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Abstract

In the spirit of Smale’s work, we consider a pure exchange economy with general
consumption sets. We consider the case in which the consumption set of each house-
hold is described in terms of an inequality on a function called possibility function.
The possibility function represents the restricted consumption possibility on com-
modity markets. The main innovation comes from the dependency of the possibility
function with respect to the individual initial endowment. We prove that, generi-
cally, equilibria are finite and they locally depend on the initial endowments in a
smooth manner.
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1 Introduction

The objective of the paper is to generalize a result of the Debreu (1970) type
to exchange economies with general consumption sets. As in Smale (1974.b),
the consumption sets are described by possibility functions (see also del Mer-
cato, 2004). We consider the case where the possibility functions depend on
individual initial endowments.

Under generic conditions, equilibria are finite and they locally depend on “fun-
damental” parameters of the economy in a smooth manner for rather general
consumption sets, replacing the usual positive orthant as commodity space. 3

In Smale (1974.b), the consumption sets are described in terms of functions,
this idea is usual in the global approach of equilibrium analysis for production
economies. We call possibility function a function describing a consumption
set. Indeed, in Debreu (1959), each household has to choose a consumption in
his consumption set defined as the set of all possible consumptions for him.

The possibility function represents the restricted consumption possibility on
commodity markets. Many different authors have considered restrictions on
the markets, Balasko, Cass and Siconolfi (1990), Polemarchakis and Siconolfi
(1997), Cass, Siconolfi and Villanacci (2001). But, the difference with our
approach is that in these papers the restriction is on portfolio markets but not
on commodity markets.

Our analysis encompasses the case in which the possibility function of each
household depends on his initial endowment. Indeed, if one considers the indi-
vidual initial endowment as an indicator of social class, it affects our consump-
tion possibility (but not necessarily our preferences). Our social status clearly
affects our knowledge and our information on the existence of some available
goods. Since the possibility function represents the restricted consumption
possibility on commodity markets, it is natural to assume the dependency on
the individual initial endowment. For example, the accessibility to the com-
modity markets is a measure of the development degree of a country which
clearly depends on its resources.

Moreover, as Mas-Colell and Smale have pointed out (see Smale, 1974.b), the
case in which the consumption set of each household depends on his initial
endowment becomes important when consumptions are on the boundary of
the consumption sets,

3 For other works where households do not necessarily consume every positive quan-
tity of every commodity, see Smale (1974.a), Villanacci (1993), and Bonnisseau and
Rivera (2003).



“Perhaps it would make more sense to allow grater latitude for the initial
allocation in the definition of economy.”

A simple example of consumption constraint depending on the individual ini-
tial endowment arises when there is no purchase in good 1 for household h.
If } denotes the consumption of good 1 of household h, and e} denotes the
endowment of good 1 owned by household A, then the consumption set of
household h is determined by the following constraint

T <€, (1)

In this paper, we consider a pure exchange economy with a finite number of
households. Each household is characterized by an initial endowment of com-
modities, a possibility function and a utility function. The possibility function
of each household depends on his initial endowment.

Taking prices and initial endowment as given, each household maximizes his
utility function in his consumption set under his budget constraint. The defi-
nition of competitive equilibrium is the natural one.

Most related to our model, del Mercato (2004) proved the existence of equi-
libria for a pure exchange economy in which the possibility function of each
household depends on his initial endowment and on the consumption choices
of others.

The main contribution of the paper is that, generically, the economies are
reqular. As in Debreu (1970), Smale (1974.a, 1974.b), and Mas-Colell (1985),
equilibria are generically finite and they locally depend on “fundamental”
parameters of the economy in a smooth manner. To prove this result we follow
the strategy laid out by Cass, Siconolfi and Villanacci (2001), and Villanacci
et al. (2002).

To get existence of equilibria, in Assumptions 1 and 2, we take back the
assumptions made by del Mercato (2004).

The regularity result holds when, at equilibrium, all agents are in the interior
of their consumption sets, which is always true in the already studied case
without possibility functions.

Since nothing prevents the equilibrium allocations to be on the boundary
of the consumption sets, the proof of the generic regularity result becomes
rather technical and difficult. Before, it shall be show that, generically, the
equilibrium function is differentiable at each equilibrium allocation.

We want to encompass the case analyzed by Smale (1974.b) in which the pos-
sibility function does not depend on initial endowment, and the case in which



it depends only on the net trade.* Then, we posit two abstract assumptions,
namely Assumptions 12 and 14. It is easily shown that Assumption 12 covers
the two situations mentioned above. Assumption 14 covers the second one
when, at equilibrium, all consumption constraints are binding and all possi-
bility functions depend on initial endowments.

In the very particular case in which, at equilibrium, all consumption con-
straints are binding, all possibility functions depend on initial endowments,
and at most one agent does not have a possibility function depending on the
net trade, Assumption 15 is needed. Observe that this assumption is in the
same spirit of the Smale Assumption (see Remark 6). Actually, Assumption
15 deals with the case in which the allocation of a consumer does not satisfy
strict complementarity. From Remark 16, we can deduce that Assumption 15
means that, at equilibrium, there exists a bilateral costless transfer on endow-
ments such that the allocations lie in the interior of the consumption sets after
transfers.

The paper is organized as follows. In Section 2, we describe the basic elements
of our model. In Section 3, the concept of competitive equilibrium is further
analyzed. We characterize equilibria in terms of equilibrium function, using
first order conditions for household’s maximization problem. Then, we present
Theorem 9 which states the non-emptiness and compactness of the equilib-
rium set. In Section 4, we state the definition of regular economy and the main
result of the paper, Theorem 17, which states that, generically in the initial
endowments space, the economies are regular. In Subsection 4.1, first we give
the definition of border line case (i.e., a situation in which, at equilibrium,
a consumption is on the boundary of the consumption set and the associ-
ated Lagrange multiplier vanishes). Second, Proposition 21 establishes that,
generically in the initial endowments space, border line cases do not occur. In
Subsection 4.2, the strategy of the proof for Theorem 17 is detailed. Especially
as a first step, we deduce from Proposition 21 that the equilibrium function
is generically differentiable at each equilibrium allocation. All the proofs are
gathered in Appendix.

