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On the uniqueness of local equilibria

Jean-Marc Bonnisseau and Orntangar Nguenamadji*

December 2008

Abstract

In a pure exchange economy, we define a new concept of local equi-
libria where the consumers are restricted by sale constraints. So the
equilibrium consumptions are close to the initial endowments. We
prove that the local equilibrium is always unique when utility func-
tions are smooth and the constraints are sufficiently tight. We also
prove that the local equilibria converge to the equilibrium of the linear
tangent economy when the sale constraints converge to zero.

JEL classification: C62, D50, D62.

Keywords: General economic equilibrium, local equilibria, unique-
ness

1 Introduction

In an exchange economy, under suitable assumptions on the differentiability
of the utility functions, it is well known that equilibrium is generically locally
unique (See, for example, [5, 6, 8, 1]). This local uniqueness means that there
exists only one equilibrium in a sufficiently small neighborhood around an
equilibrium price.

In this paper, we focus our attention to another approach with a new
concept of local equilibrium. Actually, the consumers do not consider all
possible consumptions but only those which are close to the initial endow-
ments. So the net trades on the market remain small. Formally, this means
that the consumption set of a consumer is the set of consumptions which are
above a given fraction of the initial endowments. We can also interpret this
as the fact that the consumers face a restricted market participation where
the trades must lie in bounded below subsets depending on endowments with
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a lower bound close to 0. Then, a local equilibrium is a Walras equilibrium
of this economy with restricted consumption sets.

We first study the link between local equilibria and equilibria of the tan-
gent linear economy introduced in [4, 3]. The tangent linear economy is
a linear economy where the marginal utilities of the agents are the partial
derivatives of the utility functions at the initial endowments. The associated
equilibrium consumptions are the instantaneous consumptions in the Walras
exchange process built by Champsaur and Cornet and the equilibrium price
is the supporting price of the instantaneous trades.

Since the trades in a local economy converge to 0 when the trades are
more and more restricted, we have to rescale them in order to be compara-
ble with the ones of the tangent linear economy. Actually, we show that we
can associate to a local economy an auxiliary economy with the same initial
endowments, the positive orthant for the consumption sets and new utility
functions derived from the original one by a rescaling of the net trade. Then,
we show that the equilibria of this auxiliary economy converge to an equilib-
rium of the tangent linear economy. This means that an equilibrium price of
the local equilibrium is close to the unique equilibrium price of the tangent
linear economy and the rescaled equilibrium allocations are also close to the
equilibrium allocation of the tangent linear economy.

The main contribution shows that the local equilibrium price is unique
for sufficiently restricted trade when the utility functions are strictly quasi-
concave. Obviously, we also have the uniqueness of the equilibrium alloca-
tion. The proof is based on a concave representation of preferences and a
convexity-like property of the indirect utility functions.

This result can be related to the fact that the equilibrium price is unique
when the initial endowments are in a neighborhood of the contract curve or
of the set of Pareto optimal allocations (See [1]). In that case, without any
a priori restrictions, the trades are small. So we remain in the same kind
of interpretation: the equilibrium is unique when the trades are small, that
is when the gains in terms of utility level are closed to the first order linear
approximation.

Consequently, we have two approaches of the uniqueness of equilibria.
Either, as in the literature, we consider a neighborhood of the price and
we require that the equilibrium price is unique in this neighborhood or we
consider restricted trades, that is equilibrium allocations in a neighborhood
of the initial endowments and we have a unique equilibrium price.

This paper is a first step toward the definition of a discrete Walrasian
exchange process where the exchanges are determined at each period by the
unique net trades associated to the unique local equilibrium.



