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Summary

General equilibrium is a centra concept of economic theory. Unlike partia equilibrium
analysis which study the equilibrium of a particular market under the clause “ ceteris paribus’
that revenues and prices on the other markets stay approximately unaffected, the ambition of a
genera equilibrium model is to analyze the simultaneous equilibrium in all markets of a
competitive economy. Definition of the abstract model, some of its basic results and insights
are presented. The important issues of uniqueness and local uniqueness of equilibrium are
sketched; they are the condition for a predictive power of the theory and its ability to allow
for statics comparisons. Finaly, we review the main extensions of the general equilibrium
model. Besides the natural extensions to infinitely many commodities and to a continuum of
agents, some examples show how economic theory can accommodate the main ideas in order
to study some contexts which were not thought of by the initial model.



1. Introduction

Since the second half of the twentieth century, the Walrasian model of general equilibrium
is formulated in the concept of equilibrium of a so-called private ownership economy. In such
an economy, finitely many price-taking consumers (who are endowed with initial holdings of
the different commodities and who collect given shares of the profits from production)
consume the commodities available on the market, optimizing their preferences among all
possible consumption plans that satisfy their budget constraint. Finitely many producers, who
also take prices as given, maximize their profit on their individual set of possible production
plans; they produce the commodities which satisfy consumers demand in competition with
the initial resources not used by production. Market clearing determines equilibrium prices
and the quantities actually consumed and produced at a state of equilibrium. Market clearing
may result in the strict equality of supply and demand; we will then speak of (strict)
equilibrium. But, conceivably, the conditions for equilibrium may require that excess demand
be non-positive and that, for any commodity for which it is negative, the price be zero; we
will then speak of free-disposal equilibrium.

Existence of equilibrium prices is the necessary test of consistency for a model which bases
the coordination of plans of diverse economic agents on the fact that prices faced by all agents
provide the common flow of information needed to coordinate the system. And, indeed,
equilibrium exists under reasonable assumptions. Just as important is the relation between the
existence of solutions and the problems of normative economics. The Paretian study of
optimality considers the problem of efficient organization of an economy with an unspecified
distribution of resources and shows that for any Pareto optimal feasible allocation there exists
a price system to which consumers and producers are adapted. The Debreu-Scarf theorem
shows that the same is true at the limit for an allocation that no coalition can block, in an
economy with a specified distribution of resources when the number of consumers tends to
infinity. These results have been first obtained in the 1950s and 1960s simultaneously by the
three founders of the general equilibrium theory: K.J. Arrow, G. Debreu and, in a dlightly
different setting, L.W. McKenzie. Extended since then, these achievements strongly rely on
convexity assumptions on the characteristics of the agents and on the use of convex analysis
and fixed point theory. They confirm the new dependence of Mathematical Economics on an
increasing list of mathematical tools such as functional analysis, measure theory, differential
topology, non-smooth analysis, ordered setstheory ... .

After 1970, the general equilibrium theory developed in severa directions. First, in what we
will call the classical model (finite number of commodities, finite number of agents), the
conditions for equilibrium existence and optimality results have been strongly weakened.
Besides, the model itself has been generalized in order to allow for an infinity of time periods
and states of the world in the specification of commaodities, and for an infinity of agents. The
abstract model has aso been modified in order to accommodate the analysis of a great variety
of economic settings where properties of equilibrium may fail to hold. The different contexts
share a same methodology with the classical model of general equilibrium: the assumption
that individuals, who have perfect (imperfect in case of differential information) foresight for
each future state of the world, make their transactions in one initial market for the whole
future and all states of the world. This common methodology explains the central role of
general equilibrium in economic theory and maybe some of their common drawbacks.

In what follows, Sections 2, 3, and 4 present the current state-of-the-art for the classica
model. Section 5 sketch the issues of uniqueness of the equilibrium solution. Section 6



discusses some extensions.

2. Theclassical model

Commodities
In the classical model, only a finite number of commodities are exchanged, produced or
consumed. The commodity space is thus R', the real vector space of dimension | . The vector

zZ= (zk):(=1 e R' denotes a commodity bundle with sign conventions explained below.

Private owner ship economies and their agents
On this commodity space, a private ownership economy is completely specified by:

E= ((x‘,P‘,w‘)lel ,(Yj)jey(en)ie.,jej]

where

| isafinite set of consumers. Typically, aconsumer isan individual but may be a
household or alarger group with a common purpose. A consumer may even be a
country in amodel of international trade. For each consumer i € |, aconsumption set
X' c R istheset of al consumption plans physically (or socialy) possible for him.

The consumption plan x' € X' isalist (xli()lkz1 of the quantities of the various

commodities that the consumer i consumes (positive numbers) or delivers (negative

numbers). The preference correspondence P’ : [ [ X" — X' describes the tastes of

hel
consumer i. Under the condition that x' ¢ P'(x), theset P'(x) isinterpreted asthe
set of consumption vectors x” strictly preferred to x' when the consumption vectors
of all consumers h#i are x". Such a dependence may be justified by imitation or
other psychological effects. It encompasses the case when consumer’s preferences
depend only on his own consumption vector and, afortiori, the case when consumer i
has a complete preference preorder >' on his consumption set and

Pi(xi)= {x’i e X'Ix'f'x } Thevector @' isthe ith consumer’sinitial endowment in
each one of the commodities.

J isafinite set of producers. For each producer j € J, the production set Y! isthe
set of all production plans technically possible for the jth producer. A production plan

|

k=
j consumes as inputs (negative numbers) or produces as outputs (positive numbers).
Foralie I and j€ J,theprofit-share g, isthe contractual claim of consumer i on
the profit of producer j. By definition, the & are nonnegative and for every j,

ZHij =1

iel

yl e Yl isalist (yli) _ of the quantities of the various commodities that the producer

A particular case of private ownership economy is the exchange economy, where there is
no production, specified by:

Feasibility and market clearing
An allocation

xy)e [TX' <1y’

iel jed



isfeasible (or attainable) if
Sx =YXy =0
iel iel jed
feasible (or attainable) with free-disposal if
DX =D -y <0
iel iel jed
Equilibrium
Let S={pe R :|p|=1 bethe spherewith center Oy radius 1. If each pe € representsa
possible list of the (normalized) prices of each commodity, an equilibriumof E isapoint

(f),?(,y_/)e Sx][x'x]]y!
iel jed
satisfying the following conditions: ' '
1. Foreachie |, px <pw'+.6,py and X € P'(x)= px > pX
jed
2. Foreach je J,foral y' e Y/, py' <py’
3. Theadlocation @5/) isfeasible.

The point (p.x.y)e SxJ[X'x[ Y’ isafree-disposal equilibriumif, in the previous
iel jed

definition, the third condition is replaced by:

3. Theallocation xy_/) is attainable with free-disposal and B(Z?' +> 0 - Z}ij =0.
jed iel iel
Condition 1 states that at equilibrium every consumer has chosen in his consumption set a
consumption plan which best satisfies his preferences under his budget constraint. Summing
over ithe budget constraints, it follows then from Condition 3) or 3') that, at equilibrium,
every consumer spends his equilibrium revenue: Vie 1, . px = po'+ ) 6, py’.
jed

Condition 2 states that every producer chooses a production plan so as to maximize his profit
in his production set.

Condition 3 states at equilibrium the equality between the total supply and the total demand.
In case of free-disposal equilibrium, Condition 3' ensures that the cost of the disposal needed
for achieving equilibrium is minimized and equal to zero.

A clever reader will have observed that the free-disposal equilibrium of an economy is thus
the equilibrium of afictitious economy identical to the original one but where an additional
price-taker and profit-maximizing producer has the negative orthant —R' as his production set.
It is easily deduced from this remark that, at a free-disposal equilibrium, the equilibrium
vector price is non-negative. This need not be the case if the equilibrium is strict, that is,
without free-disposal. Some commodities may be noxious or at least non-desired at
equilibrium; the disposal needed for achieving equilibrium is not free anymore and may
involve costly activities.

Quasi-equilibrium



A point (p.x.y)e Sx] X' x[TY! isaquasi-equilibrium (resp. free-disposal quas
iel jed
equilibrium) if it satisfies the profit-maximization and feasibility conditions of the
corresponding equilibrium definition and if Condition 1) is replaced by the weaker condition:
I'.Foreechie I, px <po'+.6,py and x' € Pi(;<):> PX > px.
jed
The interpretation of Condition 1" is not very appealing since it means that, at a quasi-
equilibrium, no consumer could be strictly better spending strictly less than his budget
constraint. The interest of the quasi-equilibrium concept is purely mathematical. As we will
see in the next section, the equilibrium existence proofs actually establish the existence of a
quasi-equilibrium, allowing for a clear distinction between the quasi-equilibrium existence
problem and the investigation of the conditions which guarantee that a quasi-equilibriumisan
equilibrium.

3. Existence of equilibrium

Several equilibrium existence proofs are available in the literature. Among the three main
approaches, the excess demand approach obtains the equilibrium price as a zero of the excess
demand correspondence (a zero of the excess quasi-demand correspondence for the quasi-
equilibrium price). This approach requires the preferences of each consumer to be formalized
by a complete preorder on their consumption set.

The so-called Negishi approach bases the equilibrium existence on afixed-point theorem
applied in the utility space, that is in the vector space R' whose dimension is equal to the
finite number of consumers. This approaches requires the preferences of each consumer to be
represented by a utility function but, since the first writings of Debreu, economists know that,
at least when the commodity space is finite dimensional and under the usual assumptions of
the equilibrium existence theorem, there is no loss of generality to assume that complete
preference preorders on the consumption sets are represented by utility functions.

