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1 Introduction

Since Benhabib and Farmer [1, 2], it is common to assume a large elasticity
of intertemporal substitution in consumption and a large elasticity of the
labor supply to obtain local indeterminacy of equilibria in infinite-horizon
growth models with productive externalities and increasing returns at the
social level.! Basically, an infinite elasticity of labor is often considered.
It is important to point out that all these results are established either
within one-sector growth models,? or within two-sector growth models with
identical technologies at the private level.?

Considering instead a two-sector model with different Cobb-Douglas
technologies at the private level characterized by sector-specific externali-
ties and constant social returns, Benhabib and Nishimura [4] provide con-
clusions which suggest that the above common practice has to be more
carefully examined. They assume a separable utility function which is lin-
ear with respect to consumption and strictly concave with respect to labor.
The elasticity of intertemporal substitution in consumption is therefore in-
finite while the elasticity of labor is finite. They prove the following two
fundamental results:

i) local indeterminacy arises even under constant returns provided there
is a reversal of factor intensities between the private and the social levels,
the consumption good being privately capital intensive but socially labor
intensive;

ii) the occurrence of local indeterminacy is obtained without particular
restriction concerning the elasticity of labor.

This last point is even reinforced by Benhabib, Nishimura and Venditti [5]
who show that in a similar two-sector model but with inelastic labor, the
technological mechanism based on the broken duality between Rybczynski
and Stolper-Samuelson effects is sufficient to generate sunspot fluctuations.

Such a conclusion is puzzling when compared to the basic results initially

!See also the survey of Benhabib and Farmer [3] for a large list of references.
2See for instance Lloyd-Braga, Nourry and Venditti [10], Pintus [12].

3See for instance Harrison [8], Harrison and Weder [9].



formulated by Benhabib and Farmer [1, 2] under increasing social returns.
Our aim in this paper is to understand this puzzle and thus to study
carefully the role of labor on the existence of sunspot fluctuations in two-
sector models with constant social returns. To do so, we believe that the best
strategy is to start from the beginning by considering a general formulation
without any a priori. We thus assume that the economy is composed by two
sectors, one producing a pure consumption good, the other producing an
investment good, characterized by CES technologies with asymmetric elas-
ticities of capital-labor substitution which can take any positive value.* The
externalities are sector-specific and the returns to scale are constant at the
social level, thus decreasing at the private level.> On the preference side, we
assume a CES additively separable utility function defined over consump-
tion and labor. The elasticity of intertemporal substitution in consumption
and the elasticity of the labor supply can take any value between 0 and +oo.
Our main results provide necessary and sufficient conditions for local
indeterminacy. First we show that the consumption good sector needs to
be capital intensive at the private level and labor intensive at the social
level. Second, we prove that under this capital intensity configuration, the
existence of sunspot fluctuations is obtained if and only if, as it is commonly
accepted, the elasticity of intertemporal substitution in consumption is large
enough but, contrary to the standard belief, the elasticity of the labor supply
is low enough. In particular, we show on the one hand that when the
elasticity of intertemporal substitution in consumption is infinite, labor does
not have any influence on the local stability properties of the equilibrium
path, and on the other hand that when the labor supply is infinitely elastic,
the steady state is always saddle-point stable. Actually, we prove that the
consideration of endogenous labor does not introduce any additional room

for sunspot fluctuations.

“The Cobb-Douglas formulation considered by Benhabib and Nishimura [4] or Ben-
habib, Nishimura and Venditti [5] will be treated as a particular case.

5We shall consider small externalities so that the private returns are only slightly
decreasing. This assumption can be justified by the existence of a fixed factor, such as

land, which is not accumulated and normalized to 1.



The paper is organized as follows: Section 2 presents the basic model, the
intertemporal equilibrium, the steady state and the characteristic polyno-
mial. The main results are exposed in Section 3. Some concluding comments

are provided in Section 4 and a final Appendix contains all the proofs.

2 The model

2.1 The production structure

We consider an economy producing a pure consumption good yo and a pure
capital good y;. Each good is assumed to be produced by capital x1; and
labor x¢j, 7 = 0,1, through a CES technology which contains sector spe-
cific externalities. The representative firm in each industry indeed faces the
following technology, called private production function:

y; = (50]-3:5;% + Bryat + ej(XOj,le))_l/p] . =01 (1)
with 3;; > 0, p; > —1 and ¢; = 1/(1+ p;) > 0 the elasticity of capital-labor
substitution. The positive externalities are equal to

ej(Xoj, X1j) = bo; Xo,/” + b1, X,
with b;; > 0 and X;; denoting the average use of input ¢ in sector j. We
assume that these economy-wide averages are taken as given by each indi-
vidual firm. At the equilibrium, since all firms of sector j are identical, we

have X;; = z;; and we may define the social production functions as follows

Yj = <30j$ajpj + Bljml_]foj)il/pj (2)
with @ij = [3;; +b;;. The returns to scale are therefore constant at the social
level, and decreasing at the private level. We assume that in each sector
j=0,1, Boj + Blj = 1 so that the production functions collapse to Cobb-
Douglas in the particular case p; = 0. Total labor is given by ¢ = xgg + xo1,
and the total stock of capital is given by z; = z19 + =13.

Choosing the consumption good as the numeraire, i.e. pg = 1, a firm in
each industry maximizes its profit given the output price p1, the rental rate
of capital wy and the wage rate wy. The first order conditions subject to

the private technologies (1) give
1
zij[y; = (g /wi) 7 = aij(wi,ps), 4,5 =0,1 (3)
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We call a;; the input coefficients from the private viewpoint. If the agents
take account of externalities as endogenous variables in profit maximization,

the first order conditions subject to the social technologies (2) give on the

contrary
n 1/(A+p;) ..
T [Y; = (Pjﬁij/%’) = a;j(wi,pj), 4,7 =0,1 (4)
We call a;; the input coefficients from the social viewpoint. We also define
aij(wi, p;) = (Bij/ Bij)asj(wi, ;) (5)

as the quasi input coefficients from the social viewpoint, and it is easy to
derive that "
aij(wi, pj) = aij(wi, p;) </3ij/ﬁij>pj/( )
Notice that a;; = a;; if there is no externality coming from input ¢ in sector
J, i.e. bj; = 0, or if the production function is Cobb-Douglas, i.e. p; = 0.
As we will show below, the factor-price frontier, which gives a relationship
between input prices and output prices, is not expressed with the input
coefficients from the social viewpoint but with the quasi input coefficients
from the social viewpoint.