2 Local equilibrium

We consider a family of pure exchange economies with ¢ commodities and
m consumers. The consumption sets and the utility functions are kept fixed
whereas the initial endowments are taken in a nonempty compact subset E
of (RY.,)™. So, for an element e = (e;)7; € E, the economy &(e) is defined
by (Rﬁ, Ui, €)1

For all 7 € [0; 1], we define a 7-local equilibrium as follows:

Definition 2.1 (p*, (z})) € R{ x (RL)™ is a 7-local equilibrium of the econ-
omy &(e) if

maximize u;(z;)
(i) for all i = 1,...,m, =} is a solution of ¢ p*-z; <p*-¢;
xX; Z (1 — 7')61'

(i) Z:il Ty = Z:ll €i-

The difference with a standard Walras equilibrium comes from the con-
straint x; > (1 — 7)e; instead of x; > 0. This constraint means that
the consumption set of the consumer is {(1 — 7)e;} + R% instead of RY,
so a 7-local equilibrium is a Walras equilibrium of the 7-local economy
E(e) = ({(1—7)e;} + RE, wy,e;)™,. One remarks that a 1-local equilibrium
is merely a Walras equilibrium of the economy £(e). A 0- local equilibrium
is (p*, (€;)), where p* is any non-zero price vector in R .

This constraint x; > (1 — 7)e; is equivalent to the constraint on the net
trade z; = x; — e; > —7e;. So a local equilibrium is an equilibrium with
restricted trades, where the maximization problem of a consumer is:

maximize u;(e; + z;)
prz <0
Zi 2 —Te;

When 7 is small, the equilibrium allocation of a 7-local equilibrium is
close to e;. Indeed, if we combine this lower constraint with the market
clearing condition (ii), one gets (1 — 7)e; < af <e; + 7 Z e;.

J#i

We now introduce a family of auxiliary economies (éT(e))(ﬂe) elo,1[xE and
we show the link between a 7-local equilibrium of £(e) and a Walras equi-
librium of the auxiliary economy £7(e). The difference between £7(e) and

éT(e) is that we modify the preferences instead of the consumption sets.

Definition 2.2 For all 7 €]0,1[ and e € E, the pure exchange economy
£ "(e) is the economy where the consumption sets are equal to R, the initial
endowments are e = (¢;)/; and the preferences are represented by the utility
function v}, defined by:

g () = ~ (wilei + 7o — ) — wi(er)



Note that the coefficient % and the additional term —u;(e;) are useless
in the definition since the preferences are the same with or without them.
Nevertheless we introduce them to obtain a simpler formulation later on
the convergence towards the tangent linear economy. We can interpret the
preferences of the agent as follows. For two consumptions x; and z}, far
from e;, the consumer compares them by considering the two allocations
e; + 7(x; — e;) and e; + 7(x; — e;) which are close to the current allocation
e;. So, it is as if the consumer has well known preferences around her initial
endowments and extrapolates them for the farther allocations. Once again,

if 7 =1, then £'(e) is merely the initial economy &(e).

Remark 2.1 We can remark that the definition of £7(e) is independent, of
the choice of the representations of preferences. That is, if 4; represents the
same preferences as u; then uj, represents the same preferences as uj, since
we have:

ul (@) > ul(x)) < wile;+7(x; —e;)) >
& e+ 7(x—e)) > (e + (2 — e;))
g a;—ei (‘rl) > az—ei (I{)
So, the economies with the utility functions v}, or with the utility func-
tions u;,. are identical.

The next proposition gives the link between 7-local equilibrium of & (e)
and Walras equilibrium of £€7(e) for each 7 €]0, 1] and e € E.

Proposition 2.1 For all 7 €]0,1] and e € E, if (p*, (x})) is a T-local equi-

librium of E(e), then (p*, (ei -+ a ei)) is an equilibrium of the econ-
T

omy E7(e). Conversely, if (p*, (7)) is a Walras equilibrium of £7(e), then

)

(p*, (e; + 7(& —€;))) is a T-local equilibrium of the economy E(e).

The proof is obvious starting from the definitions of Walras equilibrium
and 7-local equilibrium.

We now end this section by considering the tangent linear economy asso-
ciated to £(e) as defined in [4]. We denote it by £° since we shall prove later
that it is the limit in a precise sense of the economies éT(e) when 7 converges
to 0.

Definition 2.3 If the utility functions are differentiable at the initial endow-
ments e = (e;), the tangent linear economy of £°(e) is the economy with the
consumption sets Rﬂ, the initial endowments e; and the linear preferences
represented by the utility function uf, defined by:

U, (25) = Vui(e;) - (v — e;)

Once again, we remark that the preferences are represented by the simpler
utility function Vu,(e;) - x; but we choose such formulation to get simpler
statements later.



