

(14) G′ is Berge.

Let H be a hole of G′. Suppose first that H goes through a1. If H does not
go through c1, then H \ a1 is a path of even length by (9), so H has even
length. If H goes through c1 then H goes though exactly one of b3, b4, say b3

up to symmetry, and H \{a1, c1, c2, b3} is a path P . If P does not go through
b1 then it has parity ε by (7). If P goes through b1, then P = b−b1−b′−. . .−a
where b′−P−a is outgoing from B4 to A2. So, again P has parity ε by (7).
So H has even length. So we may assume that H does not go through a1.
So if c1 6= c2 then H does not go through c1. If H goes through c2 then the
path H \ {b3, c2, b4} has even length by (8), so H is even. If H goes through
b1 then the path H \ {b1} has even length by (8), so H is even. So we may
assume that H does not go through b1, c2. If H goes through both b3, b4

then H \ {b3, b4} is partitionned into two outgoing paths from B2 to B2 that
both have even length by (8). Thus H has even length. If H goes through
b3 and not through b4, then H \ b3 is an outgoing path from B3 to B3. By
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the definition of loose 2-joins it has even length, so H is even. If H goes
through b4 and not through b3 then H is even by a similar proof. So we may
assume that H goes through none of b3, b4. Now, H goes through none of
a1, c1, c2, b1, b3, b4. So H may be viewed as a hole of G, and so it is even. So
every hole of G′ is even.

Let us now consider an antihole H of G′. Since the antihole on 5 vertices
is isomorphic to C5, we may assume that H has at least 7 vertices. Let
v be a vertex of H that is not in {a1, c1, c2, b1, b3, b4}. By (13) applied to
H \ {x}, H does not go through c1, c2 and goes through at most one vertex
of {a1, b1, b3, b4}. If H goes through a1, the antipath H \a1 has all its interior
vertices in A2 and by (10), H \ a1 has even length, thus H is even. If H
goes through b1 then the antipath H \ b1 has all its interior vertices in B2

and by (11), H \ b1 has even length, thus H is even. If H goes through one
of b3, b4, say b3 up to a symmetry, the antipath H \ b3 has all its interior
vertices in B3 and by (12), H \ b3 has even length, thus H is even. If H goes
through none of a1, c1, c2, b1, b3, b4 then H may be viewed as an antihole of
G. So every antihole of G′ has even length. This proves (14).

(15) G′ is not basic.

If G′ is bipartite then all the vertices of A2 are of the same color because
of a1. Because of b1 all the vertices of B2 have the same color. By (6),
there is an outgoing path from A2 to B2 that has partity ε by (7). So, the
number of colors in A2 ∪ B2 is equal to 1 + ε, implying that G is bipartite
and contradicting (2). Hence G′ is not bipartite.

The graph G′[a1, b3, b4] is a triangle, so G′ is not bipartite. One of fhe
graph G′[c2, c1, b3, b4], G′[a1, c1, b3, b4] is a claw, so G′ is not the line-graph
of a bipartite graph. For any b ∈ B3, b

′ ∈ B4, the graph G′[a1, c1, b, b
′] is

a diamond, so G′ is not the line-graph of a bipartite graph. In a double
split graph with at least nine vertice, every vertex has degree at least 4, so
G′ is not a double split graph because of c2, or G′ has height vertice. If
G′ has height vertice while being a double split graph then G′ must be the
double diamond or L(K − 3, 3 \ e). In both cases this a contradiction since
in both these peculiar graphs, a vertex of degree 3 must have an edge in his
neighborhood. This proves (15).

(16) G′ has no even skew partition.

Suppose G′ has an even skew partition. Let F ′ be an even skew cutset of G′

that separates E ′

1 from E ′

2. Let (F ′

1, F
′

2) be a partition of F ′ such that F ′

1 is
complete to F ′

2. Starting from F ′, we shall build an even skew cutset F of G
which contradicts (2).
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Let us first suppose c1 6= c2 and c1 ∈ F ′. Then, F ′ must contains at least
a neighbor of c1. If F ′ contains a1 and not c2, then F ′ is a star cutset of G′

centered at a1. But this contradicts (6). If F ′ contains c2 and not a1, then
F ′ is a star cutset of G′ centered at c2. But this again contradicts (6). So,
F ′ must contain a1 and c2. Since a1, c2 have no common neighbors we have
F ′ = {a1, c1, c2}. This is a contradiction since G \ {a1, c1, c2} is connected
by (6). So if c1 6= c2 then c1 /∈ F ′.