Based on these input coefficients it may be shown that, as in the case with
symmetric elasticities of capital-labor substitution,® the factor-price frontier
is determined by the quasi input coefficients from the social viewpoint while
the factor market clearing equation depends on the input coefficients from

the private perspective:”

Lemma 1. Denote p = (1,p1), w = (wo, w1)" and A(w,p) = [as;(w;,p;)]-
Then p = A'(w, p)w.

Lemma 2. Denote x = ({,z1)', y = (yo,y1) and A(w,p) = [a;j(ws, p;)].
Then A(w,p)y = x.

Note that at the equilibrium, the wage rate and the rental rate are
functions of the output price only, i.e. wy = wy(p1), w1 = wi(p1), while

outputs are functions of the capital stock, total labor and the output price,

Yj = gj(xlag)pl)a ] = O, 1.

6See Nishimura and Venditti [11].

"See Garnier, Nishimura and Venditti [6] for the proofs of these results.



2.2 Intertemporal equilibrium and steady state

The economy is populated by a large number of identical infinitely-lived
agents. We assume without loss of generality that the total population
is constant and normalized to one. At each period a representative agent
supplies elastically an amount of labor ¢ € (0,/), with £ > 0 (possibly
infinite) his endowment of labor. He then derives utility from consumption

c and leisure £ = £ — ¢ according to the following function

l—0o £1+’Y
U(C) = Cl—o‘ - 1+

with ¢ > 0 and v > 0. The elasticity of intertemporal substitution in
consumption is thus given by e, = 1/0 while the elasticity of the labor
supply is given by €, = 1/~. Considering the external effects (eg, e1) as given,
profit maximization in both sectors described in Section 2.1 gives demands
for capital and labor as functions of the capital stock, the production level
of the investment good, total labor and the external effects, namely z;; =

zij(x1,91,4, eo,€1), i,j = 0,1. The production frontier is then defined as

c=T(z1,91,¢,e0,€1) = (ﬂoois&{’“ + BroZyg” + 60) e
From the envelope theorem we easily get w; = Ti(z1,y1,¢,€0,€1), p1 =
—Ts(x1,y1,¢, ep,e1) and wy = T3(x1,y1,¢, €0, €1).
The intertemporal optimization problem of the representative agent can
be described as:
TN (21 (), y1(t), (1), eo(t), e (1)) =0 )] _
[ [M000M a0 O]
s.t. &1(t) = y1(t) — gz (¢) (6)
x1(0) given

{ej(t)}t>0, 7 =0,1, given

where § > 0 is the discount rate and g > 0 is the depreciation rate of the

capital stock. We can write the modified Hamiltonian in current value as:

T e e 1=o 14y
n o= I 1(t)’y1(t)’f(i);°(t)’ 18)) —637 +aqi(t) (y1(t) — g1 (t))

with q1(t) = e%*py(t). The necessary conditions which describe the solution

to problem (6) are therefore given by the following equations:



a(t) = pi(t)e(t)™ (7)
(t) = woc(t)™ (8)
@1(t) = wyi(t) —ga(t) (9)
@i(t) = (6+g)q(t) —wi(t)e(t)™ (10)

As shown in Section 2.1, we have wy = wo(p1) and ¢ = go(z1,¢,p1) =
T(z1,91(x1,4,p1), ¢, e0(x1,4,p1),e1(x1,¢,p1)). Therefore, solving equation
(8) describing the labor-leisure trade-off at the equilibrium, we may ex-
press the labor supply as a function of the capital stock and the output
price, £ = {(z1,p1). Then, we get yo = c(x1,p1) = o(w1, (1, p1),p1) and
y1 = yi(z1,p1) = y1(x1,€(x1,p1),p1). Considering (7)-(10) and denoting
E(z1,p1) =1 —0(p1/c)(0c/Ip1), the equations of motion are derived as
#1 = y1(21,p1) — 971

(11)
P1= gp [0+ 9)p1 — wi(pr) + 0% (yi(z1,p1) — ga1)]

Any solution {z1(t),p1(f)}+>0 that also satisfies the transversality condition

lim 6_6tp1(t).%'1<t> =0

t——+o00
is called an equilibrium path.

A steady state is defined by a pair (27, p}) solution of

yl(xhpl) = gx1
(12)

wi(p1) = (0+g)p
We introduce the following restriction on parameters’ values:

Assumption 1. 511 > 0+ g and p1 € (p1,+00) with

P Inf1
= T /a3 N _ ~ G _17 0
P ln(—?}rb)flnﬁu ( ) (13)

Considering the fact that, within continuous-time models, the discount rate
0 and the capital depreciation rate g are quite small, the restriction §17 >
0 + g does not appear to be too demanding. Under Assumption 1 we derive
positiveness and interiority of the steady state values for input demand

functions z;; and we get the following result:

Proposition 1. Under Assumption 1, there exists a unique steady state
(1, p1) > 0.



2.3 Characteristic polynomial

Linearizing the dynamical system (11) around (x7,p7]) gives:

9y _ g 91
J on o (14)
N o Pl dc Oy _ 1 d+qg— Owy + O—ﬁ@%
E c¢* 9x1 \ 0z E g op1 c* dx1 Op1

As we show in Appendix 5.2, all these partial derivatives are functions of o
and 7. The role of v of course occurs through the presence of endogenous
labor but remains implicit at that stage mainly because of our methodology
to derive the dynamical system (11) from the first order conditions (7)-(10).

Any solution from (11) that converges to the steady state (x7, p}) satisfies
the transversality condition and is an equilibrium. Therefore, given x1(0), if
there is more than one initial price p;(0) in the stable manifold of (z7, p}),
the equilibrium path from x;(0) will not be unique. In particular, if J
has two eigenvalues with negative real parts, there will be a continuum of

converging paths and thus a continuum of equilibria.

Definition 1. If the locally stable manifold of the steady state (z7,p}) is

two-dimensional, then (z3,p}) is said to be locally indeterminate.

The eigenvalues of J are given by the roots of the following characteristic

polynomial
PA) =X -TA+D (15)
with

9 0
Dlo) =3 (8 - 9) (0+9- 52)
=1l 9 pi [ ac @ oc (0
Tio) = {3+ 0= Gt 50 - 5 (32 -0)]}

(See Appendix 5.2 for the detailed expressions of these derivatives). Local

(16)

indeterminacy requires therefore that D(o,v) > 0 and 7 (0,v) < 0.

