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THE PERFECT FORESIGHTS’ ASSUMPTION REVISITED:

(I) THE EXISTENCE OF EQUILIBRIUM WITH MULTIPLE PRICE EXPECTATIONS

Lionel de Boisdeffre!
(December 2008)

Abstract

Our earlier papers [2,3,4,5,6] had extended to asymmetric information the clas-
sical existence theorems of general equilibrium theory [1,7,10], under the standard
assumption that agents had perfect foresights, that is, they knew, ex ante, which

price would prevail on each spot market.

Common observation suggests, however, that agents more often trade with an
unprecise knowledge of future prices. We now let agents anticipate, in each random
state, a set of plausible prices, called expectations, endowed with a probability dis-
tribution. These expectations are assumed to define a so-called ‘structure of beliefs’,
along which agents’ expectations sets intersect on each spot market. We introduce a
related concept of ‘correct foresights equilibrium’ (CFE), in which equilibrium prices
belong to all agents expectations sets. We prove that the existence of a CFFE is still
characterized by the no-arbitrage condition of [2]. This result, which extends our
earlier theorems [4,5,6], shows that private information or price uncertainty would

not affect the existence but only the value of equilibrium prices and allocations.

Key words: general equilibrium, incomplete markets, asymmetric information, ar-
bitrage, existence of equilibrium.
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1 Introduction

In earlier papers [2,3], we had introduced a notion sequential equilibrium, where
agents could have asymmetric information, and learn from prices, without having
rational expectations along Radner [11], that is, a model of how equilibrium prices
are determined. We showed in [4,5,6] that the classical existence results of symmetric
information [1,7,10] extended to that broader notion of equilibrium, namely, that

existence was guaranteed by a no-arbitrage condition.

These earlier papers retained the standard assumption that agents had a perfect
foresight of each future spot price. This assumption is intrinsic to the definition
of sequential equilibrium in the current literature, but curiously at odds with the
idea that economic agents might have no price model or precise anticipations. To
be consistent with that idea, and with our dropping rational expectations in a first

step, we now enlarge our notion of equilibrium by also dropping perfect foresights.

We introduce the simplest setting to deal with that problem, namely, a two-
period pure exchange financial economy with nominal assets and spot markets for
consumption goods, where each agent has a finite set of price anticipations in each
state, and a joint probability distribution over expected prices (the case of infinite
price expectations and continuous probability distributions is dealt with in a com-
panion paper). These expectations are assumed to define a so-called ‘structure of

beliefs’, along which agents’ price expectations sets intersect on each spot market.

We now replace the condition of perfect foresights at equilibrium by a milder
one of ‘correct foresights’, along which the ‘true’ spot prices (each one of which
may prevail tomorrow, conditionally on nature’s play) are, ex ante, in all agents’

expectations sets. Thus, a ‘correct foresights equilibrium’ (C.F.E.) is a collection of



prices, of correct expectations in the above sense, and of strategies which clear on
all markets and are optimal within the budget set for every agent at both periods.

This notion embeds and extends the equilibrium concept of [2].

Extending the result of [4], we show as our main Theorem that the existence
of a C.F.E. is still characterized by the no-arbitrage condition of [2]. Thus, agent’s
private information or idiosyncratic anticipations would not affect the existence,
but only the value, of equilibrium prices and allocations. The companion paper
with infinitely many price expectations explains how private information, beliefs
and uncertainty may account for phenomena such as speculation, bubbles or crashes

on financial markets, within a general equilibrium framework.

Section 2 presents the basic model, where agents may have asymmetric infor-
mation and finitely many price expectations in each future state. It presents the
notions of structure of payoffs, information and beliefs and of correct foresights

equilibrium, and states the existence Theorem. Section 3 proves the Theorem.

2 The basic model

We consider a pure-exchange financial economy with two periods (¢ € {0,1}). The
economy is finite, in the sense that the sets of agents, I := {1,...,m}, of commodities,

{1,..., L}, of states of nature, S, and assets, {1,...,J}, are all finite.

There is an a priori uncertainty at the first period (¢ = 0) about which state s € S
will prevail at the second period (¢ = 1). Throughout, we shall denote by s = 0 the

non-random state at t =0 and let ¥’ := {0} U X, for each subset ¥ of S.



2.1 Information, markets and expectations

2.1.1 Information

At t = 0, each agent i € I receives or infers a private information signal, or set,
S; c S, along which the true state will be in S;. Henceforth, we let (S;) = (S;)™,
be given, and S := nN™,S; be agents’ pooled information set, which is assumed to
contain the true state. Thus, along all information available at ¢t = 0, every state

s S (and only those states) may prevail tomorrow.?

