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Abstract

Multichoice games have been introduced by Hsiao and Raghavan as a general-
ization of classical cooperative games. An important notion in cooperative game
theory is the core of the game, as it contains the rational imputations for players.
We propose two definitions for the core of a multichoice game, the first one is called
the precore and is a direct generalization of the classical definition. We show that
the precore coincides with the definition proposed by Faigle, and that the set of
imputations may be unbounded, which makes its application questionable. A sec-
ond definition is proposed, imposing normalization at each level, causing the core
to be a convex compact set. We study its properties, introducing balancedness and
marginal worth vectors, and defining the Weber set and the pre-Weber set. We
show that the classical properties of inclusion of the (pre)core into the (pre)-Weber
set as well as their coincidence in the convex case remain valid. A last section makes
a comparison with the core defined by van den Nouweland et al.

Keywords: multichoice game ; lattice ; core

1 Introduction

In cooperative game theory, one of the central problems is to select an efficient payoff
vector, i.e., a way of sharing among players the total worth of a game, if they all join the
grand coalition. There are two basic ways to do this. The first one is to define rational
axioms such a sharing should satisfy, e.g., the null or dummy player axioms, symmetry,
linearity, etc., with the hope that a unique sharing satisfies the set of axioms. This
leads to several definitions of values or solution concepts, the most famous ones being
the Shapley value [13] and the nucleolus [12]. The other way is to find a sharing so that
no subcoalition has interest to form, that is, the sum of individual payoffs of all players
for a given subcoalition is always greater or equal to the worth of this subcoalition. The
set of such payoff vectors, whenever they exist, is called the core of the game. Classical
results show under which conditions the core is nonempty, and give the structure of the
core when the game is convex. A related notion is the Weber set (see, e.g., [3]), which is
proven to always contain the core, with equality attained in case of convexity.

Many generalizations of the classical notion of cooperative game in characteristic form
have appeared the last decade, in order to model in a more accurate way real situations.
We may cite games with restricted cooperation of Faigle [5, 6], where admissible coalitions
should satisfy some precedence constraints, multichoice games of Hsiao and Raghavan
[10, 11], where each player is allowed to choose among a totally ordered set of actions,
fuzzy games [2] which can be considered as a continuous extension of multichoice games,
bi-cooperative games of Bilbao [1], where the worth of a coalition depends on whether
some remaining agents form an opponent coalition, etc. All these examples can be thought
as particular instances of games defined on a distributive lattice structure, see a general
exposition of this in [8, 9], and also Faigle and Kern [6].

A natural question is then to try to define the core of a game on a lattice, or of
some of the most useful examples cited above. In this paper, we focus on multichoice
games (Section 3), and propose a definition of the core and the Weber set. As it will
be shown in Section 4, the situation appears to be more complex than for the classical



case, although similar results still hold. A first immediate generalization of the classical
definition leads to what we call the precore, which happens to be a convex polyhedron
with infinite directions. We propose to call core a particular convex compact subset of
it, satisfying some normalization constraint. Similarly to the classical case, we call pre-
Weber set the convex hull of the additive games induced by marginal worth vectors, and
the Weber set is a particular subset of it. We show that in case of convexity, we still have
equality between the core and the Weber set, and between the convex compact part of
the precore and the pre-Weber set. Moreover, the inclusion of the core into the Weber
set holds in any case, as well as the inclusion of the convex compact part of the precore
into the pre-Weber set.

We compare our results with previous works of Faigle and van den Nouweland et al.
in Section 5. We find that our precore is the core defined by Faigle [5]. The relation with
the core of van den Nouweland [14] appears to be less simple, since it is a subset of our
precore.

The interest of the definition of the core we propose is that it keeps the original
meaning of the set of payoff vectors such that no subcoalition can achieve more by itself,
subcoalition being here replaced by the more general notion of participation profile with
unequal levels of participation. Also, our solution possesses better and more natural
mathematical properties since they are very close to those of the classical case.

We begin by setting our notations and recall classical results in Section 2. Then
Section 3 presents the basic material for multichoice games. In Section 4, we give our
definitions of the core and the Weber set, and study their properties. Lastly, Section 5
compares our approach with previous works.

2 Background

Throughout this paper, we consider a finite set of players N := {1,...,n}. A (classical)
TU game on N is a function v : 2% — R such that v()) = 0. The set of classical TU
games on N is denoted by G(2V).

A game is said to be convez if v(SUT)+v(SNT) > v(S)+v(T), for all S, T C N.
A game is said to be additive if v(SUT) = v(S) + v(T), for all disjoint S,7 C N. If
v is additive, it suffices to know only v({i}), i € N. A game is said to be monotone if
v(S) <o(T), for all S,T C N such that S CT.

An n-dimensional real-valued vector ¢ € R" is called a payoff vector of a given game
v. In addition, if ¢(N) = > ..y = v(V), we call it an efficient payoff vector, or
pre-imputation. Note that an additive game uniquely defines a pre-imputation, and vice-
versa, hence the notation ¢(N), or more generally ¢(S) := >, o ¥;, S C N.

It is useful for the sequel to reconsider the above definitions in terms of lattices. We
begin by a short introduction on lattices. A a partially ordered set (P, <) or a poset for
short, is a set P endowed with a binary relation < satisfying reflexivity, antisymmetry
and transitivity. For any two element x,y € P, we call x V y the supremum of x and y if
it is the least element of all those greater than x and y, and x A y the infimum of x and
y if it is the greatest element of all those less than = and y. The top element T of (P, <)
is the greatest element of (P, <), and the bottom element L of (P, <) is the least element
of (P,<). For any x,y € P,z Vy, x Ay, T and L are unique whenever they exist. If



for any =,y € P, both =V y and = A y exist, the poset (P, <) is called a lattice. For any
x,y € (P, <) such that z <y, we define [x,y] . ={z€ P |z <z <y}

A classical TU game is a real-valued function defined on the lattice (2, C) (called a
Boolean lattice), vanishing at the bottom L = () of the lattice. Union and intersection are
the sup V and inf A operations of the lattice, so that a general form of convexity writes
v(xzVy)+v(xAy) > v(z)+ v(y). This is usually called supermodularity.