The approach presented below is the simultaneous optimization approach. The interest of this
approach and of the theorems which will be presented is to be not too much demanding in
terms of the rationality of consumers' choices (consumers' preferences need not be complete
or even transitive) and to allow for some dependence of the individual preferences on the
actions of the other agents.

3.1. Equilibrium and quasi-equilibrium of abstract economies

An abstract economy (generalized qualitative game, social system) is completely specified by
I'= (xi'ai'Pi)ieN
where N isafinite set of agents (players) and for each i € N,
e X'isachoice set (or strategy set) that we will assume to be a subset of some finite
dimensional vector space,
e Thecorrespondence o : [ [ X" — X'is called constraint correspondence. For

heN
xe X=][]X", theset &/ (x) isinterpreted as the set of the possible strategies for |
heN

given the choices (x“)thi of the other agents,

¢ Thecorrespondence P': [ [X" — X' isapreference correspondence. For each
heN



x € X, under the condition that x' ¢ P'(x), the set P'(x) isinterpreted as the set of
elements of X' strictly preferred by i when the choice of the other agentsis (x") .

h#i

An equilibriumof T isapoint xe X such that for each i€ N,

1 xXed 6()

2. P()na'(x)=2.
The interpretation is that at each component of the equilibrium point, the corresponding agent
best satisfies his preferencesin his constraint correspondence.

Asaspecia casg, if for every i € Nand for every xe X, ai(x): X', in other words if
I'= (Xi,Pi)ieN isaqualitative game, an equilibrium of I isnothing other than a Nash
equilibrium of the qualitativegame I".

Now, let £': X — X' be correspondences satisfying for every i € N and for every xe X,
3. A (x)ca'(x)

4. f(X)2D= f(x)=c (X)

wherefor aset A, A denotesthe closureof A.

Given f=(f')_ ., a f-quasi-equilibriumisapoint x € X such that for each i € N,

5. ii_e o I(i()
6. P'(§<)mﬁ' @): 3.

F-quasi-equilibrium existence
The existence of a S-quasi-equilibrium can be deduced from the Gale-Mas-Colell lemma,

lemmaitself proved using Kakutani’ s theorem and a powerful selection theorem dueto
Michael.

Lemma (Gale-Mas-Coléell) Let N be afinite set of indices. Given X = 1_[Xi , Where for
ieN

eachie N, X'isa nonempty compact convex subset of some finite dimensional Euclidean

vector space, let for each i, ¢': X — X' be alower semi-continuous correspondence with

convex (possibly empty) values. Then there exists x e X such that for each i € N, either
¢ 6(): Jor X e g 6()

The existence of a £- quasi-equilibrium for an abstract economy is proved under the
following assumptions for each i € N:

(@ X'isanonempty compact convex subset of some finite dimensional Euclidean vector
Space,

(b) ' isan upper semi-continuous and non empty closed convex-val ued correspondence,
(c) /' isconvex-valued,

(d) the correspondence x — /' ()N P'(x) is lower semi-continuous,

() the correspondence P' is convex-valued and for all xe X, x' ¢ Pi(x).



Proposition 1 Under the conditions (a) — () and for £ defined as above, the abstract
economy I' = (X‘,ai,Pi)ieN hasa f quasi-equilibrium. It is an equilibrium provided that for

every i, ,8‘6()7& @.
3.2. Application to quasi-equilibrium existence for private owner ship economies

Let

E:((XI’PI’a)I)ieI’(Yj)jeJ’(eij)iel,jeJ]
be a private ownership economy as defined in Section 2. In the following, A(E) will denote,
according to the case under consideration, the set of feasible (resp. feasible with free-
disposal) allocations of the economy. For each ie |, je J, X', Y will denote the

projections of this set on the corresponding consumption or production set, that is the feasible
sets of each consumer and producer.

Quasi-equilibrium existence for the economy is proved under the following assumptions:
1. Foreachie I,
(a) X'isconvex and closed, X' is compact -
(b) P'islower semi-continuous with convex valuesand for all xe X, x' ¢ P'(x),
© @'e X -26Y (0e X'->6Y -R. incaseof free-disposa),
jed jed
(d) for each feasible allocation (x,y), X' € P'(X);
2. Foreach je J, 0e Y/ whichisconvex and closed, Y is compact;
3. Thetotal productionset Y := D Y'! isclosed (Y + R. in case of free-disposal).

jed

Besides convexity, closedness and continuity assumptions, Assumption 1 (c) is aweak
survival assumption: for each consumer, a consumption vector is possible using his own
resources and, eventually, his share of the productive system. Assumption 1 (d) means that for
each consumer, afeasible consumption vector isa point of local no-satiation: each consumer
can be strictly better with a consumption vector as close as desired from his actual
consumption in the feasible allocation. The compactness of all feasible sets, in 1 (@) and 2,
can be obtained under, for example, the assumption that all consumption sets are bounded
below ant that all production sets are bounded above. More sophisticated assumptions on the
total consumption set Y X' and the total production set Y Y can be found in the literature;

iel jed

eventually stated in terms of the recession cones of these sets, they guarantee the same resullt.

Sketch of the proof for a compact economy

In order to apply Proposition 1, the quasi-equilibrium existence for the private ownership
economy isfirst proved assuming that, besides the previous assumptions, consumption and
production sets are bounded. Agents of the abstract economy associated to the private owner
ship economy are:

e the consumers, with their consumption set as strategy set, the same preferences asin
the private ownership economy, the budget correspondence



“I(p)—{xl e X'|px'<pa'+).6,py’ + l—||p||}
j

as constraint correspondence, and

ﬂi(p): x' e X'px' < pa +Z‘9ij oy + 1—|I|||p||}
i

e the producers with their production set as strategy set, correspondences ¢! and
whose values in reaction to the actions of the other agents are identically equal to
their production set, preferences on their strategy set associated in a obvious way with
the objective of profit maximization

e an additional agent, interpreted as the Walras auctioneer, who sets prices in reaction
to demands and supplies of consumers and producers with the objective of
maximizing the value of the excess demand. His strategy set is the compact convex

set of prices X°=B={pe R ‘|| p| <1}, the closed unit-ball centered at the origin and

with radius equal to 1 (or the intersection of this ball with the positive orthant R! in
case of free-disposal). In reaction to the actions of consumers and producers,
correspondences «° and ° have values identically equal to X°.

In &'(p) and £'(p), the addition to the regular revenue of consumers of a non-negative
extraterm depending on the norm of the priceis a stratagem due to Bergstrom and has as
objective to allow the different correspondences to satisfy the continuity properties
assumed in Proposition 1. Applying this proposition, one gets a point @)?9) satisfying

the conditions for quasi-equilibrium of the economy, provided that HBH =1.The
verification of thislast condition completes the proof of the following proposition:

Proposition 2 Under the conditions 1. (a) — (d), 2. and 3. a private owner ship economy
E= ((Xi’Pi’a)i)iel ’(Yi)jeJ,(Hij )iel,jeJ]Whose consumption and production sets are

bounded admits a quasi-equilibrium.

Quasi-equilibrium existence in the original economy

Taking advantage of the compactness of the feasible sets of consumers and producers,
assumed in 1 (a) and 2, the idea of the proof is then to replace the original economy E by
a compact one satisfying the same assumptions.

Let K © R beacompact convex set containing all feasible setsin itsinterior. One
associates with the original economy a compact economy with the sets X'=X'AK and
Yi =Y AK asconsumption and production sets.

In order to facilitate passing from a quasi-equilibrium of the compact economy to a
quasi-equilibrium of the original economy, the original consumer’s preference
correspondences are also replaced by the Gale-Mas-Colell augmented preference
correspondences.

p! (X)= {z‘ € X“zi =X'+(1-2)z' 0 A<Lz'e P' (x)}
Note that the augmented preference correspondences are semi-continuous if the original
preference correspondences are assumed to be semi-continuous, and that x' e P (x) if



P’ (x)# . The possible replacement of local no-satiation assumptions by no-satiation

assumptions (at any component of afeasible allocation) is aso areason for introducing
the Gale-Mas-Colell augmented preferences

Consider the compact economy

L(po) @) @) )

where the augmented preferences in the original economy and their obvious restrictions
in the compact economy are noted identically. Applying the quasi-equilibrium existence
result for compact economies, it is then shown that the economy

== (X F0) ()L @)

has a quasi-equilibrium (E),?(,y_/)e SxJ[X'xJ]Y'. This quasi-equilibriumis afortiori
iel jed
aquasi-equilibrium of the original economy E. Moreover, it follows from the remark
above that the quasi-equilibrium existence has been obtained with Assumption 1 (d)
replaced by the weaker assumption:
1. (d') Foreach i€ | and for every feasible alocation (x,y), P'(x)= @.

To summarize,
Proposition 3 Under the conditions 1 (a) <c), (d'), 2 and 3, a private ownership
economy E = ((Xi’Pi’wi)iel ’(Yj)jeJ’(gij)iel jeJ]admitsaquasi-equilibrium.

Before closing this sub-section, let us remark that a glance to the proofs presented here
shows that, under convenient assumptions, the quasi-equilibrium existence result could
accommodate consumers  preferences depending on the current production vector and
also price-dependent prefer ences which may make sense in economic models.

