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Decision making over imprecise lotteries

Yann Rébillé *

Abstract

Since von Neuman and Morgenstern’s (1944) contribution to game theory, the
expected utility criterion has become the standard functional to evaluate risky
prospects. Risky prospects are understood to be lotteries on a set of prizes. In
which case a decision maker will recieve a precise prize with a given probability.
A wide interest on imprecise object has been developped since Zadeh’s (1978)
contribution to artificial intelligence, through the use of possibility function (see
Dubois Prade (1988)). In this setting a decision maker is uncertain about the
precise features of the object he is dealing with. A first step has been readily
made to rank imprecise objects in Rébillé (2005).

Our objective is to build a decision theory which deals with imprecise lotteries
i.e. lotteries on imprecise prizes, a typical situation encountered in Ellsberg’s
experiment (1961).

Keywords: non-additive measures, possibility theory, Choquet integral, deci-
sion making.
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1 Introduction

Since von Neuman and Morgenstern’s contribution to game theory ([23]), the
expected utility criterion has become the standard functional to evaluate risky
prospects. Risky prospects are understood to be lotteries on a set of prizes. In
which case a decision maker will recieve a precise prize with a given probability.
A wide interest on imprecise object has been developped since Zadeh’s ([24])
contribution to artificial intelligence, through the use of possibility function (see
[6]). In this setting a decision maker is uncertain about the precise features of the
object he is dealing with. A first step has been readily made to rank imprecise
objects in [17].

Our objective is to build a decision theory which deals with imprecise lotteries
i.e. lotteries on imprecise prizes, a typical situation encountered in Ellsberg’s
experiment ([7]). This theory uses intensively belief functions which trace back
to Choquet’s ([2]) and Revuz ([18]) seminal works on non-additive set functions.
However our approach does not contain any subjective treatement of beliefs as
in Shafer’s “Theory of Evidence” ([19]) or Smets “Transferable Belief Model”
([22]) and must be seen as a decision under (imprecise) risk.

The following section introduces the prerequiste material related to necessity
measures, belief functions and the Choquet integral. The third section contains
the central preferences representation theorem on imprecise lotteries. The fourth
section extends the theory to imprecise probabilities. Finally we focus on impre-
cise risk and Ellsberg’s paradox.

2 Notations, definitions

A set function v : P(Q) — [0,1] is a belief function if v(0) = 0,v(Q) =1, v is
monotone i.e. VA C B = v(A) <wv(B) and Vn € N\ {0}, VA,,..., A, C Q,

v(Ug— Ag) > Z (_1)|I|+1v(mk€IAk)
(L0£IC{L,...n}}

where |I| denotes the cardinal of I.

Let Bel(£2) denote the set of belief functions on .

For a belief function v defined on P(Q2), there is a unique decomposition of v
over elementary belief function given by the M&bius transform denoted m, (see
[1], [6], [8] [16], [19]) such that :

v="Y_ my(B).ug

B#0,CQ

where VB C Q,# 0, m,(B) > 0, X p4pcqmy(B) = 1 and up denotes an elemen-
tary belief function i.e. a unanimity game with support B defined by,

1, if BC A

VA C Qup(A) = { 0, otherwise



If B = {w} for some w € Q, up = ¢, is the Dirac measure at w.
An important (proper) subset of Bel(§2) denoted Nec(2) is the set of necessity
functions (see [6]), i.e., belief functions which satisfy

VA, B C Qv(ANB)=Min {v(A4),v(B)}

A typical example of necessity is given by elementary belief functions.

Let O be a set of objects. A lottery on O is a simple probability of the form
(pi, 03)ier for a finite set I and {p;} C (0,1] with Y;c;pi =1, 0, € O for i € I.
We denote the set of lotteries by Lott(Q). If a decision maker receives a lottery
(pi, 0i)icr it is understood that he will receive the object o; with probability p;.
A function U : O — R is termed an utility function.

The expected utility of a lottery (p;, 0;)icr is given by > ic;pi U(o;).

A binary relation = on X (i.e. =C X?) is said to be complete if for all x,y € X
we have x > y or x > y, transitive if for all x,y,z € X such that x > y and
y = z then x > 2. A weak order > on X is a binary relation on X which is
complete and transitive. As usual we shall write z > y for x > y and not(y » ),
x ~yforx>yandy> x.

A functional I : X — R represents the binary relation > if and only if for all
2,y in X it holds

vy e 1) > ()

The material introduced in the following subsections can be found in [15],
[17].

2.1 Choquet integral

Let S be a nonempty set and S a non-empty family of subsets of S.

We do not require this family to be an algebra nor to contain the empty set ()
or the unit S. Since our work will be devoted to the finite case we will assume
from now on that S is finite, thus S too. A set function v on S is a real valued
function v: § — R.

v is a monotone set function if for all (A, B) € §%,v(A) < v(B) whenever A C B.
If S € S, then v is normalized as soon as v(S) = 1. If morever () € S then v is a
capacity as soon as v(0)) = 0.

A function X : S — [0,1] is said to be S-measurable if for every ¢ € (0,1),
{s € S : X(s) > t} belongs to S, as usual for sake of brevity we denote the
weak upper level set by {X > t}. Bjg1)(S,S) will denote the set of S-measurable
functions taking values in [0,1]. This function space Bj(S,S) might not be
convex.

If v is a monotone set function defined on S, and X belongs to Bjy (5, S), the
Chogquet integral of X with respect to v (see [2]), denoted [ Xdu, is defined by

[ xdv = /01 o({X > )t



where the integral under consideration is an improper Riemann integral given by

/0 o({X > t))dt = 11{51/ o({X > t))dt

this quantity is well defined since the function v({X > .}) has finite range on
(0,1).

By construction as soon as v is monotone the Choquet integral [(.)dv becomes
a monotone functional i.e. VX,Y € Bjy1)(S,S),[X > Y] = [[ Xdv > [Ydv].
Let be X,Y € Bj11(S,S), X,Y are said to be comonotonic (compatible) if for
all (s,t) € 5%, (X(s) — X())(Y(s) =Y (t)) > 0.

A fundamental property of the Choquet integral is the one of comonotonic affinity
(see also [4], [13], [21]): VX,Y € Bj1(S,S), Va € (0,1),if a. X + (1 —a).Y €
Bio,11(S,S8) and X,Y are comonotonic then [a.X + (1 — «).Ydv = a. [ Xdv +
(1—a). [Ydo.