3 Main results

Our main objective is to study jointly the roles of the elasticity of intertem-

poral substitution in consumption and the elasticity of the labor supply



on the local determinacy properties of the long-run equilibrium. We will
first consider three polar cases from which we will be able to derive con-
clusions for the general configuration with o, > 0. In the first case we
assume a linear utility with respect to consumption, i.e. an infinite elas-
ticity of intertemporal substitution in consumption. Then we consider the
second extreme configuration which is based on a linear utility function with
recpect to labor, i.e. an infinite elasticity of the labor supply. Finally, the
third particular case concerns the model with inelastic labor and non-linear

utility function with respect to consumption.

3.1 Local indeterminacy with an infinite elasticity of in-
tertemporal substitution in consumption: ¢ =0, v > 0

In the case of a linear utility function with respect to consumption, i.e.
o=0,weget E=1,D(0,7) = A2 and 7(0,7) = A1 + A2 with

M= (52 -g), A= (64+9-52) (17)
the two eigenvalues and

dyp . ae  dwy . dog (18)
dxy ai1apo—aioaol’  dp1 G11G00—010G01

as shown in Appendix 5.2.
Using the definitions of input coefficients given in Section 2.1 allows to
characterize the elements of dy;/0x1 and dw;/dp; in terms of the capital

intensity differences across sectors at the private and quasi-social levels:

Definition 2. The consumption good is said to be:
i) capital intensive at the private level if and only if ai11a00 —arpapr < 0,
it) quasi capital intensive at the social level if and only if aj1d00 —

apapr < 0.
We may conveniently relate these input coefficients to the CES parameters:®

Proposition 2. Let Assumption 1 hold. At the steady state:
i) the consumption good is capital (labor) intensive from the private per-

spective if and only if

8See Garnier, Nishimura and Venditti [6] for a proof of Proposition 2.



P1

P1—P0
1 B11\T+r1 _A p1(1+p0)
_ B108 1+pg <5+g) —Au
b=1- (o) (ﬁ < ()0

ii) the consumption good is quasi capital (labor) intensive from the social

perspective if and only if

1

_ T (54) TFe1 _g, %
1 — Bobor (ﬁooﬁn) po | \o+g) P11 < (>)0

b

Boofr1 \ Brobor Bo1

It follows that that dy;/0x; corresponds to the factor intensity difference
from the private viewpoint, and is associated with Rybczynski effects, while
Owy /0py corresponds to the quasi factor intensity difference from the social
viewpoint, and is associated with Stolper-Samuelson effects.’

A first general conclusion is exhibited:

Proposition 3. Under Assumption 1, let 0 = 0. Then the local stability
properties of the steady state only depend on the CES coefficients (B, bij, pi),
i =0,1, and do not depend on the elasticity of the labor supply ey = 1/~.

This result explains why in Benhabib and Nishimura [4] the consideration
of endogenous labor in a two-sector model with Cobb-Douglas technologies,
sector specific externalities and linear utility in consumption leads to some
conditions for local indeterminacy which are only based on capital intensity
differences at the private and social levels and which do not depend on the
elasticity of the labor supply.

Considering Definition 2, Proposition 2 with (17) and (18), we derive
that local indeterminacy requires a factor intensities reversal between the

private and the quasi social levels.'”

Proposition 4. Under Assumption 1, the steady state is locally indetermi-
nate if and only if the consumption good is capital intensive from the private
perspective (b < 0), but quasi labor intensive from the social perspective
(b>0).

9See Appendix 5.2.
10A similar conclusion has been provided by Nishimura and Venditti [11] in a two-sector
continuous-time model with CES technologies characterized by symmetric elasticities of

capital-labor substitution.



Notice from Proposition 2 that the capital intensity differences at the private
and quasi social levels are linked as follows:
71 _ PuPoo q
b=1 B10801 (1-1b) (19)
B11800

It follows that when b < 0, a necessary condition for b> 0 is given by the

following Assumption:

: B106o1 B10Bo1
Assumption 2. B11B0o < 51150

Under Assumption 2, Garnier, Nishimura and Venditti [6] provide condi-
tions on the sectoral elasticities of capital-labor substitution to get locally

indeterminate equilibria.

3.2 Local determinacy with an infinite elasticity of labor sup-
ply: 0>0,v=0

Consider a linear utility function with respect to labor, i.e. v = 0. As shown
in Lloyd-Braga, Nourry and Venditti [10] or Pintus [12], the occurrence of
local indeterminacy in aggregate models requires the consideration of large
(close to infinite) elasticities of labor supply. The following Theorem shows
on the contrary that within two-sector models, the conclusion is completely

reversed.

Theorem 1. Under Assumption 1, if v = 0 the steady state is saddle-point
stable.

The proof is based on the fact that for any given o > 0
lin%] D(o,7v) =D(6,0) <0
’Y*)

This result implies that for any intertemporal elasticity of substitution in
consumption and any amount of externalities, the steady state is locally
determinate.

Theorem 1 needs also to be compared with the main results of Ben-
habib and Farmer [2]. Indeed, they consider a two-sector model with en-

dogenous labor and Cobb-Douglas technologies characterized by increasing

10



social returns derived from sector-specific externalities. They assume that
both technologies are identical at the private level, i.e. b = 0 or equivalently
a11a00 — a10a01 = 0. They show that local indeterminacy occurs under a
large elasticity of the labor supply while our Theorem 1 provides a com-
pletely opposite conclusion. Such a drastic difference between one-sector
models or two-sector models with identical private technologies on one side,
and two-sector models with different private technologies on the other side
seems to be explained both by the different assumptions on returns to scale
at the social level, and, as it is shown in Appendix 5.2, by the fact that if
b =0, ie. ajiagy — aipapr = 0, then the partial derivatives entering the

Jacobian matrix (14) are no longer well-defined.