3.3. From quasi-equilibrium to quasi-equilibrium

Mor e continuity of preferences
Now, let us set an additional continuity condition on consumers' preferences:

1. (e) Foreach i € | and for every x e X, theset P'(x) isopenin X'.
Then, if forall pe S, weset
;/'(p):{x' e X'|px' < pa'+ )6, max p.Y’}
the budget set of the ith consumer and

§(p)=1x € X'|px' < pa'+ )6, max p.Y’}

we can remark that 5@);& P, X e ;/@) and Pi@)mé"(ﬁ)=® imply P‘()?)m;/i(b):Q.



Thus, the investigation of conditions under which aquasi-equilibriumof E isalsoan
equilibrium is reduced to the search for conditions under which & (B);t Gfordliel,if pis

aquasi-equilibrium price.

Strong survival versus non-triviality of the quasi-equilibrium and irreducibility of the
economy
The strong survival assumption:

1. (f)Foreachie |, o' e int{xi _Zé’inJJ where int A denotes the interior of A

jed

(0 € int[xi -0+ RL} in case of free-disposal)
jed

is such an assumption. It ensures that, at the quasi-equilibrium price, each consumer can

consume without spending his entire revenue, that is & (B);t Gfordlicel.

To seethisin the case of no-disposal, recall that p=0. Foreach i € |, pick ue R' such that
pu<O0and @' +ue X'-D6,Y'. Onecanwrite X' =u+ '+ ) 6,y’ for some x' e X',
jed jed
y=(y')e [1Y', whichimplies px' < po'+ Y6, py' < pw'+Y_py' . Theproof is
jed jed
similar in case of free-disposal.

It is possible to weaken the strong survival assumption, replacing it by the following:

w=) 0 e int{Zxi - ZYiJ

iel iel jed

(=) 0 e int[ZXi DY+ RLJ in case of free-disposal).
iel iel jed

Thisis gtill astrong interiority assumption which insures that, at the quasi-equilibrium price,
at least one consumer can consume without spending his entire revenue. The quasi-
equilibrium is then said to be non-trivial.

It should be noticed that for the non-triviality of quasi-equilibrium, as shown by counter-
examples, the interiority assumption cannot be dispensed with, without additional
assumptions on the characteristics of the economy, for example assumptions analogous to the

properness assumptions used in infinite dimensional economies.

Therole of an irreducibility assumption is to guarantee that the non-emptiness of one &' G))

implies the non-emptiness of all. The general ideais to assume that, in some sense to be
specified, it is aways possible for any non-empty and proper group of consumers to benefit
from the resources of the group of the other consumers. Various irreducibility assumptions
have been proposed by Gale in the context of linear exchange economies, McKenzie, Debreu,
Arrow-Hahn, Bergstrom and many others. To enter in the technical subtleties of the different
formulations would exceed the objectives of this survey.

Collecting the findings of this section, the equilibrium existence theorem can now be stated.



Theorem 1Let E = ((X‘,P‘,a)i)iel ,(Y")]_EJ,(H”-)iel J_EJ] be a private ownership economy

sati §fy_| ng the assumptions satisfying the assumptions 1. (a), (b), (¢), (d") (e), 2 and 3, and let
@, X, y)e SxJ X <] JY' bea quasi-equilibrium of this economy. If in addition,
iel jed
e either E satisfies 1. (f), that is the strong survival assumption for every consumer,
e or thequasi-equilibriumisnon-trivial and E isirreducible,

then (5?(?/) isan equilibrium.
4. Optimality properties of equilibrium

The optimality notion which alows to establish that an equilibrium alocation is optimal goes
back to Pareto. Roughly speaking, in the general equilibrium model, afeasible dlocation is
Pareto optimal if there is no other feasible allocation that each individual (actually each
consumer) would prefer. In the same guise, the term of Pareto optimality is used nowadaysin
several problems of multi-criteria or multi-objective optimization in which a planner refuses
to compare states that improve some criteria (e.g. the utility of some agents) decreasing some
other ones (e.g. the utility of some other agents).

The cooperative game theoretic notion of core of a private ownership economy corresponds
to the idea that no feasible allocation is sustainable as an equilibrium allocation if consumers
are free to cooperate, in away to be defined, and a coalition of consumers can obtain an
allocation feasible for themselves and that they all prefer to the given allocation. Aswe will
see, acore alocation is defined as an alocation blocked by no coalition.

Finally, the desirable persistency of this kind of stability against re-contracting in a private
ownership economy when the relative weights of each consumer become infinitesimal leads
to the definition of limit-core concepts.

After a precise definition of these notions which will be given below, basic results of welfare
economics as the optimality of equilibrium allocations, belonging of these allocations to the
core of the economy, and even to the core of all replica economies will become simple
tautologies. More interesting are the converse issues. Statement of converse results and their
proof constitute the main objective of this section. Before stating these theorems, we will
verify with non-emptiness results the consistency of the newly introduced notions.

4.1 Optimality, core and limit-cor e concepts

Par eto dominance and Pareto optimality

Let
E:((Xi'Pi)iE.'(Yj)ieJ'w]

be an economy for which we specify neither the repartition of the wholeinitial endowment w
among the consumers nor the profit shares corresponding to the ownership of the different
firms by the different consumers. If (x,y) and (X',y) are two feasible alocations of E, we
shall say that the feasible consumption allocation x” is (strictly) preferred to (or strictly
dominates) the feasible consumption allocation x if foral ie |, X" e Pi(x). Then, afeasible
consumption allocation x is Pareto optimal if it is (strictly) dominated by no other feasible
consumption allocation. In the case when each consumer i has a complete preorder of

preferences >' on his consumption set X' (recall that then P'(x)={x" e X'|x"f' x'}), one

uses also aweaker dominance relation: the feasible consumption alocation x” weakly



dominates the feasible consumption allocation x if x" >' x' for all consumers i € | and if the
preference is strict for at least one of them. Then afeasible consumption alocation x issaid
to be astrong Pareto optimumif it is weakly dominated by no other feasible allocation.

In the following, the set

)2={xe [Tx

iel

ye [[Y' D x =0+ Zyj}

jed iel jed

will denote the set of all feasible consumption allocations of the economy.
Core of an economy

Consider now a private ownership economy

E = ((X',P',C()')ie| ’(Yj)jej'(gij)iel,jeJ]
as defined in Section 2 and studied in Section 3. A coalition is any nonempty subset S of the
set | of consumers. If X5 =[] X', avector xS:(x‘S)iese X% isaconsumption assignment

for the coalition S. A preferencerelation PS: ] [ X' — X® is defined by
iel
PS(x)={x°¢e Xs‘xiS e P'(x)vie S}
In other words, P°(x) is the set of consumption assignments x° = (xis)iE , Which are
unanimously preferred to x by the members of the codlition S. In order to define the
productive power of the coalition S, it is assumed that the coalition has the technology set
Ys=> ZHUY' as production set. Thiskind of assumption, whose economic meaning is
jed ieS
controversid, relies on the idea that the relative profit-shares ¢, reflect consumers’ stock
holdings which represent proprietorships of production possibilities.

Ay e YSD xS=> 0+ y}

iel iel

N

X®=1x%e X*®

isthe set of all feasible consumption assignments for the coalition S (resp . feasible with free-
disposal consumption assignments if the equality is replaced by alarge inequality).
Obviously, X = X'; the set of feasible consumption allocations is the set of feasible
consumption assignments for the grand coalition 1, that is the coalition of al consumers.

A codlition S blocks the feasible consumption allocation x if thereissome x5 e X P3(x).

The core of the economy E isthe set of all feasible consumption allocations blocked by no
coalition. Notice that afeasible consumption allocation is Pareto optimal if and only if itis
not blocked by the grand coalition. An element of the core is thus a Pareto optimal
consumption allocation.

Replica economies and limit-cor e concepts

Let r be any positiveinteger. The r-replica of E isthe economy composed of r sub-
economies identical to the original one

Er - ((Xiq’ I:)iq’a)iq)iel,qﬂ.,K ,r’(qu/)jeJ,quK ,r’(giqjq/)iel,jeJ,q,q'=LK ,r]

defined as follows: _ _
e Foreach je J, r producers of type j have the same production set Y9 =Y/,



e Foreachie |, r consumersof type i have the same consumption set X'* = X' and
the same initial endowment ' = ',

e For externalitiesin preferences and profit shares, each consumer is restricted within
his sub-economy: P [ [ X' — X' isdefined by P'(x)=P'(xX), 6o =6, Oqq =0 if

iel

’

q#q.

In E', aconsumption assignment x' € HX“‘ issaid to have the equal treatment property
iel,g=1K r

if forevery ie |, xX%=x foral q=1K ,r. Aseasily verified, such aconsumption

assignment x' isfeasiblein E' if and only if x = (x‘)iel is a feasible consumption allocation

in the original economy E.

In this paragraph, we are interested in the set C"(E) of the feasible consumption allocations

x of the original economy whose r -replica x" belongsto the core of E'. For afeasible

consumption allocation x in the original economy, and provided that each Y’ is convex, this

is equivaent to the following condition: thereis no codlition Sc | x{1K ,r}in E" with some

consumption assignment x° such that

D XT-YSiw' e X [SH D6,

(i,g)es i€S iel jed
x®e P'(x)V(i,q)e S
where S(i)={ge {IK ,r}{(i,q)e S}isthe set of consumers of type i who belong to the
coalition Sand |S(i) denotes the number of elements of S(i).

