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COMPETITIVE EQUILIBRIUM WITH ASYMMETRIC INFORMATION:
THE ARBITRAGE CHARACTERIZATION

Lionel de Boisdeffre'

(December 2005)

Abstract

In a general equilibrium model of incomplete nominal-asset markets and ad-
verse selection, Cornet-De Boisdeffre [3] introduced refined concepts of “no-
arbitrage” prices and equilibria, which extended to the asymmetric information
setting the classical concepts of symmetric information. In subsequent papers
[4, 5], we generalized standard existence results of the symmetric information
literature, as demonstrated by Cass [2], for nominal assets, or Geanakoplos-
Polemarchakis [8], for numeraire assets, and showed that a no-arbitrage condi-
tion characterized the existence of equilibrium, in both asset structures, whether
agents had symmetric or asymmetric information. We now introduce the model
with arbitrary types of assets and a weaker concept of “pseudo-equilibrium”,
consistent with asymmetric information, to which we extend a classical theorem
of symmetric information models with real assets. Namely, we show that the
existence of a pseudo-equilibrium is still guaranteed by a no-arbitrage condition,
under the same standard conditions with symmetric or asymmetric information.

Key words: general equilibrium, asymmetric information, arbitrage,
inference, existence of a pseudo-equilibrium.
JEL Classification: D52.
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1 Introduction

When asymmetric information prevails on financial markets, the existence of
equilibrium, and the value of equilibrium prices and allocations, depend crucially
on how agents update their beliefs from observing market indicators, such as
prices or volumes of trade. In a traditional response to that problem, called the
“rational expectations” assumption, agents would refer, quoting Radner, 1979,
[11], to “a ‘model’ or ‘expectations’ of how equilibrium prices are determined” .

In Cornet-De Boisdeflre, 2002, [3], we suggested another approach, where
agents, endowed with asymmetric information but no price expectations, would
update their beliefs by analysing arbitrage opportunities on financial markets.
We introduced a broad concept of equilibrium, which embedded, as two particu-
lar applications, the classical financial equilibrium, and equilibrium with asym-
metric information. In subsequent papers [4, 5], we assessed existence properties
of equilibrium in this model, in the case of nominal and numeraire asset mar-
kets. We showed that the classical results of symmetric information, first demon-
strated by Cass, 1984 [2], for nominal assets, and Geanakoplos-Polemarchakis,
1986 [8], for numeraire assets, extended to the asymmetric information setting.
Departing from the rational expectations’ generic existence outcome [11], we
proved that the absence of financial arbitrage characterized existence in our
model, whether agents had symmetric or asymmetric information.

We now present the model with arbitrary types of assets, i.e., including
nominal and real assets. We introduce the corresponding concepts of price and
equilibrium, and a weaker concept of “pseudo-equilibrium”, which are consistent
with asymmetric information. Since Hart, 1975 [9], it is well known that a finan-
cial equilibrium with real assets may not exist, even under classical conditions.
Therefore, we study existence for the weaker concept and extend a classical
outcome of symmetric information. Namely, we prove that the existence of a
pseudo-equilibrium is still guaranteed by a no-arbitrage condition we define,
which always holds under symmetric information.

Section 2 introduces the basic model and related concepts of arbitrage. Sec-

tion 3 states and proves the existence theorem along a fixed-point-like argument.
An Appendix proves a technical Lemma.

2 The basic model

2.1 The framework

We consider a pure-exchange economy with two periods (t € 7 := {0, 1}).
The economy is finite, in the sense that the sets of agents, Z := {1,...,I}, of
commodities, £ := {1,..., L}, states of nature, S, or assets, J := {1,..., J}, are



all finite. There is an a priori uncertainty at the first period (¢ = 0) about which
state s € S will prevail at the second period (¢t = 1).

For notational purposes and throughout the paper, s = 0 will stand for the
non-random state at t = 0, and ¥’ for the set {0}UX, for every subset X of S. The
scalar product and Euclidean norm will be denoted by - and ||.||, respectively.
For each ¥ C &', every ¥ x J matrix A, all vectors (z,2/) € RES x RS,
(1,9) € (R®)?, (2,2) € (RE®)? and (p,q) € RYS" x R (identifying ¥ to #%
and S’ to #5’, whenever necessary) and for every p-dependent S x J matrix
V(p) := (vj(p)[s])(s,5)es% s, We shall denote by:

e z[¥] and 2'[X], respectively, the truncations of z on R* and of 2’ on R*.

o A[s], y[s], z[s], respectively, the row, scalar and vector, indexed by s (for
each s € X)), of A, y, 2.

e <A Z>={yeR*¥:3z¢€ Z, st. y= Az}, for all sub-space Z of R’.

e 2![s] the I*" component of z[s] € RF and 2! := (2![s]) € R*, for each
(I,s) e LXxX.

e V(3,p) (when 0 ¢ X) the ¥ x J matrix defined, for each s € 3, by
V(E,p)[s] :== V(p)ls]-

e W(X,p,q) (when 0 ¢ X) the S x J matrix defined by W (2, p, ¢)[0] := —q,
and, for each s € X, by W(X,p,q)[s] := V(p)[s] and we let W(p,q) :=
W(S,p,q).

/

e y <y and z < 2/ (resp. y << ¥/, z << 2’) the relations y[s] < y'[s],
2![s] < 2'[s] (resp. y[s] < y/[s] and z![s] < 2"![s]) for each (s,1) € ¥ x L.

o y <y (resp. z < 2') the relations y <y & y # vy (resp. z < 2/, z # 2').

o RE* :={z e R : 2 > 0},RY := {z e R¥ : 2 > 0},
REY = {z e RF¥ : 2 >> 0}, R, = {z e R¥ : z >> 0}.

e 22 the vector (z[s] - 2'[s]) € R*, ygz the vector (y[s]z[s]) € RE®.

At the first period, each agent i € I receives or infers a private signal,
or “information set” S; C S, which informs the agent that an arbitrary state
s € S; will prevail at ¢ = 1. To simplify exposition, we will assume, at no
cost, that collection (S;) is such that S = U;czS; and is fixed, representing
agents’ ultimate information at ¢ = 0.2 The information sets are assumed to

2The information sets S; (for i € Z) stand for a more general specification of the private
information signals 0;, which each agent ¢ € 7 may receive at ¢t = 0. Yet, our approach to
asymmetric information is based on arbitrage, which only depends on the sets of states S; C .S,
which have a non-zero probability to occur given the signal 6;. To simplify exposition, we
therefore identify the signals 6; to such information sets S;.



always contain the “true” state, which will prevail at ¢t = 1, which implies that
the pooled information set S := N;czS; is non-empty. Henceforth, we refer to
a collection (S;) of I subsets of S, such that N;ezS; # &, as an information
structure, or structure, and denote their set by I'.

The economy comprises a commodity market and a financial market.