2.2 Necessity measures

Our concern in [17] was to rank necessity measures, therefore we exhibited a
decision criterion based on the Choquet integral to evaluate any necessity. Let €2
be a finite non-empty set. Let S and S be defined by Q and {A* : A # (0, A C Q}
where A = {B: A C B C Q} (where A" stands for the upset generated by A).
These sets of subsets of Q2 are known as (principal) filters (see [3]), we denote the
set of filters by F(€2).

A family F of subsets of €2 is said to be a filter if,
(1) 0¢gFQelF,
(it) VA,B,[A,Be F=ANBeF|,
(ti1) VA,B,[Ac¢ F,ACB= BeF|.

Now since (2 is a finite set it comes that any filter is principal i.e. A # () / F =
A", In particular if A = {w} for some w € Q) we retrieve an ultrafilter.

Proposition: Let v : P(Q) — R be a function. Then v is a necessity if and
only if v € Byp(Q, F(Q2)).

Let us recall that the notion of comonotonicity for necessities has been readily
introduced in [16] under the name of agreement for minitive set functions :

v,w agree if VA, B € P(Q2), (v(A4) —v(B))(w(A) —w(B)) > 0.

A significant property can be obtained which states that Nec() is conditionally
convex,

Proposition: Let v,w be necessities and o € (0,1) then v,w agree if and only
if v+ (1 — a).w is a necessity.

As a consequence of these propositions, given a monotone set function 3 defined
on F(€2) we can compute the Choquet integral of a necessity v with respect to
B, [vdB. And for all necessities v, w and « € (0,1) if v, w agree then,

/a.v+(1—a).wdﬂ:a/vdﬂ—l—(l—a)/wdﬂ



This object was the criterion which was used to rank necessities in order to obtain
a weak integral representation, that is for all necessities v, w:

v w = /UdﬂZ/wdﬁ

A further look at the Choquet integral of a necessity w.r.t. a monotone set
function 3 could be better elicited if # was better explicitated. One can notice
that the family F(€) possesses a nice property, which is of being stable by
intersection (since A* N B* = (AU B)" for A, B C Q).

This property suggests to consider the monotone set function § to be minitive
ie.
VA, B C Q,#0,3(A" N B") = min{#(A"), B(B") }

Since we are dealing with a finite universe the values of 3 can be fully explicitated.

For all A C Q,+# 0 it holds, A" = N ea{w}", letting u(w) = F({w}*) we have,
f(A*) = min u(w)

This last expression gives for the Choquet integral [(.)df a strong integral rep-

resentation which is:
/ vdf = / udv

The functionnals Nec(Q2) : v — U(v) = [vdf, [udv € R are the utility func-
tions we are seeking in order to achieve our decision theory on Lott(Nec(f2)).

3 Decision making over imprecise lotteries

In this section we provide an axiomatization of preferences that can be repre-
sented through an expected Choquet integral. We consider a decision maker who
has to rank imprecise lotteries i.e. elements in Lott(Nec(f2)).

A typical element of Lott(Nec(§2)) will be written in the following manner
v = (ps, vi)icr where I a non-empty finite set, {v;};c; C Nec(2), {p;}icr C (0,1]
and Y ,c;p;i = 1. Now we shall state some axioms that the binary relation > may
fulfill.

(WO) = is a weak order.

(MON) Monotonicity: Y{v; }icr, {w; }ier € Nec(2),¥{p; }icr C (0, 1] with > ;c;pi =
L [Vi € I,v; > wi] = [(pi, vi)ier = (Pis wi)ier]-

A weaker version is the following

(WMON) Weak Monotonicity: Yv,w € Nec(Q),v > w = (1,v) = (1,w).

This axiom insures that the decision maker always prefers precise objects.
(CMP) Composition: V{v;}ier C Nec(Q),v] € Nec(Q),V{p;}icr C (0,1] with
Yierpi =1, Va € (0,1), ifvi, vy agree then (p1, ovi+(1—=a)vi; pa, va; . . .5 Pp, ) ~
(api, 15 (1 — @)p1, v1; P2, V25 - - -5 Puy Un) -



In particular if 7 = {1} then the composition axiom states that (1,.v + (1 —
a).w) ~ (o, v; (1 — «),w) as soon as v, w agree.

The composition axiom is of fundamental importance since it allows one to
resume all information contained in an imprecise lottery into a belief function.
Let (p;, v;)ie; be an imprecise lottery, from the Moebius transform formula there
are for all i € I some unique {(aj, A})}jes, with of > 0, Yjes 0 = 1 and
0 # A CQ, A ;A; for j' < j such that v; = ¥, a;.uAj. Applying the
composition axiom successively gives
(p1,v1;-.5p,01) = (p1, Z OZJI'-UA;; -5 DI, Z CVJI--UAJI,)

Jje Jjedr

1 . . 1 . . I . . I
~ (plalvuA}a s 7p104J17uA},17 s aplalvuA{7 s aplaquA{”)

Now if we gather the A;’s which appear more then once we retrieve the Moe-
bius transform of the belief function v = >~;c; p;.v;.

It turns out that if (p;,vi)ier, (¢;,w;)jes are imprecise lotteries such that
Yic1 Pivi = X jey q;w; then since they admit the same Moebius transform they
should be deemed equivalent.

(IND) Independence: V{v;}icr, {w;}jes, {xx}trex C Nec(Q), Y{piticr, {ak}ies,
{rk}keK C (0,1] with Yje1pi = Xjes @ = Zker Tk = 1, and Ya € (0,1)
if (Disvi)ier ~ (gj,wj)jes then
(api,vi;...;apr v (L= a)r, o5 (1 — a)rg, k)
~ (aq,w;..;aq,wr (T—a)ry x5 (1 — @)rg, o)

In particular if for all (4, j, k), v;, wj, z; are Dirac measures we retrieve the
standard independence axiom for lotteries, since we can identify w with d,,.

(ARCH) = is Archimedean: Yv,w € Nec(f),

[(1;;]) < (L,w)] = [Fa € (0,1)/ (1,v) < (o, w; 1 — a, uq)]

[3 oz € (0,1)/ (,w;1 — a,ug) < (1,v) 2 (1,w)] = [ € (a,1)/ (&/;w;1 —
o ug) <X (1,v)]

This archimedean axiom is rather inocuous since it does not invoque any conti-
nuity assumptions on the preferences as is it could be done on the infinite prize
spaces Nec(£2) (see [11]).