Let us define t, :@, t=(t),_,  and setfor each i suchthat t, >0, x" :‘S(ii) D X The
qe S(i)

scalar t; isarational number in [0,1] which can be thought of as the rate of participation of i
in the coalition t and X" isthe mean consumption that consumer i achieves by participating
in the coalition. Assuming that all consumption and production sets are convex and all
preference correspondences are convex-valued, we thus can replace the above relations by

Z tx" —Ztiwi € Ztizeinj

{ijt;>0} iel el jed
X' e P'(X)Vi:t;>0.

The existence of some x° satisfying the first two relations is obviously equivalent to the
existence of some x' satisfying the two last onesand C'(E) isthe set of all feasible
consumption allocations x in the original economy such that there exists no codlitiont, t#0,
with some consumption assignment x'satisfying these relations.

Let usnow define C°(E)=| C'(E). A feasible consumption allocation xe | C'(E) will

r>1 r>1

be said to be an Edgeworth equilibrium of E or to belong to its Debreu—Scarf core.

Clearly, C"*(E)c C'(E) and the feasible consumption allocation x is an Edgeworth
equilibrium if and only if thereis no vector t = (t;)._, of rational rates of participation
belonging to theinterval [0,1], t= 0, with some x" € X' for each i € |, satisfying the above

relations. Allowing as Aubin that the rates of participation take any real value in the interval
[0,1], we will say that the feasible consumption allocation x of the original economy belongs



to the fuzzy core C' (E) of this economy if thereisno vector t [01], t=0, with some
x"e X', ie |, satisfying the same relations.

4.2. Non-emptinessresults

In the two first following results, the economy E under consideration is an economy for
which are specified neither the distribution among consumers of the total initial endowment
nor the relative profit-shares of consumers on the different firms.

The existence of a Pareto optimal allocation when preference correspondences have convex
values and open lower sectionsis an easy consequence of an elementary fixed-point theorem.

Proposition 3 An economy E has Pareto optimal allocations under the following conditions:

1. Theset X of all feasible (resp. feasible with free-disposal) consumption allocationsis
nonempty, convex and compact

2. Foreachie I,thecorrespondence P': [ [ X" — X' is convex-valued
hel

3. Foreachie | andfor every Z € X', the set (Pi)fl(z‘):: {xe X‘zi e P'(x)}isopen
in X.

Remarkably, when each P' corresponds to the strict preference associated to a complete
preorder >' of consumer i on his consumption set X', the convexity of the feasible set and of
the values of the preference correspondences is not needed for the existence of strong Pareto
optimal allocations

Proposition 4 If X is nonempty and compact, under the conditions 3 of the previous
proposition, an economy E whose consumer s have compl ete preference preorders on their
consumption sets has strong Pareto optimal allocation (and, a fortiori, Pareto optimal
allocations).

To understand this, it suffices to associate to each complete preorder of preferences >' an
upper semi-continuous utility function u': X' — R and to define u(x)= Y AU (x‘) for a

iel
system A= (4;) of strictly positive relative weights for each consumer. A maximum x of the
function u on X corresponds to a strong Pareto optimal allocation.

Let us now consider a private ownership economy E as defined in Section 2 and let X bethe
set of all feasible (resp. feasible with free-disposal) consumption allocations. The non-
emptinessof C'(E) for any positive integer r is proved under the following assumptions:
1. Theset X is compact. Moreover, foreachie I,
(@) X'isconvex,
(b) For each x' € X', (Pi)_l(x‘) isopenin X =] ] x",
hel

(c) For each xe X, P'(x)isconvex and x' ¢ P'(X),
(d) w'e X'=20Y (rep. o' e X' 6,Y' +R. incaseof free-disposd);
jed jed
2. Foreach je J, Y'isconvex.



Notice that the survival assumption 1(d) can be interpreted as an autarky assumption: for each
consumer i, the coalition {i} reduced to this consumer aone has a nonempty feasible set

X,

Rephrasing the previous assumptions, let us call convex economy an economy whose
consumption sets and production sets are convex and preference correspondences have
convex values. We have the following:

Proposition 5 Let E be a convex economy. If the set X of feasible consumption assignments
Iscompact and if each consumer satisfies the autarky assumption and has preference
correspondences with open lower sectionsin X, then for any positiveinteger r, C'(E)# Q.

The proof of Proposition 5 is based on afixed point argument. When consumers’ preferences
correspond to complete preorders on their consumption set, a proof can be based on the Scarf
theorem of non-emptiness of the core of aNTU game.

Under the assumptions of Proposition 5, it is easily verified that C"(E) isaclosed subset of
X . It was previously noticed that for al r >1, C™(E)c C'(E). Coming back to the
definition of C°(E)=| C'(E), it follows from an obvious compactness argument that the

r>1

Debreu—Scarf core, that isthe set of Edgeworth equilibria, is nonempty.

Proposition 6 Let E be a convex economy. Under the same assumptions as in Proposition 5,
the set C°(E) is nonempty.

To get the non-emptiness of the fuzzy core of the economy E, one adds the following
continuity assumption: A
3. Foreachie I, forevery xe X, theset P'(x)isopenin X'.

Then, exploiting the density in [O,l]I of the subset of &l elements of [O,l]I with rational
coordinates, one gets the following:

Proposition 7 For an economy E satisfying the conditions 1-3, the fuzzy core is nonempty.

When consumers’ preferences are represented by utility functions on their consumption set,
the previous proposition can be tranglated into:

Proposition 8 For a convex economy whose set of feasible consumption assignmentsis
compact and consumer s satisfy the autarky assumption and have continuous (quasi-concave)
utility functions, the fuzzy core is nonempty.

4.3 Price-decentralization results
For a private ownership economy, it follows from the definitions that an equilibrium

consumption assignment is an element of the fuzzy core, thus an Edgeworth equilibrium, an
element of the core and a Pareto optimal feasible consumption allocation.



Proposition 9 Let (x,7,p)e [ [ X' x[]Y! xS bean equilibrium of a private ownership
iel jeld

economy E. Then X isan element of C'(E).

Indeed, assume on the contrary that thereexist te [01] , t=0,and x' € [ ] X' such that

fie-o)
2 txt =D tw'e Ztiz@uY"

{i[t;>0} iel el jed
X' e P'(x)Vi:t, >0.
From the first relation and the equilibrium definition, we deduce

r‘v[ >t —Zti“’iJSf’ZtiZWi-

{iel|t;>0} iel  jed
From the second relation and the equilibrium definition, we deduce
pX">pw' +).6,py’ foreach i suchthat t; >0

and

ﬁ[ Y tx" —ZtiwiJ >Pt 26,9

{iel|t;>0} iel  jed

acontradiction.

The previous proposition is not surprising. The optimality, core and limit-core definitions
were tailor—-made for this result.

On the contrary, the price-decentralization results that we will state as converse results are
celebrated theorems of general equilibrium theory.

The second welfar e theorem B
By price-decentralization of aPareto optimal allocation (x,y)e [[X'x]]Y! wemeanthe

iel jed
definition of aprice vector pe S such that |
e Forexchiel, x'e P‘(;():E.xizf).;(i,
e ForeachjeJ, yleY = pyi<py.
If pe S satisfies these two conditions, we say that 6(3_/) isa quasi-equilibrium allocation
relative to the price system p, or that p isaprice equilibriumwith transfers.

Theorem 2 Let x&) be a Pareto optimal allocation of an economy E whose are specified

neither the distribution of the total resources w nor the relative profit-shares of consumersin
the different producers. Under the conditions:

1. Foreachie |, thepreferred set P'(x)isconvex and X e Pi@) (the closure of
()
2. Thetotal productionset Y = Y Y! isconvex,

jed



thereexists pe S such that 6(?/) Isa quasi-equilibrium allocation relative to the price
system p.

The proof of Theorem 2 is done using a separation argument in R' for the two disjoint

nonempty convex sets LZ p! 6()— DY —w| and {0} (resp. -R. in case of free-disposal).
iel jed

Let p#0 be such that

. BLZ P'(X)-2Y' - a)} >0 (no-disposal case)

iel jed

. I{Z p! @- dyi- a)J > p(-R.) (free-disposal case).

iel jed

In both cases, we get B[Z (Pi ()?)— >_<i} 26(‘ -y’ )J >0, which, with the local non-satiation
iel jed

assumption made at each component of x completes the proof. There is_ no loss of generality
to assumethat pe S. Noticein addition that, in case of free-disposal, p.(—RL)s Oimplies

p20and B[Z? - —Zw‘j=0

iel jed iel

The economic meaning of the second welfare theorem isthe following: If (X,y) isaPareto
optimal allocation of E !vhere each consumer is locally non-satiated, there exists a price
vector p such that (;< Y; p) is a quasi-equilibrium of the private ownership economy E’

obtained from E by giving to each consumer i the initial endowment ' =X —ﬁz;‘/ and
jed
the profit shares 6, = 1 In other words, the responsibility of a benevolent planner can be

i
limited to the choice between different social (Pareto) optima and to implementing the
distributions of resources and profit shares associated with the chosen optimum.

The equivalence theorem B
We now start from afeasible allocation x,y)e l—IXi ><1_[Yj of aprivate ownership

iel jed

economy E suchthat x € C'(E), thefuzzy coreof E.

Theorem 3 Let x,y)e [TX <[ ]Y'! beafeasibleallocation of a private ownership
iel jed
economy E suchthat x e Cf(E). Under the conditions:
1. Foreachie |, thepreferred set P'(x)is convex and X € P'(%),
2. For each j e J, the production set Y'is convex,
there exists pe S such that 6()_/5) isaquasi-equilibriumof E.