The commodity market consists in #S’ spots markets (some of which may
not open) for each commodity [ € £, that agents may consume or trade at both
dates. A commodity price is a vector p := (p[s]) € RLS" which specifies (for
each s € S’) a price p[s] € R” for the L commodities on the state-s spot market.

Given the information structure (S;) the generic agent ¢ € 7 knows the
spot markets in each state s € S\S; may not open and is unconstrained and
indefferent to the fictitious consumptions on such spot markets. Consistently,
she has X; := {x € RQS/ : 2[S\S;] = 0} for consumption set,® an endowment,
e; € X;, and a preference correspondence P; on X := Hijlei and defined, for
every z = (z;)jer € X, by the sets P;(z) of consumptions in X; which are
strictly preferred to x;, given the consumptions x; (for j € Z\{i}) of the other
consumers (hence, z; ¢ P;(x)) and the private information S;. We shall refer,
throughout, to the following standard Assumptions, which are stated, given
(S;) €T, foreveryieZ, x:=(z;) € X, 2’ := (z},) € X.

Assumption A1 (non-satiation):
Vs e Sl Jy € Pi(x) : y[s] = x4[s],Vs € S'\{5}.

(e.g., Assumption A’1: z[S]] > x;[S]] =z € P;(z)).
Assumption A2 (strong survival): e;[S}] >> 0.

Assumption A3: P; is lower semicontinuous, convex-open-valued and
such that: [x; + My; — x;)] € Pi(x),¥(y:, A) € Pi(x)x]0,1].

The financial market permits limited transfers across periods and states, via
J < #Sassets j € J :={1,..., J}, whose contingent payofls, in each state s € S,
may depend on the commodity price p € RES" and are, therefore, denoted by
vi(p)[s] = (vj-(p)[s])legz e.g., if j € J is a nominal asset, v;(p)[s] does not
depend on p, if j € J is a real asset, v;(p)[s] := p - v;[s], where v;[s] € R is
a bundle of commodities. Given p € RES"| the quantities vj(p)[s], defined for
each pair (s,j) € S x J, yield a S x J payoff-matrix V(p) := (v;(p)[s]) and we
refer to the following Assumption F1.

Assumption F1 (continuity): The map V: p € RES" — V(p) is continuous

!
3We could, equivalently, have taken X; := Ris", as in our previous paper [3]. However,
embedding all consumptions into a single vector space will be convenient later.



Moreover, we assume at no cost that assets are non-redundant, in the sense
that the J mappings p — v;(p) (for j € J and p € RL5") are non colinear.
Agents have no initial endowment in assets, but may acquire them without
restrictions (i.e., their portfolio sets is R’) at their market price ¢ € R7. A
portfolio is a vector z := (z;) € R’, specifying the quantity z; of each security
Jj € J, with the convention that z; is positive if j is purchased, and negative if
it is sold. Given the price system (p,q) € RLS x R7, a portfolio z € R’ may
thus be purchased for ¢ - z units of account at ¢ = 0, against the promise of
delivery, in each state s € S, of V(p)[s]z units of account, at ¢t = 1, if state s
prevails. Given the map V', a price p € RYS" and (S;) € T, the couple [V, (S;)]
(or [V (p), (S;)]) will also be referred to as a (payoff and information) structure.

Given the structure [V, (S;)], which is assumed to be fixed at the (end of)
the first period, and prices (p, q¢) € RFS xR”, each agent i € 7 has the following
budget set, whose elements are called strategies:

Bi(p,q) == {(z,2) € X; xR : pry(z — €;)[S]] < W(Si,p,q)z}.

An allocation (x;) € X, is called attainable if Zle(xi—ei)[ﬁ'] =0. We let:

{w:=(2;) € X : 31y (zi — e;)[8"] = 0},
{(z) € R 21, 2 =0},
q) = {[(zs, )] € I, Bi(p,q) : (x;) € A, (i) € Z}

fmmfm
i

(

be the sets of attainable allocations, portfolios and strategies.

The economy described above for a given map V' and a given structure (S;)
of information signals S; C S, which each agent i € I reaches privately at t = 0,
is denoted by &y, (s,))- An equilibrium of this economy is the collection of a
price system and attainable strategies, which are optimal for every agent in the
budget set. When the structure (.5;) is symmetric, it coincides with a classical
financial equilibrium with arbitrary portfolios.

Definition 1 Given a structure [V, (S;)], the economy &y s,) is called stan-
dard if it meets Assumptions Al, A2, ASE F1. A collectwn of prices (p*,q*) €
RS X RY and strategies (z*,25) € B;(p*,q*), fori=1,...,I, define a (competi-
tive) equilibrium of the economy &y, (s,)) if:

(a) Vi € I, B;(p*, ¢*)NP;i(x*) xR’ = (), wherex* := (z}) € X;

() S (27 —€1)[8] = 0;

(C) Z’LE[ T = 0.

We now extend to &[y,(s,)) the classical notion of arbitrage.
2.2 Arbitrage with differential information

The classical concepts of arbitrage and no-arbitrage price extend as follows.



Definition 2 Let a structure [V, (S;)] be given.

Given (p,q) € RES" x RY | the structure [V, (S;)] (or (S:)) is said to be (p,q)-
arbitrage-free, or [V (p), (S;)] to be g-arbitrage-free, or q to be a common no-
arbitrage price of [V (p), (Si)], if one of the following equivalent assertions holds:
(a) B(i, 2) € IxR” : W (S;,p,q)z > 0;

(b) Vi € 7,3\ € Riﬁr (called individual state price), s.t. q = NV (Si,p
We denote by Q [V (p), (S;)] the set of common no-arbitrage prices of [V (p), (S,
The structure [V, (S;)] (or (S;)) is said to be arbitrage-free if Q.[V (p), (Si)] #
for somep € Riﬁl

A structure [V, 5] (or (S;)), which meets Condition (c) below for some (p, E_,(Xz)) €
RLS XR‘]XHI R, is sazd to preclude arbitrage (relative to P, § or \:=(X\;)):
(c)P[S\S] >> 0, G = "NV (S;,p) and N;[S] = \;[8], V(4,5) € T 2.

If [V, (S))] precludes arbztmge relative top € RLS,, it precludes arbitrage relative
o allp ¢ AP):={pe RS : p[S\S] =p[S\8]} (with A(P) =R ifS=8).

\_/\_/
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Remark 1 The equivalence between Conditions (a) and (b) above is standard
(see Magill & Quinzii, 1996 [10]) and we recall from [3] that any symmetric
structure precludes arbitrage relative to any commodity price p € RXS".

We now show that, under mild conditions, having an arbitrage-free structure
is a necessary, but non sufficient, condition for the existence of equilibrium.

Claim 1 Let a structure [V, (S;)] and a price system (p,q) € RFS" x R7 be
given. Under Assumptions A1, if the strategies (z,2) := [(z4, 2;)] € III_, Bi(p, q)
satisfy Condition (a) of the Definition of equilibrium in the economy v, (s,
then, [V, (S;)] is (p,q)-arbitrage-free; moreover, p[s| # 0, for each s € S, and
under Assumption A’1, p >> 0 (hence, [V, (S;)] is arbitrage-free).