2.1.2 Markets
There are two markets: a commodity market and a financial market.

The commodity market consists in #S’ spot markets for commodities, which
agents consume, or exchange, at ¢t = 0, on the spot market of the non-random state

s =0, and, at ¢t = 1, on the spot market of the particular state s € S, which will

2 Throughout the paper, we denote by - and ||.||, respectively, the scalar product

and Euclidean norm. For every ¥ C S’ := {0} U S and every ¥ C X, for every
S x J-matrix V' := (vj[s])(s )esxs and every ¥ x J-matrix A, for all set X C
REZ and all set X' C R*, for all collections (gq,s,l) € R x ¥ x {1,...,L} and
( 2, (y,9), (2,2")) € R x R* x (R¥)? x (R¥¥)?] we denote by:

z[¥] and 2/[X], respectively, the truncations of x on RE* and 2’ on R¥;

Y] :={r e R®: 37 € X,z = 7[2]};

'B]:={2 eR* : 7 € X',z =7[%]};

|, y[s], z[s], resp., the row, scalar, vector, indexed by s € X, of A, y, z

2 s] the [t component of z[s ] € RE;

y <y and z < 2/ (resp. y <<y & z << Z’) the relationships y[s] < ¢/[s] and
[s] < z’l[ ] (resp. y[s] < '[s] and 2'[s] < 2"[s]) for every (I,s) € {1,...,L} x ¥;
y < y (resp. z < 2’) the relationships y < ¢/, y # v (resp. z < 2/, z # 2);
2n7’ the vector (z[s] - 2'[s]) € R*, yoz the vector (y[s]z[s]) € RE>;

) V(X) (when 0 ¢ ¥) the ¥ x J—matrix s.t. V(X)[s] := V[s], for each s € ¥;
10) W(X,q) (when 0 ¢ ¥) the ¥’ x J—matrix such that W (X, ¢)[0] := —¢ and,
for each s € X, W (X, q)[s] := V[s] and we let W (q) := W (S, q);

11) R :={z e RE®: 2 > 0}, R} := {z e R¥ : z > 0},

RE = {z e R¥: 2 >> 0}, RY, = {zr e R¥ : 2 >> 0}.
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prevail. There is also a fictitious spot market in each state s € /S, which may only
open in the eyes of the uninformed agents i € I, such that s € S;. A commodity price
p e Riﬁl, embeds the spot price p[0] € RE, at ¢t = 0, and the #S spot prices p[s] € R%

(for s € 8), at which commodities would be traded if state s € S prevailed at ¢ = 1.

As is standard, agents’ consumptions are bounded below, namely, they are non-
negative bundles of the L goods in every state. Given her information set S;, each
agent i € I, has, ex ante, an endowment, e; € X; := Risé, which provides her the

bundle of commodities ¢;[0] at t = 0 and e;[s] € R in each state s € S; if it prevails.

The financial market permits limited transfers across periods and states, via .J
nominal assets j € {1,..., J}, whose contingent payoffs, in each state s € S, are denoted
by v;[s] and yield a S x J—matrix V = (v;[s]), henceforth fixed, such that J = rankV.
With no loss of generality, agents are not endowed with assets, but may exchange
portfolios unrestrictively. A portofolio z := (27) € R’ specifies the quantity 27 of each
asset j € {1,...,J}, positive, if purchased, or negative, if sold. Given an asset price
g € R’ an agent i € I may thus purchase a portofolio z := (27) € R’ for ¢ -z units of

account at ¢t = 0, against the expected flow V(S;)z of payoffs at ¢ = 1.

We refer to the pair [V, (S;)] as the payoff and information structure. One par-
ticular class of structures [V, (S;)] is of interest: those for which there exists a price
¢ € R’ and a collection of weights ()\;) € TI2, R, , such that ¢ = *\V(S;), for each
i € I. Then, by a standard separation argument, the financial market grants no
agent an arbitrage at price ¢, that is, the possibility of a positive money transfer, in

one state, at no cost in any other. When that condition holds, the structure [V, (S;)]

is said to be (¢-)arbitrage-free (see Cornet-De Boisdeffre, 2002 [2]).

Market prices may be bounded to one in each state with no loss of generality.



Henceforth, we restrict admissible prices to the following sets:

A:={pe R :|ps]| <1,Vs € 8’} and

M :={(p,q) € AxR’ : ||q|| < 1}.

Given (p,q) € M, we henceforth denote by, respectively, po := (p[0],¢) € RY xR’ and

p1:=p|S] € Rig, the related market prices at t =0 and ¢ = 1.

2.1.3 Expectations

At t =0, only a fictitious observer would normally know, from the characteristics
of all agents and of the economy, what the true price p; € R%® is at ¢ = 1. Yet, this

price must exist in any state of equilibrium.

