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Decision making over necessities through
the Choquet integral criterion

Yann Rébillé *

Abstract

Since von Neuman and Morgenstern’s (1944) contribution to game theory, a
rational decision maker will rank risky prospects according to the celebrated
Expected utility criterion.

This method takes lotteries i.e.(simple) probability distributions to represent
risky prospects. If the decision maker follows the vN-M axioms (e.g.Kreps (1988))
then there exists a wutility function such that any probability can be resumed to
a lottery having for support the best and the worst state, where the probability
that he wins the bet is given by its expected utility.

Probabilities are precise objects to model risk, but the way they do it is incoherent
(Dubois and Prade (1988)).

A familiar object in fuzzy set theory is the one of necessity or its dual version a
possibility. In which case the occurence of an event is given by an interval which
expresses the imprecision. Nevertheless the description of risk is coherent.

Our concern is to rank different necessity measures and rank them according to
the Choquet Expectation criterion (Choquet (1953)).

If the decision maker follows our set of axioms then there exists a fuzzy set (Zadeh
(1978)) such that any necessity can be resumed to a bet on being perfectly
informed of the state which occurs or being totally ignorant, where the degree
of information he will get is given by its Choquet expectation.

Keywords: non-additive measures, possibility theory, expected utility.

JEL Classification: D81.
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1 Introduction

Since Von Neuman and Morgenstern’s ([13]) contribution to game theory, a ratio-
nal decision maker will rank risky prospects according to the celebrated Expected
utility criterion.

This method takes lotteries i.e. (simple) probability distributions to represent
risky prospects, and the decision maker ranks these probabilities according to a
preference relation =. Let {2 be a non-empty finite set, and each w € 2 is called a

state. Each lottery is written >, co p({w})d, with p({w}) > 0,> cap({w}) =1,
where ¢, is the Dirac measure at w. Let Prob(2) denote the set of loterries on

Q.
If the decision maker follows the vN-M axioms (e.g.[7]) then there exists a func-
tion u : Q@ — [0, 1] termed wutility such that for all probabilities P, Q) € Prob(2)

PrQ «— /usz/udQ

where [udP =Y cqop({w})u(w). Moreover there are wy,wy € Q with u(w;) =
1,u(wg) = 0 such that for all P € Prob(Q2),

P~ (/ udP).6,, + (1 — /udP).(SwO

An interpretation of the last equivalence is that for the decision maker any lottery
can be resumed to a bet on head versus tail i.e. a lottery having for support the
best and the worst state, where the expected utility of the lottery is interpreted
as the probability that he wins the bet.

Probabilities are precise objects to model risk, but the way they do it is incoherent
([6]). Indeed the occurence of an event A C €2 is precisely given by P(A) =
Swea P({w}), but for incomptible events A, B C Q, AN B = () we might have
P(A), P(B) > 0.

A familiar object in fuzzy set theory is the one of necessity or its dual version a
possibility ([14]). If v is a necessity then it satisfies for all A, B C Q,v(ANB) =
Min{v(A),v(B)} and its dual defined by v¥(A) = 1 — v(A4°) (where (.)¢ denotes
the complement) satisfies v¥(A U B) = Max{v¢(A),v%(B)}.

In which case the occurence of an event A is given by an interval [v(A), v?(A)]
which expresses the imprecision. Nevertheless the description of risk is coherent
in the sense that if A, B are incompatible then v(A),v(B) > 0 is impossible.
This imprecise approach gives a natural interpretation of necessities,

(4)
(4)

VA,BCQ, [v(ANB),v{(ANB)]C [v(A)

or [v(B),v(B)]
and, [v(AUB),v¥(AU B)] C [v(4) v

or [v(B), v*(B)]
As an extreme example of necessity is the Dirac measure (which is the sole

necessity being also a lottery) which models the perfect knowledge of the state
which will occur,

d
, U

d
, U

]
]

1, ifweA

VA CQ,6,(4) = { 0, otherwise



In this case the imprecision interval is minimal,

VA C Qa [5w(A)75w(A)] - { {O}, if w € A

At the other extreme, the decision maker has a perfect ignorance of the state
which will occur,

1, fA=0Q

VA C Q, UQ(A) = { 0, otherwise

In this case the imprecision interval is maximal,

0,1], if A#0,0Q
VA C Q,ug(A),ub(4)] =< {0}, ifA=(
{1}, ifA=Q

Our concern is to rank different necessity measures on {2 and rank them according
to the Choquet Expectation criterion ([2]).