The last axiom is standard,

(NDEG) » is not degenerate: Iv,w € Lott(Nec(S2)) such that v > w

3.1 Weak integral representation of preferences

Theorem 3.1 Let > be a binary relation on Lott(Nec(Q)), if = satisfies (WO),
(WMON), (CMP), (IND), (ARCH), (NDEG) then there exists a monotone set
function 3 : F(Q2) — [0, 1] such that for all v,w € Lott(Nec()):



VW o= sz/vzdﬂ>2qj/w]dﬂ

el J1€J

Moreover there is an wy € Q such that for all v in Lott(Nec(2)),

v (i [ 0B 601 = S pi [ vidBuo)

i€l i€l

and f({wi}") = 1, 5({Q}) = 0.

Conwversely, if the binary relation is represented by an FExpectation of Choquet
integrals with respect to a monotone set function [ : F(2) — [0, 1] such that
B{Q}) =0 and B({w1}*) =1 for some wy € §2 then = satisfies (WO), (WMON),
(CMP), (IND), (ARCH), (NDEG).

We have achieved an expected utility representation Y ;c; p;U(v;) of any imprecise
lottery v where the utility function is computed through a Choquet integral

U(v) = [vdf.

In particular if v; = 6, for all i € I then the (precise) lottery v has for evaluation

sz/vzdﬂ sz/(sw,dﬂ szﬂ {Wz} Zpiu(wi)

el el 1€] 1€l

the last expression being the standard utility expectation of the lottery (p;, dw, )ics-

Proof: The converse is immediate.
In order to prove the first part of the theorem let us introduce an auxilliary
relation >* on Nec(2) defined in the following manner: Yv,w € Nec(f),

vt w = (1,v) = (1,w)
Now using Theorem 3.1 in [17] will give the desired result. Let us first recall the
axioms involved, superscripted by a star.
(WO*) =* is a weak order.
(MON*) Monotonicity: Yv,w € Nec(Q),[v > w] = [v =* w].

(AGR*) Agreement: Yu,v,w, € Nec(Y), Va € (0,1) if u,w agree and v, w agree
then [u ~* v] = [au+ (1 — a)w ~* a.v+ (1 — @)w].

(ARCH*) = is Archimedean: Yv,w € Nec(2),

[v<*w]=[Fae (0,1)/ v < aw+ (1 —a)ug)

and,

[Fa € (0,1)/ aw+(1—a)ug <*v 2*w] = [Fd € (o, 1)/ / w+(1—a').uqg <* v]
(NDEG*) = is not degenerate: Jv,w € Nec(2) such that v >=* w

Theorem: Let »=* be a binary relation on Nec(QY), if =* satisfies (WO*),
(MON*), (AGR*), (ARCH*), (NDEG*) then there exists a monotone set func-
tion B : F(Q) — [0, 1] such that for all v,w € Nec(2):



vt w = /vdﬂZ/wdﬂ
Moreover there is an wy € Q such that for all v in Nec(Q),

v~ ( / vdB).6,, + (1 — / vdf).uq

and f({wi}") =1, 5({2}) = 0.

Conwversely, if the binary relation is represented by a Choquet integral with respect
to a monotone set function [ : F(Q) — [0,1] such that F({Q2}) = 0 and
B{wi}*) = 1 for some wy € Q then =* satisfies (WO*), (MON*), (AGR*),
(ARCH*), (NDEG*).

Let us verify that the preference relation »=* derived from > satisfies (WO*),
(MON*), (AGR*), (ARCH"*), (NDEG*) as soon as = fulfills (WO), (WMON),
(CMP), (IND), (ARCH), (NDEG).

(WO*), (MON*) are straightforward to check.

(ARCH") follows from (ARCH) and (CMP) for I = {1}.

Let us check that (NDEG*) is satisfied. Assume on the contrary that Yv,w €
Nec(Q),v ~* w or equivalently (1,v) ~ (1,w). Let (p;,vi)ier, (g, w;)jes €
Lott(Nec(2)) then (IND) entails (p;,v;)ier ~ (L,v1) ~ (1,wy) ~ (g5, wj) e,
thus (NDEG) is not satisfied.

Finally let us check that (AGR*) is satisfied.

Let u,v,w, € Nec(Q),a € (0,1) where u,w and v, w agree with u ~* v. Since
(1,u) ~ (1,v) by (IND) we have (o, u; 1—a, w) ~ (o, v; 1—a, w), and (WO),(CMP)
entail (1, cu+ (1—a)w) ~ (o, u; 1 —a,w) ~ (o, v;1 —a,w) ~ (1,v+ (1 — @)w)
that is au + (1 — a)w ~* av + (1 — a)w, so (AGR) is fulfilled.

*

From the first part of the theorem there exists a monotone set function [ :
F(Q) — [0,1] with ({2}) = 0 such that for all v,w € Nec(Q):

(1,v) » (1,w) <= /vdﬁ > /wdﬁ
and there is an w; € 2 such that f({w;}*) = 1 and such that for all v in Nec(2),

(1,0) ~ (1, (/ vdB).6,, + (1 — /vdﬁ).uQ)

Now since 4, , ug agree, (CMP) entails

(1,v) ~ (/ vdf, 0,51 — /vdﬂ, uq)

Let v = (p;, v;)ier € Lott(Nec(R2)), we shall prove by induction that

v~ (Zpi/vid575w1; 1 - Zpi/vidﬁ, Uugq)

i€l i€l



Without loss of generality let us assume that I = {1,...,n} for some n € N\{ 0}.
Since Vi € I, (1,v;) ~ ([v;dB3,0,,; 1 — [v;df3,uq), (IND) entails for i = 1,

v~ (pl/vldﬂ, dwrsp1(1 — /U1d5)aua;p2,v2,~~~;pn,Un)

