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Abstract

The paper extends the canonical representative agent Ramsey model to
include heterogeneous agents and elastic labor supply. The welfare maxi-
mization problem is analyzed and shown to be equivalent to a non-stationary
reduced form model. An iterative procedure is exploited to prove the su-
permodularity of the indirect utility function. Supermodularity is subse-
quently used to establish the convergence of optimal paths.
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1 Introduction

Optimal growth theory is useful in qualitatively characterizing simple dynami-
cal systems and in providing constructive methods for the quantitative analysis
of the solutions to more complex ones. The usefulness is, for some purposes,
enhanced because of the intimate connections between optimal growth theories
and their equilibrium counterparts. In a decentralized economy, we seek knowl-
edge about the time paths of the various prices for goods and production factors
as well as the distribution of income and wealth. Dynamic optimization tech-
niques used extensively in growth theory facilitate the study of the evolution of
those economic aggregates.

A major concern in the area of optimal growth has been the analysis of the
short-run and asymptotic behavior of optimal solutions. At issue are questions
concerning the existence and asymptotic stability of optimal programs with re-
spect to the stationary optimal stock (turnpike results) as well as the possibility
of cyclical or even chaotic behavior.

One-sector representative agent models, in which utility is derived solely
from consumption have been studied extensively in the literature under a variety
of different technological specifications. A well known property of these models
is the monotonicity of the optimal capital path. This property is persistent even
when technology has increasing returns (see Dechert and Nishimura (1983)).
Thus, it is often suggested that one-sector models exhibit simple dynamics.

Becker and Foias (1987) show that agents’ heterogeneity plays a crucial role
to the appearance of nonmonotonic dynamics in a single-sector model. Studying
a specific economy with incomplete markets as represented by borrowing con-
straints, they demonstrate that deterministic cycles with period 2 may occur.
In Becker and Foias (1994) they discuss in more detail the issue of equilibrium
cycles and their construction using bifurcation analysis. Their work has been
further elaborated by Sorger (1994).

In a complete market model, Le Van and Vailakis (2003) have also shown
that the monotonicity property does not carry over if one permits many con-
sumers, each with a different discount factor. The model does not exhibit
cyclical behavior. The convergence of the optimal capital sequence to a partic-
ular stock k° is still true, but that stock is not itself a steady state. This result
implies that the optimal capital sequence initiated at kg = k® converges to it
in the long-run, but it is not a constant sequence. Hence, the resulting optimal
capital sequence cannot be monotonic. The model exhibits the twisted turnpike
property (see Mitra (1979), Becker (2005)): the optimal capital accumulation
paths starting from different initial capital stocks converge to each other, or
come together, in the limit but this limit is not itself an optimal stationary pro-
gram. This is a fundamental property of the heterogeneous agent model and it



shows one way in which this model differs significantly from its representative
agent counterpart.

In this paper we examine whether and under which conditions similar prop-
erties can be established when the heterogeneous-agents Ramsey model studied
in Le Van-Vailakis is extended to include an endogenous non-reproducible factor
such as labor.

The analysis in Le Van and Vailakis (2003) is carried out by exploiting
the so called reduced form model associated with the welfare maximization
problem. The presence of heterogeneous discount factors turns out the reduced-
form problem to be nonstationary, making the issue of convergence of optimal
paths a nontrivial one. Their argument exploits the fact that the indirect utility
function V; associated with the reduced form model is C? in the interior of a
set D describing feasible activities in period t. This allows them to show that
V; is supermodular. The supermodularity of V; then implies that the stationary
problem involving the agents with a discount factor equal to the maximum one,
has a unique stable steady state k°. Exploiting additional properties of optimal
paths, they subsequently show that the optimal capital sequence associated
with the initial problem converges to k°.

Several complications arise by applying a similar method of proof in the
presence of elastic labor supply. The problems arise largely from the fact that
one cannot exclude the existence of corner solutions in the welfare maximization
problem. More precisely, one cannot ensure that all consumers supply labor at
any period. As a consequence, the indirect utility function V; associated with
the reduced form model is not necessarily C? in the interior of D. Hence, one
cannot use the differentiable characterization of supermodilarity. To overcome
the problem and establish the supermodularity of V;, we employ an alterna-
tive argument based on a iterative procedure in which a sequence of functions,
(V{)n, are shown to be supermodular and to be converging to the function V;.

Other issues are associated with the properties of optimal paths. Several
proofs in Le Van-Vailakis (2003) cannot be carried out due to the presence of
elastic labor supply. New and general arguments are given to establish the
validity of those properties.

The outline of the paper is as follows: Section 2 describes the model. In sec-
tion 3 we present its reduced-form counterpart and establish some preliminary
results. Section 4 contains our basic results.

2 The model

We consider an intertemporal one-sector model with m > 1 consumers and one
firm. At each period, individuals consume a quantity c;;, and decide how to



divide the available time, normalized at 1, between leisure activities /; ;, and
work L;;. Preferences are represented by a functional that takes the usual

additively separable form:
o0

> Biut(cig, i),

t=0
where u! denotes the instantaneous utility function and 3; € (0,1) is the dis-
count factor.
The initial endowment of capital, the single reproducible factor in the econ-
omy, is denoted by kg > 0. Technology is described by a gross production
function F'. Capital evolves according to:

key1 = (1= 6)ke + I,

where [; is gross investment and § € (0, 1) is the rate of depreciation for capital.
At each period, the economy’s resource constraints, restricting the allocation

of income and time, are:

m m

> i+ L < F (ke L)+ (1= 0k, Y Lig = Ly. (1)

i=1 i=1
We next specify a first set of assumptions imposed on preferences and produc-
tion technology. The assumptions on period utility function u’ : Ri — R are
as follows:

Assumption Ul: ' is continuous, strictly concave, increasing in Ri and
strictly increasing in ]R?F T

Assumption U2: u*(0,0) = 0.

Assumption U3: v’ is twice continuously differentiable in Ri o with partial
derivatives that satisfy the Inada conditions: lim. o u'(c,1) = +o0, VI > 0 and
lim;_,o u%(c, ) = 400, Ve > 0.

Assumption U4: uf:l has a constant sign and the second partial derivatives
satisfy the following condition:

7 A
cc Uy

P =
ul (0

i
The assumptions on the production function F : Ri — R, are as follows:

Assumption F1: F is continuous, concave, increasing in Ri and strictly

mcreasing in ]Ri 1

Assumption F2: F(0,L) = F'(k,0) = 0.