In this model, agents need not know, or anticipate with certainty, the true price
p1 at t = 1. Hence, they will not necessarily have a unique price anticipation in each
given state, as was the case so far in general equilibrium models, whether Grand-
mont’s of temporary equilibrium, Radner’s of rational expectations equilibrium with

asymmetric information, or the classical models of perfect foresights.

Instead, we assume that agents have (at ¢t = 0) a set of plausible prices for the
second period (¢t = 1), called ‘price expectations’, and an idiosyncratic probability
distribution defining their uncertainty about future prices. To simplify presentation,
we limit ourselves, in this introductory paper, to the case of nominal asset markets
and discrete probability distributions over expectations. We also assume that, for
each pair (i, s) € IxS;, the number of price expectations in state s by the ' agent is
fixed (when the market price varies). In this setting, the standard fixed-point-like
arguments of Euclidean spaces apply, which will simplify our proof in Section 3. In
a companion paper, which builds on the results of this finite model, we extend our

existence theorem to the case of infinite price sets and probability measures.



At any sequential equilibrium, all agents’ expectations sets should include the
actual spot prices, any of which may randomly prevail tomorrow (otherwise they
might have to revise their anticipations and decisions ex post). Thus, given a market
price (p,q) € M, agents, who observe py := (p[0],¢) € RE*/ only, will not consider the
possibility of another market price than py at t = 0. However, they may be led to
agree on p; (e.g., by a shared view, or by chance), that is, to agree that p[s] € RY

(for each s € 8) is one possibility for the spot price in state s tomorrow.

When this agreement takes place, and when p; € Riﬁ turns out to be the actual
price at t =1 (i.e., if, for each s € S, p[s] will be observed on the spot market if state
s € S prevails), agents are said to have ‘correct price foresights’. Indeed, correct
foresights coincide with perfect foresights whenever agents have exactly one price

expectation in each state of their information set, as was the case in [4].

This yields the following Definition of a ‘structure of beliefs’.

Definition 1 For each pair (i,s) € IxS], let w7, :p € A — 74, € 11 be a given
mapping, from the price set A := {p € RJLFS :|Ip[s]ll < 1,Vs € 8’} to the set, denoted
I, of discrete probabilities over RE, and let P, = {f € RE : 7, 4(f) > 0}, for
every p € A. The collection of mappings m := (n(; 5)) = (7(i.s))i,s)e1xs: 18 said to be a
structure of beliefs if the following Conditions hold:

(@) Y(i,s) € IS}, 3n(s) € N*:Vp € A, #P 0 = Nie)5 80 We let Py oy = {f} , s fgf;’;’)};
(b) Y(i,p) € IXA, m(; p0)(p[0) = 1, SO we let P, 0) = {f;, 0} = {pO0]};

() ¥(i,p,5) € IXAXS;, 7(p.0(pls]) >0, so we let = plsl;

(d) Y(i,p,5,k,e) € IXAXS;x{1,...,n¢ o} xRy, IRy, :

W € A and [p—pll <n) = (1FE )~ £yl 1 T (FE ) = T (Fpr) | < 2.
For every (i,p,s) € IxAxS;, we refer to the set P, as the i'" agent’s price expec-

tations set (in state s) and to P, :=1,cs Pups as her price set.



Remark 1 In the absence of public forecasts, information, or exchanged views
regarding tomorrow’s prices, the generic agent i € I should have an expectation rule,
which maps P, into p, € RE+/, that is, deduce her price set (only) from the prices
(or other indicators) she observes at ¢t = 0. But such a rule would be inconsistent
(in a pure exchange economy) with the condition that all markets cleared ex post.
Mathematically, this is due to the fact that the space of realizable consumptions
tomorrow, namely, RS is (normally) of higher dimension than L + J. To insure
market clearance ex post at agents’ ex ante decisions and correct price foresights,
expectations need not only depend on the price p, € R agents observe, but also

on the prices p; € RJLFE, they cannot observe, but upon which they share a belief.

Though p, € RZ®, which reflects the characteristics of the economy (including
agents’ beliefs), should only be known by a fictitious observer, agents are assumed
to have some glimpse of it, along Condition (¢). When the characteristics of the
economy change (which yield (p,q) € M), so do agents’ overlapping expectations of
spot prices. The mechanisms at stake may involve individual rationality, a shared
view of the future, public forecasts, or whatever anticipation process, leaving room

for insights and uncertainty to all agents.

In our companion paper, dealing with infinite expectations sets, the above as-
sumption that agents’ anticipations depend on unobserved prices is dropped. Agents’
price expectations sets (and related probability distributions) may be set as given

at the first period, with the only condition that they intersect on each spot market.

Henceforth, we assume that agents are endowed with a given structure of beliefs,
T := (m(;,5)), Which is fixed and always referred to throughout the paper, jointly with

the other notations of Definition 1.