2 The model and the assumptions

There are C < oo physical commodities or goods. Good ¢ is denoted by
superscript ¢. The commodity space is RE +- There are H < oo households or
consumers labeled by subscript h € H := {1, ..., H}. Each household h € H is
characterized by an initial endowment of goods, a consumption set described

4 Observe that (1) is a simple example of consumption constraint depending on the
net trade.



by a possibility function, and preferences described by a utility function. The
possibility function of household A depends on his initial endowment.

The notations are summarized below.

e 77 is the consumption of commodity ¢ by household h;
T o= (), o 1, o ); @ o= (z)pen € R
e ¢; is the endowment of commodity ¢ owned by household h;
€p 1= (6}11, €5y ey eg) S R£+ ;€= (eh)hEH S Rgf
e As in general equilibrium model a la Arrow—Debreu, each household h € 'H
has to choose a consumption in his consumption set, i.e. in the set of all
possible consumption plans for him. In our paper, the consumption set of
household A is described in terms of a function yj. Hence we call x; pos-
sibility function. Moreover, the possibility function of household h depends
on his initial endowment. That is, given ej € RE +, the consumption set of
the household h is the following set,

Xn(ep) = {xh eRY, : xulzn, en) > 0}

where y;, is a function from RE 4+ X RE + to R called possibility function of
household h.

e Each household h € H has preferences described by a utility function wy,
from RY, to R, and wy,(x;) € R is the utility of household & associated with
the consumption x, € ]Rg 4

o & := (€n, Xn, Un)pepy 18 a0 economy.

e p¢ is the price of one unit of commodity c; p := (p', .., p%, ..,p%) € REJF.

o Given w = (w!,..,w,..,w%) € RY, we denote

w = (w', .., we, .., w’t) € RE!

We make the following assumptions on (X, un),c- The assumptions on the
utility functions are quite standard in “smooth” general equilibrium models.
The most interesting innovation leads in the additional assumptions on the
possibility functions, since nothing prevents the equilibrium allocations to be
on the boundary of the consumption sets. ®

Assumption 1 For all h € 'H,

(1) uy, is a C? function,
(2) wy, is differentiably strictly increasing, i.e.

v, € RS, Dy, up(z)) >0

> Observe that to get the existence and compactness results stated in Theorem
9, del Mercato (2004) requires each utility function to be C!, and each possibility
function to be C! with respect to the individual consumption. We need C? utility
and possibility functions in Section 4.



(3) wuy, is differentiably strictly quasi-concave, i.e.

Vy € RO\{0} and Vz), € RS, s.t.

Dy, un(2),)y = 0, we have y" D2 uy(x))y <0, and

(4) for each u € Imuy, clge{z, € RY, :up(zy) > u} CRY,.
Assumption 2 For all h € H,

(1) the function xy, is a C* function,

(2) (Convezity of the consumption set) for each e, € RY,, the function
Xnu(+, en) is quasi-concave, ©

(3) (Non-empty intersection with the budget set) for each e, € RS, there
exists T, € R$+ such that xn(Tp,en) > 0 and T, K ey,

(4) (Non-satiation) for each e, € RS, x}, € RY, and xp(x}, en) = 0 imply

a) Dy, xn(x},,en) #0, and
b) Da:hXh(x;u eh) g _R£+

(5) (Global desirability) (2',e) € R x RYY and xp(x),en) = 0 for every
h € H, imply

Veed{l,..,C}, I h(c) € H st Dwg(c)xh(c)(xﬁl(c),eh(c)) >0

Since xj, is C! and quasi-concave (see Assumptions 2.1 and 2.2), as a conse-
quence of Assumptions 2.3 and 2.4 we get the following proposition. It will
play a fundamental role in the result of generic regularity (in particular see
the proof of Lemmas 20 and 23). In the following section, we just observe that,
at optimum, Proposition 3 implies that an analogous condition to the Smale
Assumption holds (see Remark 6).

Proposition 3 Let (2, e,,p) € RY, x RY, x RY,, such that
Xn(2), en) = 0 and p(x), —ep) =0

Then, p and Dy, xn(x},, en) are linearly independent.

6 Since yp, is C2, we have that for each y € R® and for each z) € Rg + such that
Dy, xn(x},)y = 0, we have yD%hXh(x;L, en)y’ <0.



3 Competitive equilibria

The purpose of this section is to adapt to the previous model the standard
competitive equilibrium concept usually defined for a pure exchange economy.
First, we give the household hA’s maximization problem, market clearing con-
ditions and the definition of competitive equilibrium. Then, we characterize
the solution of household h’s maximization problem in terms of first order
necessary and sufficient conditions (see Proposition 5). Therefore, we restate
equilibria in terms of solutions of equations (see Remark 8), from which we de-
duce the equilibrium function F (see (5)). Finally, we have the theorem stating
the non-emptiness and the compactness of the equilibrium set (see Theorem
9).

Without loss of generality, we choose commodity C' as the numeraire good.
Then, given p\ € Ri;l with innocuous abuse of notation we denote

p=(p\1) € RY,

Household h’s maximization problem is defined as follows. For any given £
and p\ € RYT!,

max,, cge up(zh)
s.t.
Xn(Th,en) >0 (2)

—p(zp, —ep) >0

We say that @ = (xp,)pep satisfies market clearing conditions if

Zl’h: Zeh (3)

heH heH

That is, if the aggregate consumption is equal to the total resources associated
with e.

Definition 4 (z,p\) € RY# x RCT! is a competitive equilibrium for € if

e for all h € H, x;, solves problem (2) at p\, and
e x satisfies market clearing conditions (3).

Proposition 5 For each economy € and p\ € ]Rg;l, a solution to problem
(2) exists and is unique. xy, is the solution to problem (2) if and only if there
exists (An, pn) € Ry X R such that (zp, Ap, i) 1S the unique solution to the



following system at p\.

(h.1) Dy, un(zn) — Awp + pnDay, Xn(Th, en) =0
(h.2) —p(xp, —ep) =0 (4)
(h3) min {,uh, Xh(xh; eh)} =0

Proposition 5 is a particular case of results obtained by del Mercato (2004).
Then, we omit the proofs.