Assume for k < n the following:
k k
Vo~ (Zpi/vidﬂ76w1;2pi(1 - /Uidﬂ)vuﬂ;pk-l—lavk-l—l;---;pnavn)
=1 =1
since (1, v11) ~ (Jvk1df, 00y 1 — [vp1d B, uq), (IND) entails
k k
Vo~ (Zpi/vidﬁ, Gurs D pi(l —/vidﬁ),umpkﬂ,vkﬂ;---;pn,vn)
i=1 i=1

k k
~ (Zpi/vidﬂa b > pi(l —/Uz'dﬂ),uﬂ;

Pk+1/vk+1d5, s D1 (1 — /Uk+1d5)auﬂ;~~;pmvn)
k+1 k+1

= O pi/vidﬁ, by Y pi(1— /vidﬁ),umpm,vm;---;pn,vn)
=1 =1

We have proved that it holds also for £+ 1, now by induction we have the desired
result.
It remains to prove that for all v,w € Lott(Nec(Q)):

VW = Zpi/vidﬁZqu/wjdﬂ

il =

Let v,w € Lott(Nec(?)), then v = w <=

(Yicrpi [ vidf, 00,51 — Yicr vi [ 0:id 3, ug)

=
(Z]EJ q; f ZUjdﬁ7 60.11; 1— Z]EJ q; fw]dﬁ7 UQ)
— ,by (CMP)
(1, (Zie[pi fvidﬁ)(swl + (1 — 2ierDi f”z’dﬁ)uﬂ)
=
(17 (ZJGJ q; f wjdﬁ)(sun + (1 - ZJGJ q; f wjdﬁ)uﬂ)
— , by (MON)

—~

(Xier pi [ vidB)bu, + (1 = Xicr pi [ vidB)uq

v

(Xes @5 JwidB)ow, + (1 =X ,c; g5 [ widB)ug
—

YierDi JvidB > Y ey q; [ widB
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The set function § can be seen as a utility set function u defined on P(2)\ {0}

where V 0 # A C Q,u(A) = B({A}*). We provide now a justification for this
terminology.
Let 0 : F(©2) — R be a set function or putted differently 5 € R7®. Since
F(Q) = {A*: 0 # A C Q) has cardinality 2!/ — 1 we can see R”(? as a finite
dimensional real vector space, therefore we shall exhibit a basis on this vector
space and this will provide a natural decomposition for (.

Let A C Q,# 0 and define the unanimity game with support A% , u4. on
F(Q) through
u o _ J 1, if A C B" or equivalently B C A
VB" € F(Q), uan(BY) = { 0, otherwise

We can prove that the family {u4u}azp provides a linear basis for R” @),

Proof: Let {A\a}azp C R such that 3, Aause = 0 we shall prove by induc-
tion that Ay = 0 for all A # ().

We have 0 = 3= 429 Aauau(Q") = Aa.

Assume for 1 < k£ < || that A4 = 0 for all A such that £ < |A| < [9Q].

We shall prove that Ay = 0 for all A such that |A] =k — 1.

Let Ag such that [Ag| =k — 1.

We have 0 = 349 Aatau(AF) = Caagca A = Laagcaaza, A+ Aay = Aag,
by induction hypothesis.

Now since there are 212l — 1 elements in {u4. : A # (}}, they form a linear basis.

0

Now for any set function § there are unique coefficient {X 4} 4.9 C R such that

/8 == Z XAUAu
AZD

The set function u(B) = S(B") = > 4.455 X4 can be seen seen as a commonality
function in evidence theory (p.40 in [19]).

In particular given u, 3 the {X4}4-2p C R can be retrieved through the inversion
formulas: Vay,...,ax € Q

Xo\{ar,ax} = > (—1)K_|I| w(Q\ {a; :i € I})

0crc{i,...K}

Proof: We shall procede by induction. For K =1 it holds since Xq = u(f).
Assume it holds for 1 < K < || we shall prove that it holds for K + 1.
We have

> Xp = > Xo\{a;siel}

B:Q\{a1,...ax4+1}C,#B LIC#{a1,....aKx+1}
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= > > (=)= (@ \ {a; : i € J}), by induction hypothesis

I:IC#{a1,...ax4+1} 0CJICI

= > > (—DH=Pl @\ {a; : i € J})

0cIJCH#{ar,....axy1} [:JCICH#{a1,....ax+1}

- > u(Q\ {a;: i€ J}) > (—=1)HI=1]

0cJC#{a1,....ax+1} IJCIC#{a1,..aK+1}
but,

3 (=)= = > (=) = —(—1)I=E+D)
I.JcIC#{ai,....,ax+1} L:0CLC,#{a1,..ax+1}\J

from Newton’s binomial formula, so

> Xp = > (=) K= y(Q\ {a; i € J})

B:O\{a1,..,ax+1}C,#B 0cJCc#{a1,....ax+1}
and finally
XQ\{al,...,aK+1} = U(Q \ {ab ) CLK+1}) - Z Xp

B:0\{a1,...ax4+1}C,#B

= > (—D)EH=Py(Q\ {a; : i € J})

bcJc{l,..K+1}

0

We can now specify the conditions under which 3 becomes a monotone set
function. A necessary and sufficient condition for that § to be monotone is that
for all B C Q,# () and for all w ¢ B, 3(B*) > p((BU{w})"), since for B, D C Q
with B C D, there are wy,...,wxg € € such that D = BU {wy,...,wk}. So
B" D> (BU{w})* D ... D D". Now we can re-write the monotonicity condition
through the linear combination:

B(B*) = B((BU{w})")

—
> Xauau(B") > Y7 Xauau((BUA{w})")
AZ£D AZ£D
—
Yo Xu> > Xa
A:ADB A:ADBU{w}
—
> Xa>0

A:ADB WA
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A family {Xa}azp C R satisfying the previous condition will be termed a
basic utility assignement. Let vy = ;7 piv; be the belief function associated to
an imprecise lottery v = (p;, v;)ie;. Theorem 3.1 can be restated in the following
manner

Theorem 3.2 Let = be a binary relation on Lott(Nec(R2)), if = satisfies (WO),
(WMON), (CMP), (IND), (ARCH), (NDEG) then there exist basic utility as-
signement {Xa}azp C R with Xq = 0 such that for all v,w € Lott(Nec(Q2)):

VW = Z Xavy(A) > Z X avw(A)
AZED AZD

Moreover there is an wy € Q such that for all v in Lott(Nec(S2)),

Ve (YD Xave(A4), 0051 = D Xave(A), ug)
A#D A

and ZA;&@:L(MEA XA =1.
Conversely, if the binary relation is represented by an Fxpecteted basic utility as-
signement then = satisfies (WO), (WMON), (CMP), (IND), (ARCH), (NDEG).

