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This paper characterizes the local behavior of the equilibrium paths around the
steady state in a two-sector model with CES production functions and sector-
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Abstract
In this paper, we study a two-sector CES economy with sector-specific
externality as described by Nishimura and Venditti [5]. We characterize
the equilibrium paths in the case that allows negative externality as that
equlibrium paths were not explicitly discussed by Nishimura and Venditti.
We show how the degree of externality affects the local behavior of the
equilibrium path around the steady state.
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specific externality. It is well known that externalities may cause indeterminate
equilibrium paths in an infinite horizon model. Benhabib and Farmer [1] have
shown that indeterminacy could occur in a one-sector growth model with both
externality and increasing returns. In their model, the production function has
constant returns to scale from the private perspective, while it has increasing
returns to scale from the social perspective. Since then, there have been many
papers about the existence of indeterminate equilibria in dynamic general equi-
librium models. However, until Benhabib and Nishimura [2, 3], most of the
literature dealt with models in which the production function has increasing
returns to scale from the social perspective. They proved indeed that inde-
terminacy may arise in a continuous time economy in which the production
functions from the social perspective have constant returns to scale. Benhabib,
Nishimura and Venditti [4] then studied a discrete-time two-sector model with
sector-specific external effects. They assumed that each sector has a Cobb-
Douglas production function with positive sector-specific externalities, that are
a special case of CES functions, and there is an infinitely-lived representative
agent with a linear utility function. Under these assumptions, they provided
conditions in which indeterminacy may occur even if the production functions
have decreasing returns to scale from the social perspective. Nishimura and
Venditti [5] consider a CES economy with sector-specific external effects and
partial depreciation of capital. They study the interplay between the elasticity
of capital-labor substitution and the rate of depreciation of capital, and its in-
fluence on the local behavior of the equilibrium paths in the neighborhood of
the steady state.

In this paper, we study the Nishimura and Venditti [5] model, focussing on
the external effect of the capital-labor ratio in the pure capital good sector and
characterize the equilibrium paths in the case that allows negative externality.
That particular scenario was not explicitly discussed by Nishimura and Venditti.
We assume indeed that the externality is given by the capital stock per capita.
Such a formulation then implies that for a given level of capital, the externality
from labor is negative. We demonstrate that the degree of externality affects
the local behavior of the equilibrium path around the steady state.

In Section 2 we describe the model. We discuss the existence of a steady
state and give the local characterization of the equilibrium paths around the
steady state in Section 3. Section 4 contains some concluding comments.

2 The Model

We consider a two-sector model with an infinitely-lived representative agent.
We assume that its single period linear utility function is given by

u(er) = ¢

We assume that the consumption good, ¢, and the capital good, y, are produced
with a CES technology.



o= [ K, + OQL;"C]_i , (1)

1

Y = {511(;5% + BoL, " + et} . (2)

where p;, py, > —1 and e; represents the time-dependent externality in the
investment good sector. Let the elasticity of capital-labor substitution in each

sector be 0, = —— > 0 and Oy = ﬁ > 0. We assume that the externalities
Yy

1+p. —
are as follows:

er = bE " —bL " (3)

where b > 0, and I_(y and f/y represents the economy-wide average values. The
representative agent takes these economy-wide average values as given.

1

Definition 1 We cally = [ﬁlK;py + 2Ly + e] " the production function

1

from the private perspective, and y = [(51 +b) Ky, " + (B2 — b) L;py} " the
production function from the social perspective.

In the rest of the paper we will assume that a; + az = 81 + $2 = 1. Thus,
if,()’l:ﬂlerandﬂg:Bg—b, thenﬂl +62:1

Remark 1 Notice that the externality (3) may be expressed as follows

e ()] .

Now consider the production function from the social perspective as given in
Definition 1. Dividing both sides by L,, we get denoting k, = K,/L, and
y= y/Ly )

J=[(BL+b) k> + (B2 —b)] v (5)

From equations (4) and (5) we derive that the externality is given in terms of
the capital-labor ratio in the investment good sector. This implies that for a
given level of capital K, the externality from labor L, is negative.