If the decision maker follows our set of axioms then there exists a fuzzy set
X : Q — [0, 1] such that for all necessities v, w

VW = /deZ/de
Moreover there are wy,wy € © with X (w;) =1, X(wp) = 0 such that for all v,

v~ (/ Xdv).6,, + (1 — /de).uQ

An interpretation of the last equivalence is that for the decision maker any ne-
cessity can be resumed to a bet on being perfectly informed of the state which
occurs or being totally ignorant. The Choquet expectation value of a necessity
is interpreted as the degree of information he will get.

The following section introduces the definitions, and the technical material re-
lated to Choquet integrals and necessities.

The final section gives some necessary and sufficient conditions on a binary re-
lation on the set of necessities or possibilities in order to obtain a representation
of preferences through a Choquet integral.

2 Preliminary results

2.1 Choquet integral

Let S be a nonempty set and S a non-empty family of subsets of S.

We do not require this family to be an algebra nor to contain the empty set ()
or the unit S. Since our work will be devoted to the finite case we will assume
from now on that S is finite, thus S too.



A set function v on S is a real valued function v: S — R.

v is a monotone set function if for all (4, B) € §?,v(A) < v(B) whenever A C B.
If S €8, then v is normalized as soon as v(S) = 1. If morever () € S then v is a
capacity as soon as v(() = 0.

A function X : S — [0,1] is said to be S-measurable if for every ¢t € (0,1),
{s € S: X(s) > t} belongs to S, as usual for sake of brevety we denote the
weak upper level set by {X > t}. By 1)(S,S) will denote the set of S-measurable
functions taking values in [0, 1]. For A C S, 14 denotes the characteristic function
of A, by construction 14 belongs to Bj,1)(5,S) if and only if A € S.
This function space Bjy1(.S,S) might not be convex. Assume for instance that
S is not stable by intersection or by union i.e. there are A, B € S such that
ANB¢gSor AUB¢S.
Let o € (0, 3] and X, = a1y + (1 — ).1p, we have:

AUB ifte(0,q]

{X,>t} =X B Jift € (a,1 — af
ANB Lifte(l—a,l)

SO Xa ¢ B[OJ](S, 8)
If v is a monotone set function defined on S, and X belongs to By (S, S), the
Chogquet integral of X with respect to v (see [2]), denoted [ Xdv, is defined by

[ xdv = /01 o({X > 1)t

where the integral under consideration is an improper Riemann integral given by

1 1—7

| odx = tde=tim [ o({x = )

0 T T
this quantity is well defined since the function v({X > .}) has finite range on
(0,1).
For the case of characteristic function we get: VA € S, [ 14dv = v(A).
Let X € Bp(5,S), then there is a unique decompostion of X in the fol-
lowing manner X = ", a;.14,, where oy,...,a, > 0 and 7' ;o < 1 and
Ay 2--- 2A, # 0 and A; € S for all i where possibly A, = S if S € S. The
computation of the Choquet integral of X with respect to v gives,

/de = iz:;aiv(Ai)

By construction as soon as v is monotone the Choquet integral [(.)dv becomes
a monotone functional i.e. VX,Y € Bj1)(5,S),[X > Y] = [[ Xdv > [Ydv].
Let be X,Y € Bj1y(S,S), X,Y are said to be comonotonic (compatible) if for
all (s,t) € 2, (X(s) = X())(Y(s) =Y (t)) > 0.

A fundamental property of the Choquet integral is the one of comonotonic affin-
ity (see also [4], [8], [12]): VX,Y € Bj1(S,S), Va € (0,1),if a. X + (1 —).Y €



Bjo11(S,S) and X, Y are comonotonic then [a.X + (1 —«a).Ydv = o. [ Xdv +
(1—a). [Ydo.

We shall see that X, Y comonotonic is a sufficient condition in order that «. X +
(1—a).Y € Byp(S,S) for all @ € (0,1) (see also [9] Proposition 3.3).

In fact we have the following characterization of the functionals which are rep-
resentable as Choquet integral:

Theorem 2.1 Let I : Bj11(S,S) — R be a functional. If I is affine comono-
tonic and monotone then there exists a monotone set function uniquely defined
by VA € S,v(A) = I(14) such that I = [(.)dv.

Conversely, if v is monotone set function defined on S then [(.)dv is a monotone
and affine comonotonic functional.

Proof: For the first part, the set function defined by VA € S,v(A) = I(1,) is
clearly monotone and unique.

Let us prove that I = [(.)dv. This is achieved by induction.

Let X =37, ;. 1y, where ay, ..., >0and 7L, a; < Tand A; 2--- 2A, #
0 and A; € S for all 3.