In particular if v = (p;, 0y, )ics We retrieve the standard expected utility func-
tional. Since in this case vy = Y_,c7 pidy,;, and the evaluation becomes

ZXAUV(A) = ZXAszdwz(A)

A£) A0 il
= D i) Xadu,(4)
i€l A£D

= > p >, Xa

el A:w; €A

= ZPN({%})

el

Proof: From Theorem 3.1 there is a utility set function 3 such that any lottery
v has for evaluation Y, c;p; [ v;dB. The utility set function can be uniquely
decomposed into a basic utility assignement { X} 49 through 8 = 3 44 Xauau.
Now the evaluation becomes

Zpi/%’dﬂ = Zpi/%’ d[> Xaua]

€] el AA£D

:szZXA/UZdUA“ :ZPZZXA IHf{UZ(B)B € Au}

1€ A#£D 1€ A#Q

=> i >, Xavi(4) = > Xu[ Y pivi(A)] = D Xavy(A)

€l A£D AZ£D el A0
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One can interprete the role of the belief function v, deduced from the imprecise
lottery v = (p;, vi)er as follows. Assume we have to give a confidence measure
for a set A C 2. Then the decision maker faces a random imprecise interval
(pi, [vi(A), v3(A)])ics which is deemed equivalent to the (deterministic) imprecise
interval [vy(A), vZ(A)]. The latter imprecise interval is seen as a mean imprecise
interval since,

[ov(A), v5(A)] = [Zier pivi(4), Dier piv(A)] = T pilvi(A4), v (A)]
where the standard convex structure on Z([0,1]), the set of closed interval in
[0, 1] is defined through afa,b] + (1 — a)c, d] = [aa+ (1 — a)c, ab+ (1 — a)d] for
a € 10,1],[a,b],[c,d] € Z(]0,1]) (see [12]).
The final step that decision maker performs is to compute a weighted average of
the mean imprecise interval through a subjective family of weights {X 4} 4.

We now obtain as a corollary a representation result involving a utility set
function (see [14] for a similar functional but in a different setting),

Corollary 3.1 Let = be a binary relation on Lott(Nec(S?)), if = satisfies (WO),
(WMON), (CMP), (IND), (ARCH), (NDEG) then there a (antitone) utility set
function assignement v : P(Q) \ {0} — [0, 1] with w(Q) = 0 such that for all
v,w € Lott(Nec(Q)):

view <= Y m, (B)u(B)> Y m,,(B)u(B)
B#0 B#0

Moreover there is an wy € Q with u({w,}) = 1 such that for allv in Lott(Nec(2)),

v~ (D My (B)u(B), 0,51 = Y my, (B)u(B), ug)
B#D B#0

where {m,,, (B)}pzp are the Moebius coefficient of the belief function vy.
Conwversely, if the binary relation is represented by an Expecteted utility set func-
tion then = satisfies (WO), (WMON), (CMP), (IND), (ARCH), (NDEG).

It becomes apparent that if v = (p;, d,, )icr we retrieve the standard expected
utility functional. Since in this case vy = > ;c; pidw, and the Moebius inverse is
given by

VB C Q,# 0,m,, (B) = { 0, otherwise

Proof: From Theorem 3.2 there is a basic utility assignement {X,}az9 C R
with Xq = 0 such that v has for evaluation

> Xavy(A) =D Xa > my, (B)ug(A)

A#D A B#0



14

= > (B) 32 Xaup(A) = 3 mu,(B) 3 Xa

B0 A£D B#0 A#0,BC A

=3 m,, (B)B(B") = 3 my, (B)u(B)

B#D B#D

3.2 Strong integral representation of preferences

In this subsection we specify the utility set function in order to obtain a utility
function, for this we introduce an inclusion axiom which relates to the combina-
tion of imprecision (see [17] for a justification).

(INCL) Inclusion : For all A,B C Q,# 0, [(1,ua) = (1,up)] = [(1,uaup) ~
(L,up)].

We are now able to state our preference representation theorem,

Theorem 3.3 Let = be a binary relation on Lott(Nec(2)), if = satisfies (WO),
(WMON), (CMP), (IND), (ARCH), (NDEG) and (INCL) then there exists a
utility function u: Q — [0, 1] such that for all v,w € Lott(Nec(f2)):

VW /udvvz/ude

Moreover there are wi,wy € Q with u(wy) = 1,u(wy) = 0 such that for all v in
Lott(Nec(R2)),

vV~ (/u dvv,éwl;l—/u dvy, uq)

Conversely, if the binary relation is represented by a wutility function then >
satisfies (WO), (WMON), (CMP), (IND), (ARCH), (NDEG) and (INCL).

Proof: The proof follows directly from Theorem 3.1 and Theorem 3.2 in [17]
and the linearity of the Choquet integral with respect to set functions. (]

One can see know that the utility function is in fact reconstructed through
basic utility assignement in a simple way.
Let {wk}0§k§|g| be an enumeration of  where wy = w° and w; = w!® such that
0=u(w) <... <uwk)... <uW =1.

The Choquet integral of w with respect to > ,c; piv; is given by

1

/u dvy = > (u(wk) — u(W* v, ({wk, ..., wl}) = 3 Xve(A)

k=0 A#D
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where

w(wk) —u(Wh 1), if A= {w* ... W%}
0, otherwise

VAyé@,cQ,XA:{

4 Imprecise probabilities

Our aim now is to extend our results to a wider set then Lott(Nec(2)), the
set of imprecise probabilities. For this matter we will endow Nec(€2) with a
o-algebra carefully chosen. Our construction follows the line of Revuz’s ([18])
seminal contribution dealing with abstract spaces.

Let < be the o-algebra generated by the upper sections [v, —) for v € Nec(12),
where [v, =) = {V/ € Nec(Q) : v < V'}. The objects that a decision maker will
have to rank now are probabilities on the measurable space (Nec(Q2),¥<), let
M(Nec(Q2),X<) denote the set of probabilities.