Suppose c2 ∈ F ′. By (6), no subset of {c2, b3, b4} can be a cutset of G. So,
F ′ must be a star cutset centered at one of b3, b4. This again contradicts (6).
So c2 /∈ F ′. Not both b3, b4 can be in F ′ since they have no common neighbors
in F ′. So we assume b4 /∈ F ′

Up to a symmetry, we may assume {c1, c2, b4} ⊂ E ′

1. Also, {a1, b3}∩E ′ ⊂
E ′

1. We claim that {b1} ∩ E ′ ⊂ E ′

1. Else, F ′ separates b1 from c2. Since F ′

separates b1 from c2 we must have B4 ⊂ F ′. Now b3 ∈ F ′ is impossible since
there is no vertex seeing b3 and having a neighbor in B4. So, B3 ⊂ F ′. Since
there is no edge between B3 and B4, there must be a vertex in F ′ that is
complete to B3∪B4 = B2. The only place to find such a vertex is in X2 \B2.
But this contradicts the definition of loose 2-joins.

We proved {a1, b1, b3} ∩ E ′ ⊂ E ′

1.
Let v be any vertex of E ′

2. Since {a1, c1, c2, b1, b3} ∩ E ′ ⊂ E ′

1, we have
v ∈ X2. If b3 is in F , put B′

1 = {b1}, else put B′

1 = ∅. Now F = (F ′\{b3})∪B′

1

is a skew cutset of G that separates v from the interior vertices of the path
inuced by X1. Indeed, either F = F ′, or F ′ is obtained by deleting b3 and
adding b1. Since N(b3) ∩ X2 ⊂ N(b1) ∩ X2, F is not anticonnected and is a
skew cutset. It suffices now to prove that F is an even skew cutset of G.

Let P be an outgoing path of G from F to F . We shall prove that P has
even length.

If a1, b1 /∈ F , then F ⊂ X2 and the end vertices of P are both in X2.
So Lemma 2.5 applies to P . Suppose that the first outcome of Lemma 2.5
is satified: V (P ) ⊆ X2 ∪ {a1, b1}. Note that by the definition of F , b1 /∈ F
implies b1 /∈ F ′. Hence, P may be viewed as an outgoing path from F ′ to F ′,
so P have even length since F ′ is an even skew cutset of G′. Suppose now
that the second outcome of Lemma 2.5 is satisfied. Put i = 3 if b2 ∈ B3 and
i = 4 if b2 ∈ B4. Put P ′ = c−P−a2−a1−c1−c2−bi−b2−P −c′. Note that
by the definition of F , b1 /∈ F implies b3 /∈ F ′. The paths P and P ′ have
the same parity and P ′ is an outgoing path of G′ from F to F . So P ′ and P
have even length since F is an even skew cutset of G′.

If a1 ∈ F , note that b1 /∈ F since a1, b1 are non adjacent with no common
neighbors (in both G, G′). We have F ⊂ X2 ∪ {a1}, the end vertices of P
are both in X2 ∪ {a1} and no interior vertex of P is in {a1} since a1 ∈ N .
So Lemma 2.6 applies. If Outcome 1 of the lemma holds, then P has even
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length. If Outcome 2 of the lemma holds, then just like in the preceding
paragraph, we can build a path P ′ of G′ that is outgoing from F to F and
that has a length with the same parity than P . So P has even length. If
Outcome 3 of the lemma holds, the proof is again similar to the preceding
paragraph.

If b1 ∈ F , the proof is like in preceding paragraph. In every cases, P has
even length.

Now, let Q be an antipath of G of length at least 2 with all its interior
vertices in F and with its end vertices outside of F . We shall prove that
Q has even length. Note that we may assume that Q has length at least 5,
because if Q has length 3, it may be viewed as an outgoing path from F to
F , that have even length by the discussion above on paths.

If both a1, b1 /∈ F , then N ⊂ X2 and the interior vertices of Q are all in
X2. So Lemma 2.7 applies: V (Q) ⊆ X2 ∪ {a} where a ∈ {a1, b1}. So Q may
be viewed as an antipath of G′ that has even length because F ′ is an even
skew cutset of G′.

If a1 ∈ F , let us remind that b1 /∈ F . We have F ⊂ X2 ∪ {a1}, the
interior vertices of Q are in X2 ∪ {a1} and the end vertices of Q are not in
{a1} since a1 ∈ F . So Lemma 2.8 applies. We may assume that Outcome 2
holds. Once again, Q may be viewed as an outgoing path of G′ that has even
length because F ′ is even.

If B′

1 = B1, the proof is like in preceding paragraph. In every cases, Q
has even length. This proves (16).

(17) G′ and G′ have no degenerate 2-join and no star cutset.

If one of G′, G′ has a degenerate proper 2-join or a star cutset then G′ has
an even skew partition by Lemma 2.9 or by Lemma 2.2. So G has an even
skew partition by (16). This contradicts (2). This proves (17).

(18) Let i be in {3, 4}. Suppose |Bi| ≥ 2. Then there exist no sets Y, Z such
that:

• Y ∪ Z = C2 ∪ A2;

• Y ∩ Z = ∅;

• There are every possible edges between Y and Bi and no edge between
Z and Bi.