Assumption F3: F is twice continuously differentiable in R%r o with partial

derivatives that satisfy: limg_o F(k,1) > m —(1—0), limg— 4 oo Fi(k,m) =

0 and limy_,o Fr.(k, L) = +o0, Yk > 0.



Assumption F4: Fjp is nonnegative.

We conclude this section by introducing some notation.
Let f(k¢, Lt) = F(kt, Lt) + (1 — §)k¢. Observe that under the previous assump-
tions, limy_¢ fr(k,1) > m, limg 4 o0 fx(k,m) < 1 and limp_o fr(k, L) =
+00. Consider the set of feasible capital sequences:

(ko) = {k € (R})®: 0 < kysq < f(ke,m), Vt}.

Let ¢, = (c1t,¢2,t5¢my) and Iy = (lig,lo, ..., ) denote the m—vectors
of consumption-leisure allocations at date ¢. The nonnegative consumption,
leisure, labor sequences (c,1, L) = (¢, Iy, Lt)72, is said to be feasible from kg > 0,
if there exists a sequence k € II(kg) such that (c,1,L, k) satisfy the economy’s
resource constraint (1) together with the individual time constraint [; ;+L; ; < 1.
The set of feasible from kg consumption, leisure-labor allocations is denoted by
Y (ko).

3 Planner’s Problem

The planner’s welfare function is taken to be a weighted function of the un-
m

derlying households’ intertemporal functions. Let A = ¢ X e R | Y\ = 1}.
i=1

Given nonnegative welfare weights A € A the social planner maximizes:

m o0
max Z/\iZﬁﬁui(cm, lit) (P)
0

i=1 t=

s.t. Zcm + ki1 < f(ke, Z Liy), vt
i=1 =1

Ciy >0, 1y >0, Liy >0, i+ Ly <1, Vi,Vt
kit > 0, Vt and kg given.

It is well known that any Pareto-efficient allocation can be represented as the
solution to problem (P). In other words, by varying the welfare weights it is
possible to trace the economy’s utility possibility frontier. This procedure can
also be used to prove the existence of a price system that support Pareto-optima
and characterize competitive equilibria as a set of welfare weights such that the
associated transfer payments are zero (Negishi’s approach).

3.1 Preliminary results

Since v and F' are assumed to be strictly increasing, L can be dropped from
the list of planner’s choices. Consider the technology set D:

D={(kyy) €R2:0<y< f(k,m)},



and define the correspondence I :

(k,y) € D — {(Cz’ali)i D> ety < fhm = L), ¢ >0, L €0,1], W}-
i=1 i=1
Given A€ Ajlet I = (i | A\ >0}, f=max{p; |iel}, h={iel]|p, =70}
and Iy = {i € I | 8; < B}. Let ( = ((;)ier where ¢; =1, Vi € I and ¢; € [0, 1],
Vi € I. Given (k,y) € D, let

VAGEyY) = max | Y Nu'(ci,l) + Y NGt (e, )

el i€l
s.t. Zci +y < f(k,m— le)
i€l iel

¢ >0, l;€[0,1], Viel

Let also

(ci(¢ ks y), i(C b, y))ier = arg max {Z NiGu' (ciy i), (cislidier € F(k’y)}

i€l

Let (; =1, Vi € I} and (; = %, Vi € I5. For simplicity assume that I; =
{1,...,#1}. In this case, for any t > 0, we use the notation ¢* = (1,..., 1, ((})ic1,)-
We subsequently introduce the time-dependent function V;:

VtO‘v k, y) = V()" Ct? k, y)

= max Z )\iui(ci, ;) + Z )\inui(ci, l;)

i€ly i€l
s.t. Zci +y < f(k,m— le)
iel i€l

>0 1;€0,1], Viel

Let (cf,1)ier = (ci(C k), 1:(C' K, y))ier denote the solution to this problem.

1771

Consider the following intertemporal problem:

max ZﬁtV()\, ¢" ke ki) (@)
t=0
s.t. 0 S kt+1 S f(kt,m), Vit

ko > 0 is given.

The following proposition shows that problems (P) and (Q) are equivalent.
More precisely we have:



Proposition 1 Let kg > 0 be given. Under assumptions U1, F1:
i) If ((cf,1})i,k*) is a solution to problem (P), then k* is a solution to

177

problem (Q).
ii) If k* is a solution to problem (Q), then there exists (c},1¥); such that
((cf,1¥)i, k*) is a solution to problem (P).

1771

Proof: It is easy. ®m

Lemma 1 Under assumptions U1-U2, F1-F2, I' is upper hemicontinuous on
D and continuous at any (k,y) € D with k > 0.

Proof: It is a direct consequence of Lemma 4 proven below (refer to Remark
2). m

Remark 1 To see why lower hemicontinuity fails when k = 0 observe that,
under assumption F2, for k =0 we have D = {(0,0)} and

F(0,0) = {(Cz,lz)i g, =0andl; € [O, 1], V’L}

Choose (c;,1;); € T'(0,0) such that ¢; = 0 and l; > 0 for some i. Consider next a
sequence (k™,y™) such that y"™ = f(k™,m) and (k",y"™) — (0,0). Note that there
is no sequence (cl',17); such that (c,1); € T(k™,y™) and (P, 1"); — (ciy1;);.

R R IR

Proposition 2 Assume U1-U3, F1-U3. ThenV : (\,(, k,y) € Ax[0,1]#12 x
D =Ry is:

i) increasing in k, decreasing in y and strictly concave in (k,y)

i) upper semicontinuous and continuous at any (¢, k,y) € [0,1]%2 x D with
k> 0.

i) The functions c; : [0,1]%2 x intD — R, and l; : [0,1]72 x intD — R,
are continuous.

Let (k,y) € intD and ¢* = (ci(C' k,y))ier, ¥ = (Li(C' k,y))ier denote the
solution to the static maximization problem.

i) If \iy =0, then ¢ =0 and Iy = 0. Ifi € I, then ¢ > 0 and IJ > 0. In
addition, there exists 1 € I such that [; < 1.

v) Vi is differentiable at any (k,y) € intD with partial derivatives given by:

ak - Mtfk(k7m_ — lz)
Vi(\ky)

1771

t
where p, = \; (%) ul(ct, 1Y), Vi.



Proof: (i) is standard. (ii) and (iii) follow from the Maximum Theorem.