Proof By contraposition, assume that the economy &}y, (s,)) meets Assump-
tions A1, that (p,q) € RES x R and [(z4, z)] € II/_, Bi(p, q) satisfy Condition
(a) of Deﬁnltlon 1 and that W (S;, p, q)z > 0, for some (i, z) € T xR”. First, it is
standard, under Assumption A1 (resp. A1), that Condition (a) of Definition 1
would fail if there existed s € S” = U;ezS], such that p[s] = 0 (resp. p[s] ¢ R% ).
Second, we set 5 € S}, such that W(p,q)[s] - z > 0, and y € P;(x), such that
y[S'\{5}] = z;[S"\{5}], along Assumption A1, and we let « := %.
Then, from the definition of B;(p, q), (v, 2; + az) € B;(p,q) N Py(x) x R7, con-
tradicting initial assumptions. o

Since Hart’s counter-example, 1975 [9], it is well known that equilibrium
may not exist when the financial markets contain real assets and are imposed no
short selling bound, even when agents have smooth preferences and symmetric
information. This outcome stems from the fact that, with a falling rank of the
payoff matrix V(p), the excess demand correspondence may cease to be upper
semi-continuous for some values of commodity prices. The example below shows
that other existence problems may stem from asymmetric information.



Ezample (A standard economy with arbitrage-free structure & no equilibrium)

We consider an economy &y, (s,)] with two states, an information structure,
(S1:=1{1,2}, 55 := {2}), two commodities (L = 2), two agents (I = 2) and one
real asset, paying one unit of commodity 1 in state 1, and one unit of the first
commodity, minus one unit of the second commodity, if state 2 prevails, that is:

V= ( ) )

Clearly, [V, (S;)] is arbitrage-free along Definition 2, but does not preclude
arbitrage. Each agent 7 € {1,2} is endowed with one unit of each commodity in
each state s € S} and has preferences represented by a utility function u;:

ur(z) := /21 [0]22[0] + /2 [122[1] + /21 [2]22[2], for every z € X; := RY;
us(z) := \/z1[0]22[0]++/z 1 [2]22[2], for every z € X, := {z€RY. : 2! [1]=22[1]=0}.

This heuristic economy is standard and satisfies Assumption A’1, but ad-
mits no equilibrium, due to asymmetric information. Indeed, any equilibrium
price p >> 0 would satisfy, by symmetry arguments (or, formally, from first
order and market clearance conditions of equilibrium), p?[1] = p?[2], hence,
Q:V(p),(S:)] = @, in contradiction with Claim 1. Changing specification
slightly shows that the set of prices, for which a structure is arbitrage-free,
may be of empty interior. This is why existence issues must be assessed under
an enhanced no-arbitrage condition and Condition (¢) of Definition 2 was in-
troduced. Indeed, consider an economy &[y,(s,)), identical to the above, except
for the asset’s payoffs, which now yield no return in state 2 and two units of
the first commodity, minus one unit of numeraire, if state 1 prevails. Then, the
structure (S; = {1,2}, S, := {2}) is arbitrage-free if, and only if, p'[1] = 1,
and is only consistent with a degenerate no-trade equilibrium. o

Counter-examples suggest that the solution to the existence problem in-
volves a weaker equilibrium concept, called “pseudo-equilibrium”, introduced
hereafter. This concept displays the notion of structure which precludes arbi-
trage as the appropriate framework to insure existence. Extending a classical
result of symmetric information, Theorem 1, below, will show that any stan-
dard economy &y, (s,)], whose information structure precludes arbitrage, admits
a pseudo-equilibrium.

We henceforth set as given a standard economy &y, (s,)), whose structure
[V, (53)] precludes arbitrage relative to @ = (\)) € RES xR x HleRii'+.
We recall \;[S] is independent of i € Z and may be chosen arbitrary, and that

[V, (Si)] precludes arbitrage relative to every (p,q,A), such that p € A(p) :=
{p e RLY" : p[S\S] = B[S]} and ¢ := *A;V(Sy,p); and we let:



Z" = {2z € R’ : V(5\S,p)z = 0} and denote Z! its orthogonal;
= {t e RS : t[S\8] = 0} with (Z°,R) := (R/,RY"), if S = S.

We recall that, for a given Euclidean space A and K < dim A, the Grass-
manian manifolds (or Grassmanians) of A, denoted by G(A) and GX(A), are,
respectively, the sets of sub-vector spaces and K-dimensional sub-vector spaces
of A. Since J° :=dim Z° < dim R, we may define the Grassmanians G(R) and
G7°(R) and, for all (i,p,¢', E) € TxRES x Z1xG(R), the budget set:

Bi(p,q", E) :={(,2) € X;xZ" : 3t € E, po(z-¢;)[S}] < W(Si, p, ¢")2+1[S]]}-
We can now extend to &y, (s, the classical notion of pseudo-equilibrium.

Definition 3 Given the structure [V, (S;)], an element (p*, ¢°*, ¢**, [(x}, 27)], E*) €
RS x Z20x ZVXITI_, Bi(p*, ¢**, E*)xG(R) is a pseudo-equilibrium if:

(a) Vi € I, Bi(p*,q"*, E*)NP;(z*) xR’ = 0, where z* = (z}) € X;

(b) Zz (w7 —e:)[8]=0;
() iy 2 = =0

(d) <W( q°*),Z° > C E*.

Remark 2 Definition 3 extends to the asymmetric information setting the
classical definition of a pseudo-equilibrium with symmetric information. Indeed,
if (S;) is symmetric, then, S = S and Z° := R’, and a pseudo-equilibrium
(p*,q°*, ¢**, [(z}, 2})], E*) along Definition 3 is such that ¢**€Z*:={0}, (z})=
Condition (c¢) is redundant: Definition 3 coincides with the standard definition.

We let the reader check from the definitions that any equilibrium ((p, q), [(xs,2:)]) €
RS xR xII!_y Bi(p,q) of Ev,s, ) yields apseudo—equlhbrlum (p,q°, q*, [(wi, 21)], E),
in which F := < W(p, q), Z" > q' and 2} (for each i € 7) are, respectively, the
orthogonal projections of ¢ and z; on Z! and q° := q—q'. As is standard under
symmetric information, a pseudo-equilibrium needs not define an equilibrium.

The following Claim provides a sufficient condition for it.

Claim 2 A pseudo-equilibrium (p, ¢°, q*, [(zs, 2;)], E) of a standard economy
Ev,(s;)) meets the following Assertions:

(1) (a°+4") € Qc[V(p), (Si)];

(i) if <W(p,q°),Z° > = E, there exists (zF) € Z, such that

(p, ¢°+q", [(wi, 27)]) is an equilibrium;

(74i) if dim E = J° = dim Z° and the asset structure is nominal, or
numeraire with rankV (p) = J, the same conclusion as in (ii) holds.