In the following remark we just observe that at optimum an analogous condi-
tion to the Smale Assumption holds (see NCP Hypothesis, Smale, 1974.b).

Remark 6 For a given economy &€ and p\ € Rg;l, let be xp, the solution to
problem (2). From Propositions 3 and 5, and Assumptions 1.2 and 2.4, the
following property holds.

(Smale’s Assumption) xn(xn, en) = 0 implies that Dy, up(xp) and Dy, xp(xh, en)
are linearly independent.

Remark 7 From now on, we take for fixed (xn, un)nern. Then, an economy is
completely described by an element e = (ep)per € REH.

H
Define the set of endogenous variables as = := (Rg L xRy x R) x RYTY,

with generic element & := (2, A, 11, p") := ((xn, M, i )ner, ). We can now de-
scribe extended equilibria using the system of Kuhn-Tucker conditions (4) and
market clearing conditions (3). Observe that, from Definition 4 and Proposi-
tion 5, the market clearing condition for good C'is “redundant” (see equations
(h.2)per in (4)). Therefore, in the following remark we omit in (3) the condi-
tion for good C'.

Remark 8 & = (z,\,11,p\) € Z is an extended competitive equilibrium for
e e Rgf if and only if

o for all h € H, (xp, An, 1n) solves system (4) at p\, and
e 1 satisfies the following market clearing conditions,

S (a)—e) =0

heH

: - ‘ o= CH dim =
Define the following equilibrium function F': Z x R7 — R ,

heH '’

F(&e) = ((FO (€ e) PO (g0 F™ (g,0)), L, PO (60)) )



where for each h € H,

F(r1) (&,e) := Dy, up(z) — Anp + pn Dy Xn(Th, €n)
F(h-Q) (57 e) = —p(l‘h - eh)
F®3) (¢ e) := min {n, Xn(zh, en)}

and

FOD (ge) = 3 (x) — e))

heH
Moreover, define the following function

F,: £ €2 — F,(¢) = F(£e) € RIm=

—_—
—

Therefore, from Remark 8 and the above definitions, we have that £ € = is an
extended equilibrium for e € RYY if and only if F (¢, e) = F, (§) = 0. With
innocuous abuse of terminology, we will call £ simply an equilibrium.

The following theorem states the non-emptiness and the compactness of the
equilibrium set. Theorem 9 is a particular case of the existence and compact-
ness results obtained by del Mercato (2004). Then, we omit the proof.

Theorem 9 For ecach e € RYY, the set F71(0) it is not empty and it is
compact.

4 Regular economies

As in Debreu (1970), Smale (1974.a, 1974.b), and Mas-Colell (1985), we show
that, generically, equilibria are finite and they locally depend on exogenous
variables in a smooth manner. To prove this result we follow the strategy laid
out by Cass, Siconolfi and Villanacci (2001), and Villanacci et al. (2002).

Observe that for each h € ‘H the function

F3) (f, e) = min {/Lh, Xh(xha eh)}

is not everywhere differentiable. We have to take in account this feature in the
definition of reqular economy.

Definition 10 e € ]Rff s a regular economy if

(1) for each & € F;1(0), F. is differentiable in £*, and
(2) 0 is a reqular value for F., which means that for each & € F;1(0),
D F, (&%) is onto.

10



From Theorem 9, Corollary 26 in the Appendix, and the implicit function
theorem for boundaryless manifolds, we get the following properties of regular
economies.

Proposition 11 Ife € Rﬁf s a reqular economy, then

(1) F1(0) is a finite set;

(2) for each £ € F;1(0), D¢F.(E*) is onto;

(3) for each & € F.(0), there exists an open set U C RYH | an open set
V C RY™E gnd a unique function g : U — V such that (£*,e) € V x U,
g is C', g(e) = & and for every ¢ € U, F (g(¢'),e') =0.

The already known results without possibility functions shows that the differ-
entiability and regularity results hold when, at equilibrium, all agents are in
the interior of their consumption sets. But, since nothing prevents the equi-
librium allocations to be on the boundary of the consumption sets, from now
on, we make additional assumptions on (xn, up),cs- We want to encompass
the case analyzed by Smale (1974.b) in which the possibility function does not
depend on initial endowment, and the case in which it depends only on the
net trade. Then, we posit two abstract assumptions, namely Assumptions 12
and 14.

Assumption 12 For all h € H, (x},¢;,) € RY, x RY, and xp(z},¢e;) = 0

imply that there exist an open neighborhood N* of (7, e}) in REJF X REJF and
i € R such that

Dthh('r;w elh) = '7;;Dzhxh(x%7 6%), v (xlfw e;L) € N”

As consequence of Assumption 12, we get
D3, . xu(@hs €r) = 7 D2, xn (2, €3) (6)
Remark 13 Observe that

o if the possibility function x, does not depend on the individual initial en-
dowment, then Assumption 12 is satisfied with ; = 0;

e if the possibility function x, depends on the net trade, i.e. xp(xp,ep) =
Xn(zn—en) where X5, : RC — R is a differentiable function, then Assumption
12 1s satisfied with y; = —1.

From now on, 7 is the real number obtained by Assumption 12.

Assumption 14 Let (z*,e*) € RV xR such that x,(}, €}) = 0 for every
h € H. If v # 0 for each h € H, then v; > —1 for each h € H.

When, at equilibrium, all agents are on the boundary of their consumption sets

11



and all possibility functions depend on initial endowments, one easily checks
that Assumption 14 holds true if y; depends only on the net trade.

In the very particular case in which, at equilibrium, all consumption con-
straints are binding, all possibility functions depend on initial endowments,
and at most one agent does not have a possibility function depending on the
net trade, Assumption 15 is needed. Observe that this assumption is in the
same spirit of the Smale Assumption (see Remark 6). Actually, Assumption
15 deals with the case in which the allocation of a consumer does not satisfy
strict complementarity.

Assumption 15 H > 2 and C' > 2. Let (z%,¢*) € RYY x RYH such that
Xu(zh,€5) =0 for every h € H. If

(1) v # 0 for each h € H, and B
(2) there exists h € H, such that ~;; = —1 for each h # h,

then, there exist k and k in H, k #* k, such that

Dwkuk(xl:)a Dkak: ("EZ:? 61:) and Dﬂc;X};(l%? 6’2)

are linearly independent.