3.3 Local indeterminacy with inelastic labor supply: o > 0,
¥ = +00
When the utility function is non-linear with respect to consumption, i.e.

o > 0, and labor is inelastic, i.e. v = 400, the utility function becomes

u(c) = S

1—0o

A simple geometrical methodology allows to provide a clear picture of the
local determinacy properties of equilibria. As in Grandmont, Pintus and
De Vilder [7], we analyze the local stability of the steady state by studying
the variations of 7 (o, +00) and D(o,+00) in the (7,D) plane when the
inverse of the elasticity of intertemporal substitution in consumption o varies
continuously. Solving the two equations in (16) with respect to o shows that
when o covers the interval [0, +00), D(c,+00) and 7 (o, +00) vary along a

line, called in what follows A, which is defined by the following equation

du1 _ ><5+ ,%)[ﬂ%,i(%,

—_ Oz 9~ Bpy ) |92y 9p1  Opg \ 0y 9
D =8,T + b Dury B (57g 001 (20)
dxq1 Op1 ' Ipy 9

op1

with

So = o (%_ )(Hg_%) (21)

dc 9Y1 | dc < 73“11)
dx1 dp1 T Op1 dtg Op1

the slope of Ay. Notice that that since v = +o0, labor is inelastic and
¢* = 1. Moreover, (x7,p) does not depend on o, as shown in Proposition

1. The steady state therefore remains the same along the line A.

11



As o increases from 0 to +oo the pair (7 (o, +00), D(0, +00)) moves along
A which is characterized by the starting point (7 (0, 4+00), D(0, +00)) and
the end point (7 (400, +00), D(400, +0)), such that:

T(0,400) = 4 46— 4, D(0,+00) = (gi— )(“9—%%)

(22)

_0c on
T (+00, +00) = — 25220 4 (% —g) ; D(+00,+00) =0

op1
(See Appendix 5.2 for detailed expressions). Therefore A is a segment
which starts in (7(0,400),D(0,400)) and ends in (7 (400, +00),0), i.e.
on the abscissa axis. Notice that (7 (0,400), D(0,400)) corresponds to the
characteristic roots obtained in Section 3.2 under ¢ = 0. Proposition 4 gives
necessary and sufficient conditions for the occurrence of local indeterminacy
when ¢ = 0, namely b < 0 and b > 0. We start by proving that when
o > 0 and v = 400, these restrictions are still necessary conditions for the

existence of locally indeterminate equilibria.

Proposition 5. Under Assumption 1, let 0 > 0 and v = +o0o. Then the
following results hold:

i) When b < 0 and b < 0, orb > 0 and b > 0, the steady state is
saddle-point stable for any o > 0.

i) When b> 0 and b < 0, there exists & € (0,400) such that the steady

state is locally unstable when o € [0,7) and saddle-point stable when o > &.
As a result, we introduce the following restrictions:

Assumption 3. The consumption good is capital intensive from the private
perspective (b < 0), but quasi labor intensive from the social perspective
(b > 0).

Under this Assumption the starting point is such that D(0,4+o00) > 0
and 7(0,+00) < 0. Based on these results we finally need to study how
D(o,+00) and 7 (0, +00) vary with o.

Lemma 3. Under Assumptions 1-3, D(o,+00) and T (o,+00) are respec-
tively increasing and decreasing functions of o, and there exists & € (0, +00)
such that D(o,+00) > 0 when o € [0,5), lim,_ ;- D(o,+00) = +o0,

12



lim,_ 5+ D(o,+00) = —o0, and D(o,+00) < 0 when o > &. Moreover,
S < 0.

The critical bound & in Proposition 5 and Lemma 3 is defined from (16) as
the value of o such that £ = 0, and is equal to

T = Fr@erom (23)
Starting from (7 (0, +00), D(0, +00)) with D(0, +00) > 0 and 7 (0, +00) < 0,
the point (7 (o, 4+00), D(0,+00)) increases along a line Ay as o € (0,05),
goes through D(o,+00) = 400 as 0 = & and finally increases from
D(o,4+00) = —o0 as 0 > ¢ until it reaches the end point (7 (400, +00),0),
as shown in the following Figure:

Ao b

(7(0,400),D(0,400))

7 (400, +00)

Ao

Figure 1: Local indeterminacy with non linear utility.

Note that the sign of 7 (400, +00) does not have any influence on the next

Theorem which follows from Proposition 5, Lemma 3 and Figure 1:

Theorem 2. Under Assumption 1, let v = +o0o. Then there exists ¢ €
(0, +00) such that the steady state is locally indeterminate if and only if
Assumptions 2-3 hold and o € [0,7).

Benhabib and Nishimura [4] show numerically that in a two-sector model
with Cobb-Douglas technologies, local indeterminacy can only occur with
sufficiently low values of 0. We provide here a formal proof of a general
result that holds for any values of the elasticities of capital-labor substitution

satisfying Assumption 3.

13



3.4 Local indeterminacy with elastic labor and intertempo-
ral substitution in consumption: ¢ > 0, v > 0

When the utility function is non-linear with respect to consumption and
labor, i.e. ¢ > 0 and v > 0, we may again follow the simple geometrical
methodology as in Grandmont, Pintus and De Vilder [7] to analyze the local
stability of the steady state. For a given value of ¢ > 0, we now study the
variations of 7 (o,7) and D(o, ) in the (7, D) plane when the inverse of the
elasticity of intertemporal substitution in consumption  varies continuously.
Solving the two equations in (16) with respect to v shows that when v covers
the interval [0, +00), D(o,7) and 7 (o,7) vary along a line, called in what
follows A, (o), which is defined by the following equation

D= 8,(0)T + M, (o) (24)
with S, (o) the slope and M, (o) the constant term, both defined in Ap-

pendix 5.6. As in the previous Section, since v € (0, +00), we have to com-
pute the starting and end points of the pair (7 (o,7v),D(0,7)). We know
that the starting point, corresponding to the case of inelastic labor with
v = +00, is defined as (7 (0, +00), D(0, +0)) and necessarily belongs to the
line A, analyzed in Section 3.3. Similarly, the end point, corresponding to
the case of infinitely elastic labor with v = 0, is defined as (7 (o,0), D(c,0))
and necessarily satisfies D(0,0) < 0 as shown in Section 3.2.

As in Section 3.3, we first prove that when ¢ > 0 and v > 0, Assumption

3 is still a necessary condition for the existence of local indeterminacy.

Proposition 6. Under Assumption 1, let c > 0 and v > 0 and consider
the critical value & as defined by (23). Then the following results hold:

i) When b < 0 and b < 0, orb > 0 and b > 0, the steady state is
saddle-point stable for any o > 0 and v > 0.

ii) When b > 0, b<0 and o > o, the steady state is saddle-point stable
for any v > 0.

iii) When'b > 0, b < 0 and o € [0,5), there exists (o) € (0,400)
such that the steady state is locally unstable when v > (o) and saddle-point
stable when v € [0,v(0)).

14



In order to locate the line A, (o) under Assumption 3, we finally need

to study how Det(o,v) and Tr(0,v) vary with v, and the slope Sy (o).