Proof We set as given a standard economy &[y, (s, and a pseudo-equilibrium
(p,q°, q%, [(x, )], E) along Definition 3.

(1) By contraposition assume that there exist i €Z,5€ 8, and z € R/,
such that W (S;,p, ¢°+¢")[5] - z > 0. Let z := 2° @ z! be the orthogonal decom—
position of z on Z°xZ!, and y € P;(x), be such that y[S'\{3}] := x;[S"\{5}],



along Assumption A1. Considering o := %E%y;—;iu)[f]z, and the relationship

aW (p, ¢°+q')[s ] 2z =aW(p,q")[8] - 2t + aW(p,q°)[s] - 2°, it is clear from the
definitions of ¢° € Z° and B;(p,q*, E), and from Condition (d) of Definition
3, that (y,2; + az') € Bi(p,¢*, E) N Py(z)xR’, contradicting the fact that
(p,q°, q*, [(wi, z:)], E) is a pseudo-equilibrium. This proves Assertion (i).

(#7) Assume, now, that < Wi(p,q°),Z° > = E. Then, from Conditions (a)
and (d) of Definition 3, and the relation (¢°, ¢, (2;)) € Z° x Z' x Z1| there
exists 2° (22) € Z°L, such that [(z;,2;+2¢)] belongs to L, B;(p, ¢°+q")
and satisfies Condition (a) of Definition 1. By a contraposition argument, it is
straightforward from Assumptions A1-A8 that budget constraints are all bind-
ing, i.e., po(z-€;)[S]] = W(Si,p, q°+q)(zi+2?), for each i € Z. Summing up,
row by row (for each s € §'), on i = 1,..., I yields, from Conditions (b) and (c)
of Definition 3: W(S, p, ¢°+q' )(ZZ " l) =0.

Since (Z 22)€Z°, this implies: W (p,q )(Zf 120)=W(p,q°+q )(Zle 22)=0.

Let z* := (z}) be defined by: 2z} 1= 2z + 29 — (Zi[:l z?) and zf := z; + 22, for
each i € Z\{1}. Then, from Condition (c¢) of Definition 3, z* € Z, that is
(p, ¢°+q", [(w, 2})]) satisfies Condition (c) of Definition 1. From Conditions (a)
and (b) of Definition 3, and from above, [(z;,2})] belongs to I1/ 1B (p, ¢°+q*)
and satisfies Conditions (a) and (b) of Definition 1. Hence, (p, "—i—q [(zi,25)])

is an equilibrium. This proves Assertion (7).

(77) if dim E = dim Z° and the asset structure is nominal, or numeraire with
rankV (p) = J, then, from Condition (d) of Definition 2, < W(p,¢°),Z° > =F
and Assertion (7i¢) of Claim 2 is a corollary of the above Assertion (i7). g

3 The existence theorem

Throughout this Section, a standard economy £y, (s,y, whose structure pre-
cludes arbitrage relative to (5,7, A := (\;)) € REY x RY x TI/_,RY", | is given,
and we refer to the definitions on page 8 of the sets Z°, Z', R, and B;(p, ¢*, E),
for every (i,p,q*, E) € IxRLS % Z1xG7°(R), where J° := dim Z°.

Denoting « := |[p||+/g|| > 0, we now introduce the sets of admissible prices:
f{pGA Hpls]ll < e, Vs € 8T}
={(p.¢") € A*le ']l < @} and II := IIxT*, where

{tERS t[S\S] =0}; T :={t € T : ||t|| < 1} (with T:=R% if S = 5.

Restricting prices p to A*, we henceforth assume costlessly that the J
mappings p € A* — v;(p) (for j€J) are non-redundant, the first assets



jeJ:= {1, ..., J°} form a basis of Z°, and the last assets j€J:= {J°+1, ..., J},
abasis of Z! (letting (7°, 7)) =(2, ) if Z°={0} & (J°, TY)=(T, 2) if Z'={0}).

We now state the Theorem, bound the economy, introduce a fixed-point-like
argument in compact sets and derive the proof as a Corollary.

Theorem 1 Let a standard economy Epy,s,)), whose structure [V, (S;)] pre-
cludes arbitrage relative to (p,q) € RLSIXRJ, and the above definitions be
given. Then, there exists prices, (p,q° q") € A*NRE\{0})S' xZ°xZ', a vec-
tor space E € G’°(R), and strategies, [(x;,2)] € T_,Bi(p,¢", E), such that
(p,q° ¢", (w5, )], E) is a pseudo-equilibrium of the economy Ep,(s,))-

3.1 Bounding the economy

First, we denote by 1 € RS the vector whose components are all equal to
one and let, for each (i, (p,q',9), E) € IxIIxG(T):*

Bi(p,q',6,E) = {(z,2,t) € X;xZ'xE, such that
p(e-e)l0] € —q'z — 61+ 1 and po(z-e)[Si] < (V)= +1+ IS}
A(p, '8, E) := {[(wi, 2, t:) | €T, Bi(p, 4. 6, E) : () €A, (2:)€Z, 21, t:=0}.

Then, we state Lemma 1, which will serve to bound strategies.

Lemma 1 There exists 7 € Ry, such iha,t:
[((pv qlv 6)7E)€HXG(T) @ [(xlv Zi7ti)]€~’4(p7ql757 E)] - ||[(SL'“ Zi?tl)]” <r.

Proof: See the Appendix.

Henceforth, we set as given r > 0, which meets the boundary condition
of Lemma 1, and let, for every (i, (p,q',), F) € Z x I x G(T):

Xy ={reX;:|z| <r}and X* :=1I]_, X};
Zx={zeZ |z <r}and T* :={t € T: || <r}.

3.2 A fixed-point-like argument

The proof of Theorem 1 relies on Lemma 2 below, which generalizes Gale-
Mas-Colell’s [7]. First, we endow G’*(T') with the following metric:

D(E,E') :=dy(ENT', E'NT"), for every (E,E') € (G'°(T))?, where

dp is the Hausdorff distance, defined, for all (4, B) € (G’°(T) NT")? by
dp(A, B):=max (maxgca d(z, B), maxyep d(y, 4)).

4Notice we take here E € G(T), instead of E € G(R), as in Definition 3 and Theorem 1.
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We recall that, for the above metric, G’”(T)) is compact and the correspon-
dence ¢ : G'°(T) — T, defined by ¢(E) = E for every E € G’°(T), is closed
and lower semi-continuous. We can now state the Lemma.

Lemma 2 Let us endow G”°(T) with the metric defined above. Let Y;, for
1=0,1,..., 1, be non-empty conver compact subsets of some Fuclidean space and
let Y :=II_)Y;xG7*(T). For each i =0, ..., I, let ¥; : Y — Y] be a lower semi-
continuous convex-valued correspondence. For each j =1,...,J, let ¢ : Y — T
be a continuous function. Then, there exists y*:=((y})_y, E*) € Y, such that:

(4) Vi € {0,.... T}, yi € ¥i(y*) or ¥,(y*) = @;
(5) Vj € {1,..., T}, 67 (y*) € E*.