(iv) It is obvious that A; = 0 implies ¢} = 0, [ = 0. Since (k,y) € intD,
there exists ¢ > 0 such that 0 < y + ¢ < f(k,m — ¢). By letting ¢; = %,
l; = %, Vi € I, the Slater condition is satisfied. Hence, there exists Lagrange
multipliers p,(¢*, k,y) € Ry associated with the constraint Y, ¢;+y < f(k,m—
>ierli) and n; 4(C*, k,y) € Ry associated with the constraints I; < 1 such that
(¢*, 1%, iy, (1 +)ier) maximizes the associated Lagrangian :

t

L=\ <%> ' (ci, i) — [Z city— flkm=> L) = nli—1).
i€l icl il icl

That ¢; > 0 and [7 > 0, Vi € I is a consequence of the Inada conditions imposed

on period utilities. The existence of some ¢ € I with [J < 1 is a consequence of

the limiting conditions imposed on technology. (v) follows from Corollary 7.3.1

in Florenzano, Le Van and Gourdel (2001). m

Since fi(co,m) < 1, there exists some k such that f(k,m) = k. It is easy
to show that k € II(ko) implies k; < A(kg) = max{ko, k}. This in turn implies
that II(kg) is included in a compact set for the product topology. Since f is
continuous, the set II(kp) is closed for the product topology, and therefore, is
compact in this topology. Define next the function U : Ry x II(ko) — Ry :

Ulko, k) =Y B'V(AC ke k).
t=0

We have the following result.

Lemma 2 i) The correspondence 11 is continuous for the product topology.
it) Ul(ko, ) is upper semicontinuous on I1(kg) for the product topology.

Proof: Refer to Le Van and Morhaim (2002, Lemma 2, Proposition 2). =

It follows that problem (@) is equivalent to the maximization of an upper
semicontinuous function over a compact set, and therefore it admits a solution.
Observe also that the strict concavity of V; implies that the solution is unique.

Proposition 3 For all kg > 0, there is a unique optimal accumulation path.

3.2 Value function-Bellman equation-Optimal policy

One way to make any further analysis easier is to work with the value function.
Let ¢ = (¢;)ier where ¢; = 1, Vi € I1 and (; € [0,1], Vi € I5. Given T' > 0,



define the function Wr : (¢, ko) € [0,1]72 x Ry — Ry :
WT(C) kO) = W(CTka)
= max » BV ky, ki)

t=0
s.t. 0 < kt+1 < f(kt,m), Vit

ko > 0 is given.

It is obvious that when (; = 1, Vi € I; and (; = %, Vi € I, Wo(C, ko) is the
value function associated with problem (@). In infinite-horizon problems with
time-invariant period return functions (stationary problems) the value function
is a function of the initial state alone. In the above problem the period return
function is time-dependent, so the problem is a nonstationary one. In this case,
as the time index on W indicates, the value function is time-dependent.

Proposition 4 The value function W : (¢, k) € [0,1]#2 x R, — R is strictly
increasing, strictly concave, nonnegative with W ((, k) > 0 for k > 0, upper
semicontinuous and continuous when k > 0.

Proof: It follows from Proposition 2 and Lemma 2. m

The next proposition states formally what is known as the Principle of
Optimality. It will help us characterize basic properties of optimal paths.

Proposition 5 The value function solves the Bellman equation, i.e.
Vko > 0, W(¢% ko) = max{V (X, ", ko, k1) + BW((, k1) : 0 < ky < f(ko,m)}
and for all kg > 0, a feasible path k is optimal, if and only if,
W (¢ ke) = V(N ke, kega) + BW (S k)
holds for all t.

We next define the optimal policy function ¢ : (¢, k) € [0,1]#2 x R, —
R+ :

or(¢ k) = o(¢" k) = argmax {V(A, (" k,y) + BW (T, y) : 0 <y < f(k,m)}.
When ¢, =1,Vi e I; and (; = %, Vi € I, it follows that V¢ > 1 :
ki =o(C LR ) = oL k) = o e (¢ ko))

For simplicity we write k¥ = ¢!(¢°, ko).



Lemma 3 Under assumptions U1-U2, F1-F2, ¢ is continuous in ((,k) €
[0, 1]#2 xRy, and therefore uniformly continuous in (¢, k) € [0, 1]#12x [0, A(ko)].

Proof: When k > 0, the continuity of ¢ follows from the Maximum Theorem.
When k = 0, feasibility implies that ¢((,k) = 0. Since f(0,m) = 0, for any
sequence ((,,,k,) € [0,1]#22 x Ry such that 0 < ©((,,, kn) < f(kn,m) and
kn, — 0, it follows that the sequence of maximizers converges to 0 as n — 4o0.

Consider next the problem involving the agents having a discount factor

equal to the maximum one. Let 0 = (1,...,1,0,...,0). Define the time invariant

function V : A x D — R,:

~

VN0 ky) = V(AKY)
= maXZAiui(Ciali)

i€ly
s.t. Zci +y < flk,m— le)
i€l i€lq

c >0, 1l; € [0,1], Vi e b

The intertemporal problem associated with V is now stationary, i.e.:

—

W(0.ko) = Wi(ko)

= max ZBtIA/()\, ki, kit1)
t=0
s.t. 0 S kt+1 S f(kt,m), Vit

ko > 0, is given.

The optimal policy function for this problem is given by:

(0, ko) = arg max {170\, ko, k1) + BW (k1) 1 0 < ky < f(ko,m)} :

In this case, we write kf = (0, k* ;) = (0, ko).

Given kg > 0, for any feasible allocation ((c;,1;);, k) from kg, we have:

u'(cig,liy) < u'(f(A(ko), m), 1) = B(ko), Vi.

This in turn implies that V¢ and V(k,y) € D :

t

R maxf; ~
V(N ky) < Vil\ k,y) < leg C(ko) + V(A k. y),

10



max/3;
where C(ko) = > B(ko). Let € > 0. Since <ZEI§ ) < 1, there exists T
i€l
independent of kg such that:
‘7()‘7 k7 y) < VT+t()‘7 k? y) < EC(kU) + ‘?()‘7 ka y)a Vit.
It follows that, Vko > 0, VI' > T

—

W(ko) < WT’(C, ko) < EC(ko)

5+ W)

For any sequence (k:)§2, feasible from kg, we have C(k:) < C(ko). Hence, the
following inequalities also hold:

‘7(/\7 ke, kiy1) < Vi(A, ke, k) < eClko) + ‘7(/\7 ki, kiy1), VE> T,

—

W(kt) S Wt(c, ]{Zt) S €C(k0)

1i5 + W(k), Vt>T.