Asfor the second welfare theorem, the proof is done using a separation argument between the

two nonempty convex sets ¢ U[P‘@)— Y.6,Y —@' || and {0} (resp. -R.). It follows from
iel jeJ

thefact that x e C'(E) that the sets are dioints. Let p= 0 be such that

e Foreachicel, B{P‘()L(i}ZH”YJ —w‘]ZO (no-disposal case)

jed

e Forexchiel, B[P‘G()— 2.6,y —a)ijzﬁ.(—RL) (free-disposal case).
jed
In both cases, foreachie |, p.P' 6()2 p.Y.Y! + pa'. Using the local non-satiation at each
jed
component of the consumption feasible allocation and summing over i, one gets successively

E( ii—zyj—Zw‘J:O, px =pa'+>.6,py'Viel, pY' <py'vje J,
iel

jed iel jeld
pP 6()2 Px,Vie I, and the proof is complete. Notice, asin the second welfare theorem,
that, in the free-disposal case, p=0.

The economic interpretation of this theorem isthat the core of an economy shrinks to the set
of equilibrium allocations when the number of consumers tends to infinity and the market
power of each of them tends to zero. Thisideathat traces back to Edgeworth is probably
better formalized with the equivalence theorem for continuum economies.

One of the main interests of the previous theorem is elsewhere. Adding the equivalence
theorem to the non-emptiness result for the fuzzy core yields an alternative but close
statement and a fourth proof of the existence of equilibrium in private ownership economies.
We leave the reader to formulate this equilibrium existence result.

5. Uniqueness properties of equilibrium

The equilibrium defined until now has no reason to be unique, so that general equilibrium
theory until now is not deterministic. Some examples show that there may even exist a
continuum of equilibrium prices. In this section, we look at conditions which guarantee
uniqueness or at least local uniqueness of equilibrium.

In order to apply general equilibrium to comparative statics analysis or to examine the
dynamic behavior of general equilibrium systems, uniqueness of equilibrium would be the
most desirable property. It is generally admitted that uniqueness of equilibrium requires
strong additional properties of the aggregate excess demand as the gross substitute property
or the satisfaction of the (revealed preference) weak axiom. The plausibility of these
propertiesis controversial and still discussed.

We will first establish in this section local uniqueness of equilibrium asa*“generic” (ina
sense to be made precise below) property of the classical model depending on the parameters
of the model. In order to state easily understandabl e statements, we will stay voluntarily
below the current state-of-the-art in this question. In particular, we will restrict the analysisto
exchange economies where consumers have utility functions defined on consumption sets



identical to the positive orthant R of the commodity space and strictly positive initial
endowments. Considering consumer’ s tastes as fixed and individual resources as variable, we
parametrize by the vector w = (a)i )iel of the strictly positive initial consumer’s endowments

the economies under considerations and make on the exchange economy E(w)= (Xi U )iE |
the following assumptions:

Foreachie I,

(@ X'=R and @' >>0

(b) u': R — Riscontinuouson R., twice continuously differentiable on R, the

interior of R, with in addition:

(c) u' isdifferentiably strictly increasing, that is, for all x' € R,

VU (x')>>0

(d) u' isdifferentiably strictly quasi-concave, that is,

VU (X' )=0=VvDU'(X ¥ <0,¥xX € R

M

vwe R :v#0

(e) Foreach i € | and for any ue R, the closure of the set {xi e R,

ui(xi)z u}is

contained in R., .

It easily follows from Theorem 1 and the different above assumptionsthat E(w) has an
equilibrium (X, p) with, necessarily, p>>0and X € (R'H)I . Without loss of generality

pe ri(d), therelativeinterior of the unit-simplex of R'. On the other hand, if pe R,
letting for each i € 1, W' = pa', the budget set o/ (pw')={x' € R,
the demand set

px' <w' }iscompact and

xi(p,wi): {xi ea (p,w‘jui (x‘)z u'(zvze o (p,wi )}

iswell-defined, actually is a singleton. Each consumer has a continuous demand function on
R, . Writing the first order conditions for the utility function maximization, one deduces
from the above assumptions and the implicit function theorem that each demand function is
also differentiable, satisfies p.x' (p,w‘): w' (Walraslaw) and .that if the sequence (pV,W‘V)
in ri(A)x R, convergesto (p,w) with pe ri(A), we R, then Hxi(p,w)H converges to +oo.
By definition, given w e (R'H)I , P& ri(A) isan equilibrium price vector of E(w) if and only
it Y x'(pw)=2_@'. Theset of such price vectorsis denoted by W (w)

iel iel

The main result of this section is the following:

Theorem 4 Under the above assumptions, the set W (w) isfinite, except for a (relatively)

closed subset of R'++)I with Lebesgue measure zeroin (R )' . Moreover, on some

neighborhood of @ outside of this exceptional set, equilibrium prices are continuously
differentiable functions of the vector of individual initial resources.

The proof of Theorem 4 relies on the application of Sard’ s theorem and of the inverse
function theoremto the function F : ri(A)x R, x (R'Hj”_l - R jl‘ defined by:



Fpw,o’ K o' )= ([xl(p,wl)+ 2. (p.po )—Za)i],a)z,K ,a)'J

i#1l i#l

and on the remark that pe W (0) < F(p, p', 0’ K ,a)‘"): w.

We will not enter in the details of Debreu’ s proof whose main steps are:
e Theset C of the w= F(p, pw', o’ K a)"‘] such that the Jacobian matrix of F at

(p, pow',w? K ,a)"‘] has rank smaller than | |I] has L ebesgue measure zero;

. Cm(R'Hj" is closed relative to (R'H)I
e Outsidetheset C, W(w) isfinite and each equilibrium islocally unique.
One says that equilibrium islocally determinate outside the exceptional set C.

A result which is verified on aopen and of full Lebesgue measure subset of the set of initial
datais said to be generic. Genericity analysis and the use of differential analysis have been
extended to production economies, to more general formalizations of the preference of the
agents, and also from the point of view of the dependence of equilibrium prices on the other
primitive data of the model. Besides obvious differential assumptions on the characteristics of
the agents, such an analysis requires in general strong assumptions on the model that contrast
with the generality researched in the part of general equilibrium analysis which deals with
existence and optimality of equilibrium.

However, because they open aroom for comparative statics and dynamic equilibrium studies,
genericity analysis belong to general equilibrium theory not only for the classical model but
also for its extensions.

6. Extensions of the classical mode

Thelist of commodities, the list of agents, the ubiquitous convexity assumptions delineate the
economic context the general equilibrium model is supposed to deal with. The sameistrue for
other properties of the characteristics of the agents and the definition of their behavior. In this
section, we indicate at what extent discarding one or another assumption of the classical

model changes its conclusions about equilibrium existence and the ability of market
equilibrium to yield Pareto optimal allocations.

6.1. Extension to infinitely many commodities, to a continuum of agents

Infinite dimensional economies

In general equilibrium, acommodity is described not only by its physical properties but also
by the date, the location and the state of nature that precise the conditions of its availability.
The classical general equilibrium model hypothesis of afinite number of commoditiesimplies
that the economic activity extends over finitely many dates, locations and events. Such an
hypothesis limits dramatically the application of the results to understanding the real
economic life.

Assume on the contrary that, from the point of view of their physical properties, there are |
different goods (or services) but that a commodity bundle should specify the quantity of each
good depending on (possibly) infinitely many dates, locations or states of nature. Such a
statement suggests that a commodity bundle should be a vector-valued function and that an



admissible commodity space should be afunction space. Actually, on a measure space
(Q,Z, 1) formalizing time or uncertainty or on theinterval [0,1] with its L ebesgue measure,

spaces L, (Q,Z,u), L,[01], 1< p<e, are among the most currently used commodity spaces
in economics. As usual, two measurable functions from Q to R which coincide x -almost
everywhere on Q (resp. two measurable functions from [0,1] to R' ) are considered as the
same function. Spaces L. (Q,Z,x) (resp. L. [0,1]), that are spaces of (classes of) essentially
bounded measurable functions, are relevant to the allocation of resources over time or states
of nature. Spaces L' (Q,Z,u) (resp. L,[01] ), p=1, that are spaces of (classes of) p-

integrable measurable functions, arise in Finance or in any uncertainty setting where mean,
variance or eventually the moments of superior order of commodity bundles matter.

On the other hand, the physical properties of acommodity can vary continuously depending
on some characteristics. In such a setting, a commodity can be defined as a point in a space K
of characteristics, for example itslocation or its content of more fundamental constitutive
elements. The space of characteristicsis equipped with a metric defining closeness of
commodities. The definition of commodity bundles as measures on this space corresponds to
the idea that commodities with close characteristics should be considered as close substitutes.
The space M(K) of al finite countably additive signed measures on a compact metric space
of characteristicsis used in models of location or for the analysis of commodity
differentiation. In this setting, a point of K isto be understood as the compl ete description of
aunit of acommodity. A commodity bundle is not afunction from K to some vector space
but afinite measure on K, that is acountably additive function m: B(K) — R from the Borel
o -field of subsetsof K to R; for Be B(K), m(B) denotes the number of units of
commodities having characteristicsin B.

A price vector isalinear functional on the commodity space and the price space is a vector
space in duality with the commodity space, thus a subspace of its algebraic dual. In the
previous examples, good candidates as price spaces are the norm duals of the corresponding
commodity spaces, and also the pre-duals L, (Q,Z,4), L;[01] of L_(QX.4), L.[01] and
C(K), the space of continuous real functions defined on K, the pre-dua of M(K).