For the case n =1 it is true. Now let n > 1, we have:

I(X) = I(i a;.14)

A,4,), by affine comonotonicity

L.]lm dv, by induction hypothesis
= (1—ay)

For the converse. It is clear that [(.)dv is monotone when v is monotone.

We have to prove that VX,Y € Bjy1)(S,S),Va € (0,1), f[a.X + (1 —a).Ydv =
a. [ Xdv+ (1 —«). [Ydv holds as soon as X, Y are comonotonic.

Let X = Z?:l ai.]lAi,Y = Zznzl ﬂj.]lBj with Al ; N ;An 7£ (Z) N B1 ; N ;Bm
0, >0, a, >iem B < 1 and a;, 85 > 0.

Since X, Y are comonotonic we have Vi € {1,...,n},j € {1,...,m} either B; C
Aj or B; D A; (see [5]). Let v € (0,1). Define {Cy}r, = {Ai}i, U{B;}7, and

RN

ooy if Cp € {A}L,, Ok € {Bj L,
=19 (1—-a)B if Cp € {Bj}Ly, Cr & { A}
aQ; + (1 — O[)ﬂj y lf Ck S {Ai}?zl,C]c c {Bj}gnzl



By construction 3, v 1, € Bjo1)(S, S) with v, > 0,3, v < Land Cy 2 Ciyy #
() and equals @.X + (1 — «).Y. This gives,

/a.X +(1-—a)Y dv = /Z’yk.]lckdv
f

= zk:’Yk-U(Ck)
= ajzlai.U(Ai) +(1 -« ilﬂj'v(Bj)

= a|[Xdv+(1—a) Y dv
/ /

2.2 Necessity measures

Our concern is to rank necessity measures, therefore we exhibit a decision crite-
rion based on the Choquet integral to evaluate any necessity. Let 2 be a finite
non-empty set. Let S and S be defined by © and {A" : A # 0, A C Q} where
A*={B: A C B C Q} (where A" stands for the upset generated by A). These
sets of subsets of Q are known as (principal) filters (see [3]), we denote the set
of filters by F ().

A family F of subsets of €2 is said to be a filter if,
(i) 0¢F.QelF,
(i) VA, B,[A,Be F=ANBeF|,
(115) VA,B,[Ae¢ F,ACB= BeF|.

Now since €2 is a finite set it comes that any filter is principalie. IA £ 0 /| F =
A", In particular if A = {w} for some w € 2 we retrieve an ultrafilter.

Proposition 2.1 Let v : P(2) — R be a function. Then v is a necessity if
and only if v € Byp1(Q, F(2)).

Proof: (if) Let v € By 1)(Q2, F(£2)), by definition v takes its values in [0, 1].
Let us prove that a F(€)-measurable function is a capacity i.e. normalized
monotone set function.

Since for all & € (0,1),0 & {v > a} and Q € {v > a} we have v(})) < a < v(Q)
thus v(0) = 0,v(Q2) = 1. So v is a normalized set function.

We now prove that v is monotone.

Let A C B. Assume v(A) > v(B). Let o € (v(B),v(A)). We have A € {v > «}
and B ¢ {v > a}, so {v > a} is not a filter.

It remains to check that a F(€2)-measurable function is also minitive.

Let A, B C Q with v(A) < v(B).

1% case: v(A) =v(B) =0

Let « € (0,1), A,B ¢ {v > «a} thus AN B ¢ {v > «} that is, v(AN B) < a. So



v(ANB)=0.

2m case: v(A) = 0 < v(B)

Let o € (0,v(B)), A ¢ {v>a} thus AN B ¢ {v > a} that is v(AN B) < a so
v(ANB) =0.

3" case: 0 < v(A) < v(B)

Let @ € (0,v(A)), since A,B € {v > a} we have AN B € {v > «} that is
v(AN B) > «, and this gives v(AN B) > v(A). And since v is monotone we get
v(AN B) =v(A).

(only if) Let v be a necessity and a € (0,1).

We have to show that {v > a} is a filter. Since v(f) =0 <, 0 ¢ {v > a}.

Let A € {v>a}and A C B € P(Q), since v is monotone, a < v(A) < v(B), so
B € {v>a}.

Let A,B € {v > a} since v is a minitive set function we get v(A N B) =
min{v(A4),v(B)} > «, that is AN B € {v > a}.

We can check that {v > «} is a principal indeed.

Define the following set: Ay = Nacfp>a} 4.

By construction it is clear that for all A € {v > «a} we have 4y C A thus
{v > a} C A}. Since {v > a} is finite, we get: v(Ay) = min{v(A4) : A € {v >
a}} > a, that is Ay € {v > a}, hence Ay C {v > a}.