Up to a symmetry, suppose i = 3. Suppose such a pair of sets Y, Z exists.
Let b, b′ be in B3. Then the set {b}∪N(b)\b′ is a star cutset of G′ separating
b′ from a1, contradicting (17). This proves (18).
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(19) There exist no sets Y1, Z1, Y2, Z2 such that:

• Y1, Z1, Y2, Z2 are pairwise disjoint and Y1 ∪ Z1 ∪ Y2 ∪ Z2 = X2;

• There are every possible edges between Y1 and Y2, and these edges are
the only edges between Y1 ∪ Z1 and Y2 ∪ Z2;

• A2 ⊂ Y1 ∪ Z1 and B2 ⊂ Y2 ∪ Z2.

Suppose such sets exist. Note that Y1 6= ∅ and Y2 6= ∅ since by (5), G[X2]
is connected. Note that Z1, Z2 can be empty. Suppose Y2 ∩ B2 6= ∅ and
pick a vertex b ∈ Y2 ∩ B2. Up to a symmetry we assume b ∈ B3 and we
pick a vertex b′ ∈ B4. Since B2 ⊂ Y2 ∪ Z2 we have b′ ∈ Y2 ∪ Z2. Now
{b} ∪ N(b) is a star cutset of G that separates a1 from b′, contradicting (3).
Thus Y2 ∩ B2 = ∅. Hence (Y2 ∪ Z2, V (G) \ (Y2 ∪ Z2)) is a 2-join of G. This
2-join is proper (the check of connectivity relies on the fact that (X1, X2) is
connected and on Lemma 2.10). By (2) this 2-join has to be loose. By (4),
Y2 ∪ Z2 is the path-side of the 2-join. This is impossible because |B2| ≥ 2.
This proves (19).

We now give four claims describing the proper 2-joins of G′. Implicitly,
when (X ′

1, X
′

2) is 2-join we use the usual notation: there are set A′

1, A
′

2, B
′

1, B
′

2

like in the definition. We also put C ′

1 = X ′

1\(A′

1∪B′

1) and C ′

2 = X ′

2\(A′

2∪B′

2).

(20) If G′ has a proper 2-join (X ′

1, X
′

2) then either {c1, c2} ⊂ X ′

1 or {c1, c2} ⊂
X ′

2.

Suppose not. We may assume that there is a 2-join (X ′

1, X
′

2) such that
c1 ∈ X ′

2 and c2 ∈ X ′

1. In particular, c1 6= c2. Up to a symmetry, we assume
c1 ∈ A′

2 and c2 ∈ A′

1. Then, a1 ∈ X ′

2 for otherwise c1 is isolated in X ′

2,
contradicting (X ′

1, X
′

2) being proper. Also one of b3, b4 must be in X ′

1 for
otherwise c2 is isolated in X ′

1. Up to a symmetry we assume b3 ∈ X ′

1.
By (6) there is an outgoing path P = h1−· · ·−hk from A2 to B3 with

h1 ∈ A2, hk ∈ B3. We denote by H the hole induced by V (P )∪{a1, c1, c2, b3}.
Note that H has an edge whose ends are both in X ′

1 (it is c2b3) and an edge
whose ends are both in X ′

2 (it is a1c1). So H is vertex-wise partitionned into
an outgoing path from A′

1 to B′

1 whose interior is in X ′

1 and outgoing path
from B′

2 to A′

2 whose interior is in X ′

2. Hence, starting from c1, then going to
a1 and continuing along H , one will first stay in X ′

2, then will meet a vertex
in B′

2, immediatley after that a vertex in B′

1, and after that will stay in X ′

1

and reach c2. We now discuss several cases according to the unique vertex x
in H ∩ B′

2.
If x = a1 then a1 ∈ B′

2. So b3 ∈ C ′

1. This implies step by step B3 ⊂ X ′

1,
B3 ⊂ C ′

1, b1 ∈ X ′

1, b1 ∈ C ′

1, B4 ⊂ X ′

1, B4 ⊂ C ′

1, b4/inX ′

1. Let v a vertex in C2.
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Then by (6) there is a path Q from v to B2 with no vertex in A2. If v ∈ X ′