One time defined a commodity-price duality (L, L’> , asin the classical model, aprivate
ownership economy is given by

len 0,00,

where X', Y! arenow subsetsof L and o' € L. Feasible, Pareto optimal, core and fuzzy core
allocations are defined asin the classical model. The sameistrue for quasi-equilibrium and
equilibrium, with the exception that the price vector is now an element of L".

When the commaodity spaceisan L_-type space (characterized by non-emptiness of the
interior of the positive cone and by the existence of a pre-dual), one has the following
equilibrium existence result where open lower sections of preference correspondences and
compactness of attainable sets are stated using the weak-star topology relative to the pre-dual
of the commodity space while the other topological assumptions use the norm topology of the
commodity space. In the following proposition, if 7 isatopology onall X', 7' denotesthe
product topology on their Cartesian product.



Proposition 10 Assume either free-disposal or that at least one consumer’s preference
correspondence has open values. The economy has a quasi-equilibriumwith a pricein the
dual of the commodity space under the following assumptions:
1. Foreachie I,
(@) X'is convex,
(b) P' has o' (L_,L,)-open lower sections and norm-open convex values with
X & P'(x),
(c) The autarky condition is satisfied (eventually with free disposal),
(e) For every feasible allocation (x,y), X' € P'(x), the closure of the preferred set;
2. Foreach je J, Y!isconvex;
3. Xiso'(L.,L,)-compact.
The quasi-equilibriumis an equilibriumif
e either theinteriority assumption which defines strong survival is satisfied for every
consumer

e or theinteriority assumption is satisfied for the whole economy and the economy is
irreducible.

Notice that apricein the dual of an L_-type spaceis of difficult economic interpretation.

Obtaining a quasi-equilibrium or an equilibrium with a price in the pre-dual of the commaodity
Space requires additional assumptions.

Proposition 10 or any analogous equilibrium existence result for an economy whose
commodity spaceis of the same type can be proved using any of the three main approaches to
the equilibrium existence problem. It can even be proved using, asin the proof published by
Bewley in 1972, alimiting-process on the equilibria of anet of finite dimensional economies
satisfying the assumptions of Theorem 1. Maybe, the limitation to L_-type commodity spaces
will be better understood looking at the equilibrium existence proof, used in this survey, based
on price decentralization of elements of the fuzzy core.

Indeed, non-emptiness of the fuzzy core of a private ownership economy can be obtained,
using the same arguments as in Propositions 3—4-5-6—7, provided that, in their assumptions,
the weak-star topology of the commaodity space relative to its pre-dua replaces the original
topology for formulating compactness assumptions and the openness of |ower sections of
preference correspondences.

In counterpart, the price decentralization of the elements of the fuzzy core uses a separation
argument which requires, when the commodity space isinfinite dimensional, that either the
positive orthant of the commodity space (in case of free-disposal) or the set

U(Pi (X)- 2.6,Y' - ' | have anon-empty interior. Non-emptiness of the interior of the

iel

positive orthant is obviously a characteristic of the L_-type spaces but not of the other
commodity space referred to as possible commodity spacesin infinite dimensional
economies. Thisinteriority assumption is also required if the openness of values for some P!
is guaranteed by some monotonicity assumption of this correspondence or if the consumption
sets are assumed to be bounded below.

jed

In the absence of interiority assumptions, usual equilibrium existence proofs rely on
properness assumptions on the characteristics of the economy whose role is to restore the



missing interiority, and on lattice theoretic assumptions on the commaodity space and/or the
price space. In addition, consumption sets are assumed to coincide with the positive orthant.

Notice immediately that, when endowed with their canonical order, the examples of
commodity spaces given in this section and their duals or pre-duals are ordered vector spaces
and more precisely vector lattices or Riesz spaces. It is hot anymore the case when the
commodity space isre-ordered by an ordering more significant in Some economic contexts.

A thorough study of the different properness assumptions to be found in the literature would
go far beyond the objective of this contribution. The same is true for the attempts to use
properness assumptions in economies defined on commodity spaces without lattice structure.
Such a study, useful for examplein models of portfolio trading, is the object of very active
researches.

Continuum economies

L et us come back to economies with finitely many commodities. Considering atomless
measure spaces of agents rather than finite numbers of them formalizes the basic requirement
that, in a competitive model, individuals have no power to influence market prices. To
understand how are tranglated in this new framework the definition and properties of
equilibrium, let us review the pioneering papers of Aumann.

Consider on R' as commodity space an exchange economy with an atomless, positive
bounded measure space (T, A, ) of agents

E=(TAnf o®)._,)

For simplicity, we assumethat T isthereal interval [01], A isthe Borel o-algebraof
subsetsof T and v isthe Lebesgue measure. Each agent t € T, whose consumption set isthe
positive orthant X' = R,, is characterized by the initial endowment w(t)e R, and the (strict)
preferencerelation f ‘ on R.. Thefunction @ :(T,A,v)— R}, t — o(t), is assumed to be

integrable.

Definitions of feasible, equilibrium, core alocations are the same as in the classical model of
an exchange economy, except that sums over afinite number of individual consumers are
replaced by Lebesgue vector integrals. An allocation is an integrable function

x:(T,A,v)— R,. Theallocation is feasible if ij: JTa), where JTx means JTx(t)dt.
A competitive equilibriumis apair (Pp,X) consisting of anon-zero price vector p and a
feasible allocation X such that for almost every te T, X(t) isoptimal with respectto f * in
t’ sbudget set {xe R,
there exists a price vector p such that (p,X) is acompetitive equilibrium.

A coalition is a Lebesgue measurable subset S of T with non-zero Lebesgue measure. An
allocation y dominates an allocation x viaa coalition Sif y(t)f ' x(t) foreach te S,and S

is effective for y, that is, jsy: Lw. Thecoreof E isthe set of all feasible alocations that
are not dominated via any coalition.

p.X < p.a)(t)}. An equilibrium allocation is an alocation X for which

Not surprisingly, the firsresult is the version of the Edgeworth conjecture given by the
Aumann equivalence theorem.

Proposition 11 Assume on E the following conditions:



(@ JTa)>>O,

(b) For each y € R, thesets {xe R,
©InR, x>y=xf'y,

(d) If x and y areallocations, then the set {t € T‘x(t)f “y(t)}isLebesgue

measurablein T.
Then the competitive equilibrium allocations of E are precisely the core allocations of E.

xf'yland {xe Rl

yf'x}areopenin R,

In other words, if preference relations are strictly monotone, continuous and measurable and
if every commodity is present in the economy, the core coincide with the set of equilibrium
allocations.

Asin the classical model with afinite number of agents, that every equilibrium allocation is
in the core simply follows from the definition. The proof of the converse statement parallels
the one given in the classical model for price-decentralization of the elements of the fuzzy

core (Theorem 3). Using the same notations, if x isacorealocationandif U c T isaset of

agents, let G, =co U (P*(X(t))- a)(t))J It isfirst proved that there existsaset U, whose
teU

complement in T has a zero Lebesgue measure, such that 0 ¢ intG,, theinterior of G,. Then
a separation argument shows the existence of p>> 0 such that (p,X) isacompetitive
equilibrium.

The equilibrium existence result given by Aumann adds to the assumptions (b), (c), (d) of
Proposition 11 the additional assumption that consumer’s preference relations are complete
preorders whose f ' isthe strict relation. The equilibrium existence result is thus:

Proposition 12 If consumers's preference relations are complete preorders on their
consumption set, then, under the assumptions of Proposition 11, the economy E hasa
competitive equilibrium.

Because, in particular, no boundedness of the set of feasible allocations allows for
compactifying the economy, the proof of Proposition 12 is considerably more complex than
any equilibrium existence proof in the classical model with a finite number of agents, and
requires alot of integration theory.

In counterpart, the fact that the set of consumers is a measure space without atoms allows to
discard convexity of individual preferences, an assumption made neither in Proposition 11,
nor in Proposition 12. For the proof of Proposition 12, thisis due to the definition of the
integral of a correspondence and to the fact, based on Liapunov’ s theorem, that the integral of
a correspondence from an atomless measure spaceinto R' is aconvex subset of R'.

If we add that it is proved by Hildenbrand at the end of his book that for the same economy
with an unspecified distribution of resources, Pareto optimal allocations exist and can be
decentralized as quasi-equilibrium allocations relative to a price system, we see that the
research program and the results for economies with a continuum of agents exactly parallel
the one for the classical model with a finite number of agents. And, in effect, the results
reported here have been extended to economies with production, with externalitiesin
preferences, and to several other contexts, including economies with atoms, and “large’



economies, that is, economies with measure spaces of agents and infinitely many
commodities.

To conclude this sub-section, it is necessary to emphasize that the full validity of all
properties of equilibrium is depending on the continuum hypothesis (the space of agentsis an
atomless, positive bounded measure space). In economies with countably many agents, whose
overlapping generations economies are the most significant example, equilibrium allocations
which are shown to exist, are not necessarily Pareto optimal. Sufficient conditions, for
example on the relation of the equilibrium price with the distribution of individual resources,
exist for Pareto optimality of equilibrium.

6.2. Some market failures

We turn now to extensions of the classical model to contexts in which some of the
assumptions of the classical model do not hold and market equilibrium, when it exists, cannot
be relied on to yield Pareto optimal outcomes. It is that we mean by market failures.