Let us recall that the notion of comonotonicity for necessities has been readily
introduced in [10] under the name of agreement for minitive set functions :

v,w agree if VA, B € P(Q2), (v(A4) —v(B))(w(A) —w(B)) > 0.

A significant characterization can be obtained,

Proposition 2.2 Let v,w be necessities and o € (0,1) then v,w agree if and
only if a.v + (1 — «).w is a necessity.

Proof: Let v, w be necessities and « € (0,1).

From Proposition 2.1 we have to prove that v, w agree if and only if a.v + (1 —
CY).UJ € B[O,l](S, 8)

(if) Assume v, w do not agree, thus there are A, B C Q s.t. v(A4) > v(B) and
w(A) < w(B).

Take ¢t € (0,1) with c.o(B)+(1—a).w(A) <t < a.v(A)+(1—a)w(A), a.v(B)+
(1—a).w(B). Wehave A, B € {a.v+(1—a).w > t} but ANB & {a.v+(1—a).w >
t}, so {aw+ (1 —a)w >t} & F(Q).

(only if) Assume a.v+(1—a).w & Byp11(S,S). Since v, w are capacities they take
their values in [0, 1] and for all ¢ € (0, 1), {a.v+ (1 —a).w > t} satisfies (i), (iii) of
the definition of a filter. Hence there is a ¢, € (0,1) such that {a.v+ (1 —a).w >
to} does not fulfill (i7) i.e. JA, B C Q such that

av(A)+ (1 —a)w(A) >t
av(B)+ (1 —a)w(B) >t
av(ANB)+ (1 —a)w(ANB) <t



So we must have at least one of the following: v(ANB) < v(A), v(ANB) < v(B),
w(ANB) <w(A) or w(AN B) < w(B).

Assume without loss of generality that v(A N B) < v(A) so v(ANB) =v(B) <
v(A) since v is a necessity. But since

av(B)+ (1 —a)w(B) >ty > av(ANB) + (1 —a).w(AN B) this gives w(B) >
w(AN B) so w(B) > w(A) since w is a necessity. Hence v, w do not agree. [

Consider now v a necessity defined on P(f2), there is a unique decomposition of
v over unanimity games known as the Mobius transform (see [1], [6], [10], [11]) :

n
V= Z ;.U A,
i=1

where v, ..., 0, >0, 0 0 =1, QD Ay 2+ ;An # (0, and uq(A) denotes a
unanimity game i.e. an elementary belief function with support A defined by,

1, f ACB

VB C Qua(B) = { 0, otherwise

or otherwise putted, v can be expressed as follows,
v =3 o lu, where oy, ... 0 >0, 20 oy =1 and O # A} G-+ GAp.

As a consequence of Proposition 2.1 and 2.2, given a monotone set function
defined on F(2) we can compute the Choquet integral of a necessity v with
respect to (3,

[ vas =3 aipan)
i=1
And for all necessities v, w and « € (0, 1) if v, w agree then,
/a.v+(1—a).w dﬁza/vdﬁ—l—(l—a)/wdﬁ

This object will be the criterion which will be used to rank necessities in order
to obtain a weak integral representation, that is for all necessities v, w:

vz w <:>/Ud52/wdﬂ

A further look at the Choquet integral of a necessity w.r.t. a monotone set
function 3 can be better elicited if § is better explicitated. One can notice that
the family F(§2) possesses a nice property, which is of being stable by intersection.
Indeed for A, B C Q,# () we have: AN B* = (AU B)“. This property suggests
to consider the monotone set function  to be minitive i.e.

VA, B C Q,# 0, 3(A* N B*) = min{B(A"), 3(B")}



Since we are dealing with a finite universe the values of 3 can be fully explicitated.
For all A C Q,# 0 it holds, A" = Nyea{w}®, letting X (w) = B({w}*) we have,

A(A") = min X (w)
This last expression is self-advocating and gives for the Choquet integral [(.)df
a strong integral representation which is:

/ vdf = ; . B(AY)

wEA;

= ) a;. min X (w)
=1
= Zai./XduAi
i=1
= /Xd(Zai.uAi)
i=1

_ /de

where v = Y1) aua,, with ag, .0, >0, X0 0 =1, Q2D Ay 2--- 24, # 0.
This property established a one to one and onto mapping between fuzzy set on
2 and minitive set functions on F(2) taking values in [0, 1], and more par-
ticularly a normalized fuzzy set obtains (i.e. there are wy,wy €  such that
X(w1) =1, X(wg) = 0) if and only if 3 takes value 1 for some ultrafilter on
(i.e. B({w}™) =1 for some w € ) and F({Q2}) = 0.