Lemma 4. Under Assumption 1-3, consider the critical value & as defined
by (23). Then there exist op € (0,4+00) and o € (7,400]| such that the
following results hold:

i) Da(o,y) < 0 when o € [0,0p), D2(0,7) = 0 when 0 = op and
Ds(0,7v) > 0 when o > op;

ii) Ta(o,y) > 0 when o € [0,07), T2(0,v) = 0 when 0 = or and
Tr(o,7v) <0 when o > or;

iii) So(y) < 0 when o € [0,0%) with c* = min{op,or} > &.

In order to complete the geometrical analysis, we derive the following result:

Lemma 5. Under Assumption 1-8, consider the critical value & as defined
by (23). Then:

i) for any given o > &, D(o,v) < 0 for all v > 0;

ii) for any given o € [0,7) there exists y(o) € (0,400) such that D(o,~) >
0 when v > (o), lim,_ )+ D(o,7) = +o0, lim
D(o,7v) <0 when v € [Ojfy(a)).

7—)1(0’)_ D(O', FY) =— a’nd

The critical bound y(c) in Proposition 6 and Lemma 5 is obviously a func-
tion of ¢ and is defined as the value of v such that the denominator of
D(o,7) is equal to zero. It is given by expression (54) in Appendix 5.9.

We immediately derive from Lemma 5 that the consideration of endoge-
nous labor does not provide any additional room for the occurrence of local
indeterminacy. Indeed, the existence of multiple equilibria again requires o
to be lower than the bound & exhibited in the case of inelastic labor. Let us
then consider a given o € [0,5). Lemma 4 shows that D(o,~) is a decreas-
ing function of « while 7 (¢,~) is an increasing function of 7. Moreover, the
slope S,(7) is negative. When v = 400, the starting point is located on
the line A, associated with the case of inelastic labor. As 7 is decreased,
the pair (7 (o,v), D(0,7)) moves upward along a line A, (o), with D(o,7)
going through +o00 as v = (o), and finally coming from D(0,7) = —o0 as
v > 7(o) until it reaches the end point (7 (¢, 0),D(c,0)) characterized by
D(0,0) < 0. All these results may be summarized by the following Figure:
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(D(0,0),7(,0)) T

Figure 2: Local indeterminacy with endogenous labor.

We then derive from Proposition 6, Lemmas 4, 5 and Figure 4:

Theorem 3. Under Assumption 1, consider the critical value & as defined
by (23) and the bound (o) derived in Lemma 5. Then, the steady state is
locally indeterminate if and only if Assumptions 2-3 hold, o € [0,5) and

v > (o).

As shown by expression (55) in Appendix 5.9, for any given o € [0,7), v(0)

is an increasing function of ¢. We then derive the following Corollary:

Corollary 1. Under Assumption 1-3, consider the critical value ¢ as de-
fined by (23) and let o € [0,5). Then, when a lower elasticity of intertem-
poral substitution in consumption is considered, local indeterminacy requires
a lower elasticity of the labor supply, i.e. for any 01,09 € [0,5) such that
o1 > 02, we have y(o1) > y(02)

Notice finally that a direct consequence of Propositions 5-6 and Theo-

rems 2-3 is that a Hopf bifurcation cannot occur in this model.'!

"Within a continuous time framework, a Hopf bifurcation occurs if D > 0 and 7 = 0.
Propositions 5-6 and Theorems 2-3 show that when o € [0,5), the segments A and
A, (o) cannot intersect the ordinate axis corresponding to D > 0 and 7 = 0.
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4 Concluding comments

We have considered a two-sector economy with CES technologies containing
sector-specific externalities and additively separable CES preferences defined
over consumption and leisure. We have provided necessary and sufficient
conditions for local indeterminacy. First we have shown that as in the case
with inelastic labor and a linear utility function, the consumption good
sector needs to be capital intensive at the private level and labor intensive
at the social level. Second, we have proved that under this capital intensity
configuration, the existence of sunspot fluctuations is obtained if and only if
the elasticity of intertemporal substitution in consumption is large enough
but the elasticity of the labor supply is low enough. In particular, we have
shown that when the labor supply is infinitely elastic, the steady state is
always saddle-point stable.

5 Appendix

5.1 Proof of Proposition 1
Maximizing the profit subject to the private technologies (1) gives the first
order conditions

piBij (/i)' P = wi, 0,5 =0,1 (25)
Considering the steady state with y; = g1 and w; = (6 + g)p1, we get

1
T = (%) gy (26)

Using the social production function (2) for the investment good we derive

I+ L

Pl
LLNIFPL 3\ Tt
To1 = <(6+g)3m > (7&19) gy

and thus
B11 1%31 3 -L
01 _ (m) _ﬂll Pl (27)
T Go1
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Finally we easily obtain from (25):

B1o0Bo1 _ [ zor I+m 10 4po
BooB11 z11 Z0o0
14+p (28)
o B10B01 1+p0 (?%) 1+p1 11\ Pt l+/130)
95 BooB11 Bo1
Considering (27), (28) and zgy + zo1 = ¢, 1 = 10 + 11, We get
14
1 (511)1%111_[;11 Pl(l"'p‘}?O)
Z*<510501)1+po tg)
BooB11 Bo1
x] = - = (*k*
=(55) e
with b given in Proposition 2. Equation (25) for ¢ = 1 and j = 0 gives
_1+pg
0 ~ PO
= bio <ﬁoo (IOO) + 310) (29)
Considering (28) and the fact that wy = (§ + g)p; implies
5 TN Poﬁiﬂlg _%
- 5 ﬂ BioBor H'PO (539) o _7611 o + B
1= 5y 00 \ BooB11 Bo1 10
The substitution of (26) and (28) into (2) gives the expression of ¢*, namely
1 RS BYERY )
P T -
& = r* |1 — (P The1 ﬁ +ﬁ B10Bo1 T (541“}]> gy, | 1RO
- d+g g 10 00 \ BooBi1 Bo1
=)
Finally, using (25) we derive
Pl 1+pq
11\ T+r1 _j
Bo1 ( g) —hu\ o~ 30
wo = wlﬁu ( BOl ( )
and substituting ¢* and (30) into (8) gives the stationary labor supply
THe
P1
B10P01 (%)W_ﬁu %
0* = B11 Bo1
- P1 Itpg=o
1 po_ o (BL)TIT g\ GRS ]
-(323) 7] (i i) 0 (LR
7
]
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5.2 Computation of D(o,v) and 7 (c,7)

Consider the expressions (16). We need therefore to compute the following
four derivatives: dc/0x1, dc/Op1, Oy1/0p1 and Ow1/Ip;. We proceed from
total differenciation of the factor-price frontier and the factor market clearing
equation given in Lemmas 1-2. From the factor-price frontier and the fact
that the function fl(fw,p) is homogeneous of degree zero in w and p, we

immediately derive:

dwy G0 and thus 9o — 4o (31)
dp1 a11G00—010G01 dp1 a11G00—010G01

Notice that these derivatives correspond to the Stolper-Samuelson effects.