The aggregate capital is divided between sectors,
ke = Kot + Ky,
and the labor endowment is normalized to one and divided between sectors,
Let + Ly =1.
The capital accumulation equation is

kt+1 = Yt,



Thus capital depreciates completely in one period. To simplify the formulation,
we assume that both technologies are characterized by the same properties of
substitution, i.e. p. = p, = p.

The consumer optimization problem is given by

o=

o
max Y 0" [ K" +aaly’]

t=0
st oy = [ﬂlK;fp—l—ﬁgL;tp —ﬁ—et]_%
1=Ly+ Ly (6)
ke = Ko + Ky
Yr = ki

ko, {ei}ieg given

where 0 € (0, 1) is the discount factor. p;, r¢, and w; respectively denote the
price of capital goods, the rental rate of the capital goods and the wage rate
of labor at time ¢t > 0.! For any sequences {e;},-, of external effects that the
representative agent considers as given, the Lagrangian at time ¢ > 0 is defined

as follows:

o=

Lt = [Olec_tp_;'_o@L;P]_E +pe [[ﬁle_tp'i_ﬁQLy_tp""et]_ _kt—i-l
+ Tt (kt - Kct - Kyt) + Wt (1 - Lct — Lyt) .

Then the first order conditions derived from the Lagrangian are as follows:

oLy o (Ct> —r =0, (8)
t

0K, K.

o =2 (1) =0 o
8(’)}2; =ph (;;) —ry =0, (10)
o () e

From the above first order conditions, we derive the following equation,

<0él/a2> _ <Kct/Lct>1+p (12)
B1/ B2 Ky /Ly ’

1We normalize the price of consumption goods to one.




If ag/ae > (<) B1/P2, then the consumption (capital) good sector is capital
intensive from the private perspective.

For any value of (k¢,y:), solving the first order conditions with respect to
Kei, Kyt Let, Ly gives inputs as functions of capital stock at time ¢ and ¢ + 1,
and external effect, namely:

Ky = Kc(kt,ynet), Lct:Lc(k?t7yt,€t)7

Kyt = Ky (kta Yt €t)7 Lyt = Ly (k:taytaet)-
For any given sequence {e;},~, we define the efficient production frontier
as follows:

1

T (ki, kegrsee) = | Ke (K, ye, e0) ™" + agLe (ke e, €t)_p]

Using the envelope theorem we derive the equilibrium prices?.
15 (kt, k1, er) = —pr, (13)
Ty (ks key1,er) = 7y (14)

Next we solve the intertemporal problem (6). In this model, the lifetime
utility function becomes

U= Z(StT (kt,kt+1,€t) .

t=0

From the first order conditions with respect to k¢4, we obtain the Euler equa-
tion

T2 (kt, kt+1, et) + 5T1 (kt+1, kt+2, 6t+1) = 0 (15)

The solution of equation (15) also has to satisfy the following transversality
condition

. 1121 5tk‘tT1 (k‘t, kt+1, €t) =0. (16)

We denote the solution of this problem {k;}$2,. This path depends on the
choice of the sequence {e¢},~ . If the sequence {e;},, satisfies

€t :be (kt,yt,et)fp _bLy (ktvytaet)ipa (17)
then {k,}22, is called an equilibrium path.

Definition 2 {k;}2, is an equilibrium path if {k:}52, satisfies (15), (16) and
(17).

2See Takayama [6] for the envelope theorem, pp160-165. Using the envelope theorem, we

oL oL P .
get an = g—,g; and aktil = 61?3;1' This is equivalent to (13) and (14).




Solving equation (17) for e;, we derive e; as a function of (k¢, k;y1), namely
et = € (K¢, kiq1). Let us substitute é (ki, kty1) into equations (13) and (14) and
define the equilibrium prices as

Pt = Dt (key keg1)

Tt = T¢ (kt,kt+1) .