For any lattice (L, <), a chain is a totally ordered sequence of elements of L, e.g.,
r <y < z<---. A chain is maximal if no superset of it is again a chain. In a finite
distributive lattice, maximal chains going from bottom L to top T have all the same
length, and are of the form | <z <y <2z <--- < T, where x < y means that x <y
and there is no z € L such that x < z < y (z is covered by vy).

In the Boolean lattice (2V,C), a maximal chain between () and N is of the form
0 c{i} C{i,j} C--- C N, and hence is associated in a bijective way with a permutation
7 on N, defining the order in which elements i, j,... appear. We adopt the following
notation: for any permutation 7 on N, we define the maximal chain

Al =0cCc AT ={n(1)} c A :={r(1),7(2)} C---C Al =N
with AT := {n(1),...,7(i)}. The marginal worth vector z™(v) is defined by:
T (0) = 0(AT) — o(AT), =1

The set of marginal worth vectors is denoted M(v). The ith coordinate represents the
marginal contribution of player ¢ in the chain.

Let us remark that any marginal worth vector 2™ is an efficient payoff vector, and
thus defines an additive game ¢™ by

¢"({i}) =«af, Vie N,
with the property that ¢"(AT) = v(AF),i=0,...,n
The Weber set of v is the convex hull of the set of marginal worth vectors
W(v) := co(M(v)).

For any convex set C', we denote by Ext(C) the set of its extreme points (vertices).

A collection B of nonempty subsets of N is balanced if there exist positive coefficients
w(S), S € B, such that

> uS)=1, VieN.

S2i

Any partition {P, ..., P} of N is a balanced collection, with coefficients u(F;
A game v is balanced if for every balanced collection B with coefficients pu(S5),

holds
> u(S)v(S) < v(N).

SeB

) =1,
SekB

The core of v is a set of efficient payoff vectors such that no subcoalition can achieve
more by itself:

C(v) = {6 € B" | §(N) = o(N) and ¢(4) > v(4),¥A C N}

4



with ¢(A) := > .. 4 ¢i- Equivalently, it is the set of additive games greater than v and
coinciding on N. Whenever nonempty, the core is a convex set. It is reduced to the
singleton {v} if the game is additive.

The following proposition summarizes well-known results.

Proposition 1 Let v be a game on N. The following holds.
e (i) C(v) CW(v).
o (ii) C(v) # 0 if and only if v is balanced.
o (i1i) v is convex if and only if Ext(C(v)) = M(v), or equivalently C(v) = W(v).

3 Games on lattices and multichoice games

We give a brief introduction to games defined on lattices (see [8, 9] for a more detailed
presentation). We consider again a set of players N := {1,...,n}. Let Ly,..., L, be
finite distributive lattices representing the partially ordered set of actions each player
can perform, and consider their product L := L; X --- X L,, together with the product
order, i.e., for z := (z1,...,2,),y = (y1,.--,yn) €E L, x <y iff x; <y, fori=1,... n.
Supremum and infimum are also defined coordinatewise. The top and bottom of L are
denoted T, L.

A game on L is any function v : L — R such that v(_L) = 0. We denote by G(L) the
set of games on L. Specifically, L; is the ordered set of possible actions player ¢ has at
his disposal. The bottom element of L; indicates no participation to the game by player
17, while the top element indicates full participation. A given x € L is then a profile of
participation of all players, indicating for each player the action chosen. This replaces
the notion of coalition.

We give some examples, to recover known concepts. Classical cooperative games
correspond to L; = {0, 1} for all i € N, “0” indicating no participation and “1” full par-
ticipation; hence L is the Boolean lattice 2V. Multichoice games of Hsiao and Raghavan
correspond to L; = {0,1,...,1} for all i € N, where 1,2,...,[ are the ordered participa-
tion levels of a player. Bi-cooperative games may correspond to the case L; = {0, 1,2},
1 € N, where “0” corresponds to participation against, “2” to participation in favor,
and “1” no participation, although a better notation would be L; = {—1,0,1}. In fact,
bi-cooperative games, as well as ternary voting games of Felsenthal and Machover [7],
correspond to the simplest case of bipolar games, as defined by Grabisch in [8], and are
not isomorphic to multichoice games with [ = 2 (this point is however out of the scope
of this paper).

In this paper, we focus on multichoice games; however our definition is slightly more
general than the original one of Hsiao and Raghavan.

Definition 1 Let L; := {0,1,2,...,l;} endowed with the natural order, i € N, and
consider the product lattice L = Ly x --- x L,. A multichoice game is any function
v: L — R such that v(0,0,...,0) = 0. A l-choice game is a multichoice game where
llzlgz"':lnzll.



Note that (0,0,...,0) is the bottom element L of L, and “0” denotes non participation.
The top element of L is denoted T := (ly,...,l,) as usual. Any z := (z1,...,2,) € L
is a participation profile, indicating the participation level of each player. We recall that
(see above):

r<y<sr <y and x5 <y and --- and x, <y,
xVy:= (@1 VY., T VYn)
TAY = (T1 AY1, oo T A Yn).

We will use sometimes the notation (x_;, k;) to denote the participation profile where
player i plays at level k € L;, and other players play at levels defined by the participation
profile x € L. We put for convenience x_; € L_; := H#i L;. A particular case is the
situation where the i-th player plays at the k-th action level, k& > 0, the others doing
nothing, which is denoted by (0_;, ;).