3 Decision model

In this section we provide a simple axiomatization of preferences that can be
represented through a Choquet integral. We consider a decision maker who has
to rank necessities.

For short we will denote the set of necessities on €2 by Nec(€2). A binary relation
= on Nec(f) is said to be complete if for all (v, w) € Nec(Q)? we have v = w or
w = v, transitive if for all (u,v,w) € Nec(2)® such that u = v and v = w then
Uz w.

A weak order = on Nec(2) is a binary relation on Nec(€2) which is complete
and transitive. As usual we shall write v > w for v > w and not(w = v), v ~ w
for v > w and w > v.

A functional I : Nec(Q2) — [0, 1] represents the binary relation = if and only if
for all v, w in Nec(2) it holds

vr-w <= I(v) > I(w)
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3.1 Weak integral representation of preferences

Now we shall state some axioms that the binary relation > may fulfill.

(WO) = is a weak order.
(MON) Monotonicity: Yv,w € Nec(Q2),[v > w] = [v = w].

Axiom (WO) is standard. (MON) is quite natural to interprete in term of interval
of imprecision:

v>w = VA CQ, [v(A),v(A)] C [w(A), w(A)]

in which case the decison maker would certainly prefer v over w since the precision
is sharper with v then with w.

(AGR) Agreement: Yu,v,w,€ Nec(Q), Va € (0,1) if u,w agree and v, w agree
then [u ~v] = [au+ (1 — a)w ~ a.v+ (1 — a)w).

This axiom expresses the preservation of indifference when we mix a common
necessity that agree with both v and v. In particular if we take w = ugq, then
w agrees with any necessity in which case a.u + (1 — @)ug ~ a.v + (1 — a)ug
always holds as soon as u ~ v.

(ARCH) * is Archimedean: Yv,w € Nec(f2),

[v<w]=[Fae(0,1)/ v=<aw+ (1l —a)ug)

and,

[Fa € (0,1)/ aw+ (1 —a)ug <vw]=[3 € (a,1)/  w+ (1 —a').ug < v]
The (ARCH) axiom can be understood in the following manner in conjunction
with (MON).

Let v < wand a € (0,1). Since ug < w, we have that ug < c.w+(1—a).uq < w,
under (MON) we get ug < a.w + (1 — a).ug < w, the (ARCH) axiom tells us
that if a is close enough to 1 then one should obtain also v < a.w + (1 — @).ugq.
The last axiom ensures that the preference relation is not trivial,

(NDEG) = is not degenerate: Jv,w € Nec(S2) such that v > w

This axiom can be further specified, under (WO) and (MON), (NDEG) is equiv-
alent to: Jv € Nec(QQ) such that v > ug.

If (AGR) holds too, (NDEG) is simply equivalent to : Jw €  such that §,, > uq.
Assume it does not hold, then Vw € Q. d, ~ uq, thus for all A C Q, # 0, it holds
uq ~ ugq, then applying (AGR) successively gives Vv € Nec(Q),v ~ ugq.

We are now able to state our preference representation theorem,

Theorem 3.1 Let = be a binary relation on Nec(Q), if = satisfies (WO),
(MON), (AGR), (ARCH), (NDEG) then there exists a monotone set function
B F(Q2) — [0, 1] such that for all v,w € Nec(2):

v w = /vdﬁz/wdﬁ
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Moreover there is an wy € Q such that for all v in Nec(),

v~ (/ vdf3).0,, + (1 — /vdﬂ).ug

and f({wi}") =1, 8({Q2}) = 0.

Conversely, if the binary relation is represented by a Choquet integral with respect
to a monotone set function  : F(Q) — [0,1] such that S({Q2}) = 0 and
B({wi}") =1 for some wy € Q then = satisfies (WO), (MON), (AGR), (ARCH),
(NDEG).

Before starting the proof we first state a lemma,

Lemma 3.1 Let > be a binary relation on Nec(?), if = satisfies (WO), (MON),
(ARCH), (NDEG) then there exists a monotone functional I : Nec(2) — [0, 1]
which represents the binary relation = that is,

Vo,w € Nec(),v = w <= I(v) > I(w),

Vo, w € Nec(),v > w = I(v) > I(w),

Moreover there is an wy € €2 such that,
Vv € Nec(),v ~ I(v).0,, + (1 — I(v)).uq

and I1(6y,) =1, I(ug) = 0.

Proof: Notice first that since €2 is finite there is a w € €2 such that Vw € Q, 9, <
0w, This fact will enable us to bound in term of preference any necessity between
ug and 9, .