In what follows, we will treat only three examples. The two first ones correspond to long-
standing problems of economic policy related with the second welfare theorem: how to
regulate firms which produce with increasing returns so as to achieve Pareto optimal statesin
a decentralized way? How to optimize the production and the provision of public goods? In
each case, the solution is found in the definition of a new equilibrium concept which coincide
with the classical one under the conditions of the classical model. The third example, raised in
the context of an increasing role of market institutions, is maybe the trandlation in the theory
of amassive phenomena of the real modern economies: the prevalence of the role of financial
markets.

Non-convex economies

Asjust stated, the interest for non-convex economies arises on the production side from the
consideration of increasing returns to scale and/or certain externalities. On the consumption
side, besides all forms of indivisibilities which have given rise to awide literature and that we
postulate away in this paragraph, non-convex preferences correspond to anti-
complementarities between commodities, for example to non-aversion to risk for agents
facing uncertainty.

When preferred and production sets are non-convey, it iswell known that Pareto optimal
allocations of the economy are no longer equilibriafor a price-system where consumers
would optimize their preferences under their budget constraint and producers would
maximize their profit. Statements of the second welfare theorem for a non-convex economy

E= ((Xi,Pi )iel ,(Yy)jeJ a): where individual resources are non specified, have been provided,
starting with a seminal paper by Guesnerie. They are proved using a separation argument
which parallels the proof of Theorem 2, replacing the normal cone of convex analysisby a

definition of normal cone borrowed from non-smooth and non-convex analysis. Roughly
speaking, they state that if (X,y) is afeasible allocation where consumers are locally non-

satiated, then there exist a price vector p# 0 such that

-pe NPi(),()()_(i)Vi eland pe N, (y')vie J,
where N, (x) denotes the normal conetoaset X at a point x € X, for some definition of
this notion. Writing —p e Npi(i)(ii) in place of p.P'(X)= pX' as stated in Theorem 2, and



pe N, (y')inplaceof pY’ <P.y', we seethat the notion of normal cone generalizesthe

definition of normal conein convex analysis. It generalizes also the first order conditions for
Pareto optimality that we would write for an economy with differentiable utility and
production functions.

We will not give a precise mathematical definition of the normal cone. Actually, severa
aternative definitions allow for the above characterization of feasible Pareto optimal
allocations. Depending on the assumptions made on the production sets, each of them has a
different implication for the economic significance of the price-decentralization result. For
non convex preferences, economists prefer to use the Shapley—Folkman theorem to exhibit an
approximate expenditure minimizing behavior. For production with increasing returns,
Clarke' s normal cone, considered as a generalization of the marginal cost pricing rule, is most
often used. What should be understood is that, whatever be the chosen notion, in order to
decentralize Pareto optimal allocations of a non-convex economy, non-convex firms must be
instructed to behave in conformity with the (necessary) conditions of Pareto-optimality.

Thisideawill help usto understand the model and the equilibrium concept used for non-
convex economies. From now on, we restrict ourselves to economies where only production

sets may be non convex. Let
E= (X2 (),

be an economy almost standardly defined.

For each consumer i € |, thefunction r': [ [Y’ xR — R, continuous, homogeneous of
jeld

degree one with respect to the price vector, and satisfying Y _r'(y, p)= p[z yl+ Za)'J
iel jed iel

defines the wealth of consumer i. This definition obviously encompasses the particular case

r'(y,p)= p' + D6, p.y’ for consumer’swealth in aclassical private ownership economy

jed

where producers maximize profit. A more general structure of revenues, on which will be

done survival assumptions, is necessary in an economy with non-profit maximizing producers

where survival of consumers at equilibrium is not anymore a consequence of the autarky

assumptions made in private ownership economies.

For each producer j € J, ¢' :9YY — R isthe pricing rule followed by the producer. In view

of afree-disposal assumption made for each producer in this model, the pricing rule

associates a set of non-negative prices to efficient production plans of the producer. The

interest of the notion of pricing rule is to be compatible with various behaviors that are

currently considered in the economics literature; profit maximization, but also average or

marginal cost pricing rules.

A pair (py)e R x[[oY' suchthat forevery je J, pe ¢j(y‘)iscalled production
jed
equilibrium.

An equilibriumof E isat-uple (X,y,p)in [ [X'x[[Y’' xR’ suchthat p=0 and
iel jed
1. Each consumer optimizes his preferences in his budget set
2. Forevery je J, pe gz)j(yj)



3. All marketsclear, thatis, Y. X' =D @'+ Dy’

iel iel jed

Usual assumptions guarantee compactness of all feasible sets. Besides local non-satiation of
consumers, the already mentioned assumption of free-disposal in al production sets (Y is
closed, contains 0 and Y’ - R < Y'), and a strong survival assumption made as well for the
whole economy as for individual consumers: if (p,y) isaproduction equilibrium, then

p{Zyj +Zwij> inf pY_ X' andforeachie I, r'(y,p)>inf p.X’
jed iel iel

the key assumption concerns the correspondences ¢' assumed to have a closed graph and
values equal to closed convex cones not reduced to {0}, an assumption verified in particular
by the Clarke normal cone.

Under the additional assumption that the pricing rule of each producer has bounded losses, the
non-convex economy E has an equilibrium.

Public goods
A good is said to be a (pure) public good (by opposition to a private good) when consumption
of aunit of the good by one agent does not prevent its availability to other consumers.

In order to introduce pure public goods in the general equilibrium model, let us consider a
private ownership economy where finitely many firms, owned by consumers asin the
classical model, jointly produce private and public goods. Finitely many consumers have an
initial endowment of private goods only and jointly consume private goods and a same
amount of public goods. If | isthe finite number of private goods and k is the finite number
of public goods, the economy is thus described by

E= «R‘ xRER xR, (X ulLo') '(Yj)jey(gu)@,jej:

where (R x R‘,R' x R") is the commodiityprice duality of the model, and for each i € I,
' = (€,0)e R x{0} ishisinitial endowment and u': R' x R — R his utility function

depending on hisjoint consumption of private and public goods. Two equilibrium concepts
make sense for such a model, with different consequences on optimality of equilibrium.

Private provision equilibrium

A first equilibrium concept emphasizes the personal decision of each consumer to provide
some amount of public goods that all consumers buy at a same market price. The utility a
consumer gets from his composite vector of private goods consumption—public goods
provision depends simultaneously on his private goods consumption and on the total
provision of public goods by all consumers. Charities, subscriptions are examples of such a
private provision.

If we set (xi , xé) for a consumption—private provision vector of i, (yj , y;) for a production

vector of |, (p, pg) for amarket price vector, a private provision equilibriumof E isat-uple

(SR EH WD



in (R x R'j)I x[TY!x (R xR¢) suchthat (p, p, )~ (0,0) and:

jed

pX'+ pyx, < pe + .6, (E? +p, %%

jed

1. Foreachie I, ()?')_('g] maximizes u‘(x‘,xg +Z§3J in the budget set

h=i
Bi@f)g)= {(x',x )e R xR
2. Foreach je Jandforal (y'y})e Y', py' +p ¥y <py, + PyYq

3. z(ﬂ):z(eoyz@&]

For a private provision quasi-equilibrium, the first condition is replaced by:

1. Forexhiel, u{xi,xi11 +Z§3J> \{?(i;(ig +Z§<2]

hzi h=i

implies px' + p,.x} 2 Px + Py Xo-

Because, in their appreciation of a composite vector of consumption of private goods—private
provision of public goods, consumers take as given the private provisions of public goods of
the other consumers, this model is a particular case of the classical model where this type of
externalities in preferences was assumed. Quasi-equilibrium existence thus follows from
guasi-equilibrium existence in the classical model, under analogous assumptions which
require some local non-satiation assumption in terms of private or public goods.

Assume moreover that there exists some (y, yg)e YY) with y, >>0, that is, there is

jed
possible to produce simultaneously a strictly positive quantity of each public good. Then the
strong survival assumption for the whole economy is satisfied and, if consumers' utility
functions are continuous and under some irreducibility condition on the economy, the quasi-
equilibrium is an equilibrium.

Noticethat, asin the classica model, the equilibrium allocation of the private provision

model is optimal for a constrained optimality concept where the utility for each consumer of a
feasible provision of public goodsis appreciated, taking as given the provisions of the other
consumers. This constrained optimality leads by no way to an optimal level of the feasible
total supply of public goods. Sub-optimality of the equilibrium provision of public goodsis
the main drawback of the model of private provision of public goods.

Versus Lindahl—oley equilibrium
On the contrary, in the Lindahl-Foley equilibrium approach, personalized prices paid by each
consumers for the total supply of public goods restore optimality of equilibrium allocation.

A Lindahl—Foley equilibriumof E isat-uple

(6),€), 86 %).,65)

in (RL)' x[01] xREXJTY?! x (R xR¥) suchthat (p.p, )= (0.0), St =1, and:

jed iel



px'+1 p,G<pe+ .6 (Ey’ + P, yé%

jed

1. Forexchie I, €<i,6) maximizes ui(x‘,G) in the budget set

B @,E‘Bg): {(X,G)e R xR
2. Foreach je I, andforal (y',yl)e Y', py’+p,.y, <Py +PyY,

3. (Z?,éj =Y (€.0)+ Z@j 9;]

iel iel jed

Asin the private provision equilibrium, Condition 2 means that each producer maximizes his
profit when facing the equilibrium price vector (E) Py ) Asin the private provision

equilibrium, Condition 3 states that the allocation ((;(') ,6), where G isthetotal supply of
el

public goods, is feasible. Condition 1 states that each consumer i maximizes his utility when
facing the equilibrium private goods price p and the equilibrium personalized public goods

price t p,.
It simply follows from the equilibrium definition that a Lindahl-Foley equilibrium allocation
is Pareto optimal, that is, there is no consumption allocation ((x‘)iel ,G) in (R'+ )I x R such

that [Zx‘,GJ € 2.(€,0)+ XY’ and u'(x',G)>ul (?(i,@)ﬂ e |. Firgt, second welfare
iel iel jed

theorems, equival ence theorem with the limit-core allocation are satisfied in the Lindahl—

Foley approach.