Then the Euler equation (15) evaluated at {k;}2, is

—p (i, key1) + 67 (kig1, ki) = 0. (18)

3 Steady State and Local Stability Properties

Definition 3 A steady state is defined by ki = ki1 = y¢ = k™ and is given by
the solution of Ty (k*, k*,e*) + 6T1 (k*, k*,e*) = 0 with e* = & (k*, k*) .

In the rest of the paper we assume the following restriction on parameters’
values that guarantees all the steady state values are positive.

Assumption 1 The parameters §, B1, b and p satisfy

(6B1) ™% < By +b.

From the proof given in Nishimura and Venditti [5], we can obtain the steady
state value.

Proposition 1 In this model, there exists a unique stationary capital stock k*
such that:

_ —1

k*_{u(g;gf)”l”(wl)fé@(551)1%” {Wff”*] (19)

To study the local behavior of the equilibrium path around the steady state
k*, we linearize the Euler equation (15) at the steady state k* and obtain the
following characteristic equation

6T1oA? 4 [Ty + Too] A+ Toy = 0,

or
Ty Th T

5>\2+[5+}>\+=0. 20

T Tro T1o (20)

As shown in Nishimura and Venditti [5], the expressions of the characteristic
roots are as follows:



Proposition 2 The characteristic roots of equation (20) are

>\1 = 1 T (21)

(862) 7+ [(5) , (g)*} ’

omms 252 (3) - 22 ()]

A2(b) =

The roots of the characteristic equation determine the local behavior of the
equilibrium paths. The sign of A; is determined by factor intensity differences
from the private perspective.?

Remark 2 The capital/labor ratio externality, i.e. the negative labor exter-
nality, implies that the characteristic root A2(b) in Proposition 2 is larger than
the corresponding characteristic root from Nishimura and Venditti [5].

We now characterize the equilibrium paths in this model. In particular we
can show that the local behavior of the equilibrium path around the steady state
changes according to the degree of external effect in the capital good sector.

Definition 4 A steady state k* is called locally indeterminate if there exists € >
0 such that for any ko € (k* —e,k* 4+ ¢€), there are infinitely many equilibrium
paths converging to the steady state.

As there is one pre-determined variable, the capital stock, local indetermi-
nacy occurs if the stable manifold has two dimensions, i.e. if the two character-
istic roots are within the unit circle. We will also present conditions for local
determinacy (saddle-point stability) in which there exists a unique equilibrium
path. Such a configuration occurs if the stable manifold has one dimension, i.e.
if one root is outside the unit circle while the other is inside.

When the investment good is capital intensive, local indeterminacy cannot
occur. However, depending on the size of the externality, saddle-point stability
or total instability may occur.

Proposition 3 Suppose that the capital good sector is capital intensive from
the private perspective, i.e. a3y > a102. The following cases hold:

(7) If p € (—1,0), there is b(6) > B2 such that the steady state is a saddle
point for b € [0,b(0)) and is totally unstable for b > b(0).

(i¢) If p = 0, the steady state is a saddle point for b € [0, 32) and is totally
unstable for b > (.

(#91) If p > 0, there exists 0 < d2 < 1 and 0 < b(§) < [ such that when
0 € (02,1) , the steady state is a saddle point for b < b(d) and is totally unstable
forb>b(0). When 6 € (0,02), the steady state is totally unstable.

3If ap 81— B2 > 0, the capital good sector is capital intensive from the private perspective.



g1

Proof. Notice that A; > 0 and define §; = 35" [(ﬁl/ﬁz)ﬁ - (al/ag)m} ’

1.4 From this we obtain \; = (51/6)ﬁ > 1 for any § € (0,1). Since (51 +

b)/f1 > 1 and (B2 — b)/B2 < 1, A2(b) is always positive. Thus Az(b) is an in-
1

creasing function of b. For b = 0, we get Ay (0) = 5_ﬁ5;m and for b = [s,

we have g (f82) = ((Wl)ﬁ .