Proof Lemma 2 is a corollary of Bich-Cornet’s [1] Theorem 1 (p. 2). o

Hereafter, we will apply Lemma 2 as follows. Recalling that J¢:=Jif S =8
and the above notations, we let Y, := Il and Y; := X;x Z*xT™*, for each ¢ € T.

If J° > 0, the continuous functions (") jege of Lemma 2 will be defined by:
9j (y) =5 (p)v VjEJO, vy = (yO = (p7 qlv 5)7 (yi)iGIv E) €Y = H{:OEXGJO (T)
Let y* := (y3:=(p*,¢**, "), (x})icz, E*) € Y satisfy Lemma 2-(i4).

Then, we define a price ¢°* := (qj*) € Z° for the first J° assets by each of
its components in R”, namely, q5" = 607 (y*), for each j € J°, and q;" =0,
for each j € J\J°, and we let E* := {teR : ' eE*, t[S]=t/, t[0]= —0*-t'} €
G7°(R). By construction, the collection (p*,qo*,E*, Z°) will meet Condition
(d) of Definition 3, that is, < W (p*,¢°*), Z° > C E*.

If J° = 0, the reference to G’°(T') := {0} may be dropped. Lemma 2 reduces
to its Assertion (i) and coincides with Gale-Mas-Colell’s Theorem [7]. Only the
correspondences U, : TIL_,Y; — Y; (for i =0, ..., I) will need to be defined.

We now introduce the correspondences on the set Y, which meet the condi-
tions of Lemma 2, and infer Theorem 1 as a Corollary.

3.3 The existence proof

Due to the fact that no agent needs to be fully informed, we cannot ap-
ply a so-called “Cass trick” [2] to embed any no-arbitrage price into a pseudo-
equilibrium, but only show that a pseudo-equilibrium exists for some no-arbitrage
price. We define, as above, Y, := II, for each 1 € 7, Y; := XxZ*xT*, and
Y :=TI_,Y;xG'’(T), and, following Florenzano [6], we let, for each i € Z and
every y := (yo := (p,¢",0), (v:), E)) € Y

11



Bl(y) :=={(z,2,t) € X} xZ*xT*, such that t € E,
po(a-e:)[0] < —¢'z — 8t + 7, [0] and po(a-e)[Si] < (V(p)z +t +,)[Si]};

B!'(y) :={(x, z,t) GX*XZ*XT*, such that t € F,
po(z-¢;)[0] << —q"-2 =1+, [0] and po(z-¢;)[Si] << (V(p)z+t+7,)[Sil};

" L {ez} if B{’(y) =g
B'W) "{ Bly) By £ }

where 7, € R is defined by ¥y[0] := 1 — min(1, Wﬂlql” + |0]]);
Yy [S\8] := 0 and v, [s] := 1 — ﬂﬂ([fm, for every s € S.

We define the reaction correspondence ¥, : Y — Y; by:

U,(y) = B! (y) if yi = (w4, 21, i) ¢ Bi(y)
WET Bl y) N Pr(@)xZ' T if g = (w4, 20, t) € Bi(y) [

for every v := (yo:=(p, ¢*,6), (y:)iez, F) € Y. Finally, we intoduce an agent
1 = 0, representing the market, and the following correspondence, defined, for

every y == (yo:=(p, ¢*,9), (yi:=(2s, 2, ;)), E) € Y, by:

Uo(y) :={y) == (p/,q",8) € I, such that
(W'-p) - Sy (wimer) + (@YY - Sy 2 + (8-0) - S {_y ti > O}

Claim 3 Vi€Z, Yy:=(yo:=(p, ¢*, ), (v;), E)EY, (§¢ E+ or ||6]|<1) = B! (y)#0.

Proof Let i € Z and y := (yo:=(p,q",9), (y;), E) € Y be given, such that
5 ¢ E+ or ||§]| < 1. From Assumption A2, there exists (and we set as given)
z,€X}, such that pg(z,-e;)[5)]<0, with a strict inequality in any state s € S},
such that ||p[s]]| # O (and, in particular for s € S;\S). Assume, first, that
§ ¢ E+. Then, there exists t, € F, small enough, such that (z,,0,t,) € BY(y).
Assume, next, that ||§]| < 1. Then, if p[0] # 0, or if p[0] = 0 and ¢* = 0, one
has: (7,,0,0) € Bl(y). Alternatively, if p[0] = 0 and ¢! # 0 (recalling ¢! € Z?,
hence, Z1 # {0}), there exists some z, € Z* := {2z € Z' : |z,|| < r}, small
enough, such that —q' - z, > 0 and (z,, 2,,0) € B/ (y). o

Claim 4 For every i € Z, By is convex-valued and lower semi-continuous.

Proof Let i € 7 and y := (yo:=(p,q,9), (y;), E) € Y be given. The set
B!'(y) is obviously convex. If B/(y) = @, B! is lower semi-continuous at y by
definition. If B/ (y) # &, the lower semi-continuity of B} at y is standard from
the fact that B has an open graph in the neighborhood of y. o

Claim 5 For each i€Z, B} is nonempty convex-valued upper semi-continuous.
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Proof For each i € Z, the convexity and non-emptyness of B] is obvious.
The upper semi-continuity of B is standard from the fact that it has a closed
graph in a compact set. o

Claim 6 For each i € {0,1, ..., I}, ¥; is convez-valued lower semi-continuous.

Proof Each ¥; (for i € {0,1,...,1}) is obviously convex-valued. Moreover,
U, is clearly lower semi-continuous for having an open graph. We now set
as given i € Z and y := (yo:=(p, ¢*,9), (yi:=(zs,2i,t;)), E) € Y and consider
separately the two alternatives y; ¢ Bi(y) and y; € B.(y), and show that, in
both cases, U; is lower semi-continuous at y.

e Assume, first, that y; := (2, 2, ;) € Bi(y). Then, U,;(y) = B/ (y).

Let V be an open set in Y; := X x Z*xT*, such that VN,;(y) # 0. Assume,
first, that B (y) # @. Then, ¥,(y) = Bi(y). It follows from the convexity of
Bl(y) and the non-emptyness of the open set B} (y) that V N BY(y) # 0. Then,
from Claim 4, there exists a neighborhood U C Y of y, such that V N Bi(y') D
VN B!(y) # 0 (hence, B/ (y') = Bi(y')) for every y' € U. Assume, next, that
B!'(y) = @. Then, ¥;(y) = {e;}, and VN B/ (y) = {e;} C Bi(y'), for every
y' € Y. Hence, the neighborhood U :=Y of y satisfies {e;} C V N B/ (y') # 0,
for every 3y’ € U.