Let p € M(Nec(9),¥<) we can associate a set function v, in the following
manner:

VAC Q) = [ oatdn(v) = [ il =

where @ 4(v) = v(A) for all (A,v) € P(Q) x Nec(Q).
In particular if 4 = v is an imprecise lottery, then VA C €2,

0u(A) = /N oy PADN i)

el

/Nec(Q) ddvl ZPZSDA UZ szvz = Uy A)

el el el

The set function v, is well defined since,

Lemma 4.1 VA C Q, the mapping v 4 is X< -measurable (in the usual sense).

Proof: Let A C €2, we have

[tua + (1 — t)ug, —), ifte€0,1]
{oa >t} =1 Nec(Q), ift <0
0, ift>1

Proposition 4.1 For all p € M(Nec(Q),X<), v, is a belief function on .

Proof: That v, is a capacity is clear.
Let t € (0,1) and Ay,..., A, C Qand I C {1,...,n},# 0. We have,
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{oma, >t} = {ve NecQ):v(nA) >t}
N{v € Nec(Q) : v(A;) > t}, since the v ’s are necessities

From Poincaré’s equality we have,

> ()M un{ea > 1)) = p(UL {pa > 1))
{TOAIC{1, )}

< p{eon 4 > t})

since U (i, 2 1} © {pun,a, = 1)
Now integration on (0, 1) gives,

Z (_1)|I|+1vu(mieIAi) < %(U?zlAi)
(I:0£1C{1,...n}}
0

Conversely to any v € Bel({) we can associate an imprecise probability u, €

M(Nec(Q2),X<):

Va € X<, py(a) = ZB;ﬁ(/),cQ:uBea my(B)

Le. p, = 2 B40,CO m,(B) Oug
where the {m,(B)}pxp.cqo are the Moebius coefficient of v given by the Moebius
decomposition.

One should pay attention that pu, is not the standard Moebius transform of
v. The standard Moebius transform of v denoted @, is defined ([8]) on the finite
o-algebra P(P(Q2)/{0} through

Va C P(Q)/{0}, ®,(a) = > my(B) ds(a)

B#0,CQ

and

VA CQ, v(A)=3,({B:0+£BcC A}

Our f, is defined on X< which is an infinite set.

Theorem 4.1 For all v € Bel(Q), v,, = v. Moreover i) is one to one and v,
15 onto.

Proof: Let v € Bel(§2). By construction the mapping v, is affine, thus
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Vo = U3 Ly camu(B)oug = Bgm mv(B)UauB

It suffices to prove that vs, = up for all B # (), C §, which entails v,, =
Y 0.coMy(B)up = v.

For A € Q, v, (A) = I3 0wy ({pa > tY)dt. Let t € (0,1), now 6, ({oa >t}) =1
if and only if up € {pa > t} if and only if ug(A) > ¢, but since ug(A) € {0,1}
this equivalent to up(A4) = 1. So v, (A) = up(A).

That p) is one to one and v is onto are immediate consequences of v, , = (.)
on Bel(f2).

However we should remark that v( is not one to one. For instance let () # A;B C
Q then for o € (0,1) we have Vabu g +(1=0)u; = Ybns 4 (1ayuy = QUA T (1 - a)ug.
We can also remark that j( is not onto since for all v € Bel(Q), p, € Lott(Nec(S2))
S M(Nec(Q),X<).

4.1 Weak integral representation of preferences

Thanks to the material previousely introduced we can use the natural connection
between imprecise probabilities and belief functions.

(MCMP) Moebius Composition: Yy, ' € M(Nec(Q2),2<),v, = vy = p~ i

or equivalently

Vi€ M(Nec(2),5<), i~ i,
as soon as ~ is transitive.
Indeed, let i, i € M(Nec($2),X<) such that v, = vy we have p ~ i, = p,, ~
p'. Conversely, let € M(Nec(2),X<) then (v,) = vy, from Theorem 4.1,
thus 1~ pi,)-
The axiom (MCMP) is an extension of the composition axiom (CMP) to
M(Nec(Q),2<). Let {v;}ier C Nec(2),v) € Nec(Q2) where vy, v} agree, {p;}icr C
(0,1] with 3>,c;p; = 1 and « € (0,1), then

_ !
Upléavl+(l_a)v/l+p25v2+...+pn5vn = ap1Y + (]- - Oé)pﬂh + D2U2 +...+ PnUn

’Uaplévl +(1—a)p15v/1 +p20uy +.oFprduy,
so by (MCMP),

(p1, vy + (1 — @)vy; P2, V25« 25 Pny Un) ~ (apr, v; (1 — @)py, V13 D2, Va5 - -3 Dy V)

Theorem 4.2 Let = be a binary relation on M(Nec(Q2),X<), if ~ is transitive
and if = satisfies (WO), (WMON), (IND), (ARCH), (NDEG) and (MCMP)
then there exists a monotone set function 3 : F(Q) — [0,1] such that for all
p, i € M(Nec(2),X<):
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pmp = 1> 1y

= [, o 79 dn)

Moreover there is an wy € Q such that for all 1 in M(Nec(2), <),
(I 50.117 Il“ UQ)

where

and G({en}") = 1, 6({2}) = 0.

Conversely, if the binary relation is represented by an FExpectation of Choquet in-
tegrals with respect to a monotone set function B : F(2) — [0,1] such that
B{Q2}) = 0 and B({wi}") = 1 for some wy € Q then = is a weak order
on M(Nec(2),X<) which satisfies (WMON), (IND), (ARCH), (NDEG) and
(MCMP).

In particular we retrieve the functional obtained in Theorem 3.1, since for p = v

we have:
L = / / dﬂ E pz s
Nec(Q) g l

1€]

— sz/ » /ydﬁ sz/vidﬁ

1€] 1€1

Proof: The converse is straight forward.

If we restrict the preference relation to the set of imprecise lotteries via Theorem
3.1 there exists a monotone set function 8 : F(Q) — [0, 1] with S({Q2}) = 0
and w; € Q satisfying 3({w;}*) = 1, such that for all v,w € Lott(Nec(Q)):

VW o= sz/vzdﬁ>2qj/w]dﬂ

1€l 1€J

v (S [0dB,dui1= i [ vidduo)

€] 1€l
Let p € M(Nec(2),3<), by (MCMP) we have ji ~ i, .
Now v, = Y p29,co M, (B)ug, thus fi,, = > pp.co My, (B)duy, € Lott(Nec(S2)).