Remark 16 H > 2 and C > 2. Let (¢*,e*) € F~(0) such that xu(x,€}) = 0
for every h € H. If

(1) i # 0 for each h € H, and N
(2) there exists h € ‘H, such that v, = —1 for each h # h,

then, Assumptions 12 and 15 imply that there exist k and k in H, k # k, such
that

p*, Deoxu(xy, e;) and De;X’,;(@Z, e)

are linearly independent.

Note that in Remark 16, differently from Assumption 15, the price is involved
as well as the derivative with respect to the initial endowments. Then, we can
deduce that Assumption 15 means that, at equilibrium, there exists a bilateral
costless transfer on endowments such that the allocations lie in the interior of
the consumption sets after transfers.

From now on, Assumptions 1, 2, 12, 14, and 15 hold true. The main result of
this section is the following theorem which states the result of generic regu-
larity.

Theorem 17 The set R of reqular economies is an open and full measure

CH
subset of Ry

12



In Subsection 4.1, first we state the definition of border line case. Second,
Proposition 21 establishes that border line cases occur outside an open and
full measure subset E of the space Rgf . The proof of Proposition 21 is built
upon Lemmas 19 and 20. In Subsection 4.2, the strategy of the proof for
Theorem 17 is detailed. Especially as a first step, we deduce from Proposition
21 that F is differentiable in F~1(0) N (2 x E). Then, we show Theorem 17
using Lemma 23 and Proposition 24.

4.1 Border line cases

First, we give the definition of border line case.

Definition 18 Given (£,¢e) € F~1(0), household h is at a border line case if

pn = Xn(Th,en) =0

The main result of this subsection is Proposition 21 stating that border line
cases occur outside an open and full measure subset E of the space Rff . To
construct the set E and to prove that E is open and full measure subset of
Rgf we need to introduce some preliminary definitions and lemmas.

Define

By :={(&,€) € FY(0) : pmn = xn(zn,en) =0} and B:= |J By
heH

Observe that By, is closed in F~1(0) for each h € H, therefore B is closed in
F~1(0). Define also the restriction to F~1(0) of the projection of Zx R onto
REY,
d: (& e) € FH0) — ®(¢,e) :=e € RYY
and
B =R\ a(B)

Observe that, by definition, for each (¢,e) € F~1(0) N (= x F) and for each
h € 'H, either

i, > 0 or xp(zp,en) >0

We have to prove that ®(B) is closed and of measure zero in RYY.

The closedness of ®(B) follows from the closedness of B in F~!(0) and the
properness of ® obtained by the following lemma.

Lemma 19 The function ® s proper.

13



To show that ®(B) is of measure zero, define

Hi QH, Vi:1,2,3;H1UH2UH3:H;
P =T ={Hi,Hs, Hs}

HZﬂHj:@, Vi,j:1,2,3,i7éj; anng#(Z)

Let J = {H1, H2, H3} € P, for each i = 1,2,3 denote by H;(J) the set H; in
J, and by |H;(J)| the number of element of H;(J). We define

EJ — RSFC;+1)H % (R\Hl(J)H\Hs(JH > RLZE(J)\) % RSFCJ:I) (7>
Observe that dim=Z; = dim =. Let the function

Fj : E] X Rgf —)Rdimzj

Fr(€e)i= (PO (6.0) FO (6 ) P (6,0), L, PO (610

where F7 differs from F' defined in (5), for the domain and for the component
F{9 defined below

if h
F}h.:’)) (€.¢) = pn it h € ﬁl(j) UHs(T),
Xh(l'h, eh) if h < Hg(j)

Moreover, given J € P define the set
Ez:={(&e) € F75(0) : xn(wn,en) =0, Vh € H3(T)}

Given an arbitrary (§,e) € B, we can define endogenously

j(f?e) = {Hl(€76)5H2<€76)>H3(57 6)} € P

where

Hi(€,e) :={h€H: pp=0 and xn(zn, en) > 0}

Ho(&,e) :={h e H: pup >0 and xp(zn,en) =0}

Hs(& e) :=={h € H: = xn(xn,en) = 0}
Therefore (£, e) € Ez (), and then we get

®(B) < [ ®(Ey) (8)
JEP

Since the number of sets involved in the above union in finite, to show that
®(B) is of measure zero it is enough to show that ®(E7) is of measure zero,
for each J € P. To show that ®(FE7) is of measure zero for each J € P, we
need the following definitions and the following key lemma.

14



Given J € P, for each h € H3(J) define the function

F, 527 x RY — RAmEs

For(60) = (Fr (&) FF (€,) ) where FS™ (€, €) 1= xslo e5)

Moreover, for each e € Rgf , define the following function

Fupe €87 — F 5.(8) = F 5(e) € RAIMEg+1

The above definition allows us to conclude that, for each J € P, for each
h € Hs(J) and for each e € RYY, F, 7 and F 5, are differentiable on all
their domain.

Lemma 20 For each J € P and for each h € H3(J), 0 is a reqular value
for F,+

Then, from results of differential topology (see Theorems 25 and 27 in Ap-
pendix), given J € P, for each h € H3(J) there exists a full measure subset
Q5 of R{Y such that for each e € Q 7, F}%E(O) = (. Given J € P, let

Qj = U Qj,ﬁ
heH3(T)

Q7 is a full measure subset of R{Y, and we have
Q7 CRET\ 2(Ey)

Indeed, let e € 27, by definition we have that there exists h € H3(J) such that
F}%e(O) = 0. If e € (Ey), then there exists £ € Ey such that £ € F}, (0)
for each h € H3(J), and we get a contradiction.

Therefore,
®(Ez) CR{TN Qg

Since R\ Q7 is of measure zero, ®(E) is of measure zero as well. Then,
®(B) is of measure zero (see (8)).

Therefore, from Lemmas 19 and 20 it follows the following proposition.