Consider now a feasible capital sequence (k;);2, starting from some kg > 0.
Using the previous results, for any subsequence (¢,,)>2; such that k,, — k>0
and k¢, +1 — k' > 0, we have:

lim Vi, (A, ke, bt 11) = VA b, B) and lim Wi, (C, ke, ) = W (k).

4 Dynamic Equilibrium Properties

Claim (iv) in Proposition 2 shows that we cannot ensure that all consumers
supply labor at any period. As a consequence, we cannot exclude the existence
of corner solutions in the welfare maximization problem. This in turn implies
that we cannot use the differentiable characterization of supermodilarity for
the indirect utility function V;. To overcome the problem and establish the
supermodularity of V4, we employ an alternative argument based on a iterative
procedure in which a sequence of functions are shown to be supermodular and to
be converging to the function V;. In what follows we deal with the construction
of such a sequence.

Let o € (0,1) and v € [0,1]. Consider the production function f defined as

follows: .

Fk, (1)) = fkym =Y L) +v > (1—1)"
=1

i=1
Observe that lim;,_,; fi. (0, k, (I});) = +00. Let D denote the technology set:

D= {(k,y) eRi:OSySﬂu,k,m)},

11



and define the correspondence I:
(v, k,y) € [0,1]xD — { ¢l Zcz+y< Fwik, (1)), ¢ >0,l; € [0,1],\71}.

Lemma 4 Under assumptions U1-U2, F1-F2, T is upper hemicontinuous on
[0,1] x D and continuous at any (v, k,y) € [0,1] x D with k > 0.

Proof: Let (v, k™, y™) € D be a sequence that converges to some (v, k,y) €
[0,1] x D. Let also (e, 1"); be a sequence such that, (¢}',17); € L™, k", y™),
Vn. Since I € [0, m], ¢}’ < f(", k™, m) and k™ — k, there exists a subsequence
(¢, 1"); that converges to some (¢, l;);. Since Y ;' +y" < fwn, kn, ™)),
Vn, we have (¢;,1;); € D(v, k,y).

We next show that I' is lower hemicontinuous at any (v, k,y) with k > 0.
Let (v™, k™, y™) € D be a sequence that converges to some (v, k,y) with k& > 0.
Take (ci,1;); € T'(v, k,y). We will show that there exists N > 1 and a sequence
(e, 1); such that (', 17"); € D(v™, k", y"), Yn > N and (', {")i — (ci,1;)i. We

consider three cases:

Case 1: Y ci+y < fw,k, (1)) -
Observe that for n large enough, > 7", ¢; + y" < f(l/”, k™, (1;);) - In this case,
for any n, let ¢! = ¢; and [I! = [;, Vi.

Case 2: Y " ¢i+y= F (v, k, (1);) and ¢; > 0 for i = {1,..., J}.
Observe that there exists N such that y* < f (" k", (l;);), Vn > N. Let
¢ = F(w.k, (L)) —y and & = f (" k", (L)) — y", ¥n > N. Since £" — ¢,
N can be chosen such that £" — £ is sufficiently small. For any n > N, let
=+ 555 wheni = 1,...,J, ¢! = 0 when ¢ > J and I = [;, Vi.

Case 3: Y™ ci+y = f (v, k, (Ii);) and ¢; = 0, Vi.
We have y = f (v, k, (I;);) . We consider three subcases.

1) Assume that l; =0, Vi
In this case, y = f(l/,k,m). Let ¢} = f(u",k;", m) —y", ¢ =0, Vi # 1 and
I =0, Vi.

2) Assume that [; € (0,1) for ¢ = {1, ..., J}.
In this case, y = f(l/,k, (l;)i) < f(l/,k:,m). Assume first that there exists a
subsequence (v, k™, y™) such that y"™ < f(Z/”,k‘”, (1;)i) - In this case, let ¢} =
f(l/”, E™, (Li)i)—y™, ¢ =0, Vi # 1 and [ = [;, Vi. Assume next that there exists
a subsequence (v, k", y™) such that ™ > f (v™, k™, (I;);) . Choose j € {1, ..., J}.
Define the functions v : [0,1] — R and, for any n, ,, : [0,1] — R:

() = fk(1=O+m—1-> L) +v(1-&*+> (1-1)

i#£j i#£]
Uo(€) = FEL A= +m—1= L)+ (1-&*+ > _(1-1)") -
i#£j i#]

12



¥, (&) are decreasing in £. Observe that there exists N large enough such that
¥, (0) > 0, Yn > N. Note also that 1,,(I;) = F ™k, (L)) —y™ < 0, Vn > N.
By the Intermediate Value Theorem, for any n > N, there exists " € (0,1;)
such that ,,(£") = 0. For any n > N, let =£ 0= I', Vi # j and ¢ = 0,
Vi. Since the function ¢(¢) is decreasing in &, it follows that I] — [;.
3) Assume that [; = 1, Vi.

In this case, y = (1—9)k. Assume first that there exits a subsequence (v™, k™, y™)
such that y™ < (1 — 0)k™. In this case, let ¢f = (1 —0)k" —y", ¢ =0, Vi # 1
and [' = 1, Vi. Assume next that there exists a subsequence (k",y") such that
y"™ > (1 —§)k™. Choose j € {1,...,J}. Define the functions % : [0,1] — R and,
for any n, ¢, : [0,1] = R:

P& = fhO=8)+rv(1-8" -y
(&) = SR (=€) +v"(1 =% —y"

¥, (§) is decreasing in . Observe that there exists N large enough such that
¥,(0) > 0, Yn > N. Note also that ¢, (1) = (1—9)k"™ —y"™ < 0, Vn > N. By the
Intermediate Value Theorem, for any n > N, there exists £,, € (0,1) such that
¥, (§") = 0. For any n > N, let I7 = " [! = 1, Vi # j and ¢}’ = 0, Vi. Since the
function ¢ () is decreasing in &, it follows that I7 — 1. m

Remark 2 When v = 0, f(O,k, (li)i) = f(k,m =311 1;) and consequently
D=DandT =T. Therefore, Lemma 1 is a direct consequence of Lemma 4.
When v € (0,1], D C D and T'(D) C T'(D).

Consider the indirect utility function V; associated with the production function
f.