Since Bi(y) is nonempty, closed, convex in the compact set Y;, there exist
two open sets V1 and V; in Y;, such that y; := (24,2, ¢) € Vi, Bi(y) C V2 and
V1NV = 0.5 From Claim 5, there exists a neighborhood U; C U of ¥, such that
Bl(y') C Vi, and y; € V4, for every ¢y € Uy. Then, ¥;(y")=B}"(y'), and, from
above, VN, (y")#0, for every y' € U;. Hence, ¥; is lower semi-continuous at y.

e Assume, now, that y;:=(z;, zi, t;) € Bi(y), i.e., ¥i(y) = B) (y)NP; (x)x Z*xT*.

The lower semicontinuity of ¥; at y is immediate if U;(y) = (). Assume
that U;(y) # 0. From Assumption A3, P; is open-valued and, from Claim
4, B! is lower-semi-continuous. As a standard corollary, ®; : ¢ € ¥ +—
Bl!'(y") N P (x")xZ*xT* C Bi(y') is lower semicontinuous. Then, if V is an
open set in Y; s.t. VN W, (y) # 0, there exists a neighborhood U of y, s.t.
g+ 0,y )NV CBI/'(yY)NV C Bi(y) NV (hence, B{(y') = B'(y")), for every
y' € U. From the definition of ¥; and from above ¥,(y )NV # &, for all y € U,
i.e., ¥, is lower semicontinuous at y. o

Claim 7 The correspondences V;, for i = 0,1, ..., I, admit an element y* :=
(ys:=(p*, ¢**,87), (y;:=(a}, 2}, 7)), E*) € Y, such that (with x*:=(z}) € X*):

1)1 Ve

(4) ¥(p. q", 0)€IL, (p*-p)- S (wf-€3)+ (g -q")- i, 25 +(57-6)- 31, t5>0;

Se.g., let V1 be the open ball centered on y; := (x;, 2;, ;) of radius %, where a > 0 is the
distance from y; to Bj(y), and V2 be a finite union of open balls of radius 5, centered on
elements of Bj(y), containing B} (y).
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(it) Vi€Z, yreBi(y*) & Bl!'(y*) N P (x*)x Z* xXT*=0;
(7i1) < V(p*),Z° > C E*, hence, < W (p*,q¢°*), Z° > C E*,

for q°* := (q3*) € Z°, defined by q}* := 8% v;(p*), for each jeJ°, q5* =0,
for each jeJ\J°, and for E* :={t e R: 3’ € T, t[S] =1, t[0] = ="'}

Proof Assume, first, that J° > 0. Then, the sets Y, := II and Y; :=
X}xZ*xT* (for each i € T), the Euclidian space T, the Grassmanian man-
ifold G”°(T), the set Y and (from Assumption F1 and Claim 6) the functions
67 Y — T, defined in sub-section 3.2 (for each j € J°), and correspondences
(U;)L_,, defined above, satisfy the conditions of Lemma 2. Applying Lemma 2,
there exists y* := (yg:=(p*, ¢'*, 0%), (y;:=(z}, 2}, 1)), E*) € Y, such that:

(i) yi € i(y*) or Vy(y*) = @, for i = 0,1,..., I;

(i) Y =1, ..., J°, 67 (y*) € E*.

By construction, yi := (p*,¢**,8") ¢ Uo(y*) and, for each i € I, y} :=
(xf, z5,tF) ¢ U;(y*), since z ¢ PF(z*). Hence, ¥y(y*) = 0, which yields Claim
7—('), and, for every i € Z, U,;(y*) = 0, which yields Claim 7-(i7). Finally, we
recall from sub-Section 3.2 that the above Assertion (i7) of Lemma 2, applied to
(07)jego (ie., ¢’ (y*) C E* for each j € J°), yields Claim 7-(z4i), for the price

q°* and vector space E* defined above.

Assume, now, that J° = 0. Then, T = {0}, Z° = {0} and Claim 7 reduces
to its Assertions (i) & (ii). We recall from sub-Section 3.2, that the Gale-
Mas-Colell’s Theorem (i.e., Lemma 2-(¢) for J° = 0 and T = {0}) applies to
Y = HLOYi and (U;)i=o,...,1, defined as correspondences on Y, and insures the
existence of y* € Y meeting Assertion (i) of Lemma 2. By the same token as
above, this yields Assertions (i) and (i7) of Claim 7. o

Claim 8 Vs € S', p*[s]- Zle(xf-ei)[s]20; qt*- ZLI 2120, 6% 3!
Moreover, if §* € E*+, we may assume that ||§| < 1.

£:[S]>0.

i=1"

Proof Let s € S be given and consider Clairn 7-(i) throughout. Then,
taking (p[s], p[S"\{s}]. ¢ (0,p*[S"\{s}],¢"*,0") in the inequality of Claim
7-(i) yields: p*[s] - 21‘121(% el)[s] > 0. Taking (p, q',6) = (p*,0,0") yields:
qt*- 25:1 27 >0. Taking (p,¢*,d) = (p*, ¢'*,0) yields: 6" ZLI tF[S] = 0. More-
over, if §* € E*+ and H(S* H = 1, we let the reader check from the proof of Claim 7
that 7* == (y&:=(p*, ¢** ) (yz. (xf,zf,t¥)), E*) € Y also satisfies Assertions

79 %10V

(2)-(42)-(4i%) of Claim 7, hence we may assume [|0*]| < 1. g

Claim 9 (z7) € A, (z}) € Z and Y1_, t7 = 0.

i=1"

Proof (by contraposition). Assume, first, that 7
Claim 7-(4) : ¢*

i—1 27 #0. Then, from
Iz «
= okt ¢ S 2 > 0 and 7.0 = 0.
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From Claim 7-(i), for each i € Z, y; € B.(y*), whose budget constraint
at t = 0 is written: p*[0]-(z}-€;)[0] < —¢**-z} — 6*-t;. Summing up for i €
yields: p*[0]- Zi[:l(ch—ei)[()] +0"- Zle tr<— gt Zle zf, hence, from Claim 8,

0< —q*t ZLI 2, which contradicts the above ¢*- ZLI z¥>0. Hence, (2})€Z.

Second, assume that 25:1 t¥ # 0. Then, from Claim 7-(i), 6" = %I,Eli—*u,
=1 "1

5*'2121 t7[S] > 0 and v,.[0] = 0. From Claims 7-(i7) & 8, for each i€Z, the
budget constraint at t = 0 is: 0 < p*[0] - (z}-¢;)[0] < —¢'*zF — 6" - ¢;. Summing
up for i € 7 yields, from Claim 7-(ii¢) and from above: 0 < —§™ ZLI t¥[S] < 0.
This contradiction proves that Zle t;y =0.

Finally, assume that Zle(xf—ei)[s] # 0, for s € §'. From Claim 7-(i):
! s —eq * *
p*[s] = a\léf;((i}—;))[[z]]\l’ P [s]-ZiI:l(xi—ei)[s] > 0 and 7,.[s] = 0. If s # 0,
summing up, for 7 € Z, the budget constraints p*[s]-(z}-€;)[s] < V(p*)[s]-zF+tF[s],

yields, from above, 0 < Zle tf[s], which contradicts the fact that ZI tr=0.

i=1"%
Alternatively, if s = 0, summing up the constraints p*[0]-(z-¢;)[0] < —¢'*-27 —6"-t%,
yields, from above, 0 < —§*-37_ #*[s], which also contradicts S27_, ¥ = 0.