3 Convergence of t-local equilibria

From now on, we consider 7 €0, %] The upper bound % is arbitrary chosen
in |0, 1[ to guarantee the compactness of the sets we are considering in the
proofs. Recall that E is a compact of (R{,)™.

We posit the following classical assumption on the preferences in the
theory of general economic equilibrium from a differentiable approach.

Assumption C. For all i, u; is twice continuously differentiable on Rﬂ n
and Vu;(z;) € RY | for all z; e R .

The following proposition explains in what sense the economy £°(e) is
the limit of economies £7(e).

Proposition 3.1 Let K be a compact subset of (Rﬂ)m Under Assumption
C, for all e > 0, there exists T > 0 such that for all T €]0,7], for all (e,x) €
E x K, for all i,
|U1Tel(xz) - uloel(xl)| <e

The proof of this proposition is a direct consequence of Lemma 5.1 in
Appendix. We deduce from this uniform convergence on compacta a result
of continuity (see the proof in Appendix).

Corollary 3.1 Under Assumption C, the function U from |0, %} xEx (RY)™
to R™ defined by
U(r,e,x) = (ug, (i),

ie;
1S continuous.

We now deduce the convergence of equilibrium prices and equilibrium
allocations.

We normalize the equilibrium prices in the simplex S of Rf. Under As-
sumption C, we know that the normalized price equilibrium correspondence
e € E — P(e) associated to the linear tangent economy £°(e) reduces to a
continuous mapping (see [4, 7]). For all 7 > 0 we denote by P” the normalized
price equilibrium correspondence associated to e

Proposition 3.2 Under Assumption C, for all € > 0, there exists 7 > 0
such that for all T €]0,7], for alle € E,

P7(e) C B(P°(e),¢).

Remark 3.1 Note that the above proposition implies that for all sequences
(e”,7",p") € Ex]0,1/2] x S converging to (e,0,p) and satisfying p” €
P (e") for all integer v, then p € P(e).

Proof. Assume on the contrary that there exists ¢ > 0 such that for all inte-
ger v > 1, there exists 77 < (1/v), € € E such that P™" (e”) ¢ B(P°(e"),¢).
Then, for all integer v, there exists x* € (RL)™ and p” € P™" (e”) such that
(p”,%¥) is an equilibrium of £ (e”).



The sequence (X¥) is bounded since E is compact and 7 < Y " e for
all v. Since E and S are compact subsets, there exists a subsequence of
(17, e”,p",X") (denoted identically for the sake of simpler notations) which
converges to (0,e,p,x). From the fact that (p”,x”) is an equilibrium of
(‘:'T"(e”), one deduces that > " 7; = > " e; and p-x; < p-e; for all i.
Furthemore, p ¢ B(P%(e),e). Hence p is not an equilibrium price vector of
éo(e), so there exists ¢ such that Z; does not belong to the demand for uf,
at (p,p-ei).

Consequently there exists a vector & € Rﬂ such that p-& < p-e; and
up, (&) > uf, (7;). Since according to Assumption C, Vu,(e;) > 0 and
p-e; >0, we can choose &; in such a way that p-& <p-e;.

For v large enough, p¥ - £ < p” -e/. Since (p”,X”)) is an equilibrium
of £7(e”), one deduces that Ur (&) < ulr(2y). From Corollary 3.1, one
deduces that uj, (&) < ), (%;), which is in contradiction with uj, (&) >
u?ei (EZ) U

We now state a result on the convergence of equilibrium allocations. Since
there is no uniqueness of the equilibrium allocation for the linear tangent
economy, we do not really have a convergence property but a closed graph

property.

Proposition 3.3 Under Assumption C, for all sequences (¥, €",x") of 0, %] X
E x (R%)™ which converges to (0,e,X), if X” is a an equilibrium allocations
of the economy gTD(e”) for all v then x is an equilibrium allocation of the
tangent linear economy E°(e).