Vi, Mky) = V(A ky)
= max Z)\igtui(ci, l;)
el
s.t. Zci + ) < f (V7 k? (l’L)’LGI)
el
CiZO, Oﬁlifl, Viel
We have the following result:

Lemma 5 V; : (1, A\, k,y) € [0,1] x A x D — R, is:
i) continuous at any (v, k,y) € [0,1] x D with k > 0.
i) V(A k,y) € A x D with k > 0:

lim Vi(v, A, k, ) = e\ b, )

13



iii) Y(v, M\ kyy) € (0,1] x A x intD :

Vi(v, A\, k,y)

oy O

That is, V, is supermodular in the interior of D.

Proof: (i) and (ii) follow from Lemma 4 and the Maximum Theorem. The
proof of (iii) follows in several steps. We need the following two results.

Claim 1 Let

a+b b e b b
b as+b - b

V= L. :
b b - agi+b b
b b - b ag+b

with b < 0, a; <0,Vi=1,...,q.Then V is invertible and V11 < 0.

Proof: It is easy to show that V is negative definite. Hence, V is invertible.
Let x =V 711, Since Vx = 1, it follows that

q
a;x; + bez‘ =1, V.
i=1
This in turn implies that 1 = Z—;’:ni, Vi#£ 1. If x1 > 0, then x; > 0, Vi # 1 while
aizi +bY. 1 x; <0: a contradiction. Hence, x; <0,Vi=1,...,q.

Claim 2 Let A be a N x N symmetric matriz. Given r = 1,..., N, denote by
A the r x N submatriz where only the r rows are retained and by A, therxr
submatriz where only the first r < N rows and r < N columns are retained.
Let B be an N x S submatriz with S < N and rank equal to S. A is negative
definite on {z € RY : Bz = 0} (i.e. z'' Az < 0, Vz € RN with Bz = 0 and

z # 0) if and only if

forr=8+1,...,N.
Proof: See Mas-Colell et al. (1995) Theorem M.D.3. m

Let ¢* = (ci(v, ¢k, y))ier, ¥ = (li(v, ' k,y))ier denote a solution for the
maximization problem. Since (k,y) € intD, there exists ¢ > 0 such that

0<y+e< f(v,k,m —¢). By letting ¢; = %, I, = %, Vi € I, the Slater
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condition is satisfied. Hence there exists Lagrange multipliers u,(v, (', k,y) € R
associated with the constraint -, c;+y < f (v, k, (l;),¢;) and n; (v, ' k,y) € R
associated with the constraints [; < 1 such that (c*,1*, ju;, (1; +)icr) maximizes

the associated Lagrangian :

L= ZA( )ucz, ,ut[Zcz—i-y Fw,k, (1 ] > il —

el i€l i€l

From the The Kuhn-Tucker first-order conditions we get:

i <%> ul(c 1) —py=0,Vie I

el

t
A <—> ub(ch, 7)) — py [fL(k,m — Zlf) +rva(l — lf)all —n4=0,Viel

>0, utlzc +y— flk,m— Zz*—VZ1—l ]

el el
Nit >0, mi(I7 —1) =0, Viel
Since u' is strictly increasing, u/(0,0) = 0 and ' satisfies the Inada conditions,
it follows that ¢ > 0 and [; > 0, Vi € I. Therefore, p; > 0. Moreover, [; <1,
n;x =0, Vi € I, since l; = 1 for some j € I implies 1;, = +o0. The first-order
conditions become:

A-ﬂiti*z* =0,Viel
i E ue(c;, 1) —py =0, Vi €

t
i <%> ul(cz,li) Ly [fL(k,m—ieZIl;")—l—ua(l—lf)al =0,Viel

Zc +y— flk,m— Zl —Z/ZI—Z

el el

Differentiating the above equations and rearranging we get:

A(%) i dct +)\( ) whdl* —dp, =0, Viel

Ai (%) ulydef + < ) ujy + o frr — %] dl;

" va .
—Ht kadk_fLL Z dl] - fL+—*1_ dut:O, Viel
jELj#i (1=

> de; +dy - fkdk:+fLZdl*+Zl_l* —dl} = 0.

el el el

15



Let a )
rvo vo(l — « .
p = fLL, P1i = W, p2i = —ﬂtW, Viel.

m)t - <ﬁ@->t - (m)t <
ai =N | =) Upe, bi =N | = ) uy, ¢i =N | = ) uj + pai-
<B B l B 1l b2

With this notation the first order conditions can be written as follows:

and

aidct + bidlf —dp, =0, Vie I (1)

bide; + [e; +pldlf +p Y dlf = (fr +pu)dhe = pfrrdk, Vie I (2)

JEI,j#i
Z dej + Z(fL + p1)dl; = frdk — dy. (3)
il icl

Denote ¢ = #1. We can alternatively write these equations in a matrix form,
AX = Xy, where:

ap 0 0 b1 0 0 -1
0 0 -1
0 0- ag 0 0 ’ -1
A= b 0 0 a+p p-- p —fo—pu |,
0 0 : : : :
0 0 by P P ¢g+p —fL—Dpig
1 1 I fo+pu - fL+py 0
dc] 0
dey 0
X=\|di |, Xo=| uferdk
dly e frrdk
dp, Fedk — dy

In particular,

where:

My Mia
M = ,d=(1,....,1, fp, +p11, ... fr + 1
( Moy Moo ) ( @
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and

ap 0 0 by 0 0
My = , Mig = Mo =]
0 0 aq 0 0--- b,
cL+p p--- p
My = : i :
PP Cgtp

We show that A is invertible. Let A be the matrix obtained from A by changing
the sign of the last column, i.e.

R T
A= M- d .
d 0
Observe that Moy = N1 + Na, where

Cl 0... 0 p p... p
Ny = oot , No=1| + & :
0 0 ¢ p p P

Let z ={21, ..., 24,51, ---,Sq) Where z # 0. Since py; < 0 and a;c; — b? > 0 (since
u is concave), it follows that

My M
2’ My = z' 1 2 )z + 2T 00 z
M21 N1 0 N2

b; 2 i — b2 ?
_ E ) R et 1 2 E .
= [az <Z'L + (l‘gZ) + a; Si +p ( §’L> < O,

iel ¢ iel

Therefore, M is negative definite. Let

B:(f)

Since M is negative definite on {z € R%**! : Bz = 0}, (ie. z/' Mz < 0,
Vz € R%*! with Bz = 0 and z # 0), it follows from claim 2 that:

2gMaq 248

—1)2¢ det — (=1)29A| > 0 or |A] > 0.