Hence, (z;) € A and the proof is complete. o

Claim 10 |[[(z7, 2, 7)][| <
_ Proof From Claim 7-(ii), for each i € Z, y; = (z},2],t]) € Bi(y*) C
Bi(p*,q'*,6", E*). Hence, from Claim 9, (y])icz € A(p*,q'*, 6", E*), which
implies, from Lemma 1, ||(y})iez|| < 7. o

Claim 11 For each i € T, yf = (af, 2}, t) is optimal in Bl(y*).

Proof Let i € 7 be given. From Claim 7-(4i): yf€Bj(y*) & B} (y*)NP;(z*)x Z* xT*=0).

By contraposition, assume there exists y; := (2, 2, t;) € BL(y*)NP;(x*)x Z*xT™*.
From Claim 10, ||y7|| < r. From Assumption A3 and the convexity all sets, y;
may be chosen “sufficiently close” to yf so that |ly;|| < r. From Claims 3 and
8, there exists y, := (2}, 2},t}) € Bl(y*) C Bi(y*). The convexity of B.(y*)
implies that, for every k > 0, y¥ := (2%, 2F,t¥) := (+y] + (1-1)y;) belongs to
Bl(y*), whereas it belongs to B} (y*) by construction. From Assumption A3,

Py is open valued and there exists K > 0, such that y% € Py (a*)xZ*xT*.

K3

Hence, yX € B! (y*) N P#(2*)x Z* xT*, which contradicts Claim 7-(ii). o
Claim 12 ~,. = 0.
Proof Given (i,s) € Tx8, weshow: p*[s]-(z}-¢;)[s] = (V(p*) 2} +t;+,-)[s].

Indeed, from Claim 7-(ii), p*[s| - (zj-e:)[s] < (V(p*) - 2z + &7 + v,)[s],
whereas, from Claim 10, ||z}|| < r and, from Assumptions A1 & A3, there
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exists x; € P(z*), such that z;[s'] = z}[s'] for every s’ # s. From Assumption
A8, if p*[s] - (zF ez)[ | < (V(p*) - 27 +t; + 7,+)[s], then, z; can be chosen
“close enough” to z¥ so that p*[s] - (z;-¢; [ | < (V(p*) - 2f +tf +,+)[s], which
contradicts Claim 11. Hence, p [ |- (xf-e; [ | = (V(p )25t Ay )[s] By the
same token, we show: p*[0] - (z}-€;)[0] = —¢'* - 2z} — 0" - £} 4 7,-(0]. Summing

up these equalities on i € T for each s € §’, ylelds from Claims 9, v,. = 0. g
Claim 13 p*[S\S] = p[S\S] >> 0 and ||p*[s]|| > 0, for each s € S'.

Proof From the definition of IT and A*, the price p* € A* satisfies p* [S\S] =
p[S\S] >> 0. Let s € S’ be given, and assume, by contraposition, that p*[s] = 0.
Then, every x € Y7* := {z € X7 : 21[S"\{s}] = z}[S'\{s}]} satisfies (z, 2{*,t}) €
Bi(y*). From Claim 10, ||z3]| < r and, from Assumptions A1-A3, there exists
x € Y7 N Py(z*), which contradicts Claims 11-12. Hence, p*[s] # 0. o

Claim 14 Let ¢°* € Z° and E* € G7°(R) be defined as in Claim 7. Then,
the collection (p*,q°*,q"*, [(zF, 2})], E*]) is a pseudo-equilibrium of E[V,(S;)].
This completes the proof of Theorem 1.

Proof We let C := (p*,q°*, ¢, [(z}, 2})], E’*]), for ¢°* € Z° and E* €
G7"(R) defined as in Claim 7. We recall from Claim 7-(4i) that C satisfies
Condition (d) of Definition 3, that is < W(p*,¢°*),Z° > C E*. From the
definitions and from Claim 12, [(z}, z})] € II_, B;(p*, ¢**, E*). From Claim 9,
[(zF, zF)] (hence, C) satisfies Conditions (b) and (c¢) of Definition 3. Therefore,

to prove that C is a pseudo-equilibrium, it suffices to show that [(x}, z)] meets
Condition (a) of Definition 3.

By contraposition, assume that there exists i € Z and (;, 2;) € B;(p*, ¢**, E*),
such that 2; € P;(z*). Then, from the definition of B;(p*, ¢**, E*), there exists
t; € E* such that y;:=(z, 2;, t;) €X; x Z X E*, p*[0]o (w4-€;)[0] < —q**2; — 6™ +t;
and p*[S;|o(xi-€;)[S;] < V(S;, p*)zi+t[S;]. From Assumptions A1-A8 & from
Claims 10 & 12, we may choose y; sufficiently close to yf := (xf, 2}, tF) so
that y; € Bj(y*), which contradicts Claim 11. This contradiction proves that C
is a pseudo-equilibrium. From Claim 13, the pseudo-equilibrium C meets the
price conditions of Theorem 1. Since [V (S )] and (P, q), for which the structure

precluded arbitrage, were set arbitrary, the proof of Theorem 1 is complete. o
3.4 Concluding remarks

We notice, first, that the above vector §* € RS, which is embedded in the
so-called “fixed point” y* € Y and serves to define the price ¢°* of the first
J? securities, needs not be a state price. However, the fact that the collection
C = (p*,q°*, ¢**, [(zF, 27)], E*]) defined in Claim 14, is a pseudo-equilibrium
insures, from Claim 2-(i), that ¢* := ¢°*+¢'* is a no-arbitrage price, namely,
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q* € Q:[V(p*),(Si)]. Hence, there exists a collection of state prices, (A;) €
HleRii+, such that ¢* = t\;V(p*), for every i € Z, along Definition 2.

From Claim 2-(ii), the above proof embeds a proof of existence of equilib-
rium when the financial structure is nominal, or numeraire with no fall in rank.
In that case, however, we had proved in [4, 5] a more general result, namely,
that, under standard assumptions, the absence of financial arbitrage fully char-
acterized the existence of equilibrium on nominal or numeraire asset markets.
Thus, Condition (¢) of Definition 2 was sufficient, but not required to prove exis-
tence. Finally, from Remark 1, the above proof shows that a pseudo-equilibrium
always exists under symmetric information, since a symmetric structure [V, (S;)]
precludes arbitrage relative to any commodity price p € RS ’ along Remark 1.