(A If -1 < p < 0,0 < A2(0) < 1 and Ay (B2) < 1. Therefore there is
b(d) > B2 such that 0 < A2 (b) < 1 for b € (0,b(d)), and Az (b) > 1 for
b>0b(d).

(ii) If p=0,0 < A2 (0) = 67" < 1 and Ay (B2) = 1. Therefore Ay (b) < 1 for
b < s and As (b) > 1 for b > fa.

(i) f p >0, 0 < A2(0) < 1 for d3 < 6 < 1 and Az (0) > 1 for § € (0, d2)

with d; = &, ©. Moreover Ay (B32) > 1. Therefore if § lies in (J2,1), there is
b(d) € (0, B2) such that A2 (b) < 1forb € (0, b(5)) and Ay (b) > 1 for b > b(J).
If 0 lies in (0, d2), then Ay (0) > 0 and Aa (G2) > 1, and therefore Ay (b) > 1 for
allb>0. m

Remark 3 Consider the production function from the social perspective as
given in Definition 1 and recall from equation (5) that we can express it as
follows

_a
§=[(BL+b)k, " + (B2 —b)] v . (22)
According to b 2 (33, the following inequality holds: for any n > 1,

D=

(B +0) k) 7+ Ba=0)] 7 2 [(Bi+b) k) P+ (=]

= n[(BL+0)k,”+ (B2-b)]

If b is larger than (35, the function y exhibits increasing returns. If b is smaller
than (5 the function § exhibits decreasing returns. Note that larger values of b
contribute to have total instability.

D=

Next we present our results assuming that the capital good is labor intensive
from the private perspective, i.e. g1 — 182 < 0. This case results in local
indeterminacy. By rewriting equation (21), the characteristic roots are,

YT e [(3;)1”—(%)“1”}7 .

1 1
1 b 1+p b 1+p
(5ﬂ2)1+0 [5252 (z;> ﬂlﬂ-f (g;> ]

Ao(b) = —

—1—p

1 1
4Note that §1 = aq [(azﬁl) +r — (a1 52) 1+P] > (ajigl) = 5—11 > 1.

oo

>



To get A1 € (—1,0), we need however to suppose a slightly stronger condition
than simply ensuring the capital good sector to be labor intensive from the
private perspective. The capital intensity difference o082 — a31 needs to be
large enough and the discount factor has to be close enough to 1.

_1
Proposition 4 Assume that (alﬂg)ﬁ - (agﬂl)ﬁ > a3 and 6 € (03,1)

with 83 = B3 [(ﬁl/ﬁg)ﬁ - (al/ag)ﬁ} " < 1. Then the following cases
hold:

(i) If p € (—1,0), there exist b(8) € (0, B2) and b(d) > (2 such that the
steady state is a saddle point for b € (0,b(5)) U (b(0),+0o0) and is locally inde-
terminate for b € (b(8),b(6)).

(i7) If p = 0, the steady state is a saddle point for b € (0, B2 — 2a3)U(B2, +00)
and is locally indeterminate for b € (B2 — 2aa, B2) .

(iii) If p > 0, there are b(0) and b () in (0, 32) such that the steady state
is a saddle point for b € (0,b(8)) U (b(6),+00) and is locally indeterminate for
be (b(5),b(5)).

1

Proof. If (alﬂg)ﬁp—(agﬁl)ﬁ >y and § € (d3,1), then —1 < A\; < 0. The
size of Ay(b) is determined in the following way. Recall that A2(b) is increasing
in b. For b = 0, A2 (0) = 1/0A\; < —1 by the above hypothesis and for b = (s,
M2 (B2) = (861) 7 .