2.1.4 Consumption plans and preferences

For each i € I, the i*" agent’s set of consumption plans is defined as follows:
Y; = Mg (RE )G,

Its economic interpretation is the following: given a market price p € A, a con-
sumption plan y € ¥; embeds a non-random consumption decision y(p[0]) € RZ at
t = 0, and relates each expected state s € S; and price p[s] € P, at t =1 to a
conditional consumption decision y(p;[s]) in state s. That consumption y(p;[s]) is

conditional on the joint conditions that state s € S; and price p;[s] € P, ;) prevailed.

Henceforth, for every tuple (i,p,y,p;) € IxAxY;xP;,), we denote by y(p;) :=
(y(pils])) € Risé the collection of consumption bundles y(p;[s]) € RE, across states
s € 8!, as defined above. By construction, this vector y(p;) is independent of the

market price and assigned a fixed place in the product set Y; when p € A varies.

The above notion of consumption plan embeds the classical one, in which the
future market price p; € R%® is known with certainty by all agents and individual

. .. . . . LS’ .
consumption decisions in each state are unique, that is, v; := R}, for each i € I.

Each agent i € I is endowed with a continuous utility index u; : R¥* — R, over

consumptions bundles across states, and a related (continuous) utility function:
Ui : (p,y) € AxY; — Ui(p,y) := Zpiepw) Oses! T (ip,s) (Pils))ui(y(pi)),

,pP,S

where ©,esm(ip,s) (for each p € A) stands for the product probability of the in-
dependent probabilities =(;, s across states s € Sj. This utility function yields a
preference correspondence R; for the generic agent i € I, defined, for every pair

(p,y) € AxY;, by the open set R;(p,y) of consumption plans, which are strictly pre-

ferred to y when the market price is p, namely: R;(p,y) := {y' € Y; : Ui(p,y’) > Ui(p,y)}-



We now present the equilibrium concept of the model and its existence property.
2.2 Definition and existence of the correct foresights equilibrium

2.2.1 The notion of correct foresights equilibrium

Agents make trade and consumption plans at ¢ = 0, facing budget constraints in
all prices they expect. Thus, using notations in footnote 2, for every (i, (p,q)) € IxM,

the it agent’s budget set is the following set:
Bi(p,q) :={(y,2) € VixR” : p; o (y(ps) — i) < W(Si,q)z, Vpi € P p}-

An allocation is a collection y := (y;) € Y := II'",Y; of consumption plans for all

agents. From above, it is defined indepently of the market price (p,q) € M.

For every triple (i,p,y;) € IxAxY;, we recall that p € P ,)[S'] and henceforth let
v} = (yi(ps]))ses’ € Riﬁl, which does not depend on p. An allocation (y;) € Y is said
to be attainable if the consumption decisions y;(f(; , .)) = vi(p[s]) of all consumers
i € I clear markets in each state s € §'; i.e., 31" (yi—e;[S]) = 0. Given (p,q) € M, we

define the following sets of attainable allocations, portfolios and strategies:

A={y:=(y) eV : 3L (yf —elS]) =0}
Z:={(z) € R)™: 3" 2z =0}

YV, q) = {[(yi, z:)] € T2 Bi(p, q) = (y;) € A, (2) € Z}.

The economy described above for given structures, [V, (S;)], of payoffs and in-
formation, =, of beliefs, and (R;), of preferences is denoted by &y, (s,) xR, At a
sequential equilibrium of this economy, all consumptions should clear and optimise

agents’ welfare ex post, at their ex ante decisions.



Thus, a ‘correct foresights equilibrium’, along Definition 2 below, is a collection
of market prices (p,q) € M and attainable strategies, which are optimal for each
agent in the budget set. Under perfect foresights, it coincides with the equilibrium
notion introduced in [4], hence, with the classical financial equilibrium when agents

have symmetric information and perfect foresights.

Definition 2 A price and strategy collection, ((p,q),[(y:,2)]) € M x I, B;i(p,q), i an
equilibrium of the economy s« r.), or correct foresights equilibrium (CFE), if:
(a) Vi € I, Bi(p,q) N Ri(p,y;) x R = &,

(b) (i) € A

(c) (z1) € 2.

Along Definition 2, at equilibrium, agents never need revise their anticipations or
consumption decisions, so as to improve their welfare or let markets clear ex post.
Indeed, for every s € S, the true spot price belongs to every agent’s expectations set
from Condition (¢) of Definition 1 and all agents’ consumption decisions are optimal
and clear market, ex ante and ex post. This is the main difference with the notion
of temporary equilibrium, where agents’ decisions and expectations need not be

optimal or correct, or clear markets, ex post.