Proof. Let (p”) be the sequence of normalized equilibrium price associated
to (x”) and p” = P%(e). From Proposition 3.2, (p”) converges to p°. Conse-
quently, one easily checks that p - z; = p®-¢; and 0" T = >0 ;.

If X is not an equilibrium allocation of é’o(e), then there exists 4, & € RY
such that p” - & < p° - ¢; and ), (&) > u, (7;). Since e¢; > 0 and p" € S,
p? - e; > 0. Consequently, from the continuity of the utility function u?ei, we
can assume that p° - & < p° - e;.

For v large enough, p¥-&; < p”-e!. Hence, since (p”,x") is an equilibrium
of £7°(e¥), one has v (&) < ufp (7). From Corollary 3.1, one gets at the
limit uf, (&) < uy,, (Z;), which is in contradiction with uj, (&) > uj, (Z;). O

4 Uniqueness of the local equilibrium

The main result of the paper is the following one about the uniform unique-
ness of the 7-local equilibrium for initial endowments remaining in a compact
subset of (R, )™ if 7 is small enough. For this, we need the utility functions
to satisty, in addition to C, the following standard assumption.

Assumption C’. For all i, for all z; € R}, and for all z; € R*\ {0}, one
has :



Consider the compact E of (R}, )™. For all e € E, 7 €]0, 3], we denote
by £(e) the economy (Rﬂ,ui,ei)zl and by c‘:'T(e) the auxiliary economy

(Rﬂ,uf,ei)m

> where (e;)2; = e.

Proposition 4.1 Under Assumptions C and C', there exists T > 0 such
that, for all T €]0,7] and for all e € E the economy ST(e) has a unique nor-
malized equilibrium. Hence, for all T €]0,7] and for all e € E, the economy
E(e) has a unique normalized T-local equilibrium.

The proof is based on a combination of the concavity of the utility function
and a convexity-like property of the indirect utility functions associated to
u; when 7 is small enough. This property is known to be satisfied when
the utility function is linear (See, [2]). So, as in the proof of the uniqueness
of the equilibrium price in a linear exchange economy (see, [2]), we use this
property to get the uniqueness of the equilibrium price in the economy & (e)
for all e € E when 7 is small enough.

In order to prepare this proof, we fist recall that we can consider concave
utility functions without any loss of generality. Let

m

AE) ={(z;) € R})" | Fe €E,) u; = Z e}

i=1
Since E is compact, A(E) is a compact subset of (R{)™. Let
K ={¢e R)"|3(r e () € [0,(1/2)]xExAE),& = (1-7)es+7u;, Vi =

Since [0, (1/2)]x Ex.A(E) is compact, K is compact and we remark that K C
(R.)™. Finally, for all i, K; is the projection of K on the i-th component
of (RY)™, that is

K, ={x; € R, |3z € RO (z, ) € K}
We now apply the following lemma. For the proof, see [8](p.80).

Lemma 4.1 Under Assumptions C' and C', there exists a C? utility function
Uu; on Rﬂw which represents the same preferences as u; and which is strictly

concave on a convex open neighborhood of K;.

We are now working on the indirect utility function. For all 7 €]0, 3], the
indirect utility function v, associated to @], is defined by:

U;i(p,U)) - max{a;ei(xi) | p-x; S w, x; 2 0}

We now introduce two functions.The first one is denoted by ¢ and defined
from R’ to ]RﬁrJr by:

Y(q) = (exp(q1), exp(qa), - - -, exp(qe))-

7



The second one is denoted by V7 and defined from R’ to R by:

Vi, (@) = vie, (¥(q), ¢(q) - ).

Before stating the key lemma on the convexity of V;[ , we first define a
compact subset of potential equilibrium prices. As already noticed, the func-
tion PV, which gives the unique normalized equilibrium price of the tangent
linear economy £Y is a continuous mapping. So P = P%°(E) is a compact
subset of R, .. Let £ > 0 small enough, such that B(P°,e) C R . Then,
from Proposition 3.2, there exists 7 > 0 such that for all (7,e) €]0,7] x E,

P7(e) C B(P%e). Let

Q = {(n(p1/pe), - -, n(pe—1/pe),0) | p € B(P°, )}

@ is a compact subset of R‘. The proof of the following key lemma is given
in Appendix.