2,
then Q must contain a vertex in A′

1 ∪B′

1. This is impossible since no vertex
in C2 ∪ B2 sees a1 or c1. So, C2 ⊂ C ′

1. Let v be a vertex in A2. Note that
by (6), v must have a neighbor in C2 ∪ B2. So, v ∈ X ′

1 since C2 ∪ B2 ⊂ C ′

1.
Finally, we proved X ′

2 = {a1, c1}. This is impossible since (X ′

1, X
′

2) is proper.
If x = hi with 1 ≤ i < k, then hi ∈ B′

2 ∩ C2 and hi+1 ∈ B′

1. Note that
b3 ∈ C ′

1 since b3 misses c1 and h1. So, B3 ⊂ X ′

1. By the definition of x, we
know that a1 ∈ C ′

2. So, A2 ⊂ X ′

2. We consider now two cases.
First case: b4 ∈ X ′

1. Since there are no edges between {b3, b4} and {c1, h1}
we know that {b3, b4} ⊂ C ′

1. This implies B3 ∪ B4 ⊂ X ′

1. Also, b1 ∈ X ′

1 for
otherwise b1 is isolated in X ′

2. Now, A′

1 ∪ B′

1 ⊂ (B2 ∪ C2). Let us put:
Y1 = B′

2, Z1 = (X ′

2 ∩X2) \ Y1, Y2 = B′

1, Z2 = (X ′

1 ∩X2) \ Y2. These four sets
yield a contradiction to (19).

Second case: b4 ∈ X ′

2. Then b4 ∈ A′

2. If there is a vertex v of X ′

1 in B4

then v ∈ A′

1. This is impossible since v misses c1 ∈ A′

2. So, B4 ⊂ X ′

2. Hence,
if b1 ∈ X ′

1 then b1 ∈ A′

1 ∪ B′

1. But this is impossible since b1 misses c1 and
h1. So, b1 ∈ X ′

2. Since B3 ⊂ X ′

1, we know B3 = B′

1 and b1 ∈ B′

2. Let v be a
vertex of C2. By (6), there is an outgoing path from v to A2. So, if v ∈ X ′

1

then there is a vertex of (A′

1 ∪ B′

1) in C2. This is impossible since v misses
b1, c1. So, C2 ⊂ X ′

2. Finally, we proved X ′

1 = B3 ∪ {c2, b3}. If |B3| = 1 then
(X ′

1, X
′

2) is not proper contradicting our asumptions. So, |B3| ≥ 2. Let us
now put Y = B′

2 and Z = (C2 ∪ A2) \ Y . The sets Y, Z contradict (18).
If x = hk then a1 ∈ C ′

2 and A2 ⊂ X ′

2. Let v be a vertex of C2 ∪ B3 ∪
B4 ∪ {b1, b4}. By (6) there is a path Q from v to A2 with no interior vertex
in B3 ∪ A2. If v ∈ X ′

1, then Q must have a vertex u 6= v in A′

2 ∪ B′

2. Note
u /∈ B3.This is impossible because u misses c2 and b3. So, v ∈ X ′

2. Hence,
X ′

1 = {c2, b3} contradicting (X ′

1, X
′

2) being proper. This proves (20).

(21) If G′ has a 2-join (X ′

1, X
′

2) then either {c1, c2, b3, b4} ⊂ X ′

1 or
{c1, c2, b3, b4} ⊂ X ′

2.

Suppose not. By (20), we may assume that there is a 2-join (X ′

1, X
′

2) such
that c1, c2 ∈ X ′

1 and b3 ∈ X ′

2. Up to a symmetry, we assume c2 ∈ A′

1 and
b3 ∈ A′

2. At least one vertex of B3 is in X ′

2 for otherwise b3 is isolated in X ′

2.
So let b be a vertex of X ′

2 ∩ B3. We claim that there is a hole H that goes
through b3, c2, c1, a1, h1 ∈ A2, . . .hk = b, with at least an edge in X ′

1 and at
least an edge in X ′

2. If c1 6= c2 the our claim hold trivially: c1c2 ∈ X ′

1 and
b3b ∈ X ′

2. If c1 = c2, suppose that our claim fails. Then a1 ∈ X ′

2, implying
A′

1 = {c2} and a1 ∈ A′

2. We have b4 ∈ X ′

1 for othewise c2 is isolated in X ′

1. If
b4 ∈ B′

1 then (X ′

1, X
′

2) is degenerate since b4 is complete to A′

1. So, b4 ∈ C ′

1

implying B4 ⊂ X ′

1. If b1 ∈ X ′

1 then b ∈ B′

1 since b ∈ X ′

2. So B′

2 ⊂ B3 and b3
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is a vertex of A′

2 that is complete to B′

2, implying (X ′

1, X
′

2) being degenerate,
a contradiction. So b1 ∈ X ′

2. Hence B′

1 = B4 because no vertex of B′

1 can be
in B3 since b3 ∈ A′

2. If there is a vertex in X ′

1 \ ({c2, b4}∪B′

1) then {c1}∪B4

is a star cutset of G′ separating c2 from v. So, X ′

1 = {c2, b4}∪B4. If |B4| ≥ 2,
there is a contradiction with (18). If |B4| = 1 then (X ′

1, X
′

2) is not proper,
contradicting our assumptions. Thus our claim holds: H has an edge in X ′