Existence of Lindahl—Foley equilibrium is generally proved by associating to the original
public goods economy an auxiliary economy with only private goods, defined on a
commodity space of enlarged dimension. Non-emptiness of the core, and of the Debreu-Scarf
core, equilibrium existence require more stringent assumptions than the ones used for
existence of private provision equilibrium. Asin the private provision model, it is assumed
that thereisno initial endowment in public goods. In addition, public goods are never inputs,
are free-disposable in production, and consumer’ s utilities are assumed to be monotone with
respect to public goods.

Incomplete markets

The role of ageneral equilibrium model with incomplete marketsis to understand the role of
assets for the allocation of resources in aworld in which time and uncertainty enter in an
essential way. In the smplest model, there are two time periods (t=0and t=1) and an a
priori uncertainty at the first period about which of afinite number of states of the world will
prevail at the second period. Finitely many consumers exchange at each period and in each
state of the world a same finite number | of goods. Thereis, in addition, at the first period a
financial market for afinite number of assets bought (or sold) at period 0, which deliver at

t =1 arandom return across the states of the world.

Let J bethefinite set of assetsand S be the finite set of states of the world. The return of one
unit of the asset j € J in each state can be denominated

e inunits of account (nominal assets)

e inunitsof one good or of acommodity bundle ee R' called “numeraire’ (numeraire
assets)



e inunitsof avector a' € R' (real assets).
Given apricevector pe R for commodities at time 0 and in each state s of period 1, the
financial return of asset j is v’ (p,s), differently calculated according to the nominal,

numeraire or real nature of the asset. The vector map p— (vj (p, s))se . describes the financia
returns of asset j. The SxJ matrix map

P _>V(p): (Vj (p’s))seS,je.]
summarizes the financial structure of the model.

The financial economy is described by the list

E= ((x PLo') ,v)
Asinthe classica model of general equilibrium, each agent i of afinite set | is characterized
by aconsumption set X' c R'**9, apreference correspondence P': [ [ X" — X' and an

hel

initial endowment in commodities @' € R'™®. We assumein addition that each consumer
has no initial endowment of assets, and that unlimited short selling of assetsis possible.
Given commodity and asset prices (p,d)e R'**® x R’ measured in units of account, the

budget set of i is defined by:

3z e R
B'(p.g)=1x € X' .p(O).xi(0)+c_4.zi < p(0)' (O)
P(s)-x'(S)< p(s)w'(s)+Vv(p,s)Z,Vse S

It isthe multiplicity of the (S+1) budget constraints of the agents that characterizes models of

financial markets. If these multiple budget constraints cannot be proved to be equivalent to a
unique budget constraint defined by the sum over s of the different inequalities, each one
weighted by a positive coefficient called state price, markets are said to be incomplete. It is
alwaysthe caseif there are strictly less assets than states of nature, that is, if J< E. The
multiplicity of budget constraints expresses that consumers have a (limited) possibility of
transferring wealth across dates and states, a possibility that is unlimited in case of only one
budget constraint and null if there is no asset and consumers are obliged to satisfy in each
state the budget constraint corresponding to this state.

Equilibrium s defined as a pair of admissible actions and prices (()‘(‘,2‘)iel ,(r),q)) such that
1. Foreachie I, X' € B'(p,q), Z isthe corresponding portfolio, and
P'(X) B (Pd)=2
2. 2 (x'-w)=0and 3 7'=0.
iel iel
Classically, the first condition expresses that with (Xi,zi), consumer i optimizes his

preferencesin his budget set. The second condition expresses market clearing under the
implicit hypothesis that no production or intertemporal storageis possible and assetsarein
zero net supply.

The equilibrium existence problem has been solved in the eighties. When assets are nominal,
equilibrium existence can be proved with similar methods to the ones used in the classical



model. Assumptions are strengthened. In particular, agents satisfy the individual strong
survival (papers exist weakening this assumption); agent’ s preferences satisfy the additional
convexity assumption

y'€ P'(x)and 0< A<1limply X' +/1(y‘ = xi)e P'(X)
and akind of local non-satiation at each date-event pair and at every component of afeasible
consumption. These assumptions on preferences are satisfied when each agent i hason his
consumption set X' = R/ avon Neumann-Morgenstern utility function

U'(x)= 2.0 (X' (0) X' (5))
where U : R xRl — Risasdtrictly quasi-concave and strictly increasing function, each
0. >0 denotes the (subjective) probability of state s for agent i, and Y ol =1.

When assets are numeraire, the same result holds under an assumption of strict des rability of
the numeraire at each date-event pair and at every component of afeasible consumption.
Equilibrium exists and under appropriate assumptions can be proved to be generically locally
unique.

With real assets, the continuity properties of budget correspondences may fail, due to the fact
that the rank of the return matrix V(p) is not anymore constant when the commodity price p

varies. For this reason, equilibrium existence has been proved to be only generic.

In al cases, equilibrium allocations have no reason to be Pareto optimal. In particular, in
economies without assets but with multiple budget constraints, it is easy to construct
examples where some equilibrium allocation Pareto dominates another equilibrium allocation.

7. Concluding remarks

Obviousdly, this presentation of the extensions of the classical model isfar from being
exhaustive. A number of other frameworks analyze, in ageneral equilibrium approach, the
problems of public policy that have given rise to the study of non-convex economies. The
same is true for economies with public goods where researches on implementation of
desirable allocations have considerably developed, in continuation to the equilibrium
definition problem. And there is an increasing literature on financial markets.

More generaly, an exhaustive analysis of all the contexts that general equilibrium can deal
with would be impossible. With its sophisticated methods, general equilibriumis, for its
specialists, agreat architecture with still incomplete and imperfect pieces of building, but
aways on the way of giving foundations to new themes of economic theory.

Actually, the abstract model of general equilibriumiswhat is called a*“paradigm” whose one
may and one should ask at what extent it is or not well suited for our understanding of the real
world.

Glossary

Commodity space: Real vector space whose dimension is equa to the number of
commodities present in the economy under consideration.

Continuity properties of a correspondence: A correspondence from a topological space X
to a topological space Y has open lower sections if every element of Y has an open



inverse image. The correspondence is upper semi-continuous if for every open subset of Y,
the set of all elements of X whose image is contained in this set is open. The
correspondence is lower semi-continuous if for every open subset of Y, the set of all
elements of X whose image intersects this set is open.

Correspondence: Sometimes called point-set function, a correspondence associates to each
element of the definition space a subset (which may be empty) of the arrival space.

Excess demand correspondence: This correspondence associate to each vector price the
subset of the commodity space which is equal to the vector difference between the total
demand and the total supply.

Free-disposal: Disposal of the excess supply without cost in terms of the use of additional
inputs. In the real economies, disposal of by-products of a production activity, whatever be
the form of this disposal (destruction or stocks), is a problematic and costly activity.

Implicit function theorem: Let U be an open subset of R" xR™ and let f be a continuously

differentiable function from R"xR® to R". Let (ab)e U be such that f(ab)=0. If the
partial derivative f,(ab) defines alinear isomorphism from R* onto R", then there existsin

R™xR* an open neighborhood V of (a,b) contained in U, there exists in R™ an open
neighborhood W of a, there exists afunction a continuously differentiable function
g:W—R?

such that the assertions (x,y)e V and f(x,y)=0 areequivalentto xe W and y = g(x).

I nver se function theorem: Let U be an open subset of R" and f :U — R" be a continuously

differentiable function whose Jacobian matrix at the point ae U has anon-zero determinant.

Then there exists an open neighborhood V cU of a and an open neighborhood W of

b= f(a) such that f is a C'-diffeomorphisme of V onto W, that is, there exists a

continuously differentiable function g:W —V which isthe inverse function of f.

Kakutani’s theorem: Let Xbe a convex compact subset of R". An upper semi-continuous

correspondence ¢: X — X with nonempty closed convex values has a fixed point, that is

thereissome X € ¢(X).

L ebesgue measure: On R, the Lebesgue measure is the unique measure on the Borel sets of

R (that is on the o-algebra generated by the family of open sets) whose value on every

interval is its length. Using product measures, the Lebesgue measure can be generalized to

Euclidean spaces of any dimension.

Par eto optimality: A feasible allocation of resources is Pareto efficient (or Pareto optimal) if

there is no other feasible allocation which will make every consumer better off (or, in case of

strong Pareto optimality, everyone at least as well off and at least one consumer better off).

Portfolio: If there is a finite number of assets and if R’ is the asset space, an asset bundle is
called portfalio.

Qualitative game: A game in normal form where the payment function is replaced by a
preference relation on the outcomes of the game.

Sard’s theorem: Let U be an open subset of R™ and let F be a r-times continuously
differentiable function from U to R" with r>max{O,m-n}. Then the set of points
y = F(x) such that the Jacobian matrix of F at x has arank smaller than n has Lebesgue

measure zero in R".
Utility space: Real vector space whose dimension is equal to the number of consumers.
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