So
p (S m(B) [updBusi— 3 mu,(B) [updd,uo)

B#0,CQ B#0,CQ
We can also compute the Moebius inverse of v,, let B C €2 we have

mv#(B) = Z(_1)|B|_|T|UM(T)

and

TCB
= —1)IBI=IT v(T)du(v
S [ D)
= DTl (T dp(v
/NemecB (T)dpu(v)

_ /N oy B))
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and m()(B) is Y<-measurable as a finite sum of (—1)BI=ITI()(T)’s which are
Y <-measurable. Now

B%CQ mv#(B)(/ updf) = B%CQ[ Neo(S) m,(B) d,u(y)](/ updf)
- B)( [ updfB) du(v

B?%CQ[ NGC(Q) my( )(/ B) dp(v)]

- mu UBd du(v

freainl, 2= B usd)] du)

This last formula can be rewritten

— [ > m,(B /quﬂ] du(v) = /Nec(Q)[/ vdf] du(v)

Nec(Q) pp o

since for all v € Nec(Q2) the set {B : m,(B) > 0} is finite and is a nested family
of subsets, the elementary beliefs {ug}p with m,(B) > 0 agree thus

> m(B /UBdﬂ /Z m,(B)updf = /ydﬂ

B#0,CQ B#0,CQ

We have established that for all 4 € M(Nec(2),X<)
(I 50.117 Il“ UQ)

where I, = [y.cq)(J vdpB) du(v).
It remains to show that Iy represents the preferences. Let u,p' be imprecise
probabilities, then

(L, 0wy; 1 — Iyyuq) = (L, 0uwy; 1 — Iy, uq)

(1, 1,00, + (1 — I, )uq) = (1,10, + (1 — Iy)ug) , by (MCMP)
16y, + (1 —1)ug > 1y6y, + (1 — Iy)ug , by (WMON)
I,>1,

po

1117

The last theorem can be simply restated with basic utility assignement.

Theorem 4.3 Let = be a binary relation on M(Nec(Q2),3<), if ~ is transitive
and if = satisfies (WO), (WMON), (IND), (ARCH), (NDEG) and (MCMP)
then there exist basic utility assignement {Xa}azp C R with Xq = 0 such that
for all p, ' € M(Nec(2),X<):

pomp = 1, > 1y
where

I, = Z Xavu(A)
AF#D
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Moreover there is an wy € Q such that for all p in M(Nec(2),X<),

o~ (IIM 50.11; 1-— I/“ uﬂ)

and 3 4xpwea Xa = 1.

Conwversely, if the binary relation is represented by an FExpecteted basic utility
assignement then > is a weak order on M(Nec(Q2), X<) which satisfies (WMON),
(IND), (ARCH), (NDEG) and (MCMP).

Proof: From Theorem 4.2 and the decomposition of the set function 3 we have,

e = o vd0) dntv)
- /Nec(m > Xav(4) du(v)

AZD

= Y X[ w(4) du(w)

AZD Nec(Q)

= Z Xavu(A)

A#D
0

An interpretation similar than for imprecise lotteries can be given. Let A C €.
Then the decision maker faces a random imprecise interval [v(A),v?(A4)] on
d

(Nec(Q2), X<, ) which is deemed equivalent to the imprecise interval [v,(A4), v} (A)].

The latter imprecise interval is seen as an expected imprecise interval since,

() i) = [ (D, |

Nec(Q)

VU A)dp) = [ (), v (A)d

Nec(Q)

where the mean of a random closed interval in [0, 1] with respect to a measure
m on (Y, B) is defined through

[ law),bw)ldm(y) = [ aty)dm(y), [ b(y)dm(y)]

where a,b are B-measurable functions taking values in [0, 1].

And similarely we can restate Corollary 3.1 with m,, instead of m,,.

Corollary 4.1 Let > be a binary relation on M(Nec(),X<), if ~ is transitive
and if = satisfies (WO), (WMON), (IND), (ARCH), (NDEG) and (MCMP)
then there a (antitone) utility set function assignement u : P(Q2) \ {0} — [0, 1]
with w(Q) = 0 such that for all p, ' € M(Nec(Q),X<):

pom == 3w, (B)u(B) > Y my, (B)u(B)
B#0 B#0
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Moreover there is an wy € Q with u({w1}) =1 such that for all imprecise proba-
bility p,

p~ (D0 my, (B)u(B), w1 — > my, (B)u(B), ug)
B#0 B#0

where {m.,, (B)}pzo are the Moebius coefficient of the belief function v,.
Conversely, if the binary relation is represented by an Exrpecteted utility set func-
tion then > is a weak order on M(Nec(2), ¥<) which satisfies (WMON), (IND),
(ARCH), (NDEG) and (MCMP).

4.2 Strong integral representation of preferences

Theorem 4.4 Let = be a binary relation on M(Nec(2),X<), if ~ is transi-
tive and = satisfies (WO), (WMON), (IND), (ARCH), (NDEG), (MCMP) and
(INCL) then there exists a utility function u : Q — [0,1] such that for all
p, € M(Nec(Q),X<):

pmp = Ly > 1y

where
I, = /udv”

Moreover there are wi,wy € Q with u(w,) = 1,u(we) = 0 such that for all u in
M(Nec(2),X<),
o~ (Iuv 5w1; 1-— Imuﬂ)

Conversely, if the binary relation is represented by a utility function then > is
a weak order on M(Nec(Q2),X<) which satisfies (WMON), (IND), (ARCH),
(NDEG), (MCMP) and (INCL).

Proof: From Theorem 4.2 and Theorem 3.2 in [17], there exists a utility func-
tion u : Q — [0, 1] where u(w;) = 1, u(wy) = 0 for some wy,wy € €, such that
for all p € M(Nec(Q2),X<)

o= [ o ) ()

Now since u has finite range, there are some a; > 0 with > ; a; = 1 and some
A; CQwithw € Ay Z...5 Ap # wo such that u = 37, a;ll4,, where 1,4 denotes
the indicator function of the set A. We have,
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= Xn:aiv“(Ai) = /udvu

=1

5 Applications

5.1 Imprecise risk

Let S be a non-empty finite set, the set of states of the world and C be the set
of consequences, which is also finite. A member of C° is termed an act. Let
Q) =5 x C. This set is clearly finite.