In our companion paper with infinite expectations sets, we argue that a tempo-
rary equilibrium is also well defined in this model (embedding the classical notion)
and exists under weaker conditions than the CFE, e.g., Condition (c) of correct fore-
sights may be dropped in Definition 1, and, for each i € I, it is also possible to set as

fixed and given, at ¢t = 0, the i*"agent’s price expectations (and joint probabilities).

2.2.2 The existence Theorem

Extending the result of [4], the following Theorem characterizes the existence of

10



equilibrium by the no-arbitrage condition of [2], under mild conditions. The economy

Evy(s,).m ) Will be said to be standard if it meets Assumptions A7 to A4:

Assumption A1 (strong survival): Vi € I,e; >> 0;

Assumption A2 (bounded beliefs): Je € Ry, :e < plfs], Vi€ I, Vp € A,

Y(pi,s,1) € {(p,s,1) € PpyxSix{1,..,L} : s ¢ S or (s €S and p[s| # Dls]) };

e Assumption A3 (strictly increasing preferences):

’

vie LY(y,y) € RY™)2, (v > y) = (w(y) > wily));

Assumption Aj (quasi-concavity): for every (i,p) € IxA, the continuous map-

ping y € Y; — Ui(p,y) s such that U;(p, y+o(y'-y)) = min(U;(p,y), Ui(p,y')), for every

(o, (y,9)) €]0,1[xY?, with strict inequality whenever y' # y.

Theorem 1 A standard economy Ev,s).x, =,y admits an equilibrium if, and only
if, the payoff and information structure, [V, (S;)], is arbitrage-free along [2]. Moreover,

any equilibrium price, (p,q) € M, is such that p >> 0 and [V, (S;)] is q-arbitrage-free.

Remark 2 From Theorem 1, in a standard economy, all spot prices are bounded
apart from zero at equilibrium. So, a similar Condition as that of Assumption
A2 holds for all prices and price expectations. Assumption A2 is asymmetrically

restricted for the convenience of the proof.

Before proving that every standard economy &y, (s )z, With an arbitrage-free

structure [V, (S;)] admits an equilibrium, Claim 1, below, provides a converse result.

Claim 1 Under Assumption A3, if a collection of prices (p,q) € M and strategies
[(vi,2:)] € 1™, Bi(p,q) satisfies Condition (a) of Definition 2 of equilibrium, then,

p>>0 and [V,(S;)] is g-arbitrage-free.

11



Proof We set as given an economy &y (s.).x,(r.), Which meets Assumption A3,
and a collection of prices (p,q) € M and strategies [(y;, z;)] € I, B;(p, ¢), which satisfy

Condition (a) of Definition 2.

Assume, first, by contraposition that p'[s] = 0, for some (s,1) € S!x{1,...,L}. Let
y € Y; be identical to y; in any component but y'(p[s]) := 1 + yi(p[s]). Then, from
Assumption A& and the definition of U; and from Conditions (b)-(c) of Definition 1,
(y,2) € Bi(p,q) NRi(p,y;)xR’. This contradicts the fact that (y;, z;) meets Condition

(a) of Definition 2. This contradiction proves: p >> 0.

Assume, next, that [V, (S;)] fails to be g-arbitrage-free, that is, W(S;,q)z > 0, for

some (i,2) € IxR’. Let s € S! be such that ¢ := W(q)[s] -z > 0 and y € ¥; be identical

to y; in every component but y*(pls]) := 7 + v/ (pls]) (since, from above, p*[s] > 0).

pL
Then, from Assumption A8 and from above, (y, z; + 2) € B;(p, ¢) " Ri(p, vi) xR, which

contradicts the fact that (y;,z;) meets Condition (a) of Definition 2. O
3 The existence proof

Henceforth, an arbitrage-free structure [V, (5;)] and a standard economy &y (s ) x,(r.)]
are set as given. We define an auxiliary compact economy (sub-Section 3.1), which
admits an equilibrium along a standard fixed-point-like argument, and show this

equilibrium is also an equilibrium of the initial economy (sub-Section 3.2).
3.1 The auxiliary economy
As is in [4], we let first, for each i € I:

79 ={ze€R’:V[s]-2=0,Vs € S;} and denote by Z¢* its orthogonal;

zo:=%"",7¢ and denote by Z°+ = n;c; 2+ its orthogonal;

=

12



M* = {(p,q) € M :q € Z°L}.
And we state Lemma 1, serving to bound strategies in the equilibrium problem.

Lemma 1 Let A= :={(y;) €Y : (3, (y} —ei[S']) < 0}. The following Assertions hold:
(1) Ir>0: () € A7) = (L lyill < 7);

(id) 3r > 0 ((p, q) € M* and [(y;, zi)] € Alp,q)) = (i (lyill + [lz:ll) < 7).