Proposition 21 There exists an open and full measure subset ongf such
that for each (€,e) € F~1(0) N (2 x E) and for each h € H, either

pn >0 or xp(zh,en) >0
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4.2 Generic reqularity

In this subsection we prove that Theorem 17 holds.

From now on, the set F is the open and full measure subset of Rif obtained
in Proposition 21. Observe that F is differentiable in F~*(0)N (= x F). Indeed,
given (£*,e*) € F71(0) N (2 x E), define
H(€ ') = Hy = {h € H s, = 0 and xa(w}, ef) > 0}
Ho(E*,e*) :=Hs:={h € H:p; >0and xu(z},e;) =0}

By Proposition 21, it follows that
HIUH; =Hand H; NH =0

Since the linear functions and the possibility functions are continuous, there
exists an open neighborhood I* of (£*,e*) in = x E such that for each (£, e) €
I*

wn it h € H

O3 (6,0) =
Xh($h, eh) if h € H;
Remark 22 From now on, the domain of F will be =X E instead of = X Rgf

The main result of this subsection is Proposition 24. To prove Proposition
24, we need the following definitions and the following key lemma. Observe
that there is a slight difference between the below definitions and the defini-
tions given in Subsection 4.1. In Subsection 4.1, we considered the set P of
appropriate {Hi, Ha, H3} with Hsz # (). In this subsection, we are interested
to describe the case in which H3 = (). Then, we define

.AII {I:: {Hl,HQ}Z Hng, Vi:1,2;H1UH2:HaHd Hlﬂsz@}

Let Z = {H1,Ha} € A, for each i = 1,2 denote by H;(Z) the set H; in Z, and
by |H;(Z)| the number of element of H;(Z). We define

=7 =RV x (RO RN  RE (10)
and we observe that dim =7 = dim =. We also define the following function

Fr:Z7 x E — R™=

Fr(6e)i= ((FOD (€0, F2 (6 ) FE (,6)), L FOD (€0 )
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where Fr differs from F defined in (5), for the domain and for the component
FI(h‘?’) defined below

pn, if b € Ha(T),
Xn(zn, en) if b € Ha(T)

Fi' (€ e) =

All the above definitions allows us to conclude that for each Z € A, Fr is
differentiable on all its domain.

Lemma 23 For each T € A and for each (£*,e*) € F;'(0), Do Fr(£, e*)
has full row rank.

Observe that from Remark 22, for each (£*,¢e*) € F~1(0) we have that

o 7+ :={Hi, H3} € A (see 9),
o (&*,¢*) € F1.1(0), and
o Doy F(E%, %) = Digo Fr-(€",€°).

Then, from Lemma 23 we get the following result.
Proposition 24 H > 2 and C' > 2. 0 is a reqular value for F'.

From the above proposition and from the transversality theorem (see Theorem

27 in Appendix), there exists a full measure subset E* of E such that for each

e € E*, 0 is a regular value for F,. Since F is a full measure subset of Rif , E*

is a full measure subset of R¢#. Since the set R of regular economies contains
E*, R is a full measure subset of Rgf . Moreover, from Lemma 19 and from
Corollary 28 in the Appendix, it follows that R is an open subset of Rgf .

5 Appendix

Proof of Proposition 3. Otherwise, suppose that D,, x.(z},, en) = Bp with
B # 0. Since p > 0 and (2}, en) = 0, we have that § > 0 (see Assumption
2.4). Therefore, D,, x1 (%}, €,) > 0. From Assumption 2.3, T, € RY, satisfies

Xn(Zn,en) >0 and T, < e (11)
Since yj, is C! and quasi-concave (see Assumptions 2.1 and 2.2),

Xn(ZThs en) — xn(2),, en) >0
implies that

Dy, X (), €n) (T — x7,) >0

17



Then, from D,, xn(x},en) > 0 and (11) we get

Dy, Xn(x),, en)(en — x3,) > 0

that is Op(ep, — x},) > 0, contradicting p(z}, —ep) = 0. ®

Proof of Lemma 19. The proof follows the same steps as the compactness
result obtained in Theorem 9. m

Proof of Lemma 20. We have to show that for each (£*,e*) € F}%(O),
DeeyF ;7 (€7, €*) has full row rank.

Let A := ((Axh, AN, Apip)ner, Ap, AU) e RIE+HDH  RE-1 x R. Tt is enough
to show that
A - D(g,e)Fjﬁ (5*, 6*) =0=A=0
We consider two cases: Case 1. H1(J) # 0, and Case 2. Hi(J) = 0.
Case 1. H{(J) # (. Without loosing of generality we suppose 1 € H1(7).
The computation of the partial jacobian matrix with respect to
((mhv )‘ha Mh)hEHa €1, €y, p\)

is described below. To simplify the lecture of the matrices, we use the following
simplified notations

o D up = D2 up(x});

o Dy xn = Dy, xn(y,€5,) and De, Xn := De, xn(7, €5);
b DihUh, Xh = Dg‘huh<x2) _'_/’L;kLDihXh(xz,? e;;) and D:lthehxh = D:%hehxh(xz7 e;kl)
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The partial system A - D¢ o) F; 7 (€%, €*) = 0 is written in detail below.

Az D3, un(@)) — Adp” + Ap' [Io-a]0] = 0 if h € Hi(T) U (Hs(T) \ {h})
A-'EED:%HUE(QU%) — AXNep* + Ap\ [Io-1|0] + AvD,_xz (x5, ex) = 0

Azyy [Dih,uh/ (i) + 1 D3 X (0, e};)] — A\pp*+

Afine Doy, (@ i) + Ap [Te-l0] = 03 ' € Ha( )

—Azp,pT =0 for each h € H

Azp Dy, xn (x5, €5)" + App = 0if h € Hi(T) UH3(T)

Axy Dy, xw (x5, €5)" =0 if B € Hao(T)

Ahp* — Ap [T 1]0] = 0

AXip* — Ap\ [Io_1]0] + AvD._xz(a7. e5) =0

SN Az 4+ S AN () —ep)) =0
heH heH

Since p*¢ = 1, we get A\; = 0 and Ap\ = 0. Therefore, the above system
becomes the following one