1

and an edge in X ′

2. So there is a unique vertex x in H ∩B′

2. We now discuss
according to the place of x.

If x = a1 then by the discussion above c1 6= c2. Also, a1 ∈ B′

2 and
c1 ∈ B′

1. Suppose that X ′

1 ∩ X2 and X ′

2 ∩ X2 are both non-empty. The
vertices of A′

2 ∪ B′

2 are not in X2 because they have to see either c1 or c2.
So there are no edges between X ′

1 ∩ X2 and X ′

2 ∩ X2. Hence, G′[X2] is not
connected, contradicting (5). So either X2 ⊂ X ′

1 or X2 ⊂ X ′

2. If X2 ⊂ X ′

1

then X ′

2 ⊂ {a1, b1, b3, b4}, so X ′

2 is a stable set, contradicting being (X ′

1, X
′

2)
proper. If X2 ⊂ X ′

2 then b1 is in X ′

2 for otherwise it is isolated in X ′

1. So,
X ′

1 ⊂ {c1, c2, b4}. This is a contradiction since by checking every cases, we
see that no subset of {c1, c2, b4} can be a side of a proper 2-join of G′.

If x = h1 then h1 ∈ B′

2 and a1 ∈ B′

1. If b4 ∈ X ′

1 then b4 ∈ C ′

1 because
of b3 and h1. So, B4 ⊂ X ′

1. But in fact, by the same way, B4 ⊂ C ′

1, and
b1 ∈ C ′

1. So, B3 ⊂ X ′

1, contradicting hk ∈ X ′

2. We proved b4 ∈ X ′

2 implying
A′

1 = {c2}. If a vertex v of X2 ∪ {b1} is in X ′

1, then by Lemma 2.10 applied
to (X ′

1, X
′

2) there is a path of X ′

1 from v to A′

1 = {c2} with no interior vertex
in B′

1, a contradiction. So X2 ∪ {b1} ⊂ X ′

2. We proved X ′

1 = {a1, c1, c2}
contradicting (X ′

1, X
′

2) being proper.
If x = hi, 2 ≤ i ≤ k then hi ∈ B′

2, hi−1 ∈ B′

1. Since a1 ∈ C ′

1 we have
A2 ⊂ X ′

1. If b4 ∈ X ′

1 then b4 ∈ C ′

1 implying B4 ⊂ X ′

1. If b1 ∈ X ′

2 then b1

must be in A′

2 ∪B′

2, a contradiction since b1 misses c2 and hi−1. So, b1 ∈ X ′

1.
Since hk ∈ X ′

2, we know b1 ∈ B′

1. Thus B′

2 ⊂ B3. Hence b3 is a vertex of A′

2

that is complete to B′

2, implying (X ′

1, X
′

2) being degenerate, a contradiction.
We proved b4 ∈ X ′

2. Now A′

2 = {b3, b4}. Suppose that there is a vertex v
of X ′

1 in B3 ∪ B4. Then v must be in A′

1 since v sees one of b3, b4. But this
is a contradiction since v misses one of b3, b4. We proved B3 ∪ B4 ⊂ X ′

2.
also, b1 ∈ X ′

2 for otherwise, b1 is isolated in X ′

1. Let us put: Y1 = B′

1,
Z1 = (X ′

1 ∩ X2) \ Y1, Y2 = B′

2, Z2 = (X ′

2 ∩ X2) \ Y2. These four sets yield a
contradiction to (19). This proves (21).

(22) If G′ has a proper 2-join (X ′

1, X
′

2) then either {c1, c2, b1, b3, b4} ⊂ X ′

1 or
{c1, c2, b1, b3, b4} ⊂ X ′

2.

Suppose not. By (21), we may assume that there is a 2-join (X ′

1, X
′

2) of G′

such that c1, c2, b3, b4 ∈ X ′

1 and b1 ∈ X ′

2. If {b3, b4} ∩ (A′

1 ∪ B′

1) = ∅ then
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{b3, b4} ⊂ C ′

1, so B3 ∪ B4 ⊂ X ′

1. Hence b1 is isolated in X ′

2, a contradiction.
If |{b3, b4}∩(A′

1∪B′

1)| = 1, then up to a symmetry we may assume b3 ∈ A′

1

and b4 ∈ C ′

1. Thus B4 ⊂ X ′

1. Since b2 ∈ X ′

2, we have B4 ⊂ A′

1 ∪ B′

1. But no
vertex x of B4 can be in A′

1 because x and b3 have no common neighbors, so
B4 ⊂ B′

1. Thus b1 ∈ B′

2. Because of b3, A′

2 ⊂ B3. So b1 is a vertex of B′

2 that
is complete to A′

2, implying (X ′

1, X
′

2) being degenerate, a contradiction. We
proved {b3, b4} ⊂ (A′

1 ∪ B′

1).
Since b3, b4 have no common neighbors in X ′

2, we may assume up to a
symmetry that b3 ∈ A′

1 and b4 ∈ B′

1. So b2 have non-neighbors in both
A′

1, B
′

1. This implies b2 ∈ C ′

2, and B3 ∪ B4 ⊂ X ′

2. Hence A′

2 = B3 and
B′

2 = B4. Let v be a vertex in C2 ∪A2 ∪{a1}. By (6), there is a path Q from
v to c1 with no vertex in B3 ∪ B4. Thus if v ∈ X ′

