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Despite numerous efforts at interpretation and exposition, the standard Real Bu-
siness Cycle model remains somewhat mysterious. Its dynamic properties are by now
familiar, at least to those who made the effort to run simulations by themselves. Many
extensions of the basic model have been developed, which considerably enrich its me-
chanisms. Yet understanding all these mechanisms usually draws more on intuition
rather than on formal and detailed analysis. This may be largely unavoidable in an
approach based on simulation, which values in the first place the ability to reproduce
stochastic properties of actual time series. Our opinion however is that it is useful
to develop simultaneously an analytic evaluation of the various models. Using all the
tools of economic theory should enable us to reach a more precise understanding of
the mechar. ns at work, and therefore to better assess the robustness of simulation
results. :

Many authors have already adopted this perspective, demonstrating in effect that
the boundary between analytical and simulation studies may become rather fuzzy.
King(1991) forcefully advocated a systematic use of the microeconomic distinction
between substitution and wealth effects to elucidate the dynamic properties of real
business cycle models. Fairise(1994) pursued this approach and provided a detailed
analysis in a paper which bears some resemblance with our own. Following a different
line, Campbell(1994) also offers a detailed analytical study of the standard real business
cycle model. Our work shares the same spirit.

We follow nevertheless a somewhat indirect route since we shall describe the com-
parative dynamics of the non-stochastic growth model with endogenous labor supply.
We study the behavior of the economy in the neighborhood of the balanced growth
path, when it is struck by deterministic technological shocks. It is well-known, since
the work of King-Plosser-Rebelo(1988), that log-linearization of a real business cycle
model around a deterministic growth path leads to a satisfactory approximation of the
true solution. It is therefore not surprising that our analysis yields basically the same
results as the standard approach using a stochastic model, and we shall have several
opportunities to demonstrate this similarity.

Another peculiarity of our work is that we use a continuous time model. Although a
discrete time model would yield very similar results, a continuous time model has some
advantages. Calculations are more elegant. More importantly, continuous time is the
only way to model rigorously a purely instantaneous shock. As we shall see, this will
enable us to clarify the respective roles of substitution and income effects. To perform
our comparative dynamics analysis, we shall use in a systematic way a simple variatio-
nal calculus, the elements of which are the relative deviations from the balanced growth
path. There 10 rea contribution to methodology here, as the mathematical metho
is well-know: .ud has been developed for instance by Oniki(1973) and Aoki(1980). Ou:
aim however is to show how natural this calculus is for an economist, and how powerful
it is when one wishes to interpret in detail the comparative dynamics of the model.

Our analysis parallels the usual treatment of a real business cycle model. We log-



linearize the model around the balanced growth path and we solve it to obtain explicit
impulse response functions. We offer a general analysis of initial responses of consump-
tion and labor supply and we provide. in the case of permanent shocks, an analytical
regioning of the parameter space. We examine in detail the influence of the degree of
persistence of technological shocks. We also use impulse functions to compute indi-
cators of the co-movements of various variables. Using the calibration of King-Plosser-
Rebelo(1988), we then obtain numerical results which, are surprisingly close to their
own results. This demonstrate that the use of a deterministic, continuous-time model
has very little effect on the characteristic properties of the model.

We then develop an economic interpretation of these results in terms of income
and substitution effects. This distinction applies in principle to the behavior of a pure
consumer facing given wages and interest rates. We therefore turn to the decentralized
version of the model to obtain a precise decomposition of the various effects of a
technological shock. We are thus able to distinguish clearly and to quantify the effects
which have been alluded to repeatedly in the literature. starting from the pionneering
analysis of King-Plosser- Rebelo(1988).

The model

We consider a standard growth model, with endogenous labor supply and Harrod-
neutral autonomous technical progress.

o0
Ma:rf e=PLU (e, ly) dt
0

Ky =F (Ky, AN (1= ly)) = by — Nyey
."\'rt = _"\"0 ﬁni
Ky given

Population Ny grows at a constant exogenous rate n. Each individual devotes a propor-
tion l of his time endowment to leisure. Ay is technology or, more precisely, an exo-
genous index of labor efficiency. Nothing is assumed as yet regarding its evolution. Total
labor, expressed in efficiency units, is Ay Ny (1 = 1;). K is capital, which depreciates at
rate p. The production function has constant returns to scale and is well-behaved.