Proof see ([4], p.p. 266-268): mutatis mutandis, Lemma 1 and its proof are the

same as in [4], up to the required changes in the definitions of sets. 0
We now set as given r > 0, which satisfies Lemma 1-(i)-(ii) and let, for each i € I:

Y ={yeYi:|ypls)| <r VseS], Vpe A, Vp; € P, } and Y* =112, V",

Zr = {z € 205 |2l < v

R} : AxY* — Y* be defined by R (p,vy) := Ri(p,y;) N Y;* for all (p,y := (y;)) € AxY™.
3.2 The existence proof

Following [4,8], we define, for all (i, (p,q)) € IxM*, the modified budget sets:

Bi(p,q) :=={(y,2) € ;" x Z} 1 pi o(y(pi) — ei) K W(Si, 0)z +v(,[Si], YPi € Plip)};

Bl'(p,q) :=={(y,2) € Y x Z : pi o(y(pi) — ei) << W(Si,0)2 + 7, 151, Vi € Py}

where v, ) € RY is defined by:

V(p,q) [0] = 17m1n(1, ||p[0]||+HqH)7 V(p,q) [S] = 17Hp[$]”7 fOI' ea’Ch s € S? and V(p,q) [S\g] :=0.
Claim 2 For every (i, (p,q)) € IxM*, B!(p,q) # 0.
Proof Let (i, (p,q)) € IxM* be given.

From Assumption A1, we can choose y € Y;* such that p;[s]- (y(ps:[s])-e:[s]) < 0,

for every (p;,s) € Py, xS, with a strict inequality whenever p;[s] # 0. Then, from
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Assumption A2, pi[s]- (y(pils])-eils]) < v(p.qls] for every (pi,s) € P ) xS;. Consequently,

p,q)
if p[0] # 0 or (p[0],q) = 0, the relation (y,0) € BY(p,q) holds and, if p[0] = 0 and ¢ # 0,

the relation (y, —nq) € B/ (p,q) # @ holds for n > 0 small enough, since q € Z°+ c Z¢+. 4
Claim 3 For every i € I, B! is convez-valued and lower semicontinuous.

Proof Let i € I be given. The correspondence B! is obviously convex-valued.
From Definition 1, (p,q) € M* — P, is continuous, hence, B}’ has an open graph in

a compact set, which implies, as a standard corollary, it is lower semicontinuous. o
Claim 4 For every i € I, B! is convez-valued and upper semicontinuous.

Proof Given i € I, B] is non-empty convex-valued. Since (p,q) € M* — P, is

continuous, B! has a closed graph in a compact set, and is, hence, upper semicontinuous.

We now introduce an additional agent, i = 0, representing the market and, fol-
lowing Gale-Mas-Colell, 1975-1979 [9], a reaction correspondence for each agent,
defined on the convex compact set © = M*x(II!",Y;*xZ¥). Thus, we let, for each

i € I and every ((p,q), (v, 2) := [(yi, z:)]) € ©:

Bi(p,q) if (yi,2i) & Bi(p,q)

B'(p,q) "R} (p,y) x Z} if (i, 2i) € Bi(p,q)

g’i((p: Q)v (y7 Z)) =

And we define the market reaction correspondence as follows:

Yo((p,q), (y:2) = {(p/, ') € M* : (p'-p) - 3321 (yi-eilS']) + (¢'-q) - 20721 =i > 0}
Claim 5 For each i € {0,1,...,m}, ¥; is lower semicontinuous.

Proof First, the correspondence ¥, is lower semicontinuous for having an open
graph. Second, we let i € I and w := ((p,q), (v, 2) := [(vi, z:)]) € © be given and consider
separately the two alternatives (y;,2;) ¢ Bl(p,q) and (y;,2:) € Bl(p,q) and show that,

in both cases, ¥; is lower semicontinuous at w.
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e Assume, first, that (y;,z) ¢ Bi(p,q). Then, ¥;(w) = Bi(p,q).

Let V be an open set in Y;*xZ;, such that VnBi(p,q) # 0. It follows from the
convexity of Bi(p,q) and the non-emptyness of the open set B!(p,q) that V n B/ (p,q)
is non-empty. From Claim 3, there exists a neighborhood U of (p,q) in M*, such

that VN Bi(p',q) DV N B/ (p,¢) #0, for every (p',¢') € U.

Since B!(p,q) is non-empty, closed, convex in the compact set Y;*xZ7, there exist
two open sets V; and V, in Y;*x Z7, such that (y;,z;) € V4, Bli(p,q) C V2 and V; NVy = 0.
From Claim 4, there exists a neighborhood U; c U of (p,q), such that Bi(p',q') C Va,
for every (p/,q') € Ur. Let W = Uy x 7L, W;, where W; := Vi and W; := Y;* x Z3, for
every j € I\{i}. Then, W is a neighborhood of w, such that ¥;(w") = Bi(y',q¢'), and,
from above, V N, (') # 0, for every o' := ((p',¢'), (v',2")) € W. This proves the lower

semicontinuity of ¥; at w.
o Assume, now, that (y;,z) € Bj(p,q), i.e., ¥;(w) = B} (p,q) N R} (p,y)x Z; .