The decision maker has to rank acts X for any given information structure
(S,P(S),v) where v € Bel(f2). A couple (X,v) is termed a partially proba-
bilized act.

Now to a belief function v and an act X we can associate through the Moebius
coefficient an imprecise lottery,

(mv (B)7 Uf(s,X(s)): sGB})B:mv(B)>O

If the sets B such that m,(B) > 0 are singletons we retrieve a standard probabil-
ity distribution since in that case any probability distribution (P({s}), X(s))ses
can be identified through

(P({s}),0(s,x(s))ses = (P({8}), u(s,x(s)))ses

since mp({s}) = P({s}) for all s € S and mp(B) = 0 if B is not a singleton.

We consider a decision maker who has a preference relation = on Lott(Nec(S2)).
Let us assume that its preferences satisfy the axioms of Theorem 3.3, then there
exists a utility function U :  — [0, 1] such that any partially probabilized act
(X, v) is evaluated through

S mu(B) / U dugsxiyeny = 3. mo(B) Min{U(s, X(s)) : s € B}

B#0,cQ B#0,CQ

If furthermore the preferences of the decision maker are state-independent i.e.
satisfy Vs, s’ € S, ¢ € C,(cg,05) ~ (cg,0y) where cg(s) = ¢ for all s € S; then
the utility function U becomes state-independent i.e. U(s,c) = U(s',c) for all
s,s' € S,c € C and the evaluation becomes

S my(B) / U dugsxopysesy = 3. my(B) Min{U(X(s)) : s € B}

B#0,CQ B#0,CQ

—/U d[va Jug] /U

B#0,CQ
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we retrieve the Choquet utility expectation of the act X with respect to the
belief function v.

Particular cases are of interest, if v = P is a probability defined on (S, P(S))
then we get the standard utility expectation, [U(X) dP.

If v = ug is the trivial belief which represents complete ignorance then we get
the maxmin utility criterion, [U(X) dug = Min{U(X(s)) : s € S},

The Choquet expected criterion [ U(.) d(.) possesses some nice monotonicity
properties.
Properties: Let X,Y be two acts. The following statements are equivalent:
(1) U(X(s)) > U(Y(s)) foralls € S,
(17) For any information strucure (S,v) the partially probabilized act (X,v) is
prefered to (Y, v).
Let (S,v), (S,w) be two information structures. The following statements are
equivalent:
(7i1) v is more informative than w i.e. v > w,
(1) for all act X the partially probabilized act (X, v) is prefered to (X, w).

Proof: ((i) = (ii)) and ((i74) = (iv)) are immediate.

((#) = (7)) follows from U(Z(s)) = [U(Z) dv when v = 05,55 for Z = X, Y.

((iv) = (4i1)). Pick ¢, 1 € C such that U(cg) < U(ey). Let A C S and define
Xa = alg + collge. We have, [U(X4) dv = Uley) + v(A)(U(cr) — Uleo)) >
Uleg) +w(A)(U(cr) — Uley)) = fU(X4) dw so v(A) > w(A). 0

Notice that a maximal element in Bel({2) according to the ordering relation
more informative is precisely a probability since any probability is always maxi-
mal and that any belief function is always less informative than some probability
i.e. for all v € Bel(Q2) there exists a probability P such that P > v ([20]).

Particular cases which use the notion of “informativeness” can be easely con-
structed (see [10]).
Let A C P(S) be an algebra and P be a probability defined on (S,.4). Denote
by P, its inner extension to P(S) defined through

P.(A) =Max {P(B): BC A,B e A}

We have that P, is a belief since P, = 3>; P(A4;)ua, where {A;}; is the partition
given by the atoms of A.
(1) Let P is a probability defined on (S, P(S)) and A, B are subalgebras, if
B C A then for all act X,
(X, P) = (X, (Pa)s) = (X, (Ps)+) = (X, (Plgo.s1)+)

since P > (Pla)« > (Pg)« > (P{o,s})« = s, where Pjp denotes the restriction of
P toD for D=A,B,{0S}.

(2) Let P be probability defined on the measurable space (S,.A). Consider
a probabilty P on (S,P(S)) then P is an extension of P to P(S) if and only if
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P > P,, that is to say if and only if P is more informative than P. So for all act
X,

(X,P) = (X, P)

5.2 Ellsberg’s paradox

We conclude this section with the wellknown Ellsberg’s [7] paradox as an exem-
ple of imprecise risk situation. The Ellsberg experiment consists in bets on the
outcome of a single draw from an urn which contains 30 red balls and 60 black
or yellow balls in an unknown proportion. A decision maker is given a choice to
bet on whether the outcome of the draw to be red or to be black and another
choice to bet on whether the outcome will be red or yellow or whether it will be
black or yellow. In each case the decision maker wins 1 euro if the colour he bets
upon does indeed show up; otherwise nothing is gained or lost.

Let S = {R, B,Y} denote the states of nature, and C = {0,1} the set of conse-
quences.

Let X;:S—Cfori=1,...,4be

Xi(R)=1,X,(B) =0, X,(Y) =0
X5(R) = 0,X5(B) =1, X(Y) = 0
X3(R)=1,X3(B)=0,X3(Y) =1
Xy(R) =0,X4(B) =1, Xu(Y) =1

When ask to choose between bets X, X5 most people decide for X;, and when
the same people are asked to choose between X3, X4 they decide for X,. Our aim
here is to show that this pattern of decision making can be rationalized through
our decision model. Let us assume that U(1) =1 > 0= U(0).

A natural way to represent the information structure available to the decision
maker is to use an inner extension as presented in the previous section.
Consider the probability P defined on {0, {R},{B,Y}} with P({R}) = 5. With
this information structure the decision maker knows that with probability % that
a red ball will be drawn out of the urn and with probability % that a black
or yellow ball will be drawn out of the urn, however he is completely ignorant
about the probability that a black ball will be drawn. The information structure
resumes to P, = %(53 + %U{B,y}.

Now the evaluations of the X;’s are
1
/U(Xl) AP, = 5 > 0= /U(XQ) dp,

and 1 9
/U(Xg) I /U(X4) dP,

It should be noticed that in this setting the informative structure P, is not
derived from the preferences of the decision maker in a subjective way as is done
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in non-addtive expected utility under uncertainty but is objectively given by the
experimental conditions.
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