Lemma 4.2 Under Assumption C and C', there exists T €]0, %] such that
for all (7,e) €]0,7] x E, for all i, the function V;] is strictly convex on the
convex hull of Q.

Proof of Proposition 4.1

Let 7 = min{7,7} where T is given by Lemma 4.2 and 7 by Proposition
3.2. Let us assume by contraposition that there exists (7,e) €0, 7] x E such
that the economy & 7(e) has two different normalized equilibrium prices p and
p'. Let (z;) (resp. (y;)) be the equilibrium allocation associated to p (resp.
q).

Let 7 be the price vectors defined by 7, = pppj, for h = 1,... . Let ¢
and ¢’ be the price vector defined as follows:

q = (In(p1/pe), - -, In(pe—1/pe),0)

¢ = (In(py/p}), ..., n(py_, /1)), 0)

Since e € E, 7 < 7 <7, ¢ and ¢ belongs to @ and ¢ # ¢’. We deduce from
Lemma 4.2 that for all ¢,

).

2 ie;

11 1
Vi g+ ¢ ) < ZV7
(2q+ 2q) 5 e (q) +

In addition, one remarks that for all h, In(ry, /1¢) = qn+ 34}, Vii. (¢) = v ()

(p") > vy, (r) for all i.

1 1
and Vi (¢') = v, (¢/). Finally we have iv;i (p) + sV,
So, since (x;) (resp. (y;)) is the equilibrium allocation associated to p (resp.

P'), we get, for all i,
1

1
5%; () + 571;,»(%) > v, (7).



From the definition of A(E) and K, e;+7(x; —¢;) and e; +7(y; — e;) belong to
K;. Since u,, (&) = (1/7) (@s(e; + 7(& — e:)) — s(e;)) and (1/2)(e; + 7(w; —
e))+ (1/2)e; +7(y; —e;) = e; +7(((1/2)x; + (1/2)y;) — e;), one deduces from
Lemma 4.1 that

1 1 1
ﬁ;i (§$Z + 53/1) Z Y ) (il?z) + 5@;61_ (yz) > U;—(T) Vi.

From the definition of the indirect utility function, this implies r- (%:l:z—i—%yl) >
r - e; for all i. We get a contradiction since

m

Zlfi = Z?/z = Z€i~
i=1 i=1

i=1

From Assumptions C' and C’, u; is strictly quasi-concave for all i. So
is uj, for all e; and 7 €0, (1/2)]. Hence, the uniqueness of the normalized
equilibrium price implies the uniqueness of the equilibrium allocation since
the demand is single valued. [J

For all (e,7) € E x [0, (1/2)], we denote by X (e, 7) the set of normalized
T-local equilibrium of the economy & (e). The previous result shows that X
is a mapping on E x [0, 7.

Corollary 4.1 Under assumption C' and C', the normalized T-local equilib-
rium mapping X is continuous on Ex]0,7].

Proof. Since the range of X is included in S x A(E), which is bounded,
it suffices to show that for all sequence (e”,7") in Ex]|0,7]| converging to
(e,7) € Ex]0,7] such that the sequence (X (€”,7")) converges to (P, (Z;)),
then X (e, 7) = (p, (T)).

For all v, let X (e”,7") = (p¥, («¥)). Since z¥ > (1—71")el, p”-a;¥ < p”-€e
for all 4, and > " oy =" e¥ forall v, we have T; > (1—7)e;, p-T; < p-e;
for all ¢, and > )" T = > " e,

If (p, (7;)) is not a 7-local equilibrium of £(e), then there exists ¢, x; >
(1 —7)e; such that p-x; <p-e; and w;(x;) > w;(T;). Since p € S and e; > 0,
p-e; >0, hence p-e; > p-(1—7)e;. Consequently, using the continuity of the
utility function u;, we can choose x; such that z; > (1—7)e; and p-z; < D-e;.
Consequently, for v large enough, z; > (1 — 7¥)e?, p¥ - x; < p” - €Y, hence,
since (p”, (z¥)) is a 7-local equilibrium of £(e"), u;(x;) < ui(x¥). At the
limit, one gets u;(x;) < w;(T;), which contradicts u;(x;) > w;(Z;). Hence,
(P, (z;)) is a 7-local equilibrium of £(e) and the uniqueness result implies
that X (e,7) = (p, (7;)). O