2, Q must have a vertex in
A′

2 ∪ B′

2, a contradiction. We proved X ′

2 = B3 ∪ B4 ∪ {b1}. If |B3| ≥ 2 then
putting Y = A′

1 ∩X2 and Z = (C2 ∪A2) \A′

1 we find a contradiction to (18).
So |B3| = 1. Similarly |B4| = 1. This implies that (X ′

1, X
′

2) is not proper, a
contradiction. This proves (22).

(23) If G′ has a proper 2-join (X ′

1, X
′

2), then (X ′

1, X
′

2) is a loose 2-join of G′

and exactly one of (X ′

1, V (G) \X ′

1), (V (G) \X ′

2, X
′

2) is a loose proper 2-join
of G.

By (22), we may assume {c1, c2, b1, b3, b4} ⊂ X ′

2. If b3 /∈ C ′

2 and b4 /∈ C ′

2

then up to a symmetry we may assume b3 ∈ A′

2, b4 ∈ B′

2 since b3, b4 have
no common neighbors in X ′

1. So, there is a vertex of A′

1 in B3 and a vertex
of B′

1 in B4 implying b1 ∈ A′

2 ∩ B′

2, a contradiction. We proved b3 ∈ C ′

2 or
b4 ∈ C ′

2. Up to a symmetry we assume b3 ∈ C ′

2, implying B3 ⊂ X ′

2. Note
that X ′

1 is a subset of V (G). If A′

1 ∩ B4, B
′

1 ∩ B4 are both non empty then
b1 must be in A′

2 ∩ B′

2, a contradiction. Thus we may assume A′

1 ∩ B4 = ∅.
If a1 ∈ X ′

1 and B′

1 ∩ B4 6= ∅ then a1 /∈ B′

1 since a1 misses b1. Thus we may
assume B′

1 ∩ {a1} = ∅.
Let us now put: X ′′

1 = X ′

1, X ′′

2 = V (G) \ X ′′

1 , A′′

1 = A′

1, B′′

1 = B′

1,
B′′

2 = B′

2 \ {b4}. If a1 ∈ A′

1 then A′′

2 = (A′

2 ∩ X2) ∪ (NG(a1) ∩ X1) else
A′′

2 = A′

2. Note that A′′

2 ∩ B′′

2 = ∅ for otherwise a1 sees b1. Also, if b4 ∈ B′

2

then b1 ∈ B′

2 and b1 ∈ B′′

2 . From the definitions it follows that (X ′′

1 , X ′′

2 ) is
a partition of V (G), that A′′

1, B
′′

1 ⊂ X ′′

1 , A′′

2, B
′′

2 ⊂ X ′′

2 , that A′′

1 is complete
to A′′

2, that B′′

1 is complete to B′′

2 and that there are no other edges between
X ′′

1 and X ′′

2 . So, (X ′′

1 , X ′′

2 ) = (X ′

1, V (G) \ X ′

1) is a 2-join of G. Note that
(V (G) \ X ′

2, X
′

2) is not a 2-join of G since it is not a partition of V (G).
Let us put D = (V (G)\V (G′))∪B3∪{b1}. By the properties above, D ⊂

X ′′

2 ⊂ V (G). Since b1 is complete to B3, G[D] is connected. We claim that
(X ′′

1 , X ′′

2 ) is a proper 2-join of G. Every component of X ′′

1 meets A′′

1, B
′′

1 : this
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follows from A′′

1 = A′

1, B′′

1 = B′

1 and from the fact that (X ′

1, X
′

2) is a proper
2-join of G′. Let E be a connected component of X ′′

2 . If E∩D = ∅ then E is a
component of G[(X2∪{a1})∩X ′′

2 ] = G′[(X2∪{a1})∩X ′′

2 ], so E meets A′′

2∩A′

2

and B′′

2 ∩ B′

2 because (X ′

1, X
′

2) is a proper 2-join of G′. If E ∩ D 6= ∅ then
D ⊂ E since G[D] is connected. We put E ′ = (E\D)∪{c1, c2, b1, b3, b4}∪B3.
Since E ′ is a component of X ′

2 it meets A′

2, B′

2 because (X ′

1, X
′

2) is proper.
This implies that E meets A′′

2 and B′′

2 . Note that G[X ′′

1 ] is not an outgoing
path of length 2 or 3 from A′′

1 to B′′

1 , because (X ′

1, X
′

2) is a proper 2-join of
G′. Also G[X ′′

2 ] is not an outgoing path from A′′

2 to B′′

2 because b1 has at
least 2 neighbors in X ′′

2 (one in X1, one in B3) while having degree at least 3
because of B4. This proves our claim.