Let v € Nec(f2). There are {«;, A;}; such that v = Y1 | «.ua,, with aq, ...,y >
0, Vi i =1, Q2D A4 2--- 24, #0. Take w, € A,, we have uq <v <uy, <
0w, and by (MON) we get ug < v < ua, < dy, = 0w,

Using the same argument, (NDEG) entails ug < v =< uas, < 0,
un < 5601'

We now give a claim:

Claim: Vv € Nec(Q),3(v) € [0,1] / v~ I(v).0y, + (1 — I(v)).uq

Let us prove now the claim.

Let L(v) = {a € [0,1]: a.d,, + (1 — a).uqg < v}.

This set is non-empty and bounded by, since 0 € L(v), thus it admits a supre-
mum. This supremum will give the I(v) we a looking for.

e[ (v) is an interval.

Let 0 < a < o with o/ € L(v). We have a.0,, + (1 —a).ug < /.4, + (1 —a').uq
so (MON) entails .4, + (1 — a).ug < a'.0,, + (1 —').uq < v, so a € L(v).

e Sup L(v).0y, + (1 — Sup L(v)).uq = v.

= Oy, SO

n
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Assume Sup L(v).0,, + (1 — Sup L(v)).ug < v (X &), by (ARCH) 3o/ €
(Sup L(v), 1) such that /.4, + (1 —a').uq < v that is o/ € L(v) a contradiction.
e Sup L(v).0y, + (1 — Sup L(v)).ug < v.

Assume Sup L(v).d,, + (1 — Sup L(v)).uq > v, that is Sup L(v) € L(v).

By (ARCH) 3a € (0,1) such that a(Sup L(v).0y, + (1 — Sup L(v)).uq) + (1 —
a).ug > v that is a Sup L(v).6,, +(1—a Sup L(v)).uq > v so a Sup L(v) ¢ L(v)
and « Sup < «, but L(v) is an interval so V3 € (a Sup L(v), Sup L(v)] we have
that 5 ¢ L(v) so Sup L(v) is not a supremum, a contradiction.

We have proved that Sup L(v).d,, + (1 — Sup L(v)).uq ~ v, thus L(v) admits a
maximum. Now let I(v) = Max L(v) for all v € Nec(Q).
The claim enables us to obtain that:
Vo,w € Nec(2),v > (<)w :>I( ) > (<) (w),
v>w=I(v) > I(w),
and I(0,,) =1, I(ug) =0
Let v,w € Nec(R2), if v > w then by (MON) v = w thus L(v) D L(w), so
I(v) > I(w) i.e. T is a monotone functional.
Let v,w € Nec(2),v > w we have I(v).0y, + (1 — I(v)).ug > I(w).d,, + (1 —
I(w)).uq, so by (MON) I(v) > I(w) holds, and the functional I represents .
And the lemma is proved. O

Proof: The converse is immediate.
From Lemma 3.1, there exists a functional I on Nec(2) which is monotone and
represents the preference relation.
Moreover there is an w; € € such that for all v in Nec(2),

v~ I(v).0y, + (1= 1(v)).ug

where I(6,,) = 1, I(uq) = 0.
Define 8 through 3(A%) = I(u4), VA C Q,# 0, thus f({w1}*) = 1 and B({Q}) =
0. From our functional representation Theorem 2.1, it remains to establish that
I is affine comonotonic, in which case I = [(.)df will hold and the first part of
the theorem will be proved.

Let v,w € Nec(f2) and o € (0,1). We have to prove that I(a.v + (1 — a).w) =
a.l(v) 4+ (1 — «).I(w) as soon as a.v + (1 — a).w € Nec(Q).
From the claim we have:

v~ I(0).0,, + (1= 1(v)).ug
w e~ I(w).0,, + (1 — I(w)).ug
av+ (1 —a)w~I(av+ (1 —a)w).d, +(1—I(av+(1—a)w)).ug

Without loss of generality assume v = w > ugq holds, thus I(v) > I(w) > 0.
We have,

w ~ I(w).dy + (1 —1(w)).ug
I(w)

= T I(v).0,, + (1 = I(w)).uq
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Iw),, e e )
~ II((Z;)) o+ (1 - II((Z;))) uq, by (AGR)
Applying (AGR) a second time gives
av+(1l—a)w ~ av+(1-a). [% v+ (1— %)UQ]
-« Iw) ) —a)(1 - Iw)

And since v ~ I(v).d,, + (1 — I(v)).uq, we may apply once again (AGR) and
this gives,

av+(l—a)w ~ [at(l- a)l({:)] 1(0).60, + (1 — [(v)).10)]
H(1-a). (1—““))) e
= [al(v) + (1 — a)l(w)].0y, +{1 = [al(v) + (1 — a)I(w)]}.uq

Now since, a.v+ (1 —a).w ~ (v + (1 —a).w).d,, + (1 —I{a.v+ (1 —a)w)).ug.
We finally obtain, I(a.v + (1 — a).w) = al(v) + (1 — @) (w).