5 Appendix

Lemma 5.1 Let E be a compact subset of Rﬂw K a compact subset of Rﬂ
and u a twice continuously differentiable function on RY.. Then for alle > 0,

9



there exists T €0, 1] such that for all 7 €]0,7], for all (e,x) € E x K one
has:
Jug (2) —ug(z)] < e

where ul(z) = L(u(e + 7(x — €)) — u(e)) and u(x) = Vule) - (x —e).

Proof. Let e € E and % > 7 > 0. Applying the Taylor formula to u at e we
can write for all x € K,

ule+7(x —e)) —ule) =7Vu(e) - (x —e) + %D%(g) [7(x —e), 7(x — €)]

where £ belongs to the segment [e,e + 7(z — ¢€)].
Hence ul(z) = ul(z) + gDQu(f) [(z —e),(x —e)]. Since K is a compact
of Rﬂ and F a compact of Rﬁ + the set

K =f{e+r(z—e)| (e7,2) € B x [0,1/2] x K}
is a compact subset of ]R?F +- Let

M' = sup |[D*u(é)|| and M = sup ||z —e.
43¢ (e;x)eEXK

Since for all e € E, z € K and 7 €]0, 3] the segment [e,e + 7(z — ¢)] C K,

we yield the result by taking 7 = min{ﬁ, %} O

Proof of corollary 3.1
Let U from [0, 1] x E x (R,)™ defined by U(r, e, z) = (Ui(T, ¢;, ;) where

Ui(r, e, =~ (uales + (o — €2)) — wi(er)

for 7 # 0 and
Ui (0, €5, ;) = ujy,, (2;) = Vu(e;) - (z; — ;).

It suffices to show that U; is continuous for all 7. Since u; is continuous,
U; is continuous on |0, 5] x E; x R, where
E;={e; € Rﬂ+| Je_; € (RﬂJr)m_l, (e;,e_;) € E}.

Note that E; is a compact subset of ]Rﬁ +- We have to check the continuity
of U; at (0, e;,z;) for all (e;, z;) € Ej x RY. Let (77, €/, 2¥) be a sequence of
0, %] x F; % RY which converges to (0, e;,z;). Let K; be any compact subset
of Rﬁ containing =¥ for all v and z;. Let € > 0. From Proposition 3.1, there

exists 7 > 0 such that for all 7 €]0, 7] and for all (e;, z;) € E; x K;,

£

(Ui(r, €6, 2:) = Ui(0, 03, 2:)| < 5.

10



Since (77) — 0, for all 7 €]0, 3] there exists 1 such that 7 < 7 for all v > 1.

In addition, U;(0, -, ) is continuous on E; x K;, so there exists an integer 14
such that for all v > v,

|UZ(O761V’:E2V) - Uz(ou eiyxi)| S

wlm

Finally, let 7 = max{vy,v1}. Then, for all v > v, one has:

\Ui(m" e, 2%) — Ui (0, e5,25)| < Ui (77, el xf) — Ui (0, €7, )|
+|U(O,€Z,$Z) UZ(O,GZ,I'Z”
< e.

This shows the continuity of U; at (0, e;, z;). O

Proof of Lemma 4.2
For all p € ]R?|r+ and w > 0, one has:

L
apW
Ve, (P, w )—mgguzTez((—; ) )
h/ h=1

and there exists o € S such that

¢
T ~T apw
Uiei<p7 ) - uzel << > ) .
Pr ) p=1

Consequently for all ¢ € R, Vi7 (¢) = max V. ,(¢), where

e,
aEesS

’ ¢
sz a( ) ﬁ;i (Oéh Z €ik eXP(Qk - Qh))
h=1

k=1

Hence, to prove the result, it suffices to show that for all ¢, there exists
7; such that for all 7 < 7; and for all e € E, for all a € S, V], is strictly
convex on the convex hull of @, co). One then gets the result by taking the
minimum of 7;, i = 1,...,m. For all i, F — i denotes the projection of E on
the i-th component of (R)™. It is a compact subset included in RY