Consider now Lemma 2 with (3):

aoo(wo, 1)yo + ao1(wo,p)yr = ¢ (32)
aro(wi, yo + ar1(wi,p)yr = 71
Total differenciation gives:
aoodyo + ao1dyr + %?;’g Yodwo +y (%?,9; dwo + %’g’f dp1> = dl
(33)
aiodyo + andyr + %‘;}f Yodwi +y (%‘311 dwy + %‘;}f dp1> = dx;

Let us start with dec/dzy and dy;/dx; by considering yp = ¢ and dwy =
dw; = dp; = 0. We get

dc _ _ ag1 ai de

dzy a11ap0—a10a01 ai1apo—aioaol dxri (34)
dyr ano _ aio de

dzy a11ap0—a10a01 a11ap0—a10ao1 dry

Notice that when labor is inelastic, i.e. v = 400, or when the utility function
is linear with respect to consumption, i.e. o = 0, then d//dz1 = 0 (see (40)
below), and these derivatives correspond to the Rybczynski effects.

To compute dc/dpy and dy; /dp1, we set dzqy = 0 and we have to consider

the factor-price frontier given by Lemma 1. Solving for wg and w; gives:

_ a1 _an — dgo _ ag1
WO = Fioa01—a1a00 (pl &10> W= Gia0—aroaor (pl a«OO) (35)

We also have to consider from (31) that

— a1 — doo
dwo = @10G01—a116G00 dpy,  duwy G11G00—a10G01 dp1
From (3) we finally derive
daio(wi,1) _ a4 dait(wi,p1) _ _ _ an 9ai1(wi,p1) _ _ an
ow; w; (14+po)? ow; w; (1+p1)? op1 p1(14+p1)
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Substituting all this into (33) with dx; = 0, while considering (32) gives:

1+pirapoctpoaniyi aig agl Y1 —
apodc + ap1dyr + dp1 [ (tpo)(itp1)  aii—aopr T T4pipi| = al 56
Z1+p1a10¢+p0A11Y1 aoo a1 Y1 _
aode + andyy + dpy [ (1+p0)(1+p1)  Go1—aoop1 =T pl} =0
From (5), we get:
N A -1 . N -1
a1 (1 _ Pu ang a1 (1 _Bu aly (37)
Goop1—ao1 ~ p1 Boo abt 7 aiopi—aGi1 ~ p1 Bio a1

Solving system (36) taking into account Proposition 1 and the fact that at
the steady state y; = gx1 then leads to:

. -1

dyr _ agol* ,3 anq * * *
by = (auaoo—awam)(1+po)(1+p1)p’{{ (1 o ag%) (K* + praiox™ + poaiigr™)

+ (B a8 _q o 40 (1 + pra + poagrgr*) p — AIEE

Bro a’t a00 pracoX” + podory A+p1 )P
a dé

~ iiaor— G101 dp1 (38)
dec —ag1£* <1 501 ang >_1 (K* + praroX* + poairgk”)
dpy (a11a00—a10ao01)(1+po0)(1+p1)p} Boo abt p1a10X poairy

+ @ﬁ_l 71@(14_ *_|_ *) + aiil de
Bio a’ ag1 p1aooX poao1gk a11a00—a10a01 dp1

B1o ‘11%

From (28) and (29) we get

- po(1+p1) 1400
B11\TFr1 _A _
= 3 B1roBo1 1+po w p1(1+p0) N 00
wr = fo <ﬁ00 (500511) ( Bo1 + 510
_1teo
= [BiC 7o
Substituting this expression and (30) into (3) and considering Proposition
2 gives:
_Buﬁ _ ﬁu (L) 1+P1
! Bio ar} 1= B1o ¢
A R 1:_/71
= 1= A== [ ()™ (
- = P1—pQ 39)
_ Buagp _ 1— Bor (ﬁooﬂu) 1+P0 (&) o M P 1+Po)c
Boo agt Boo \ B10Bo1 S+g for

—P1

1= B=1- A= b) = by ($2)7"
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We have finally to derive the expressions of d¢/dx; and d¢/dp,. Total dif-

ferenciation of equation (8) gives:
Lodwo gy, 5L ( dzy + dpr dp1>

ydl = wo dpr
Assume first that dp; = 0. From (34) with Proposition 1, we derive
aol(f
b _ _(e11800=019201)7X" 40
dr 1+ ('111‘100*‘11110'101)wx* ( )
Assume finally that dz; = 0. Equations (31), (35) and (37) give
1 dwg __ 1
wo dpr — p1(1-A)
Therefore, considering equation (38) with Proposition 1, we derive
ol ag1(Z;+23) ]
10901)(1+p0) (1+p1)X* (41)

¢ _ v p} [0(1 A)+(a11ﬂ00 a
T —_— ajjo
P1 1Jr(anftoo*aloam>v><*

(42)

with
Zy = 1 1+p1a0oXx* +poao1gr™
- A-1

Z| = "9*+P1a101><_*;3-l70a1195*’ o
Substituting (34), (38), (40) and (41) into (16) finally gives after straight-

forward but tedious computations:
a, (1—gaqq)o dw
D _ [anaooO%loam 7g+(a11ﬂ00 ga1101a01)7>< ](6+g dp11>
(0'77) - 1+ o [all (1 7)_’_ ag1(Z1+29) ]
aj1apgo—a10e01 Lvx* 1-AJ " Xx*(1+pg)(1+p1)
[(1 gau)(l—ﬁ)-f-au((s-‘rg dz;)]

411000 —010001

(43)

aog 5 — dwy "/x
a11a00—a10a01 + dp1 +

—

T(Gv '7) =

i lL[ZQ—i-(l-FPO)allgH/ —ga11(21+25)]
x* a11  (a11apo—aioao1)(1+po)(1+p1)

(1 ) + gtz 7)1

a11a00 a10a01 {"/X

X

5.3 Proof of Theorem 1

From (43) we derive for any given o > 0
dwq )

_ (1-gain) (0+g— 2
=P = Thn
Since y1 = gx1 at the steady state we

(44)

limy o D(o,7)

From Lemma 2, x1 = ai9yo + a11y1
get
aioyo +gaixy =1 < ayo = (1 —gay)xy >0
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Notice now that
71