In multichoice games, a payoff vector is defined for any player participating at any
level. Following van den Nouweland et al. [14], we introduce M := {(i,k) | i € N,k € L;},
so that a payoff vector ¢ is an element of RM, whose coordinates are denoted by ¢ x).,
with the convention ¢(; o) = 0, Vi € N. Similarly to the classical case, we put for any

relL
6() = 3 b 1)
iEN

For convenience, we also introduce M* := {(i,k) | i € N,k € L; \ {0}}. Evidently, any
vector in RM" defines a payoff vector, and vice-versa. Simlarly, a payoff vector could be
considered as an alement of RZsenls,

We denote by C,,(L) the set of maximal chains of the lattice L. Its cardinality is
known to be (see, e.g., Faigle and Kern [6])

(Lh4+l+--+1)!

Next definitions follow those for games on (general) lattices.
Definition 2 Let v be a multichoice game on L. Then
(i) v is monotone if x <y implies v(x) < v(y).
(i1) v is convex if v(z Vy)+v(z Ay) > v(x)+v(y), for all z,y € L.
(#1) v is additive if for every x,y € L such that Ay = L, it holds v(xVy) = v(x)+v(y).
Proposition 2 A game v is additive if and only if for all x € L, v(z) = Y . vi(x;)
holds, with v; : Ly — R, and v;(k) := v(0_;, k;), for alli € N and k € L;.

Proof: Assuming additivity of v, we have v(0_ 3, ki, k) = v;(k) + v;(k'). Hence, by
repeating this process, we finally get for any = € L, v(z) = Y1, v;(x).

Reciprocally, if v can be written under the above form, then it is additive since taking
x,y € L such that z Ay = L implies that for each © € N, either z; = 0; or y; = 0;. Hence
v(z Vy)=wv(x)+ v(y) holds. |



REMARK 1:

1. Proposition 2 shows the equivalence, as in the classical case, between
payoff vectors and additive games. It justifies the notation ¢(z) intro-
duced in (1).

2. The concepts introduced in Def. 2 remain applicable for games on any
lattice L = [}, L;. However, Proposition 2 does not hold in general.
Hence, the correspondence between payoff vectors and additive games
may be lost.

4 The core and Weber set of multichoice games

The following definition is a direct transposition of the classical definition of the core for
TU games.

Definition 3 The precore of a multichoice game v on L is defined by
PC(v) := {¢p € RM | () > v(x),Va € L, and ¢(T) = v(T)}.

Note that any ¢ € PC(v) is an efficient payoff vector (or additive game by Remark
1). Clearly, the precore is a convex set. Let us consider the following example as an
illustration.

ExaMpPLE 1: We consider a 2-choice game with two players, hence L :=
{0,1,2}2. The conditions on ¢ to be element of the precore write:

I
S
&
_|._
-
©
>
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— »—n“o N DN
SO = N O N
— N e N N

S < S < <
A~~~ /N /N /N

[
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—
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Remark that ¢(1,0) and ¢(0, 1) may be taken arbitrarily large. This shows that in general,
PC(v) is an unbounded convex polyhedron, hence it can be written as the Minkovski sum
of a polytope PCF (v) := co(Ext(PC(v))) and a cone (see, e.g., Ziegler [16]).

This is not acceptable since individual payoff vectors of some players may become
infinite. This drawback could be avoided if normalization occurs not only on the last
level, ie., ¢(T) = v(T), but also on each level 1,2,...,l. This motivates the next
definition.

Definition 4 The core of a multichoice game v on L is defined as:

C(v) :={p € RM | ¢(x) > v(x),Vx € L,
and $(k A1y, kALY =v(kAly, .. kAL k=1,... maxl;}.
J



Note that the precore always contains the core. For [-choice games, the normalization
condition simplifies into ¢(k, k, ..., k) = v(k,k,... k), k =1,...,l. Obviously the core
is a convex set, where all variables are bounded, hence it is a convex polytope.

We give an interpretation of the definition. A given z € L represents the profile
of participation of all players, supposed to achieve a common task, so that x could be
thought of as a team of players with different participation levels. A basic requirement
for the task to be achieved properly is that all players of the team should have equal level
of participation (this is a kind of fairness condition: no one works less than the others),
and ideally, this level of participation should be as high as possible, despite the fact that
players may have the tendency to play at the lowest possible level (the less work, the
better). If the core of v is nonempty, it is possible to achieve this goal by rewarding
players with a payoff ¢ € C(v).

Let us explain this with the simple case of a 2-choice game v on N. If everybody plays
at level 2, the total amount to share is v(2,2,...,2), and any player i € N will receive
¢,2). There is no interest to have a profile of participation x mixing levels 2, 1 and 0
(including at least one player at level 2), since ¢(x) > v(z) for all such profiles.

Suppose now that nobody wants to play at level 2, but at most at level 1. Then
¢ favors the formation of the profile (1,1,...,1), and in this case the total value to be
shared is v(1,1,...,1), hence the normalization condition.

Lastly, suppose that v is monotonic. Then v(2,2,...,2) > v(1,1,...,1), so that the
total amount shared by players will be higher if they play at level 2 rather than at level
1. Hence, in case of monotonicity, our definition of the core is an incentive to play at the
highest level.

We introduce now balancedness for the core and precore. A collection B of elements
of L'\ {L} is pre-balanced if there exist positive coefficients pu(x), x € B, such that

Z pu(x) =1, for alli € N,

$EB‘:B7;:II'

> ulw)=0, forallk=1,....;—1, i€N.

z€B|z;=k

EXAMPLE 2: Let n = 4 and [y = [ = I3 = [4 = 3. The following is a
pre-balanced collection

B=1{(3,3,3,0),(0,3,3,3),(3,0,0,3)},
with coefficients 1(3,3,3,0) = 1(0,3,3,3) = 1(3,0,0,3) = 0.5.