The lower semicontinuity of ¥; at w is immediate if ¥,;(w) = (), so, we assume
U, (w) # 0. From Definition 1 and Assumptions A3-A/, both correspondences B!
and (p',y') € M*xY* — RI(p',y') have open graphs. As a standard corollary, the cor-
respondence ®; : ((p',¢'), (v, 2')) € © — BI'(¢,¢)NR;(p,y')x Z} is lower semicontinuous.
From the definition of ¥; and the inclusion ®;((p’,¢), (v/,2')) C Bi(p',¢') in a compact

set, which holds for every ((p',¢), (v, %)) € ©, ¥, is lower semicontinuous at w. o

Claim 6 There exists (p*,q*), (y*,2*)) € ©, such that:
() Y(p,q) € M*, (p* —p) - 0%, (y' —elSD + (¢ —a) - X1, 2 > 03

(it) Vie I, (yf,z;) € Bi(p*,q*) and B} (p*,q*) N R; (p*,y*)xZ; = 0.

Proof Quoting Gale-Mas-Colell, 1975-79 [9,10]: “Given X = II*, Xi, where X;

is a non-empty compact convex subset of an Euclidean space, let ¢, : X — X; be m
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convex (possibly empty) valued lower semicontinuous correspondences. Then, there

exists z in X such that for each i either x; € ;(x) or o;(z) = 0".

The correspondences ¥, : © — M* and ¥, : © — X/ xZ* (for each i € I) satisfy the
conditions of the above theorem, hence, admit an element ((p*, ¢*), [(v}, 27)]) € ©, such
that, either (p*,¢*) € ¥o(w*), or ¥o(w*) =0, and, for each i € I, either (y;,z}) € ¥;(w*),
or ¥;(w*) = 0. By construction, (p*,q¢*) ¢ ¥o(w*) and, for each i € I, (y},z}) ¢ ¥;(w*),
since y; ¢ R:(p*,y*). Hence, the relation ¥y(w*) = 0 holds, which yields Assertion (i),

and the relations ¥,(w*) = () hold for each i € I, and yield the above Assertion (ii). o

Claim 7 Y7 | 27 € Z°.

=11

Proof Assume, by contraposition, that >, 2z ¢ Z°. Then, from Claim 6-(i),

the relation ¢->°7", zF < ¢*- 31", 27 holds, for every g € Q := {q € Z°* : ||q|| < 1} D {0}.

zlz

This implies ¢* - 371", 27 > 0 and ||¢*|| = 1, hence, v, ,-[0] = 0.

From Claim 6-(ii), (yf,z}) € Bl(p*,q*), for each i € I, whose budget constraint
in state s = 0 is written: p*[0] - (y; (p*[0]) — €:[0]) < —¢* - 2. Summing up the latter

K2

relations for i € I, yields, from above, p*[0] - Y0, (y; (p*[0]) — &:[0]) < —¢* - D%, 27 < 0.

i=1~1

This contradicts Claim 6-(i), which obviously implies p*[0]- >/, (y; (p*[0])-€:[0]) = 0. o

Remark & Claim 7 implies, from Claim 6-(i) and the relation ¢* € Z°+ = nin, Z9+:
() Vp e A, (p" = p) - 25, (07" — eil8]) 2 0;

(i1) 2321 W(S, ")z = 0.

Claim 7 also implies the existence of (z]) € II'>, Z¢ such that >, 27 =Y | 2/,
Henceforth, we let z; := (2}-z!), for each i € I. These portfolios satisfy:

(4id) z := (z;) € A, 1.e.,> 1" | 2z = 0;

(iv) Vi € I, W(S;,q*)zf = W (S;,q")z (since (¢, 2]) € Z¢+xZ2).
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Claim 8 7", (y:"-e:[8')) < 0, hence, S |y <.

Proof Assume, by contraposition, that >, (y;(p*[s])-ei[s]) £ 0 for some s € S'.

Then, from Remark 3-(i), the following relations hold:

p*[s] = sup(0, 322, (w7 (p* [s])-eals])) /[ sup(0, 3572, (; (p*[s])-eils])I,

Vg[8 =0 and p*[s] - Y21, (yf (p*[s])-eils]) > 0.