Since |A| = —|A| < 0 the matrix A is invertible. By the Implicit Function
Theorem, ¢;(v, ¢t k,y), l;(v, ¢, k,y) and (v, ¢t k,y) are C! in a neighborhood
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of (k,y) € intD. The Envelope Theorem then implies:

OVi(v, A\, k, .
W Aky) gk =30
8k el
8‘7}/(1/7 )‘7 kv y) _
8y - H‘t‘

By equations (1),(2),(3) we obtain that:

I b
b i fL—i-pn—a—ll .
fo+pii——, ., fL +p1q——q V! : +Z—dut
a“ % b =1 %
L fL+p1q_a_Z
1
by by -1 .
= | —wSLk fL+p11—a—1,--,fL+p1q—a— |4 c| + fr| dE — dy,
! 1
with
b2
V= : :
2
p ... Cq_a_(;+p

Observe that the matrix V satisfies the hypothesis of claim 1. Therefore, V!

exists and

1 0
vi o <]
1 0

From the first-order conditions we have:

ui(ehl¥)
fr + p1i = M—z, Vi.
TGN
Given assumption U4 we also have:
b; ub ol
fo+pi—— = —g— fl
a; Ue Uee
_ M (e M) g
ut, \ ul up )
It follows that:
Oy 0
ok =

and in particular

82‘7},(1/7 A, k?fy) 3/% T
T@y = —% > 0, V(k,y) € intD.
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Equipped with the result established in the last proposition we return to
the study of problem (Q). We have the following result.

Proposition 6 i) V; is supermodular in the interior of D, i.e.
V(k,y), (K,y') € intD :

Vi(A, (B, y) v (K1) + V(A (B, ) A (K y) = Vi(A K y) + V(AR o).

i1) The policy function @(5, k) is mon-decreasing in k. As a consequence,
the optimal capital path associated with problem @ is monotonic. Moreover, if
ko < ki and k*, X' are the optimal paths starting respectively from ko and ky,
then ky < ki, Vt.

Proof: i) Note that (k,y) € intD implics that 0 < y < f (v, k,m), Vv € [0,1].
From Lemma 5, it follows that V(k,y), (,y') € intD :

Vi, A, (k) V (K, 9)) + Vi, A, (B y) A (K )) 2 Vi, Ak y) + Vv, ALK ).
Letting ¥ — 0 and taking the limits of both sides we get:
Vi, (B, y) v (K, 9) + V(A (k) A (K 9) = V(A K y) + V(A K ).

That is, V; is supermodular on intD.

ii) Recall that problem @ is stationary. Assume that kg < k:(l). If kg = 0,
then @(6, ko) = 0, while go(a, k{)) > 0. Let kg > 0, but assume the contrary, i.e.
©(0, ko) > (0, ky). We consider two cases:

Case 1: Assume that ¢(0, ko) < fko,m).

Observe that

0 < ¢(0,kg) < f(ko,m)
0 < ¢(0,ko) < f(ky,m).

Therefore, (0, ky) is feasible from ko and (0, ko) is feasible from k. Since 1%
is supermodular in the interior of D, the claim follows directly (see Majumdar
et al. (2000), Chap. 2, Proposition 5.2).
Case 2: Assume that (0, ko) = f(ko,m).

We have that 0 < 4,0(6, klo) < f (klo,m). The continuity of ¢ implies that for
any k < k:(,) with k sufficiently close to klo, we have 0 < go(a, k) < f(k,m).
Let k' € [ko, k) be the first element, such that, ©(0,kY) = f(k',m). For any
k € (k', k], we have 0 < ¢(0,k) < f(k,m) and ¢(0,k) < ©(0,ky) (recall case
1). It follows that

90(6a k:(l)) > 4,0(6, kl) = f(klam) > f(kio,m) = 90(67 k:O)

We conclude the proof. m
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Lemma 6 Let k* denote the solution to problem (Q). Under assumptions U1-
U4, F1-F4, if kg > 0, then ki > 0, Vt.

Proof: See Appendix. m

We need to impose some additional structure on preferences and production
technology.

Assumption U5: For any period utility function u’ that satisfies i) u’(c, 0) =
u'(0,1) = 0, Ve > 0, 1 > 0 and ii) u’)(c,l) > 0, ¥(c,1) € RZ,, we additionally
require v (z, ) and u}(z,z) to be non-increasing in z.

Assumption F5: F' is assumed to be homogeneous of degree a € (0,1], i.e
F(k,L)=L°F (£,1).

As the following lemma shows, these additional assumptions are sufficient
to exclude convergence to zero.

Lemma 7 Let kg > 0. If k* denotes the optimal path starting from kg, then ki
cannot converge to zero.

Proof: See Appendix. m

Consider next the problem involving the agents with a discount factor equal
to the maximum one (i.e. the agents that belong to the set Iy).

Proposition 7 Let kg > 0 and ((c},1})icr,,k*) denote the solution to the

19

Pareto-optimum problem involving only agents in Iy. There exists ((c},1)icr,,

k®) such that ) ;cq c; +k° = f(k5,m— Y el 15), fu (k%,m— > iel I5) = %,
and kf — k%, ¢, —ci, U7, — 17, Viel.

2,1t RER N

Proof: From Proposition 6(ii) we know that the optimal capital sequence k*
is bounded and monotonic. In addition Lemma 7 implies that kf — k* > 0. By
the principle of optimality we have:

W(kf) = VK7 k1) + BW (ko) (ke ), VE > 0.
Taking the limits as ¢ — 400 we obtain:
W (k) = V(A K, k) + BW (k).

It follows that k° is a steady state. By Proposition 1 there exists (¢, [?)icr,

RA)

associated with k£° that solve:

VLK) = max Y Nuici,l;)
i€ly
st Y 4k < f(Rm =) 1)
i€l i€l

¢>0,1"e0,1],i€h
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Observe that k% < f (k*,m). If not, then:

Zcf:Oand Zlf: .
S i€l
In this case, ‘7()\, k%, k%) = 0: a contradiction since by Proposition 4 k° > 0
implies W (k*) > 0.
Hence, 0 < k* < f(k®,m). From Proposition 2(iv) ¢;(k*,k*) > 0 and
li(k®,k*) > 0, Vi € I1. Moreover, since c;(ky, kf, ;) and [;(kf, k},,) are continu-
ous functions and kj — k® we have:

ci(ki, k1) — ci(k*, k%), Li(ky, ki) — 1 (R, R).