A:thihuh(:B",;) — A/\hp* =0ifhe Hl(j) U (Hg(j) \ {E})
AxﬁDiﬁuE(a:%) — ANpp* 4 Av D, _xg (25, e5) = 0

Al’h/ [Dgh/uh/ (]72/) + NZ'Dzh,Xh’ (ZE;:/, 62/)} - A)\h/p*+
A,uh/th,Xh/(l'Z/, 6;1/) =0ifh e Hz(j)

—Axpp*T =0 for each h € H

12
Az Dy, xn(xh, e5)T + Ay =0if h € Hi(T) UH3(T) (12)
Axh/th,Xh/(lL'Zl, GZ/)T =0if n/ S Hz(j)
ANgp" + AvDe_xz(a7, €5) =0
Z)\ZA:UZ + ZA)\h(xZ\ —eM =0
heH heH
AN = Ap\ =0
From system (12), we get
Athihuh(x;‘l)sz =0if h € Hi(T)U (H3(T) \ {h}) (13)

and

Axh/Dih/uh/ (x5 Azl = —uz,Axh/chh,Xh/ (x5, ex) Az, if b € Ho(T)
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Then, Assumption 2.2 and pj, > 0 for each h' € Hy(J) imply that
A D3 up () Axy, > 0 if B € Ha(J) (14)
Observe that from F; 7(§*, €*) = 0 and system (12), we get
Dy, up(zh)Ari = Njp*Ax] =0 if h € Hy(T) U Hs(T)
and

D, up (xh)Axy, = Nyp*Azjy, + 1 Dy X (25, €5) Az, = 0 if h' € Ho(T)
(15)
Then, (13), (14) and Assumption 1.3 imply that

Az, = 0 for each h # h

Therefore, the relevant equations of system (12) become

ANp* = 0if h € Hi(T) U (Hs(T) \ {R})
AzpD;_ug(wy) — ANgp” + AvDyx(wr, ) = 0
ANpp™ = Apiy Doy X (i €fs) = 0if B € Hy(T)
AzppT =0

Apy =0if h € Hi(T) U (H3(T) \ {})
AvgpDyxg (w5, e5)" + Ay = 0

ANgp* + AvD,_x7(27, €5) =0

)\%Ax% + 3 Az =€) =0
heH

Az, = 0 for each h # h

Since p* > 0, A\, = 0 for each h € H1(J) U (H3(J) \ {h}). Moreover,
F,7(€%e") = 0 and Proposition 3 imply that A\ = Apy = 0 for each
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h' € Ha(J). Therefore, the above system becomes the following one

AZL‘ED:%FUE(.CE%) — A)\ﬁp* + AUDxﬁXﬁ@j%v 6%) =0

Azpp T =0

Azp DXz (5, )" + Apy =0

ANgp" + AvD,_xz(a7, €5) =0 (16)
)\%Ax% + A)\g(x%\ — e%\) =0

Ap\ =0

Az, = AN, = Apy, = 0 for each h # h

*

From Assumption 12, we know that Deng(fB%, ex) = W%D%Xg(x%, ex) with
7 € R

If 7% =0, since p* > 0 we get Ay = 0. Then, Azy = 0 since Ay > 0 and
Azgp*” = 0. Finally, Ay = 0, and Av = 0 since D, _xz(a5,e5) # 0 (see
Assumption 2.4.a).

If % # 0, from Proposition 3 we know that p* and D._xz(2}, ef) are linearly
independent. Then, we get A\ = Av = 0, and Az; = 0 since Ay > 0 and
Azzp*T = 0. Finally, Auz = 0.

Therefore, A = 0.

Case 2. Hi(J) = 0. If H3(J) \ {h} # 0, without loosing of generality we
can suppose 1 € H3(J) and 1 # h. Then, the result follows as in Case 1.
Therefore, we analyze the case in which H3(J) = {h}.

The computation of the partial jacobian matrix with respect to

((a:h, Ay s €1 ) e p\>
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is described below.

7 Ag By T At Ly en epr p\

B D2_ur | —p*T | DypxT —Ax T
F(h.1) zhuh D lhxh )\ﬁ[lc_lm]
F(h.2) —p* p* _ (mi\—ei\)

h h

(h.3) 1
FJ
F(h/‘l) D h/uh’7xh’ _p*T DIh/X’;l;l MZ,D%h/eh’Xh/ *Az/[IC—l‘O]T
F(h'2) —p* p* 25\ e

h h
Féh’,s) Dayyxpt Deyy X
M [lc-110] [Ic—1]0] —[c-1l0] | —[Ic—1]0]
F§E4) DzﬁXﬁ DGEXﬁ

The system A - D¢ F;7 (£, €*) = 0 is written in detail below.

First,

Az D? uh( =) — AXgpp” + Ap\ [Io_1]0] + AvD, _Xr(r5 ) =0
Az [th/uh’(xh’) + Nh'D:ph,Xh’(xhu@h')] — Adpp*+
Apw Dy, X (T3, €5) + Ap\ [Lo—1|0] = 0 if ' € Ho(T)
—Azpp*T =0 for each h € H

AxyDooxg (a7, )" + Ay =0

Axy Dy, xw(xhs, e5)" =0 B € Hao(T)

AXgp* = Ap' [Ie-1|0] + AvDe_xg (a3 0

Ty €5) =
Azpptyy D3 e, Xw (s €5y) + Adwp™+
A,uh’Deh/Xh’(x;kL' 62/) — Ap\ [IC 1|0] =0ifh e Hg(j)

—ZAZAx}L > AXy(z, —eh) 0

heH heH

observe that we are in the case where, at equilibrium, all households are

on the boundary of their consumption sets. Then, from Assumptions 12 and

(6), fo

D.,

r each h € H we have that

Xu(Th, €5) = Vh Da, xn(wh, €3) and D, (@}, €5) = 93D, xn (), €3)
(18)

for some 7; € R. Now, we consider two possible sub-cases: in Case 2.1, we

23




suppose that
dheH:y =0
and in Case 2.2 we have that

A0, VheH

Case 2.1. If h = h, 77 = 0. From system (17) we get AA; = 0 and Ap\ = 0,
since p*© = 1. Then, the relevant equations of system (17) become

Az D} _ug(x}) + AvDyxg (a7, ) =0

Aay [ D2, jup (i) + i D2, (i, )| = Adwp*+
App Do, X (@, €5) = 01 B € Ha(T)

—Azpp*T =0 for each h € H

Az Dy xg(ar, ex)” + Apy = 0

Axy Dy, xw (x5, €)= 0if B € Hao(T)

SN Azy + S ANz ) =0
heH h+h

Since (14) and (15) hold, Assumption 1.3 implies that Azp = 0 for each
h' # h. Then, Proposition 3 implies that A\, = Apy = 0 for each h' # h,
and we get Az; = 0 since A\r > 0 and Azzp*” = 0. Finally, Aug; = 0, and
Av = 0 since D,_x7(27, €7) # 0 (see Assumption 2.4.a). That is, A = 0.