— (B ) ((?Ta)Hm A — (B ot

aOl - 5+g BOl ) ail = 5+g

(45)
P1 1+pq

B11 \T+e1 _3 T p1(tpg) 1 1

— { BooB 1+p0 (5+g) B11 p1(T+pg) L L

ago = (25 ) (5 Cr, arp=Cr

From (5) and Proposition 2 we get
dwy, _ _ 6+g 8 1+/J1 _

o= =5l () o] =

with 1 — b > 0. From (39) we finally get

()5

1- 5= (47)

[,6’ )1+p1 511}

Therefore we obtain from Assumption 1:

P11 1+01 .
o0+g

_ 1—gai1 6+g
D(o,0) = o By

1} <0 (48)

5.4 Proof of Proposition 5
Consider the expression of D(o, ) in (43). We start by the following Lemma:

Lemma 6. Under Assumption 1, if b < 0 and b < 0, orb >0 and b> 0,
then D(o,v) < 0 for any o > 0 and v > 0.

Proof: Assume first that b < 0 and b < 0. We derive from Definition 2,
Proposition 2 and equations (39), (42), (46), (47) that

aiiapo — aoapr < 0, ——40—— — g <, (5+g—M>0 1-A>0,

411000 —010401

1-B<0, 1_ﬂ<0’ Z <0, Z5 <0

Then D(o,v) < 0 for any o, > 0. Assume now that b > 0 and b>0. We
derive from Definition 2, Proposition 2 and (39), (42), (46), (47) that

aiiagp — aipaplr > 0, M—g>0 (5—|—g—dw1<0 1-A<0,
1-B>0, 1_ﬂ>0’ Z1 >0, Z2 >0
It follows again that D(c,v) < 0 for any o > 0 and v > 0. O
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We may now prove Proposition 5. If v = +00, Lemma 6 implies that
whenb<0and5<0,orb>0and13>0,D(J,—l—oo)<0foranyo>0.
Consider now the case with b > 0 and b < 0. As shown in (40) and (41),
when v = 400, we have dl/dxy = df/dp; = 0. From the expressions of
D(o,+00) and 7 (0, +00) given in (16), we derive:

D(0,+ i
Di(o,+00) = (E2OO)38T)CI% (49)
1 0
Ti(0,+0) = i [83—;8—]2 + (5+g - %}fj) 5’751]
From (34), (38), (40), (42) and (45) we get
dy1 _ dy 1 0* gl*Kk*
A = duy (T50) () o7 (Zl + arraco 32) ERCETYT (50)

dc __ dc 1 0*
dpr = day (Thpo)Tpn) i (21 T 22)

Assuming b > 0 and b < 0 implies that § 4+ g — Owy/0p1 > 0, dy1/dxy > 0,
de/dxy < 0, Z1 < 0 and Zy < 0, and thus dyi/dp1 < 0, de/dp; > 0,
Di(o,4+00) > 0, T1(0,+00) > 0 with D(0,400) > 0 and 7(0,+oc0) > 0.
Finally, using (43) with v = 400, we derive that there exists ¢ € (0, +00)
such that when o = 5, we have E = 0 and lim,_,;- D(0, +00) = +00 while
lim,_ 5+ D(0,+00) = —00. The Ay line is thus a segment such that start-
ing from (7 (0, +00), D(0, +00)), the point (7 (o, +00), D(0, +00)) increases
along A as o € (0,5), goes through D(o, +00) = +00 as ¢ = & and finally
increases from D(o, +00) = —o0 as ¢ > ¢ until it reaches (7 (400, +00),0)

located on the abscissa axis, as shown in the following Figure:

7 (400, +00)

A

Figure 3: Saddle-point stability for large values of o.
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The result then follows. ]

5.5 Proof of Lemma 3

Consider (49). Assumption 3 implies that D(0, +oc0) > 0. It then follows
from (39) that if b=0, 1 — B =1—.A = 0. Moreover, to get indeterminacy
we have to assume b > 0 so that 1—B > 0 and 1— A < 0. Consider now (50).
Assumption 3 implies that dy;/dzy < 0, de/dzy > 0, Z; > 0 and Zy > 0,
and thus dy;/dp; < 0, de/dpy > 0, Di(o,+00) > 0 and 71(0,+00) < 0.
Moreover, there exists a critical value & given by (23) such that when o = &,

we have £ = 0. Substituting (34), (40) and (50) in (23) gives

g = x*(aloam;gll(lgtl)(jr)(zlz-ﬁ)-po)(l-ﬁ-m) (51)
It follows that lim,_,;— D(o,+00) = 400 and lim,_z+ D(0,+00) = —o0.
Finally, since Soo = D1 (0, +00) /71 (0, +0), we have So < 0. O

5.6 Computation of A, (o)

Solving (43) with respect to o/[yx*(a11a00 — ai0a01)] gives

(# )(5_,,_9 dm) D[1+ a01(Z1+29) ]

o/yx* _ \@11a90—210901 * (a11200—210201) (1 +p0) (1 +p1)
Do (1) -gou) (349 B

a/vx* _ ago +6— dwy 717 + o ao1(Z1+22)
a11a00—0a10001 a11a00—0a10001 dp1 x* (a11a00—a10a01)(1+p0)(14+p1)

4 o ag [Z2+(14p0)anngr” —gaii (214 25)]
x* a11 (a11a00—aioao1)(1+po)(1+p1)

x [[Tall — (1 - gai)] (1 - ﬁ) —ou (5 9= %ﬂ B

Equalizing these two expressions allows to define, for any given o € (0, 4+00),

a linear relationship between D and 7 as «y varies in (0, 4+00), namely:

D=S8,(0)T + My(o)

with
5.(0) (ar1a00— a1oa01)(1+00)(1+f71)(5+g 1) (21+25)(0-0D)
g =
Y (O'/X*)G,Ol(a*g’]')[a11<5+g )(214»22)4*(177)[21 (1+P0)augﬁ*]]
M. (o) = (CLllaOO*aloaol)(1+PO)(1+P1)<5+g i;;)[(auaogo%wam *g)lAga“Jr(éJrg ‘31;11)7“11;;%1:2?0&01]

(o/x*)ao1(c—0o7) [an (5+g )(Z1+22)+( 1_A ) [21—(1+Po)a119'€*]]
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_ X"(a11apo—aioao1)(1+p0)(1+p1) [an (1-=%%) (‘7'11‘10(;1%_9) —(l—gan)]
9D = ao1(Z21+22)

* d
X (a11a00—a10a01) (1+p0) (1+p1) [ (1= 72250 ) et —ana (49— 5t ) |

ao1 [an (5+g— Z:ll ) (31+Z2)+(1—ﬁ)[Zl—(l-&-po)allgﬁ*]]

5.7 Proof of Proposition 6

Result 1) is an immediate consequence of Lemma 6. Consider then the case
with b > 0 and b < 0. We start by the following Lemma:

Lemma 7. Under Assumption 1, consider the critical value & as defined by
(51). If b > 0 and b <0, the following results hold:

i) when o > &, then D(o,7) <0 for any v > 0,

ii) when o € (0,7), then there exists y(o) > 0 such that D(o,v) > 0 for
any v > (o), D(o,7(0)) = oo and D(o,7) <0 for any v € (0,7(0)).