(i) If =1 < p < 0, A\2(B2) < 1. Therefore there exist b(d) € (0,52) and
b (6 ) > ﬁg such that Ay < —1 for b € (0,6(4)), —1 < Ay < 1 for any b €
(b(5),b(0)) and Az > 1 for any b > b(d).

(11) If p = 0, A2 (B2) = 1. Therefore Ay (b) < —1 for b € (0,02 — 2a2),
—1 <Az (b) < 1forbe (B2 —2az,032) and Az (b) > 1 for b > [s.

(iii) If p > 0, A2 (B2) > 1. Therefore there exist b () and b (§ ) ( B2) such

that A (b) < —1 for b € (0,b(0)), —1 < Az (b) < 1 for b € (b(6),b(d)), and
Ao (D) >1forb>b(5). m

Notice that intermediary values for b are necessary to get local indeterminacy.
Indeed, values of b that are too small or too large imply saddle-point stability.

Remark 4 In Proposition 4 we consider restrictions implying that the first
characteristic root A; is negative and larger than —1. These restrictions also
imply that the second characteristic root is such that A3(0) < —1. As the
characteristic root A2(b) is an increasing function of b, a large enough (but not
too large) amount of externalities ensures the existence of local indeterminacy.
Building on Remark 2, we also derive that local indeterminacy is more likely
in our framework than in that of Nishimura and Venditti [5] in the sense that
their framework requires a larger amount of externalities.

Next we still assume that capital goods are labor intensive from the private
perspective with as (31 —a1 G2 < 0, but we make A an unstable root, i.e. Ay < —1.



Two cases need to be considered: (04162) T — (o) T+ T > aé*” and ¢ € (0, d3),

as well as (a1 32) 77 — (a231) T < %Hp-

Proposition 5 Suppose that the capital good sector is labor intensive from the
14p

1
private perspective and let 64 = By (51/52) T _ (al/az)ﬁ} i

1-1f (alﬂg)lw - (agﬂl)Hp > a“” and 6 € (0,63), the following results
hold:

(i) Let p € (—1,0). If § € (0,04), then there exist b(§) € (0 B2) and
b(8) > B2 such that the steady state is a saddle point for b € (b( (6)) and is
totally unstable for b € (0,b(8)) U (b(8),+o0). If § € (84,03), then there exists
b(8) > B2 such that the steady state is a saddle point for b € (0,b(5)) and is
totally unstable for b > b(6).

(#3) Let p = 0. Then the steady state is a saddle point forb € (B2 — 2z, B2)
and is totally unstable for b € (0, 2 — 2az) U (B2, +00).

(#91) Let p > 0. Then there exist b(0),b(d) € (0,02) such that the
steady state is a saddle point for b € (b (9) ,5(5)) and is totally unstable for
be (0,6(8)U(b(d),+00).

2-1If (alﬂg)ﬁ — (agﬁl)ﬁ < ay '’ the following results hold:

(i) Let p € (—=1,0). Then there exists b(5) > B2 such that the steady state
is saddle point for b € (0,b(5)) and totally unstable for b > b(5).

(i) Let p = 0. Then the steady state is saddle point for b € (0, 32) and
totally unstable for b > Bs.

(iii) Let p > 0. If § € (0,64), then there exist b(5) € (0, B2) and b (5) > 3o
such that the steady state is saddle point for b € (b (6),b (5)) and totally unstable
for b € (0,b(8)) U (b(8),+00). If § € (84,1), then there exists b(5) > B2 such
that the steady state is saddle point for b € (0,5(5)) and totally unstable for
b>b(9).

Proof. We assume here that \; < —1. Recall that A2(b) increases with b.