From Definition 1 (p* € N2, P ,[8]), from Claim 6-(i5) and above, the relations
p*[s]-(y} (p*[s])-ei[s]) < W(q*)[s]-zf hold, for each i € I. Summing them up for i =
1,...,m yields, from Remark 4-(i), p*[s]- Si%, (v (p*[s])-es[s]) < 0, which contradicts the
opposite strict inequality above. This contradiction proves that """ (y;'-e;[S']) <0,

hence, from Lemma 1 and the choice of r in sub-Section 3.1, > | [yt <. O
Claim 9 For each i € 1, (y},=}) is optimal in Bl(p*,q*).

Proof Let i € I and (y},z)) € B/(p*,q*) C Bl(p*,q*), along Claim 2, be given.
From Claim 6-(ii), (v, 2}) € Bi(p*,q*). Assume, by contraposition, that there exists
(yi, 2z;) € Bl(p*,q*) N RE(p*,y*)x 2. Then, for every k € N*, the convexity of Bl(p*,q*)
insures (v}, 25) == [2(y}2) + (1 = })(win )] € Bi(p*,¢"), whereas (y¥,25) € BI(p*,¢") by
construction. Since U; is continuous, R} (p*,y*) is open, hence, for K > 0 big enough,

yl* e Ri(p*y%), ie., (v, =) € B/ (p*,¢*) N R; (p*,y*)x Zf, contradicting Claim 6-(ii). o
Claim 10 >, (y;'-e;[S]) = 0.

Proof Assume, by contraposition, that Y7, (yi1-¢;[S']) # 0. From Claim 8, we
may set as given some (i,s,1) € IxS'x{1,..., L}, such that 327" (y;'(p*[s])-¢}[s]) < 0 and
(yi'(p*[s])-€l[s]) < 0, hence, from Remark 3-(i), p*![s] = 0. Then, from Claim 8, there
exists y; € Y;* identical to y; in any consumption decision but y!(p*[s]) > y:'(p*[s]),

which satisfies (y;,2;) € Bi(p*,¢*) and, from Assumption A8 and Definition 1, y; €
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Ri(p*,y*), that is, (v, 2f) € Bi(p*,q¢*) NR: (p*,y*)x Z;. This contradicts Claim 9. 0
Claim 11 v,. .., =0, hence, 377, (lyf 1l + [1271) < X% (lyi |+ llzil) <7

Proof Given (i,s) € IxS', the relation p*[s]-(y; (p*[s])-eils]) < W(g*)[s]-z+7Y(p,4)) 18]
holds, from Claim 6 and Definition 1. If p*[s]-(y; (p*[s])-eils]) < (W(q*)z] + v )85
there exists y; € Y;*, identical to y} in any consumption decision but y;[s] > y;[s], and,
from Claim 8 and Assumption A4, close enough to y: so that (v;,z}) € B'(p*,q*).
Then, from Assumption A8 and Definition 1, (y;, 2f) € B'(p*, ¢")N"R: (p*,y*)x Z;}, which

contradicts Claim 9. Hence, p*o(y;'-e:[S]) = W(S, %)z + 7(p-4-))[S'], for each i e I.

P*,q*
Summing up these relations, for i = 1,...,m, yields v, ,., = 0, from Claim 10 and
Remark 3-(ii). Then, from Claim 6-(i7), Claim 10 and Remark 3-(iii), the relation
[(vr,2)] € A(p*,q*) holds and implies, from Lemma 1 and the fact that * := (z) is

(3

an orthogonal projection of = := (z): 3202, (ly; | + [l 1) < 3252, (ly | + llzll) < 7. D

Claim 12 Let (z;) € Z be defined as in Remark 3. Then, ((p*,q*), (y*,2) :== [(v}, 2z:)])

is a C.F.E., which satisfies the (price and no-arbitrage) Conditions of Theorem 1.

Proof Let C := ((p*,q*), (v*,2)) be defined as in Claim 12. From Claim 1, if C is
a C.F.E.; (p*,q*) € M meets all price Conditions of Theorem 1. From Claim 6-(ii),
Claim 10, Claim 11 and Remark 3-(iii), the relation (y*,z) € A(p*, ¢*) holds, that is,

¢ meets Conditions (b) and (c) of Definition 2 of equilibrium.

Assume, by contraposition, that C fails to meet Condition (a) of Definition 2, i.e.,
there exists i € I and (;,%:) € Bi(p*,¢") N Ri(p*,yf)xR’. Then, from Remark 3-(iv),
we may assume that z; € Z¢+, that is, (3,,%;) € Bi(p*,¢*) N Y;ixZ¢+. From Assumption
A4, from Claim 11 and the convexity of B;(p*,¢*)NY;xZ?+, we may also assume that
(3, 7:) is so close to (y7, z;) that (7;,z;) € Bi(p*,¢"). Then, (3, %) € B{(p*,¢")NR; (y*)xR”,

which contradicts Claim 9. This contradiction proves C is a CFE and Theorem 1. g
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