Since ki — k® > 0, there exists T such that 0 < &}, < f(kf,m) Vt > T.
Thus, for any ¢t > T Euler equation holds, i.e.

ué(cf,ta l;'k,t) = BUZ(C;tH» lzt+1)fk(k:+1a m — Z th+1)
i€ly
Taking the limits we get:
Bfi(k*m =Y 1) =1.

i€l

v

Lemma 8 Let a € (0,k|. Then, Ye > 0, 3T(a,¢), such that, Vk > a, Vt
T(a,e) :
’@t(f(j? k) —k°

<e.

Proof: Let ¢ > 0 and k& > a. Given Proposition 7, 3T'(k,e) such that V¢ >
T(k,e):

’wt(ﬁ, k) — k| <.

Since ¢! is continuous, there exists a neighborhood v(k) of k, such that, Vk' €
v(k) we have:
‘(’OT(k,a) (67 k‘,) — kS

<e.

Assume that k < k®. Since (¢!(0,k)): is non-decreasing, Vk' € v(k), Vt >
T(k,e):

FOK) =k = k=0
< kS — SOT(]C,E) (6’ k:,)
< e
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When k£ > k*® the argument is similar. Now consider a finite covering (v(k;))"

L ‘ i=1
of [a, k] and let T'(a,e) = max;{T(k’,e)}. m

We now return to the initial problem involving all agents. The following
Proposition shows that the optimal capital sequence is bounded away from

Zero.

Proposition 8 For any kg > 0 and k* optimal from ko, there exists v > 0
such that kf > vy, Vt.

Proof: Lemma 7 implies that there exists a € (0,k®) and a subsequence
(KT, Jnen such that k7. > a, Vn € N. Choose € > 0 such that a —¢ > 0
and k® — 2¢ > a. Let T'(a,e) be as in Lemma 8. It follows that:

’ng(avE) 0,k ) — k| <, ¥neN.

Since ¢ is uniformly continuous, dn large enough, such that:
(¢ k) = 00,1, < =
In particular uniform continuity of ! implies that V¢t = 1,...,T(a,¢) :
(T k) — o' (0, k)|
= [ole™ TR, (¢ K )-)) — @) <

Observe that k7, > a implies got(ﬁ, kT) > <pt(6, a)>a,Vt=1,..,T(a,e). The
above inequalities imply that V¢ = 1,...,T(a,¢):
sot(CTn?k;:n) > a—¢€
eT@ (T ks ) > k-2 > a
By definition:
SOT(a’E) (CTn, k;’n) = k;}«kT(a,a) > Q.

By Lemma 8 we have:

T(a,a)( <e.

’(P 67 k;n+T(a,s)) —k°

The uniform continuity of ¢ implies that:
‘(P(CT"—'—T(&E)? k;‘n+T(a,€)) - (P(O> k;nJrT(a,E))‘ <é&
As before we have that Vt = 1,...,T(a,¢)
(pt(CTn‘FT(a,E)? k;“n+T(a7e)) > a— €

PO KL 1) > K =2 >

22



Observe that

! (Tt (), k;}n-‘rT(a,a)) = @+, kr,) = k;n+T(a,e)+t»
in which case we have:
got(CT",k}n) >a—¢, Vt=1,..,2T(a,¢).
Repeating the above argument one can establish that :
P (CT Ky ) >a—e, V=1, ..00.

The claim is true for
v = min{k7, ...,k ,a — €}

Proposition 9 Let kg > 0 and ((c},1);, k*) be the solution to problem (P).

1771
~

Let ((¢5,19)ier,, k°) denote the steady state associated with problem (Q). Then,

1771
i) ki — Kk, ii) ¢y — 0 and If, — 0, Vi € Iy, iii) ¢j; — ¢f and I}, — I, Vi € I.

Proof: Given Propositions 6,7 and 8, the proof of (i) parallels the one pre-
sented in Le Van-Vailakis (2003, Proposition 4). Since kf — k° there exists
some 1" such that (kj,kf ;) € intD, Vt > T. We know that for any i € I,
ci(C ks, +11) and Li(C kY, 1) are continuous functions in [0, 1]#2 x intD
and that V(\, ", kf, kjq) — V(X k%, k). This proves claims (i) and (iii). m

Remark 3 The last proposition shows that the equilibrium paths associated
with problem (P) converge to a limit point. This limit point is the steady state
associated with the planner’s problem involving only the most patient consumers.
The model exhibits the well known property of "the emergence of a dominant
consumer” found in the seminal papers of Becker (1980) and Bewley (1982).
After all, one can ask if the convergence point is itself a steady state. It is easy
to show that this is not true.

Let ko = k* and for any Vt > 1 assume that ki = k* and ¢, = ¢}, I7, =17,
Viel,c,=0,10;=0Viel. Assume that there exists j € I with 3; < f3.
Since 0 < k* < f(k®,m), from Proposition 2(iiib) we have that c;, > 0, I7, > 0,
YVt > 0. This in turn contradicts the optimality of ki = k* and Gi=c, =1,
Vi € 1.

It follows that in case where agents have different discount factors and the
economy starts at ko = k* any optimal path (ki) converges to k® with ki # ks.
As a result, the optimal path may exhibit fluctuations at least for the beginning
periods.
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5 Appendix

Proof of Lemma 6: Let kg > 0 but assume that &7 = 0. Feasibility implies
that ¢j, =0, [}, € [0,1], Vi,¥t > 1, kf =0, Vt > 1. Since f(ko, L) > 0 there
exists some j € I such that c}‘o > 0. We distinguish two cases:

Case 1: Assume that [7; =
Choose £ > 0 such that ¢}, > e. Consider the alternative feasible path (c,1, k),
defined as follows:

i)cjo = cjo—6 ci1=f(e11), cju=Cy, 22, Ljy =14, ¥t >0
ii) cig = cjpand lig =17, Vi#j,Vt

i) by = e ky=k, Vt>2

Define:

A, —ZA ZB@ Czt7 ’Lt Z)\ Zﬁt Z zt’ *

i=1 t=0 =1 t=0
The concavity of u and f implies that

Ac = W (cjoli0) =W (o, L) + B (v (cjn, lia) — v (S50, 151)]
ul(cjo,Li0)(cjo — o) + Bul(cjn, Veja

—ul(cj0,1j0)e + Bul(c;a, 1) f (g, L1)

€ [ﬂug(cj’l, 1)(1=9¢)— ui(cj’o, ljyo)] .

v

Y

Ase — 0, ¢j1 — 0 and wl(cj1,1) — 400, while uc(cjo,lj0) — uc(¢s 0, o) <
+00. Hence, for € > 0 small enough, A. > 0: a contradiction. It follows that
ki > 0.