Definition 5 A multi-choice game v is pre-balanced if for every pre-balanced collection
B of elements of L \ {_L} with coefficients p(z), x € B, it holds

> ul@o(z) < u(T).

z€B

Proposition 3 A multi-choice game has a nonempty precore if and only if it is pre-
balanced.



Proof: Nonemptiness of the precore is equivalent to find a payoff vector ¢ € RM" such
that

Z Pliz) > v(z), Yz € L, and ¢(T ng)” = o(

i€EN,x; >0 1EN

which in turn is equivalent to the fact that the following linear program

min z = Z b, subject to Z B = V() Vo € L

ieN i€EN,z;>0

has an optimal solution with value z* < v(T). Indeed, any optimal solution is such that
Y ien Py = v(T), and so lies in the precore. Conversely, any ¢ in the precore satisfies
the contraints, and is such that ¢(T) = v(T). Hence z* < v(T) is true.

Its dual problem is

maxq = Z p(x)v(zx) subject to
z€L
() >0, zel
Z (r_i,l) =1, i€N
_i€L_;
Z pla_i k) =0, 1<k<l—1, i€N.
eL_

By the duality theorem, z* = ¢* < v(T). Hence, nonemptiness of the precore is equivalent
to the existence of an optimal solution p* such that ), u*(x)v(z) < v(T) and satisfying
the constraints, which means exactly that v is pre-balanced. [ |

A collection B of elements of L\ {L} is balanced if there exist positive coefficients
w(zx), x € B, such that

Z p(z) = (maxl;) —; + 1, for alli € N,
j

CCEB‘IZ'ZIZ‘

> pla)=1 forallk=1,.. 1—1 i€N.

z€B|z;=k

Remark that for [-choice games, the above two conditions simplify into > s, 4 #(z) =
1,forall k=1,...,land 7 € N.

EXAMPLE 3: Let us take as before n =4 and l; =l =3 =4, = 3. The
following is a balanced collection

B={(2,0,3,1),(1,2,0,0),(0,1,2,2),(2,3,3,1),
(2,0,3,1),(3,0,1,3),(0,1,0,2),(0.3,2,0)}

1,3) = 1,1(0,1,2,2) = p(2,3,3,1) =



Definition 6 A multichoice game v is balanced if for every balanced collection B of
elements of L\ { L} with coefficients u(x), x € B, it holds

Z,u(a:)v(a:) < vk Al ... kENL)

Proposition 4 A multichoice game has a nonempty core if and only if it is balanced.

Proof: The proof is similar to the one of Prop. 3. Nonemptiness of the core is equivalent
to finding a payoff vector ¢ € RM" such that

> Glen = (@), Vo€ L, and p(k ALy, kAL,) =

i€EN,x; >0
> Gwny = vk Ay, KAL), VE=1,... ,m?xzj,
1EN

which is equivalent to the fact that the following linear program:

min z = Z [ Z Ok ((mjax i) —li+ 1)¢(i71i)i|

1EN  1<k<l;

subject to Z Pliw) > v(2), Vo € L,

iEN,$i>0

maxXx;

has an optimal solution z* <", 7 b v(k Aly, ...,k NL,). Tts dual problem is

max q = E p(x)v(zx) subject to
w
z€L

p(x) >0, Veel
Z w(r_il;) = (maxl;) —;+1, €N
j

rx_;eL_;
Z ,LL(I'_Z',]Q):]_, kzl,,lz—l,VZeN
r_;eL_;
The existence of an optimal solution is equivalent to the fact that v is balanced. |

Consider a maximal chain C' = {2° == L < 2! < ... < 22=1b .= T} in L. Let
us remark that between zi~! and 2%, only one coordinate has changed, and has been
increased by exactly 1. Hence, to each maximal chain one can associate the mapping
o:{1l,....,>;l;} = M*, defined by o(i) = (j, k), k € L; \ {0}, which means that at the

1th element of the chain, the level of player j has been raised from k£ —1 to &, in symbols:
ZEi = ZEi_l V (O_j, k’])

Assimilating (j,k) to (0_;,k;), one can write o' = \/;:1 o(p), for any element of the
chain. Note that all mappings o (which are in fact permutations on {1,...,>°;{;}) may

10



not correspond to a maximal chain. For this, o must fulfill: (j, k") > (j, k) implies i’ > i,
where o (i) := (j,k) and o(¢') := (4, k") (multipermutation).
We define the marginal worth vector 1 € RM" associated to C' and v as:

o—1(q o= 1(ik)— . "
UG = v(a” OR) — (a7 R (5 k) € M.

From this, we define the payoff vector ¢ € RM by:
k
Oy = D_UGwy T €Nk €L\ {0},
p=1

and ¢(Cj’0) =0, Vj € N. The set of all such payoff vectors ¢© for all maximal chains is

denoted by PM(v).
A fundamental property of ¢¢ is that it coincides with v on C.

Lemma 1 Let C be a maximal chain on L. For every x € C, ¢¢(x) = v(z).

Proof: Consider a maximal chain C':= {20 := 1 < 2! < ... < 2>i=1l .= T} in L, and
its associated mapping o. Assume x = (ky,...,k,),0(i) := (j, k). We have:

k k
a1y o 1(,p)—

O = D VG = D[ 0P) (e OO,

p=1 p=1

and
n n k
-1 o= 1(ip)—
=D in = ZZ% =D D (@ UP) — (a7 U]

Jj=1 j=1 p=1 j=1 p=1

= v(x”_l(j’k)) = v(x).