Since (X ′′

1 , X ′′

2 ) is proper, we know by (2) that (X ′′

1 , X ′′

2 ) is a loose 2-join
of G. We claim that (X ′

1, X
′

2) is a loose 2-join of G′. If X ′′

2 is the path-side
of (X ′′

1 , X ′′

2 ) then b1 is an interior vertex of this path while having degree at
least 3, a contradiction. Hence, X ′′

1 is the path-side of (X ′′

1 , X ′′

2 ). We have
two cases to consider:

Case 1: (X ′′

1 , X ′′

2 ) is loose because there are disjoint sets B′′

3 , B
′′

4 included
in B′′

2 satisfying all the requirements of the definition of loose 2-joins. If b1

is in one of B′′

3 , B
′′

4 then we assume up to a symmetry b1 ∈ B′′

3 and we put
B′

3 = B′′

3 ∪ {b4}, else we put B′

3 = B′′

3 . Also we put B′

4 = B′′

4 . There are no
edges between B′

3 and B′

4. Also, B′

3∪B′

4 = B′

2. There is no vertex in X ′

2 that
is complete to B′

2 since such a vertex would be a vertex of X ′′

2 complete to
B′′

2 . Also every outgoing path from B′

3 to B′

3 has even length. For suppose
there is such a path P . If P has ends b1, b4 then it has length 2 or 4. Else,
after possibly replacing b4 by b1 and vertices of {c1, c2, b3} by vertices of X1

without changing the parity of the length of P , P may be viewed as a an
outgoing path from B′′

3 to B′′

3 . Thus P has even length because (X ′′

1 , X ′′

2 ) is
loose. Similarly, every outgoing path from B′

4 to B′

4 has even length. Hence,
(X ′

1, X
′

2) is loose as claimed.
Case 21: (X ′′

1 , X ′′

2 ) is loose because there are disjoint sets A′′

3, A
′′

4 included
in A′′

2 satisfying all the requirements of the definition of loose 2-joins (up to a
swap of “A” and “B” in the definition of loose 2-joins). The proof is similar
to the previous case. This proves (23).

(24) G′ has no proper 2-join.

In the proof of (24), the word “neighbor” refers to the neighborhood in G′.

1One might believe that loose 2-joins are just an uninteresting generalization of cutting
2-joins. This might be true, but an attempt to prove directly Theorem 2.13 by simply
following the lines of the proof of Lemma 2.11 will fail here, at this Case 2. Indeed it may
happen that the 2-join (X ′′

1
, X ′′

2
) is cutting while (X ′

1
, X ′

2
) is not. This is why we need

loose 2-joins.
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Suppose c1 6= c2. In G′, c1 has degree n − 3, so up to a symmetry we
may assume c1 ∈ A′

1. In B′

2 there must be a non neighbor of c1. Also, since
(X ′

1, X
′

2) cannot be a degerate 2-join of G′, vertex c1 must have a non neighbor
in B′

1. So we have 2 cases to consider. Case 1: a1 ∈ B′

1, c2 ∈ B′

2. Then c2

must have a non neighbor in B′

2 for otherwise (X ′

1, X
′

2) is degenerate. This
non-neighbor must be one of b3, b4. But this is imposible since b3, b4 both see
a1 in G′. Case 2: a1 ∈ B′

2, c2 ∈ B′

1. Then one of A′

2 ⊂ {b3, b4}. So, a1 ∈ B′

2

is complete to A′

2. Again, (X ′

1, X
′

2) is degenerate.
Suppose c1 = c2. In G′, c1 has degree n − 4. Up to a symmetry we

assume c1 ∈ X ′

1. If c1 ∈ C ′

1 then the only possible vertices in X ′

2 are a1, b3, b4,
so G′[X ′

2] induces a triangle. So, any vertex of A′

2 is complete to B′

2 and
(X ′

1, X
′

2) is degenerate, a contradiction. So, c1 /∈ C ′

1. Up to a symmetry,
we assume c1 ∈ A′

1. So, B′

2 ⊂ {a1, b3, b4}. Thus, at least one of a1, b3, b4

(say x) must be in B′

2. Since (X ′

1, X
′

2) is not degenerate, c1 must have a non
neighbor in B′

1. So, one of a1, b3, b4 (say y) must be in B′

1. Since (X ′

1, X
′

2) is
not degenerate, x must have a non neighbor z in A′

2. But z must also be a
non neighbor of y. This is imposible because in G′ \ c1, N(a1), N(b3), N(b4)
are disjoint. This proves (24).