Moreover, for b = 0, we get A2 (0) = —0~ 1+95 m, with 3 as defined in

Proposition 4, and for b = 35, we get Ay (B2) = (631) ¢ 5 . We easily get \g (0) €
(=1,0) if and only if §* > 551. As shown above, two cases have to be considered:

1 - Let (alﬂg)ﬁ - (agﬁl)ﬁ > ay ' and § € (0,83) with §3 < 1.
(i) When —1 < p <0, we get A2 (f2) < 1, and A2 (0) < —1 if and only if
1+p

o< 6 = 4. It follows then that d4 < I3 as 53_T < 1. We conclude that
)\2( ) < —11if 0 < § < d4, while A2 (0) > —1if § € (d4,d3). Therefore if § lies

n (0,d4), there exist b(5) € (0,32) and b(§) > B2 such that Ay (b) < —1 for
be (0,6(9)) , =1 <Az (b) <1forbe (b(0),b(5)), and Az (b) > 1 for b > b(9).
If 0 lies in (d4,03), there exists b(d) > P2 such that —1 < Ay (b) < 1 for
be (0,b(5)) and Mg (b) > 1 for b > b(9).

(i) If p = 0, A2 (0) < —1 and A (f2) = 1. Therefore —1 < Ay (b) < 1 for
b € (B2 —2aa,f2) and Ay (b) > 1 for b € (0,82 — 2a2) or b > [s.

10



(iii) If p > 0, then 64 > 03 and thus A2 (0) < —1 for any § € (0,d3).
Moreover Ay (32) > 1. Therefore, there exist b () and b () in (0, 32) such that
A2 (0) < —1forb e (0,b(5)), =1 < A2 (b) < 1forbe (b(6),b(d)) and Az (0) > 1
for b > b(4).

1
2 - Let (alﬁg)ﬁ — (agﬁl)ﬁlp < ay . In this case we have d3 > 1.

(i) When —1 < p < 0, Ag(82) < 1. Moreover, we get 6* > 1 > d5' so
that A2(0) > —1. Then there exists b(§) > (3 such that —1 < Ay (b) < 1 for
be (0,b(9)), and Az (b) > 1 for b > b(4).

(i) If p =0, =1 < A2 (0) < 0 and A3 (B2) = 1. Therefore —1 < A3 (b) < 1
for b € (0,02) and g (b) > 1 for b > (.

(iii) If p > 0, then A\9(0) > —1 if and only if § > &, * = &, with 6, < 1 and
thus A2 (0) < —1 for any 6 € (0, d4). Moreover Az (B2) > 1. Therefore if § lies in
(0,64), then there exist b(5) € (0,/32) and b () > (o such that Ay (b) < —1 for
be (0,b(6), =1 <Az (b) < 1forbe (b(5),b()),and A (b) > 1forb > b(6). If
0 liesin (d4,1), there exists b (d) > (2 such that —1 < Ay (b) < 1 for b € (0,b(9))
and Ay (b) > 1forb>b(5). m

Notice that the impact of b on the local stability properties of the steady
state depends on the value of the discount factor §. If ¢ is not too small, larger
values of b contributes to total instability as in Proposition 3 (see cases 1-i) with
0 € (04,93) and 2-iii) with § € (d4,1) in Proposition 5). On the contrary, if &
is close enough to zero, local instability is obtained for low enough and large
enough values of b.

4 Concluding Remarks

In this paper we have characterized the local dynamics of the equilibrium paths
depending on the size of the external effects b. We have shown that when
the investment good is capital intensive, large values of b contributes to total
instability. When the consumption good is capital intensive, the effect of b on the
local dynamics of the equilibrium path is more complex. If the capital intensity
difference is large enough, local indeterminacy occurs for intermediary values of
b while saddle-point stability is obtained when b is low enough or large enough.
If the capital intensity difference is small, local indeterminacy cannot occur and
the role of b depends on the size of the discount factor. When the discount
factor is not too low, larger values of b again contributes to total instability.
However, when the discount factor is close enough to zero, total instability is
also obtained for small values of b. In this case indeed, saddle-point stability
requires intermediary values of b.

In this paper, we have assumed that both sectors have the same elasticity of
capital-labor substitution. It would be interesting to study the characterization
of the equilibrium paths by introducing heterogeneity.
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