Definition 7 The pre-Weber set PW(v) of v is defined as the convex hull of all payoff
vectors in PM(v):
PW(v) := co(PM(v)).

Theorem 1 If a multichoice game v is convex, then any payoff vector in PM(v) is a
vertex of the precore:

PM(v) C Ext(PC)(v).

Proof: Let C:= {2°:= 1 <z!' < ... <221l := T} be a maximal chain in L, and
consider ¢°.

We first show that ¢“ € PC(v). We take any = € L and show that ¢%(x) > v(z). By
Lemma 1, the property is true for any z € C, so let us suppose x ¢ C. Then there exists
a unique 4 such that 2! > x and 2° # x. Moreover, there exists a unique j € N such
that a:;“ = x; and xé = x; — 1, where z; is the jth coordinate of z. In summary, we
have the following situation:

11



By convexity of v, we have

v(@™) —v(a") > v(z) — vz A ). (3)

Note that if ' A 2 € C, we are done since ¢© = v on C, so that the above inequality

writes ¢ (1) — ¢¢(2) > v(x) — ¢% (2 A x). By definition of ¢¢, we have ¢“(x) =

¢ (zY) — ¢%(2%) + ¢ (2 A x), which leads to ¢ (x) > v(z).

If 2° Ao & C, we construct a decreasing sequence z’, 2", ... which will meet the chain

C. Specifically, let us consider z’ := z* A z, and i’ such that "' > 2/ and " % 2/. The

same inequality as (3) holds with 2, replacing z,4. If ¥ A2’ € C, the result can be
proven as above. Indeed, we get:

U(xi—i-l) . U(ZL‘Z)

v(z" ) — o)

Summing the inequalities leads to

> v(z) —v(a' A )
> u(z' Ax) — (@’ Azt Ax).

-/

v(z) — v(z?) + v(a" ) —o(@”) > v(z) — vz’ Azt A )

which is equivalent to
¢C (") = 0%(a") + (2" ) = ¢(a") = v(x) — (2" At A ). (4)
By definition of ¢¢
0°(a") = 6% (") + 0" Nt Aa) — 6 ("
¢¢ () = ¢°(a™1) + ¢°(a") — ¢ (")

)

so that
¢C(x) _ ¢C(xi+1) +¢C(xi/+1) +¢C($il /\[L’i /\[L’) _ ¢C(xi/) _ ¢C($Z)
Replacing into (4) leads to ¢“(x) > v(z).
If 2 Ao’ & C , we consider 2" := ¥ A 2’ and i accordingly. Clearly the sequence
x,x’', 2", ... is strictly decreasing and will meet the chain C' due to finiteness of L, latest

at bottom of L since | € C. Repeating the above process proves that ¢ (z) > v(x),
Vo € L.

It remains to show that ¢© is a vertex of the precore. Suppose there exist payoff
vectors ¢, o # ¢ € PC(v), and X € (0,1) such that ¢© = Mg + (1 — X)¢py. Because
we have ¢¢(z') = v(2%) for any 2 € C, we have v(z?) = A (2%) + (1 — N)¢go(2?). But
or(z") > v(z") for all ' € C, k = 1,2, hence necessarily ¢;(z") = ¢o(z') = v(z'), ie.,
&1 = ¢ = ¢, a contradiction. |
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Definition 8 A restricted maximal chain C, = {2 := 1 < 2! < ... < pXi=li .= T} in
L is a mazimal chain passing by all (kANly, ..., kAL,), k=1,...,max;l;. The set of all
restricted mazimal chains is denoted by C}, (L).

Proposition 5 Suppose Iy < ly--- < 1,. The number of restricted maximal chains is
gien by:

ICr (L)] = (n!)h x ((n — 1)!)12—l1 X e e X (1!)ln—ln,1

n't(n —1)2... 1",

Ifly=1y="---=1, =:1 (I-choice game), then |C",(L)| = (n!)".

Proof: Let us first prove the statement for [-choice games. Any restricted maximal
chain has the form {(0,...,0),z', ... (1,..., 1), 2" ... (2,...,2), 22" ... (I,...,])}.
Between (k,...,k) and (k+1,...,k+ 1), for £k = 0,...,] — 1, there are n! maximal
chains since the sublattice [(k, ..., k), (k+1,...,k+1)] is the Boolean lattice 2". Hence,
Cn(L)] = ().

We turn to the general case.  Any restricted maximal chain has the form
(L2t (L ), 20 (I, L), 2 2= s, ),
(I1,...,0,)}. In L, the sublattice [L,(I1,...,11)] = {x e L | L <z < (ly,...,1,)}
corresponds to a [;-choice game with n players, hence the number of restricted maximal

chains is (n!)". The sublattice [(Iy,...,11), (I, 12, ..., ls)] corresponds to a (Iy — I1)-choice
game with n— 1 players, hence it has ((n—1)!)27" restricted maximal chains. Continuing
the process till the sublattice [(l1,...,ln—1,ln—1), (l1,. .., ;)] proves the formula. [ |

The marginal worth vector 1)“" associated to a restricted chain C, is defined as before,
as well as the associated payoff vector ¢“~. Note that ¢~ = v on C, still holds. The set
of payoff vectors ¢¢ for all restricted maximal chains is denoted M (v).

Restricted marginal worth vectors will play a central role in the sequel. Note that
for any participation profile of a restricted maximal chain, the difference of levels of
participation among players does not exceed 1. In other words, if player ¢ at level £ — 1
want to reach level k, he must wait till all other players have reached level £ — 1.

Definition 9 The Weber set is defined as the convex hull of all payoff vectors ¢< :
W(v) := co(M(v)).