For the sake of simpler notation, we omit the subscript ¢ in the remaining
of the proof. Let us compute the Hessian matrix of V7. For all x € R

X - D*VZ,(g)(x) is equal to'

¢
> apuly(€) (Z ex exp(qk — qn) (X — Xn) ) + Z anagtg, (§)ChGr (1)
h=1

k£h k=1

1See below for the details of computations.
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where

¢ ¢ ¢
§= (Oéh Z €k eXp(Qk - %)) , (= (Z €k eXP(Qk' - Qh)(Xk’ - Xh)) )
h=1

k=1 k'#h hel

u?; is the first order partial derivative of u? with respect to the hth component
and w7}, is the first order partial derivative of u7; with respect to the kth
component.

From the definition of «], one remarks that the Hessian matrix of u] at
¢ is equal to 72D%u(e + 7(£ — e)). Note that for all 7 €]0, 3] and for all
(e,q) € E xcoQ , e+ 7(& — €) remains in a compact set A of RY . Hence,
the norm of the Hessian matrix of u is bounded above on A and we denote

by 6 an upper bound. Consequently, for all (e,q,7) € E x co@x]0, %],

¢
Z anopuiy (§)CnCe = —7 HZahgh —72§Z anCr.
h=1

h,k=1

The second inequality comes from the fact that 0 < aj, < 1 for all h. We
remark that

h = Z Vew explaw — an) v/ ew explaw — an) i — xn).
k' #h

Using the Cauchy-Schwartz inequality, one has

C;% < (Z er exp(qe — %)) (Z e exp(qe — qn)(Xe — Xh)2> :

k'%h k' #h

Hence, one obtains the following lower bound for y - D*V (q)(x)

¢
Z Qh [“22(5) — 70 (Z e exp(qy — Qh))] (Z er, exp(qr — qn) (XK — Xh)2>

k' #£h kh

Once again, from the definition of u”, since e + 7(£ — €) remains in A, there
exists a real number £ > 0 such that for all h, for all z € A, ¢ < w,(z).
Consequently, for all j, for all (e,q,7) € E x coQx]0, ] Te < Ul (5)

Then for all (e, q, T ) e E x coQx]0, 3], we get:

¢
X - D*VI(9)(x) = 7 [e — 760] Zah <Z ex exp(qe — qn)(Xk — Xh)2>

h=1 k£h

Hence for 7 < (¢/66), for all (e,q) € E x coQ, x - D2VZ(q)(x) > 0 for all
(e,q) € E x coQ and x - D*V (¢)(x) > 0 if x # 0 and x, = 0. Since for
all ¢ € coQ, g0 = 0, one concludes that V] is strictly convex on co@ if

7 < (/66) for all e € E. O
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Computation of formula 1

Recall that «a belongs to the simplex S, ¢ to a compact subset co() of Rﬁ
and x to RY. VT (g) and p;(q) are defined as follow:

L

Vi(g) = (W op)(q) =u (21(q), - . 0e(q):  i(a) =a; > ewexplaw —q;)

; ¢
Let £ = ¢(q) = (Oéh Zek exp(qr — Qh)) :
h=1

k=1
From the chain rule for the derivatives, one has for all (x, ') € (R)?,

X' -D*VI(q)(x) = De(q)(X') - D*ul(€) Dep(q) (x) + Dul(§) D*¢(g) (X, X)- (2)
Note that
Dip(q)(x) = (hGh)pey = (ah ;lek/ exp(q — gn) (X — Xh)> K (3)
and
D*¢(q)(x,X') = (ah ; ew exp(ar — an) O — xn) (X — x%)) E (4)

Consequently,

- DVI@0) = (nllhy - D2T(©) ((ani)icy) +

Duz(€) (an i ew explaw — a1) O = x1)?)
= zfz,kzl anaugyy (§)Chlrt
Zfz:l anugy(§) (Zzﬁeh er exp(qr — qn) (X — Xh)2>

l

h=1
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