If h # h, from (17) and (18), we get A\, = 0 and Ap' = 0, since p*© = 1.
Then, using the above arguments, we get Az, = 0 and AN, = Apy = 0 for

each b’ # h. Therefore, system (17) becomes system (16), and we get A = 0
using the same arguments as in Case 1.

Case 2.2. In this case, v; # 0 for each h € H. From system (17), for each
h' # h we get

Axp [ D2 () + i (D2 xw (@i, i) + D2, (@i, €)) | =
—Apin [ Dy X (T, €30) + Doy X (@i, €50)|
Then, from (18) we have that for each h/ # h
Ay [ D2 e (wh) + i (14 75) D2, xow (2, €5) | =
—Apw (1 +95) Doy xw (@, €51)
By system (17), it follows that for each h/ # h

Al‘hlpihluh/ ([L’Z;)AZL’ZZ/ = —/121(1 + ’y;;)AIh/Dih/Xh/ (1‘2/, 62/)Al‘£
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Then, Assumptions 2.2 and 14, and g}, > 0 for each h’ # h, imply that
Axh/Dih,uh/ (z5)Az}, > 0 for each ' # h (19)
Since (15) holds, (19) and Assumption 1.3 imply that
Az =0 for each W # h

Therefore, system (17) becomes the following one.

AIEDiﬁuﬁ(x%) — AXNgp* + Ap\ [Io-1]|0] + AvD,_xz(27,ex) =0
—AMp* + Dpiy Doy X (2, €50) + Ap\ [Ie1[0] = 05 B # b

AzppT =0

Az Dy xg(ar, ex)” + Ay = 0 (20)
AXip* — Ap\ [Io_1]0] + AvDeﬁxg(m%, ex) =0

ANpp* + Apin Do X (€5, €40) = Ap\ [Io1|0) = 0 if b # b

NAz:+ 3 Al()) — €)= 0
heH

Now, we consider again two possible sub-cases: in Case 2.2.1, we suppose that
J(hk)e HXxH, h#k:v #—1and ~; # —1
and in Case 2.2.2, we have that
JheH:y=—1,Yh+#h
Case 2.2.1. In this case, we can suppose that there exists h # h such that
75 # —1. From (20) and (18), we get
0= Aﬂh [D:JchXh(xZ7 e;) + Dthh(xZ> e;:)] = A:uh(l + VZ)Dthh(xzv 62)

Since Dy, xn(z), er) # 0 (see Assumption 2.4.a), we get Apy, = 0. Then, from
system (20) we get A\, = 0 and Ap\iz 0, since p*¢ = 1. Proposition 3 implies
that ANy = Apy = 0 for each h' # h. Therefore, system (20) becomes system

(16), and we get A = 0 using the same arguments as in Case 1.

Case 2.2.2. Since F; 7(£*, ¢*) = 0, from Remark 16 there exist k and kin H,
k # k. such that

p", De,xk(x}, e) and DE*,;X'E@%’ e)

are linearly independent.
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If k and k are in Hy(J), from system (20) we get
ANep" + AppDe, Xk (2, ) = ANp" + ApgDexi (a7, €7)
that is
(AN, — AX)P" + Apw De, X (7, €f) — A/L’EDQZX’I;(QJ%, e;) =0

which implies Ay, = Apz = 0 and AN, = AXg. Then, from system (20)
we get AN\, = 0 and Ap\ = 0, since p*® = 1. Proposition 3 implies that
ANy = Apyy = 0 for each ' # h. Therefore, system (20) becomes system
(16), and we get A = 0 using the same arguments as in Case 1.
If k = h or k = h, using similar arguments, we get A = 0. m
Proof of Lemma 23. Let A := ((Axh,A)\h,Auh)heH,Ap\> € REHDH
RE~1. It is enough to show that

A - D(f’e)Fz ({*,e*) =0=A=0
We consider two cases: 1. H1(Z) # 0, and 2. Hy(Z) = 0.
Case 1. H1(Z) # (). Without loosing of generality we suppose 1 € H1(Z).
The computation of the partial jacobian matrix with respect to

((Zh, An, fn)ner, €1)

is described below.
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The partial system A - D¢ o) F7 (£, €*) = 0 is written in detail below.

Azp D2 up(x}) — ANpp* + Ap [Ic-1]0] = 0 if h € Hy(Z)
Az {Dgh,uh/(xz,) + iy D3 xw (i, e}:,)} — AN\ p*+
Ap Dy, X (T €5) + Ap\ [Io—1|0] = 0 if I’ € Ha(T)
—Azpp*T =0 for each h € H

Az D, xn(xh,e5) + App, = 0if h € H(2)

Az Dy, X (), et =0if b € Ho(Z)

AMip* — Ap [Ie-1]0] = 0

Since p*© = 1, we get A\ = 0 and Ap\ = 0. Therefore, the above system
becomes the following one

Az D2 up(z}) — ANpp* = 0 if h € Hy(T)

Ay [ D2, i () + s D2, xow (T, €5) | — Adp™+
Apiry Dy, X (g €g) = 03 B € Ho(T)

—Axpp*T =0 for each h € H (21)
Az Dy, xn(xh, e5)T + Apy, = 0 if h € Hy(Z)

Axy Dy, xw (5, €)= 0 if B € Hao(T)