Theorem 2 If a multichoice game v is convez, then any payoff vector in M(v) is a
vertex of the core:

M(v) C Ext(C)(v).
Proof: Consider a restricted maximal chain C, and its associated payoff vector ¢¢.
We know by Th. 1 that it is a vertex of the precore, and since ¢ coincides with v on

C,, it has the property ¢“ (kA ly,...,kAl,) =v(k Aly,...,kAL,), k=1,..., max;l;,
hence it belongs to the core and is a vertex of it. |

As a corollary of Th. 1 and 2, we obtain:
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Corollary 1 Let v be a convexr multichoice game. Then
1. PW(v) C PCF(v)
2. W(v) C C(v)

Our aim is now to study the inclusion of the core in the Weber set, like in the classical
case.

Theorem 3 For any multichoice game v, the polytope of the precore is included in the
pre-Weber set, i.e, PCY(v) C PW(v).

The proof relies on the following lemmas.

Lemma 2 Let ¢,y be two vectors in R and ¢ be considered as a payoff vector. Then
their inner product is:

¢ Yy = Z QS a(z - a(z+1))

for any mazimal chain {z° := L 2 2% ... T} and corresponding mapping o, and Yijr =
lj *
et YGip)» for all (j, k) € M, and Y55, 1,41) := 0.

Proof: We have, letting o (i) := (j(4), k(7)):

Z D) (Yo(i) = Yo(iry) = Z Yo (¢(z') — o(a'™h))

I
VRS
I| MQ.‘
?v <
<
<
~——
/\

k@) — PG) k() > (¢ is a payoff vector)

25l Lis) Li)

k()(Zy p)_ Z y(a(@)p)
i)+

i=1 p=k(i) 1
l

I
=

D) k() Y (3 (0),k(6)

= Go(iYoli) = P Y-

Lemma 3 Given any y € RXiY | there exists a mazimal chain with corresponding map-
ping o such that Y,qy > -+ > Ya(Z]- )-
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Proof: We partition {1,...,>,/;} into n disjoint intervals /; := [ZJ R ZZH il
1=20,...,n— 1, corresponding to the levels in Ly,..., L,. In each interval I;, compute

Zz«l»l l

Z Yp, 6 i

Take a permutation 7 such that Y;qy > --- > Yw(Zj ;,)- Then if w(k) € I;, put o(k) :=
(i +1,p), where p is the first level in L;; not already chosen, and put Y, = Yru).
Then by construction o is compatible with a chain, and Y5 ;) is non increasing with . W

ExamMpLE 4: We illustrate Lemma 3. Let n = 2 and I; = 2,1, = 3,
and consider y = (0.1,0.7,0.5,0.3,0.2). The partition of {1,2,3,4,5} gives
{{1,2},{3,4,5}}. Hence the computation of Y gives Y = (0.8,0.7,1,0.5,0.2),

and we get:
U(l) = 127 0—(2) = 117 0—(3) = 217 0(4) = 227 0(5) = 32a

which defines the maximal chain {(0,1),(1,1),(2,1),(2,2),(2,3)}. We have
effectively Y1) = Y1, =0.5+034+02=1, Y9 =Y;, =0.1+0.7= 0.8, etc.

Let us now prove Th. 3. Our proof uses the separation theorem for closed convex
sets, similarly to the proof of Derks for proving the inclusion of the (classical) core into
the Weber set [4].

Proof: Suppose there exists a payoff vector ¢ in PCF(U), but not belonging to the
pre-Weber set. By the separation theorem, it should exist y € R2% such that for any
payoff vector ¢ in the pre-Weber set, ¢ -y < ¢' -y

Let us consider such a y and ¢. Then, for any maximal chain and corresponding
mapping o, using Lemma 2, we get:

Let us choose a maximal chain C' with mapping o such that Y, — Y,641) = 0, 4 =
Y ;lj- This is always possible by Lemma 3. Considering that ¢ is in the precore,
and that the payoff vector ¢© in the pre-Weber set satisfies ¢¢ = v on C, we deduce:

Z]' lj

¢y 0(x") (Yogi) — Yo(isn)

™

M =
S
Sl

0% (") (Yo(i) — Yotirn),
1

)

a contradiction. Hence, PC* (v) is included in PW(v). |
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Theorem 4 For any multichoice game v, the core is included in the Weber set, i.e.,

C(v) S W(v).
We need the following lemma.

Lemma 4 Given anyy € R=:% | there exists a restricted mazimal chain {L,zt, 2%, ..., T}
with corresponding mapping o, such that Yy ) — Yy i41) > 0, for each i € {1,..., Zj l;}
such that x* and ' belong to the sublattice [((k—1)Aly, ..., (k=1)AL), (kAly, ..., kAL)],
£ (k=1 ANly,...,(k—=1)Al,) for some k € {1,..., max;[;}.

Proof: Given y, by Lemma 3, there exists a maximal chain C'in L with mapping ¢ such
that Y is non increasing along it. It is easy to build a restricted maximal chain C) from
C so that the above condition is satisfied: starting from L, put o,(1) := 1; = o(1), then
0.(2) = 1 if o7 (1;) < o7 (1y) for all k # 4,7, and so on till C, is defined in the first
sublattice [L,(1,1,...,1)]. Then from (1,...,1) proceed similarly, i.e., o,.(n + 1) = 2; if
o 1(2;) < 07H(24) for all k # j, etc. |

ExamMPLE 5: Let n =2, 1; = 3,l, = 4, and consider y defined below.

GF) | LD 1,2) | (1L,3)](21)](22)](23)]((24)
yir || 01 | 06 | 01 | 03 | 05 | 07 | 02
Yim | 08 | 07 | 01 | 1.7 | 1.4 | 09 | 02

Then the corresponding maximal chain is defined by:
0(1) = (27 1)7 0(2) = (272)7 0(3) = (273>7 0(4) = (17 1)? U(5> = (172)7
o(6) =(2,4), o(7)=(1,3).