Proof: Assume that b > 0 and b < 0 and consider the expression of
D(o,7) in (43). We derive from Definition 2, Proposition 2 and equations
(39), (42), (46), (47) that

anag — awoao > 0, Graten 9> 0, 649 G >0,
1-A>0, 1-B<0, 1- <0, (52
Z <0, Z5 <0

The result follows from the fact that the numerator of D(o,~) is positive
while its denominator is positive when o € (0,) and negative when o > 4.
[

We may now prove Proposition 6. Let us denote by A/ the denominator

of D(o,7v) in (43). Tedious but straightforward computations give:

_ _dwy _ cag)(£1+27)
U(5+g dpy ) [(1 gall)[1+X*(auaoo—aloﬂm)(1+po)(1+P1)]

(a11a00—a10a01)¥2x*N?
all(l*ﬁ)(dndoggoﬂwam 79)}
B (a11a00—a10a01)y2x* N2
Assume that b > 0 and b < 0. We derive from Lemma 7 and (52) that when
o € (0,5), then Dy(o,7) < 0.

Dy(o,y) =
(53)
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Finally, we know from (48) that D(c,0) < 0, and from (43), (45), (46)

and (47) we derive

7(0,0) =

. 11} B11(1+a118)—PB11
Bui){ A) H_%l —311} (1_ﬁ)

o+g

<0

Let us then consider a given o € [0,5). When v = 400, the starting point
is located on the line A, as given in Figure 4, which is associated with the
case of inelastic labor. As 7 is decreased, the pair (7 (o,7),D(0,v)) moves
upward along a line A, (o), since Da(o,7) < 0, with D(c,v) going through
+00 as v = y(0), and finally coming from D(0,7) = —o0 as v > y(o) un-
til it reaches the end point (7 (o,0),D(0,0)) characterized by D(c,0) < 0
and 7(0,0) < 0. Since A(0) is a straight line, it cannot cross the nega-
tive orthant with 7 (0,0) < 0 and D(¢,0) < 0. All these results may be

summarized by the following Figure:

(7 (0,4

(7(0,+00),D(0,+0))

Figure 4: Saddle-point stability for low values of ~.
The result then follows. o

5.8 Proof of Lemma 4

Let us again denote by N the denominator of D(c,v) and 7 (o,~) in (43).

Tedious but straightforward computations give:
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o) = e [l o)
209,7) = (a11a00—a10a01)¥2x*N? ) a11ao0—aioao1 1-A
o oag1 _ dwi
(a11a00—a10a01)(1+po)(1+p1)x* |:CL11(21 + ZQ) (5 + dp1 )

+ <1 — ﬁ) (21— (1+ po)ang/{*]} }
i) Under Assumption 3, we immediately derive from (53) that Da(c,7) <
0 if and only if o € [0,0p) with op given in Section 5.6 above. It is then
easy to get that Ds(d,7) < 0, with ¢ as defined by (51), and thus op > G.

ii) Let us denote

d
Ty(o,y) = a anan(1-rly) _ an(S+o—G)
200,7) = (a11a00—a10a01)v2x*N?2 | ai1aoo—aioao1 1-A
_ oagy 0
(a11a00—a10ao01)(1+po)(1+p1)x*

It follows that under Assumption 3, if @ < 0 then 73(o,7) > 0 for all ¢ > 0.
On the contrary, if @ > 0 then there exists o7 > 0, as defined in Section 5.6
above, such that 73(o,7v) > 0 when o € [0,07), T2(0,7) = 0 when 0 = o1
and 73(o,7) < 0 when 0 > o7. We can show finally that if o = ¢ as defined
by (51), then

a1 (1— -1
To0,7) = Gyt ot + (49— 482)

a11a00—a10601)Y?x*N? | ar1ago—aioao1 dp1
Zo+(14po)ai1gk*
- a11(Z1+22) } >0
We conclude that if o7 € (0, +00) then o7 > 7.
iii) By definition of the line A, (o) we have S,(0) = Da(0,7v)/T2(0,7)
and the result follows. O

5.9 Proof of Lemma 5

Consider the expression of D(o,v) as given by (43). Under Assumption
3, for any given o € (0,400), the numerator of D(o,7) is positive for all
~v > 0. Consider now the denominator, and more precisely the term between

brackets which is positive. We easily derive that:

. a _ 1 _ao(Zi422) | _an(Z1+Z)
hmfyﬂ+oo [47;1 (1 17./4) + X*(1+PO)(1+91):| — x*(I+p0)(1+p1)
; a 1 _an(Z1+22) | _
limy g [7;} (1 - 1—A) + x*(1+p0)(1+p1)} = T
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Since under Assumption 3, a11a9p —aipag1 < 0, we conclude that the denom-
inator is negative for all ¥ > 0 if 0 > &, with ¢ the bound defined by (51)
and which has been obtained in the case with inelastic labor, i.e. v = +o0.
It follows that when o > &, D(o,7v) < 0 for all ¥ > 0. On the contrary,

when o € [0,5), we get:
limy— 400 D(0,7) >0, limy_oD(o,7) <0

Since Lemma 4 implies that D(o, ) is a monotone decreasing function of ~
when o € [0,5), the results ii) are proved.

Notice that the critical bound (o) is defined from expression (43) in
Appendix 5.2 as the value of v such that the denominator of D(o,~) is

equal to zero, and is such that

a1l 1—% o
1(0) = ( v A)ao1(31+32) (54)

- * _ — UL\ T =2/
X*(a10001=a11800) =0 0515,

Then we easily get the derivative

/(U) _ a11(1- 125 )x* (a10a01 —a11a00) . (55)
* — _ g A01(Z1+22)
x*(a10a01—a11a00) 0 Ho ST A5

which is positive as the consumption good is capital intensive at the private

level. ]
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