(25) f(G′) + f(G′) < f(G) + f(G).

By (23) there is a map ϕ that maps every loose proper 2-join of G′ to a loose
proper 2-join of G. Moreover, ϕ is injective because the 2-join in G′ shares a
side with its image by ϕ. We proved f(G′) ≤ f(G). But in fact f(G′) < f(G)
because ϕ cannot map a 2-join of G′ to (X1, X2) because (V (G′) \X2, X2) is
not a 2-join of G′. By (24) we know 0 = f(G′) ≤ f(G). We can add these
two inequalities. This proves (25).

Let us now finish the proof. By (14), G′ is Berge. By (15), G′ is not
basic. By (16), G′ has no even skew partition. By (23), G′ has no proper non
loose 2-join. By (24) G′ has no proper non loose 2-join. So, G′ is a counter
example to the theorem we are proving now. Hence there is a contradiction
between (1) and (25). 2

A 2-join (X1, X2) is said to be cutting if:

1. G[X1] is an outgoing path from A1 to B1.

2. G[X2 \ A2] is disconnected.

Lemma 2.12 Let G be a Berge graph. Let (X1, X2) be a proper cutting 2-
join of G. Then either G has an even skew partition or (X1, X2) is a loose
proper 2-join of G.
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proof — Up to a symetry, we assume that X1 is the path-side of (X1, X2).
Suppose first that in G[X2 \A2] there is a component disjoint from B2. Thus
A2 is a cutset of G[X2], implying that A1 ∪ A2 being a skew cutset of G,
implying (X1, X2) being degenerate. Thus by Lemma 2.9, G has an even
skew partition. So we may assume every component of G[X2 \ A2] meets
B2. Let Y be one of these components, and put B3 = B2 ∩ Y . Also put
Z = X2 \ (A2 ∪ Y ) and B4 = B2 ∩ Z. We shall prove that B3, B4 satisfy the
definition of loose 2-join or that G has an even skew partition.

Suppose that there is a vertex v ∈ X2 \ B2 that is complete to B2. Then
v must be in A2, implying (X1, X2) being degenerate. Thus by Lemma 2.9,
G has an even skew partition. Thus we may assume that there is no vertex
of X2 \ B2 that is complete to B2.

Now we claim that every outgoing path of G′ from B3 to B3 (resp. from
B4 to B4) has even length. For suppose there is such a an outgoing path
P = b−· · ·−b′ from B3 to B3 (the case with B4 is similar). Note that P may
have vertices in B4, so Lemma 2.4 does not apply to P . If P goes through
B1 it has length 2. So we may assume that P does not go through B1. If P
has no vertex in A2, then P have no interior vertices in B4 since B3 and B4

are in distinct components of G \ (B1 ∪ A2). So, Lemma 2.4 applies and P
has even length.

So we may assume that P has at least a vertex in A2. Let us then call
B-segment of P every subpath of P whose end vertices are in B2 and whose
interior vertices are not in B2. Note that P is edgewise partitioned into its B-
segment. Similarly, let us call A-segment of P every subpath of P whose end
vertices are in A2 and whose interior vertices are not in A2. By Lemma 2.4,
every A-segment has even length or has length 1. An A-segment of length 1
is called an A-edge. Suppose that P has odd length. Let b, b′ ∈ B2 be the
end vertices of P . Along P from b to b′, let us call a the first vertex in A2

after b, and a′ the last vertex in A2 before b′. So b−P −a and a′−P −b′

are both outgoing paths from B2 to A2, and by Lemma 2.3 they have same
parity. So a−P−a′ is a path of odd length that is edgewise partitioned into its
A-segment, and that contains all the A-segments of P . Thus P has an odd
number of A-edges. Since P is edgewise partitioned into into its B-segments,
there is a B-segment P ′ of P with an odd number of A-edges. Let β, β ′ be
the end vertices of P ′. Along P ′ from β to β ′, let us call α the first vertex
in A2 after β, and α′ the last vertex in A2 before β ′. So P ′′ = α−P ′−α′ is
a path that is edgewise partitioned into its A-segment with an odd number
of A-edge. Thus P ′′ has odd length. Since β−P−α and α′−P−β ′ are both
outgoing paths from B2 to A2, they have same parity by Lemma 2.3. Finally,
P ′ is of odd length, with length at least 2, and contradicts Lemma 2.4. Thus
P has even length.
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We proved that (X1, X2) is loose. 2

Theorem 2.13 Let G be a Berge graph. Then either:

• G is basic;

• G has an even skew partition;

• One of G, G has a non cutting proper 2-join.

proof — By Lemma 2.11, we may assume that G has a non loose proper
2-join (X1, X2). By Lemma 2.12, (X1, X2) is non cutting or G has an even
skew partition. 2
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