Applying Lemma 4, we find the following maximal restricted chain:

Jr(l) = (27 1)’ UT(Q) - (1’ 1)7 Jr(g) = (272)a UT(4) - (172)’ UT(5) = (2’3)7
Ur(6) = (173)7 Ur(7) = (274)‘

One can verify that

Yo =172>2Yq,: =03,
Yoo =142 Y42 =07,
Y3 =09 2> Y3 =0.1,
Y4 = 0.2,

as expected.

Proof: (of Th. 4) We use the same technique as for Th. 3. Assume ¢ € C(v) \
W(v). Then it should exist y € R=:% such that for any element ¢ in the Weber set,
¢y < ¢ -y. Considering such a y, we know by Lemma 4 that there exists a restricted
maximal chain C. with corresponding mapping o, such that Y is non increasing on each

16



sublattice [((k — 1) Aly,...,(k—=1)Al,),(kAly, ...,k Al,)], except its bottom element
(k=1 Aly,...,(k—=1)Al,). Let us decompose ¢ - y as follows:

max; I n(k)

Z]' lj
¢'Z/:Z¢iyi Z Z¢Z +2yZ n(j)+i
=1 1=

where n(k) = |[{j | Kk Al; = k}|, i.e., we have decomposed the sum according to the
different levels. In each term of the right hand, we apply Lemma 2. This gives:

max; l; n(k)—1

5_1 n(j)+i _

¢y = Z [ Z Y iy — Yozt ngytitn)
SN, 5 iy~ Yoty niyn)

Observe that z2=1"0) = (kAlL,...,kNl,) by definition of C,.. Since ¢ € C(v) implies

that ¢(k ALy, ..., kNL,) =v(k ANy, ...,k Al,), and by Lemma 4 it follows that

1

n(k)—
join()+
¢ Y > [ Z U(I' j=1"J )(YUT(Z;?;% n(j)+i) YUT(Zétll n(j)+i+1))
i=1

max; l;
k

=1

ShoinG)y (v —-Y
Fo(e== ") (Y, sr Gy w(Z?:ln(jHl))}
max; l; n(k)—

_ Cr (4 ny i _
= [ Z o (a2i=i 0 VYo, it ngy — Yoot ngy+in) F
k=1

6% (@M DNY, (s iy Yar<2§=1n<j>+1>)}
where ¢¢" is the payoff vector corresponding to C,., for which ¢~ = v on C,. But this
contradicts the fact that ¢© is element of the Weber set. Hence, ¢ € W(v). [ |

We are now in position to give the main result of the paper.
Theorem 5 For any convex multichoice game v, the following holds.
(i) C(v) = W(v), or equivalently Ext(C(v)) = M(v)
(i) PCY (v) = PW(v), or equivalently Ext(PC(v)) = PM(v).

Proof: By Th. 2, we know that for a convex game v, any vertex of the Weber set is
a vertex of the core. Since these are convex sets, and since the core is included in the
Weber set by Th. 4, it follows that the vertices of the two sets coincide. For the precore,
using Th. 1 and 3 similarly proves the result. |

Fig. 1 summarizes most of the results on the core and the Weber set.
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Figure 1: Relations between the core and the Weber set: general case (left), convex case
(right)

5 Comparison with previous works

Previous works on the core of multichoice games have been done mainly by van den
Nouweland et al. [14], and Faigle [5]. We summarize their approach and make a compar-
ison with ours.

5.1 Core of van den Nouweland

Van den Nouweland et al. define the core of multichoice game as follows. Let v be a
multichoice game on L. A level payoff vector on L is a function 6 : M — R, where, for all
i€ Nand k € L; \ {0}, §(i, k) denotes the increase in worth for player i corresponding
to a change of activity from level k£ — 1 to level k by this player, and 6(i,0) = 0 for all
1€ N.

To each § we can associate bijectively an additive game on L by

¢s(x) = Zié(z’,k), Vz € L.

1€EN k=0

Due to Remark 1, ¢s5 can be considered as a payoff vector in our sense. Hence, in the
sequel we will use indifferently the level payoff vector § or its corresponding additive game
Ps.

A level payoff vector § on L is called efficient for v if ¢s(T) = v(T), and it is called
level increase rational for v if, for alli € N and k € L;\ {0}, (¢, k) is at least the increase
in worth that player ¢ can obtain when he works alone and changes his activity from level
k — 1 to level k, i.e.

5(2, k‘) > ’U(O,Z’, kl) — U(O,i, (k‘ — 1)2)

Definition 10 [14] A level payoff vector on L is a level imputation of v if it is efficient
and level increase rational for v.

We denote the set of level imputations of the games v by Z(v).

Definition 11 [14] The core Cypn(v) of the game v consists of all § € Z(v) that satisfy
¢s(x) > v(x) for all x € L.
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Let ¢s € Cypn(v),, then it satisfies ¢s(x) > v(z), ¢s(T) = v(T). Therefore ¢s €
PC(v), which proves that Cypn(v) C PC(v).

Definition 12 [14] For a multichoice game v, the set Cyin(v) of minimal core elements
1s the set of least elements of the core:

Cuin(v) := {¢5 € Cypx(v) | there is no ¢5 € Cypn(v) such that &' # 6 and
o5 () < ps(x),Vr € L}.

Let L(U) = {d) € RM ‘ d)(o—i? kz) - d)(o—i? (k - 1)2) Z U(O—iv kl) - U(O—i7 (k - 1)2’)7 k=
1,...,L;}. We have clearly: PC(v) N L(v) = Cypn(v).

In summary, we have the following inclusions.