Case 2: Assume that I7; <1
Consider the alternative feasible path (c,1, k) described in case 1 with the only
difference that ;1 € (l; 1, 1]. Following the same argument we obtain that &} >
0.

An induction argument proves the claim. m

Proof of Lemma 7: Assume the contrary: ky > 0 and k* is optimal with
ki — 0. Observe that feasibility implies that ¢j, — 0, Vi. Since fi(0,1) > 1
for k small enough, we have that f(k,m) > k. This implies that there exists
a date T, such that, 0 < ki, < f(kf,m), Vt > T. We know that with any

optimal solution k* of problem (@), there exist associated sequences (c},1});

for consumption and leisure, such that, ((c},17);,k*) is a solution to problem

(P). For any ¢t > T' there exists i € I such that ¢j, > 0, [, € (0,1). Observe
that Ly =m — > ,c; I7,. The proof follows in two steps:

*

Step 1: We claim that the sequence (%) converges to zero.
t
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Let ( 1% > be a subsequence such that:

* *

hmsup LZ‘ = lirrln T

Without loss of generality assume that 0 < k} | < f(ki ,m), Vn. One can find
a sequence of consumers denoted by (i), such that, G, > 007, € (0,1)
and limy, ¢f , =0, lim, [} , =1€[0,1].

Assume that (i), is such that lim,, [7 , =1 € [0,1). This implies that there
exists some agent i € I such that lim [, =1; € [0,1). In this case, Lj — L >0
which proves the claim.

Consider next the case where for any sequence (i), we have lim,, l;'kn,tn =1.
Observe that in this case, lim, [, =1, Vi € I and Lj — 0.

The first order conditions for problem (P) imply that Vi € I, Vn :

RICYRUS

ul(ct . ,l;‘tn)'

FL (k;,kn 3 thn)

Define ¢ (z) = F(x,1) — xFy, (x,1). Since f is homogeneous of degree a € (0, 1]

we have:

* * a— k*
Fthn7Ltn) = (Ltn) 15 <L*>
tn
uy(cte s lit,)
ulc(cztn ) lf,tn)

Taking the limits on both sides as n — +o00 we get:

lim F, (K7, , L7, ) < uj

For this to be true we must have:

§ <1 i, ) 0
1m = U.
n Ly

Since £ is increasing, there exists M > 0, such that, L’i" < M, Vn. If t" —
z > 0, from the definition of £ and the strict concav1ty of F'it follows ‘that
£(z) = F(z,1) — 2F}, (2,1) > 0 : a contradiction. Therefore lim,, E* = 0.

Step 2: Choose some ¢ > 0, such that, fx(e,1) >
o

Tf_ — 0, there exists some date 1", such that, ki < ¢ and ff <eVt>T.

T ,3 Since k:t — 0 and

For any t > T} = max{T, T} Euler’s equations hold, i.e.

ué(c;,tv l;k,t) = iui(cf,t+1a l;'k,tJrl)fk‘ (k:+17 L:H)
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Observe that fk( 2‘+1,L;"+1) > fr(e,1), t > Ti. It follows that there exists
T» > T such that for any t > T5:

t—To

too > ulein i) = ulliotin) T |(wing) A (i 220)|
=1
A t—T5
> itz IT | (ming:) £ )]
=1

> AT (el Uy).

with A = (min; 8;) fi (¢,1) > 1. Fix some i € I. We distinguish two cases:
Case 1: Assume that ule <0.
In this case, Vt > T5 we have:

+00 > Ui(C;TZ, ZZTQ) 2 AtiTZué(c:tv 7 t) At TZU’ (Cz 0 ]-)

Since limy A2 = 400, cfit — 0 and v’ satisfies the Inada conditions, we obtain
that A*=T2yl(ct Ci 1) — 400 : a contradiction.

Case 2: Assume that uf, > 0.
In this case, Vt > T5 we have:

+00 > ug(C gy, i) 2 AT (el 15y

Since lim; A2 = 400, it follows that ul(c;y,1f;) — 0. Given that ¢f, — 0
and u’ satisfies the Inada conditions, we have that lfy — 0. Observe also that
VYt > T we have:

U?(Cf,tv ;kt) = c( City zt)fL(ktaLt)
- ()
S ulc(c;kh 1t) (

This implies that u%(c;t, l;1) — 0.

Since by assumption u#(0,0) = 0, we have to distinguish three subcases.

1) Assume first that there exists ¢ > 0 such that u’(¢,0) > 0.
In this case, there exists ¢ > 0 such that u’(c,0) > 0 (if not, then u’(c, 0) = 0,
Ve > 0 and u(¢,0) > 0 : a contradiction). Since ciy — 0, there exists T3 > T,
such that, V¢ > T3 we have C;’k,t <c

+00 > u(Cpy, iy) = AT Pug(cfy, 0) > AT ug(c, 0)

Since lim; A*~"2 = 400, taking the limits on both sides we obtain a contradic-
tion.
2) Consider next the case where there exists [ > 0 such that u*(0,1) > 0.
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A similar argument implies that there exists [ such that ui(0,1) > 0. Since
l;"’t — 0, there exists T3 > T5 such that Vt > T3 we have l;’:t < [ and

u?(c;,tvl;‘k,t) 2 u;( ’ ;’k,t) 2 u;(O’D > 0.

Taking the limits on both sides as t — +o0o we obtain a contradiction.
3) Consider finally the case where u’(c,0) = u*(0,1) = 0, Ve, VI.

We know that ¢j; — 0 and [J, — 0. Observe that for any subsequence
of (cf,,1%,)s such that ¢, < I¥;, assumption U5 implies that ul(c},,17,) >
ul(If,,15,) > ui(1,1) > 0 : a contradiction since we know that u(l7,,1¥;) — 0.
In a similar way, for any subsequence of (cj;,[;;)¢ such that cj, > IF;, as-
sumption U5 implies that u}'(c;k,t,l;t) > uf(c;:t,c;k,t) > ui(A(ko), A(kg)) > 0: a
contradiction since we know that uf(lzt, l;:t) —0. =
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