AN = Ap\ =0

From system (21), we get
Aathfchuh(as;)Aw;‘f =0if h € Hy(Z) (22)
and
Azh/Dih,uh/ (z5) Az}, = —,u;‘l,Aa:h/Dgh,Xh/ (z3,, ex)Axy, if b € Hy(T)
Then, Assumption 2.2 and pj, > 0 for each h' € Hy(Z) imply that
Az D3 up () Axy, > 0 if B € Hy(T) (23)
Observe that from F7(£*, e*) = 0 and system (21), we get

Dy, up(zh) Azt = Nip*Ax] = 0 if h € Hy(T)
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and

Dy, up (z5)Azy, = Nyp* Az, + pi, Dy xw (2, €5) Az, = 0 if B € Ho(T)
(24)
Then, (22), (23) and Assumption 1.3 imply that

Axy, =0 for each h € H

Therefore, the relevant equations of system (21) become

AXp* = 0 if h € Hy(T)

AXwp"™ = Dpw Dy, xw (@7, €5,) = 0if b € Ha(Z)
Apn = 0 if h € Hy(T)

AN =Ap\ =0

Axp =0 for each h € H

Since p* > 0, AX\, = 0 for each h € H;y(Z). Moreover, Fr(£*,e*) = 0 and
Proposition 3 imply that A\, = Apy = 0 for each h' € Hy(Z). Therefore,
A =0.

Case 2. H1(Z) = (. Then, Ho(Z) = H.
The computation of the partial jacobian matrix with respect to
(T, Ans Hns ) hen

is described below.

xp Ah Hh €h
F-U | DE upxn | —p*T | DayxE | #5D3, e, Xn
2 | —p* p*
Féhﬁ) Dthh Dthh
FM [{c-110] —[Ic-110]
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The partial system A - D¢ o) F7 (£, €*) = 0 is written in detail below.

Az, [Dihuh(x;‘b) + 1, D2 xn(h, e;kl)] — A\pp*+
AppDy, xn (7%, e5) + Ap\ [Io_1]|0] = 0 for each h € ‘H
—Azpp*T =0 for each h € H

Az D, xn(x;, e;)T =0 for each h € H
Az, D3, o Xn (@5 €5) + AAp™+

Apip D, xn (x5, €) — Ap\ [Ic_1]0] = 0 for each h € H

We are in the case where, at equilibrium, all households are on the boundary
of their consumption sets. Then, from Assumptions 12 and (6), for each h € H
we have that

*

Dthh(x:u 6;) = VZthXh(xza e;kz) and Dihthh(xZa 6;) = thDchhXh(x;ku 62)
for some ~; € R.
If there is h € H such that 7; = 0, we get A\, = 0 and Ap\ = 0, since
p*® = 1. Then, (23) and (24) hold, and Assumption 1.3 implies that Az = 0
for each h' € H. Moreover, Fz({*,e*) = 0 and Proposition 3 imply that
AN = Apyy = 0 for each h' € H. Therefore, A = 0.
If v; # 0 for each h € H, since

Azp D2 wp () Azy = —py (1 + i) Az D2 xn(a), €;) Az, for each h € H
Assumptions 2.2 and 14, and g > 0 imply that

Az, D2, up () Azy > 0 for each h € H

Then, (24) and Assumption 1.3 implies that Az;, = 0 for each h € H. There-
fore, the above system becomes the following one.

Axp, =0 for each h € H
— AN+ Apn Dy, xn (x5, €5) + Ap\ [Ic_1]0] = 0 for each h € H (25)
AN + ApnDe, Xn(75, €5) — Ap\ [Ic_1]0] = 0 for each h € H

If there is h € H such that Vi # —1, since

0=Aug {DzEXﬁ(JU%, er) + De_x7 (27, 6%)} = Apg(1+73) Do Xz (a7, €7)
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and D,_xz(25, €5) # 0 (see Assumption 2.4.a), we get Aug = 0. Then, from
system (25) we get AX; = 0 and Ap\ = 0, since p*“ = 1. Proposition 3 implies
that A\, = Auy, = 0 for each h # h. Therefore, A = 0.

If 45, = —1 for each h € H, since F7(£*, e*) = 0, from Remark 16 there exist
k and k in ‘H, k # k, such that

p", De xk(x}, er) and Dezxg(x%, efzv)
are linearly independent. From system (25) we get
AN + Apig De, X (2, €) = Adgp™ + A/LED@;XE(QZ%, e%)
that is
(AN, = AX)P" + AppDe, xw (g, ) — ApgDexj (2, €) = 0

which implies App = Apz = 0 and AN, = A);. Then, from system (25) we
get A\, = 0 and Ap\ = 0, since p*© = 1. Once again, Proposition 3 implies
that A\, = Auy = 0 for each h € ‘H. Therefore, A =0. =

Theorem 25 (Regular value theorem) Let M, N be C" manifolds of dimen-
sions m and n, respectively. Let f : M — N be a C" function. Assume
r > max{m —n,0}. If y € N is a reqular value for f, then

(1) if m<n, f~Hy) =0,
(2) if m > n, either f~*(y) =0, or f~1(y) is an (m — n)-dimensional sub-
manifold of M.

Corollary 26 Let M, N be C" manifolds of the same dimension. Let f :
M — N be a C" function. Assume r > 1. Let y € N a reqular value for f

such that f~(y) is non-empty and compact. Then, f~'(y) is a finite subset of
M.

The following results is a consequence of the Sard Theorem for manifolds. See,
for example Villanacci et al. (2002).

Theorem 27 Let M, Q and N be C" manifolds of dimensions m, p and n,
respectively. Let f : M x Q@ — N be a C" function. Assume r > max{m —
n,0}. If y € N is a reqular value for f, then there exists a full measure subset
Q* of Q such that for any w € Q*, y € N 1is a regular value for f,, where

fo:6e M — [,(§) = f(§,w) €N

Corollary 28 Let M, Q2 and N be C" manifolds of dimensions m, p and n,
respectively. Let f : M x Q@ — N be a C" function. Assume r > max{m —
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n,0}. Let T be a full measure subset of 2 such that for anyw € ', y € N is a
reqular value for f,. If the projection , : (§,w) € [~ (y) — 7, ({,w) :==w €
Q is proper, then I' is open in ).
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