Proposition 6 For any multichoice game v on L, the following holds.
C(v) N L(v) C Cypn(v) = PC(v) N L(v) C PC(v).

Van den Nouweland et al. define the Weber set as follows. An admissible ordering
(for v) is a bijection 7 : M* — {1,...,> ", y i} satisfying
(i, k) <m(i,k+1), i€N, k=1,...,];—1
This amounts to define a maximal chain {1, z, ..., N li} in L, where z* is the element
of L obtained after k steps according to m. The marginal vector w™ associated to 7 is
defined as 4 4
wg,k) - U(x:(l7k)) - ’U('T:(Z’k)il)’ (i’ k) e M.

Considering w™ as a level payoff vector, we can associate the additive game ¢,~. The
level payoff vector is a level imputation if the game is monotonic after zero-normalization
(i.e., such that v(0_;, k;) = 0, for all 4, k). Then the Weber set in the sense of van den
Nouweland is defined as the convex hull of all marginal vectors.

In fact, ¢, is exactly our additive game ¢©, where C is the maximal chain induced
by 7. Hence, Wypn(v) = PW(v).

Van den Nouweland et al. [14] showed that if v is convex, then Wypn(v) is the convex
hull of Cp;,. Comparing to our results, we have proven that PW(v) is the convex hull
of the extreme points of PC(v). This shows that the extreme points of PC(v) are all
minimal core elements. However, not all minimal core elements are extreme points as the
following example shows.

EXAMPLE 6: (borrowed from [14, Ex. 3]) Let us consider a game with 2
players, l; = 2,1, = 1, and a convex game v defined as follows:

r | v(z) r | v(z)
007 0 J[(01)] 0
10)| o [ (@] 2
20 o | @] 3

There are 3 maximal chains: C; = {(0,0),(1,0),(2,0),(2,1)},
Cy = {(07 0)7 (17 0)7 (17 1)7 (27 1)} and C’3 = {(07 0)7 (07 1)7 (17 1)7 (27 1)}7 lead-
ing to the three following additive games ¢!, 2, ¢:
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(Clearly, these are all minimal core elements as expected. But the following
additive game is a minimal core element:

6'(1,0) =1, ¢%(2,00=2, ¢%(0,1) =1
and is not among the three additive games of PM(v).

This shows that C;, is unnecessarily large, since it contains elements which are not
extreme points. Finally, we prove the following.

Proposition 7 For any convex game v, PC* (v) C Cypx(v). In other words, any convex
combination of marginal worth vectors is level increase rational for a conver game v.

Proof: Consider ¢¢ in P M (v), for some maximal chain C' = { L, 2, ... z>i=1l; = T}.
Using previous notations, the associated chain vector is ¥¢, with

Y8 =v(2h) —v(@™h), i=1,.. .,le.
=1

Consider i; in 1,...,> 7" I; such that xzj = k and xéjfl = k — 1 for some level k. By
convexity of v, we have:

Ui = w(a) = (@) > 0(0-, k) — 0(0-, (k= 1);).
This being true for each i;, we have proven that the level payoff vector ¢¢ is level increase

rational. Since convex combinations preserves the property of level increase rationality,
and since PC" (v) is the convex hull of PM (v) by Th. 5, the proof is complete. |

5.2 Core of Faigle

U. Faigle introduced the core of games with restricted cooperation in [5]. He proposes a
general model for a cooperative game on a finite set N of players, without assuming that
every coalition S C N of players is feasible, and thus takes into account the situation, for
instance, where some players may join a coalition only if some other players have already
joined the coalition.

Definition 13 /5] A (finite) game with restricted cooperation is a quadruple
v =AN, F,v,v} where N is the finite set of players, F' a nonempty collection of subsets
of N called feasible coalitions, v : FF — R the value function, with v()) =0, and vy € R
the total value of the game . If v and vy are nonnegative, v is a positive game.
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A solution of the game ~ is a fair distribution of its value vg among the players. As
usual, they therefore define the core Cpaigle(v) of the game 7 to consist of all undominated
pre-imputations, i.e. vectors ¢ € RY such that:

(i) D oyea@s = v(A) forall Ac F,

(i) S 0 = t0.

The usual way to define the restricted set of coalitions F'is to introduce a partial order
< on N [6]. Let P = (N, <) denote this partially ordered set of players. The relation
1 < j indicates that the presence of j enforces the presence of 7 in any coalition S C N.
Hence, a (feasible) coalition of P is a subset S C N such that s € Sand ¢t < syieldt € S
for all s, € N. Thus unions and intersections of coalitions are again coalitions, while
complements of coalitions may fail to have this property. By I'(P) we denote the vector
space of all cooperative games on P.

Let v be a multichoice game on L, keeping our previous notations, and consider as a set
of virtual players the disjoint union N = U,y (L; \ {0;}), with the ordering < defined by
n1 < ng if ny,ny € L; for some i and n; < ny in L;. There is a one-to-one correspondence
between the participation profiles x € L = [['_, L; and the feasible coalitions on N’ in
the sense of Faigle: the non-zero components of such an x may be interpreted as the
maximal elements of a feasible coalition of N’ and conversely, while the zero-vector 0 € L
corresponds to the empty feasible coalition of N’. Hence any multichoice game can be
considered as a particular game with precedence constraints, on a virtual set of players
N'.

Let = (z1,...,2,) € L'\ {1}, and consider S := {s € N’ | Ji € N, s.t. s < z;}.
Then S is a feasible coalition of N’. Taking any ¢ € R belonging to Craigle, We have
Y oses®s = v(x) and >\, ¢ = v(T), which entails that the corresponding additive
game ¢ belongs to PC(v), and reciprocally. This proves PC(v) = Craigle(v).
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