Now assume v = w ~ ug holds, thus I(v) > I(w) = 0.

We have to prove that I(a.v + (1 — a).w) = al(v).

Since w ~ ug by (AGR) we obtain, a.v + (1 — a).w ~ a.v + (1 — a).uq,

and since: v ~ I(v).d,, + (1 — I(v)).uq, we get by (AGR),

av+ (1 —a)ug ~ a[l(v).0y, + (1 —1(v)).ugl+ (1 —a).uq
= al(v).0,, +[a(l —=1(v))+ (1 —«a)|.ug
I()éw (1—0[[( )Q

e

v

And since, a.v+ (1 —a).w ~ I(a.v+ (1 —a).w).0y, + (1 = I(av+ (1 —a).w)).ug
we finaly get: al(v) = I(a.v+ (1 — a).w). 0

3.2 Strong integral representation of preferences

In this subsection we introduce further axioms in order to obtain a representation
through a normalized fuzzy set. The key axiom is the following,

(INCL) Inclusion : For all A,B C Q,# 0, [ua = up] = [uaup ~ up).

Notice that under (WO), the implication in (INCL) can be replaced by an equiv-
alence. Indeed, assume there are A, B such that uayp ~ up and not(ua = up).
That is uaup ~ up and uy < upg since (WO) holds. Therefore uq < up holds
too and this entails u g ~ us < up ~ uaup, which is absurd.
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This axiom expresses the idea of a generalized inclusion operation C defined on
P(Q)/{0} through ACB <= wua = up, since

ACB <= uy > up <= usup~ug <— AUB=B

This relation C becomes a weak order which is compatible with the C order
relation if (MON) holds, since A C B <= uj > ug = uq = up < ACB.

We can state our preference representation theorem,

Theorem 3.2 Let = be a binary relation on Nec(Q), if = satisfies (WO),
(MON), (AGR), (ARCH), (NDEG) and (INCL) then there exists a fuzzy set
X :Q — [0, 1] such that for all v,w € Nec(Q):

v w = /dez/de

Moreover there are wy,wy € 0 with X (wy) = 1, X(wo) = 0 such that for all v in
Nec(9),

v~ (/ Xdv).6,, + (1 - /de).uQ

Conversely, if the binary relation is represented by a normalized fuzzy set then

= satisfies (WO), (MON), (AGR), (ARCH), (NDEG) and (INCL).

For sake of comparison we recall a version of von Neumann and Morgenstern’s
theorem ([7]):

Theorem: Let > be a binary relation on Prob(Q2), if »= satisfies

(WO): = is a weak order,

(IND): Independance, VP,Q, R € Prob(Q),Va € (0,1),[P = Q] = [a.P + (1 —
a).R > a.Q+(1—-a).R|

(ARCH): » is Archimedean, VP,Q,R € Prob(Q2),[P » @ > R] = [Fa,f €
(0,1) Ja.P+(1—a)R>Q > (.P+(1—[).R]

(NDEG) = is non degenerate, 3P, Q € Prob()), P > Q

if and only if there exists a utility function u : Q — [0,1] such that for all
probabilities P, Q) € Prob(f))

PrQ /udPZ/udQ

Moreover there are wi,wy € Q with u(wy) = 1,u(wy) = 0 such that for all

P € Prob(Q?),
P~ (/ udP).6,, + (1 — /udP).cSwO

Conwversely, if the binary relation is represented through an expected utility func-
tional with a utility u : Q@ — [0,1] such that u(wy) = 1,u(wy) = 0 for some
wy,wy € Q then = satisfies (WO), (IND), (ARCH), (NDEG).

Notice that the (MON) axiom has been dropped, this is natural since for all
P,Q € Prob(QQ) if P> @ then P = Q.
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Proof: According to Theorem 3.1 the preference relation has a weak integral
representation through a Choquet functional [(.)d3, with g : F(Q2) — [0,1] a
monotone set function satisfying 3({w;}*) = 1 for some w; € Q and S({Q}) = 0.
As noticed in subsection 2.2 we first prove that 3 is minitive i.e.

VYA, B C Q,# 0, 3(A* N B*) = Min{B(A4"), 3(B")}

Let A,B C Q,# () such that uy = upg by (INCL) it holds uaup ~ up, which
entails:

B(A"NB") = B((AUB)")
= /UAUB(Z/?)