Appendix
Given a structure [V, (S;)], which precludes arbitrage relative to (7, 7)€ RYS xR7,
we recall (from pp. 8-10) the following definitions and prove Lemma 1:

7° = {zeR’ : V(S\S,p)2z=0} and Z' := Z°L and T := {tcR® : [S\S]=0};

A* = {p e RS : p[S\S] =p[S\8] >> 0, ||p[s]|| < a:= |[pl| + [[gll,Vs €S'};
II:={(p,q*,0) € A*xZ'xT : ||¢*| < o, ||t]| < 1}; for every (i, (p, q*,0), E)eZxIIxG(T),
Bi(p,q',6,E) :={(z,2,t) € X;xZ'xE, such that

po(2-€,)[0] < =gtz — 5t + 1 and po(z-¢;)[S:] < (V(p)z +t+ 1)[Si]};

A(p,q',6,E) == {[(x, 2, t;)]€EN!_, Bi(p,q,0, E) : (z:)€A, (2)€Z, ZLI t;=0}.

P

Lemma 1 There exists r € Ry, such that:
[((p,q",9), E) € IxG(T) & [(wi, 21, t:)] € A(p, q, 8, E)] = |[[(wi, 25, ta)]|| <.

Proof The proof proceeds in successive steps.
e First, there exists r! > 0, such that: (x;) € A = ||(x;[S])|| < r'.

Indeed, let o := max(; 5 yezxs/xc €ls] > 0, and r' := 1+ I?L(#5")a. For
each i € 7, the set X; C (R%)S" is bounded below by zero. Hence, (z;) € A
implies Zle(xi-ei)[ﬁ/] =0and 0 < ;[8] < ijl e;[S'], therefore, ||z;[S']|| <
IL(#S5")a, for each i € T, that is, ||(z;[S])|| < .

e Second, we show that, for every M > 0, there exists ™ such that:
[((p7q175)7E)€HXG(T)7 [(I'Z,Z“tl)]eA(p, q1767E)7 H(zl)H < M] = H(x’b)||< TJW'

Indeed, let M > 0, ((p,q',0), E)ellIxG(T) and [(z;, zi,t;)] € A(p,q*, 0, E)
be given, such that ||(z,)|| < M. Then, p[S\S]:=p[S\S] >> 0 is fixed (since
p € A) and 8 := max(, jies\sx7 [v;(p)[s]]| and & :=ming serxs\s T'ls] > 0
are independent of p € A*. The definitions of A*, T and B;(p,q,d, E) yield:
0< zls] <a+[1+BMJ)/e,V(i,l,s)ETxLxS\S. Let yYM:= o+ [1 + M J]/e
and rM:= r1 4 LI(#S)y™. Then, from above, ||(z,)|| <™.
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e Third: 32> 0,[((p,¢", ), B)elIxG(T), [(i, zi, t;)|€A(p, ¢*, 8, E)]= ||(2,)|| < °.

Assume, by contraposition, that there exist two sequences {y&:=(p*, ¢*, 6%, E*) }ren,
in IIxG(T), and {y*:=(z*, 2%, t5)}pen € {A(D*, ¢%, 6%, E*)}ren, such that, for
every k € N, k < ||2"|| <k + 1 (where we let z*:=(zF), 2F:=(2F), tF:=(t*) and,
with a slight abuse, y*:=(z*, 2%, t5):=[(z*, 2%, t¥)]). Since IIxG(T) is compact

for the metric on G(T') defined in sub-Section 3.2, the sequence {yk:=(p*, ¢, 5", E®)}en
may be assumed to converge, say to yh:=(p',q,8', E') € IIxG(T).

Similarly, (letting N* := N\{0}) the bounded sequence {z'* := %k}k-eN* €
(ZNZ)N" may be asumed to converge to some 2’ € ZNZ', a closed set. Then,
|Iz']| = 1 (from the continuity of the scalar product) and, for every N € N*, the
sequence {zk := £zF},- v converges to 2V 1= N2/ € Zn Z'.

For every k € N*, we let 2/% := £-L(e;) + £2% and ¢/ := +¢*, which satisfies
Yk = (2% 2% k) € A(pF, qF, 6%, E¥), from the convexity of A(pF, ¢*, 6%, EF).
From the second step of the proof, the bounded sequence {'*}ien+ may be
assumed to converge, say to 2, and (from the first two steps above), {#'*}ren-
may be assumed to converge to some t' € T i.e., {y/*}pen — v/ :=(a', 2/, 1').

By the same token, for every N € N*and k > N, we let 2% := k*TN(ei)—i—%xk
and t§ := £¢*, which satisfy v = (2, 25, t%) € A(p*, g%, 6%, E*) and, from
above, {yk } converges to some yV := (zN, 2N V), such that 2V = N2/ € Zn
Z'. Since the correspondence (p,q,d, E) — A(p,q,0, E) is closed on ﬁxG(T),
this yields, in the limit (k — oo): y™ € A(p/, ¢, &', E'), for all N € N*. Since
agents’ consumption sets are bounded from below, the joint relationships yV :=
(N, 2N tN) € A(p', ¢, 6, E') and 2V = N2/ € ZNZ'Y, for every N € N* (and
Il = 1), imply: V(S;\S,p)z; = V(S;\S,D)z; > 0, for every i € T.

Let us now interpret [W(S\S,7,0), (S/\S)] as the structure of some economy,
whose assets are nominal (since P is fixed ), whose state space is ) := 5"\ S, whose
J x Q payoff matrix is W(S\S, P, 0) and information structure is (2;) := (S/\S).
Since [V (S;)] precludes arbitrage relative to p, Condition (c¢) of Definition 3
implies that the structure [W(S\S,7,0), (S;/\S)] is arbitrage-free in the sense
Definition 2.2 of Cornet-De Boisdeffre, 2002 [3]. From above, the relationships
W(SIA\S,D,0)z, > 0, hold, for each ¢ € Z, while 2’ := (z[) € Z. This implies,
from Proposition 3.1 (page 401) of [3]: W(S/\S,7,0)z; = 0, that is, 2, € Z°, for
each i € Z. Hence 2’ := (2]) € (Z' n Z°)! = {0}, which contradicts the above
relation ||2’|| = 1. This contradiction proves the existence of 72 > 0, such that:
[((p7q175)7E) € HXG(T) & [(xivziati)] € A(pv q1767E)] = ”(zz)” < Tz'

e Fourth: 3r®> 0,[((p, ¢*,0), E)elIxG(T), [(xi, zi, t:)|€A(p, ¢*, 8, E)|= ||(t,)]| < r°.

The third step of the proof, Assumption F1 & the compactness of II imply:
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38">0, [((p, ", 0), B)ENIXG(T) € [(x;, i, t:)|€A(p, ¢, 6, B)] = |(V(S',p)z:)[| < B'.
Then, letting % := 14212 L(#5")c/, with o := B'+max(; s jyezxs xc €L[s],
the relationship Zfil t; = 0 yields, by the same token as in the first step:

[((p,q",0), B) € IXG(T) € [(s, 2, t:)] € A(p, ", 8, E)]= [|(¢,)]| <r°.

e Finally, referring to the above notations in each step, let r := rt 472434,
with M := r2. Then, from above:

[((pv q176)7E)€ﬁXG(T) @ [(xhzivti)]ez(pv q1767E)]:> H[(‘T 2 tz)]” <r. O

i~
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