- / upds
= B(B")

So (3 is minitive. Now let X (w) = S({w}¥) for all w € Q be the fuzzy set we are
looking for.
Since B({Q2}) = MingeaB({w}™) = 0, there is an wy € Q such that S({we}*) =0

hence the fuzzy set X is normalized.

For the converse in light of Theorem 3.1 it remains to prove that a preference
which has a strong integral representation through [ Xd(.) satisfies the inclusion
axiom.

Let A,B C Q,0. Assume uy > up which is equivalent to [ Xdu, > [ Xdug.
We have:

/ Xduaoy = MinasX
= Min{Mins X, Ming X'}
- Min{/XduA,/XduB}
= /XdUB

That is, uaup ~ up. U

3.3 Decision making over possibility measures

A dual theory can be obtained if instead of ranking necessities a decision maker
has to rank possibilities. Let Poss({2) denote the set of possibilities. For 7 €
Poss(§), 7@ denotes its dual set function of 7, defined by 7¢(A) = 1—m(A¢), A C
Q). The correspondance between a possibility and a necessity is one to one since
7 is a possibility if and only if 7¢ is a necessity ([6]) and onto since a capacity v is
a necessity if and anly if v¢ is a possibility. For instance, the dual of a unanimity
game u 4 is given by:

1, fANB#0

d _
VB C Q,u4(B) = { 0, otherwise.
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and more particularly:

J 1, if B#0
VB C Q,ug(B) = { 0, otherwise.
Moreover the dual transformation preserves the affine combinations:
Vo, w € Nec(Q2), Va € (0,1), [@v+ (1 —a).w € Nec(Q)] = [(av+ (1 —a)w)d =
av? + (1 - a).w? € Poss(Q)],
the property of agreement: Vo, w € Nec(Q), [v, w agree] <= [v?, w? agree],
but the standard setwise order is reversed: Vo, w € Nec(Q),v > w <= v?¢ <

w.

d

Starting with a preference relation > on Poss(£2) we can define also a preference
relation >* on Nec(2) through,

Yu,w € Nec(Q),v =" w <= v > w?

The set of axioms introduced for necessities can be translated for possibilities,

(WO) = is a weak order.

(ANT) = is Antitone: VYm, p € Poss(Q),[r > p| = [7 < p].

(AGR) Agreement: ¥, p,0 € Poss(Q2), Ya € (0,1) if m,0 agree and p,o agree
then [ ~ p] = [a.m+ (1 — a).0c ~a.p+ (1 — a)o].

(ARCH) * is Archimedean: N¥m, p € Poss(£2),

[T <p|=[B3a € (0,1)/ 7 <ap+ (1 —a)ud)

and,

[Fa € (0,1)/ am+ (1 —a)ud < p] = [Fd € (a,1)/ .7+ (1 = a)ud < p].
(NDEG) = is not degenerate: 3m,p € Poss(S)) such that m = p.

In which case a weak integral representation of > is achieved via a Choquet
integral,

Vr,p € Poss(Q), mr p < /deﬂ > /pddﬂ
and

Vr € Poss(Q), mn~ (/ 7dB).0u, + (1 — /ﬂddﬁ).u%

In order to obtain a strong integral representation we adapt the axiom of inclu-
sion,

(INCL) Inclusion : For all A, B C Q,# 0, [u4 = u%] = [ud 5 ~ us]
and retrieve a representation through a normalized fuzzy set,

Vr,p € Poss(Q)), m¥x p < /Xdﬂ'd > /Xdpd = /Zdﬂ' < /de
and

Vr € Poss(2), 7w~ (1— /Zdw).éwl + (/ Zdr).u

where X is the normalized fuzzy set obtain via theorem 3.2 and Z is a normalized
fuzzy set defined by Z =1 — X.
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This statement holds since we can prove that [ Xdrn? = 1 — [(1 — X)dr holds
for any fuzzy set. And this gives a natural extension to fuzzy sets of the duality
equation: VA C Q,mé(A) =1 — m(A°).

Proof: Let 7 = Y7, j.ua,, with aq,...,0 > 0, &0 =1, Q D Ay 2
- 2A, # 0. We have,

[ xdart = [ Xd(> agn)

i=1
= Zai/XduAi
i=1

= Zai min X

. A

1=1
= 1+;ailr}‘1in(X—l)
- 1—;%%&}:&(1—){)

= 1- Zai/(l — X)duf,
- 1- /(1 - X)d(g ozt
= 1-— /(1 — X)dr
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