The instantaneous utility of the representative agent depends on his consumption
per capita ¢ and on leisure . It is discounted! at rate p. It is well known, in particular
since King-Plosser-Rebelo(1983), that strong restrictions have to be imposed upon the
utility function in order to ensure existence of a balanced growth path when technical
progress has a deterministic trend. We therefore retain the utility function

_ (ev(t)t-Ve

Ule,l) = 1~1/6 or Uled) = lne+ Inv(l)

Note that our normalization differs slightly from the one in King-Plosser-Rebelo(1988).
as function v(l) appears under the exponent 1 —1/a. This ensures a better continuity
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with the logarithmic case as o tends to one. Function (/) is increasing and positive.
We also assume that /(c.l) is concave, which will be ma | precise later on.

The model yields the following optimality conditions :

Ule,l) = e Yeoy(n)l-1e = ¢

') joll)=wlfe

w=AF (N, AN(1-1))
r=F(K,AN(1-1))-p
lr=p+n-r

K = F(K,AN(1-1)) - uK - Ne

w and r are the implicit wage and interest rates, whereas « is the shadow price of
consumption. Note that the elasticity of function v(l) has to equal the ratio between
(implicit) leisure and consumption expenses. This condition derives from the standard
optimality condition If'f{c_.f] = c"lf“tr(f]—lf"v’{i} = zw when it is combined with the
first condition

Let us now define variables in intensive form :
§=y/A=Y/(AN) E=¢/A=C/(AN) k=k/A=K[(AN)
Taking into account labor supply variability, we have

F(K,AN(1-1)) _ (K . k
AN =107 (AN(J _z)) ==l (m)

Let ¥ = 2A41/7 and @ = w/A. The model becomes

e}

elisylyi-Ve =g

a'()/o(l) = @
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FE=p+n-r+

o e

1
o

E:(l—ﬂf(ﬁﬂl—ﬂ)—(p+w:+AfA)E—E
The model can be reduced to a differential system in the unknowns k and 7.

The balanced growth path

We now assume that the technical progress factor A; grows at a constant rate .

The system has a stationary point £, 3 which depicts a balanced growth path where
global quantities ¥, K and C grow at the rate g = n + + while leisure is constant at a
level I-.

Let us define a modified discount rate p' = p + le"'fy. The interest rate is
r=ptntafo=ptg=[f(F/(1-1)-p

Let a be the share of gross profits in national income, computed at the stationary point

A G TS
CI-FileEra-r)) - F

o

Wages account for a proportion 1 — a of production :
w(1-I)=(1-a)y

Let us define gross investment / = K + K and its share in production s = (1/Y)".
Then :

N Ny o IN _ . aelgtu)
(F) =#tg (}_) NEYET (}) I T
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Lastly, we let £ denote the equilibrium ratio between leisure and consumption expenses.
As we saw, it is equal to the elasticity of the utility function v(!).

ol lv() I 1-a

(=20 “T=FI=;

The linearized model

Let us first comment on the linearization and, more generally, the comparative
dynamics exercises that we shall perform. We shall show how a simple variational cal-
culus can be used in practice to derive precise and quantitative results. Some technical
conditions obviously must be met to make this kind of analysis valid. We won’t delve
into this matter but we may indicate some references which provide the formal basis
for this methodology. From a mathematical standpoint. the issue is to examine the
dependence of the solution of a system of differential equations on parameters or on
initial values : see for instance Pontryagin{1962). Oniki(1973) provides, on these lines,
a general analysis ot the comparative dynamics of optimal control problems. A special
feature of our framework however is that we want to consider the influence of time-
varying parameters such as the level of technical progress A; in the above problem, or
the level of wages and interest rate in the consumer problem which we shall consider
below. Formal methods exist to extend the analysis to such a case : see, for instance,
Judd(1987). A related technique, introduced in economics by Wan(1970) and recently
used by Epstein(19XX), is the so-called Volterra derivatives of functionals. It describes
for instance the influence on total utility of a small change in consumption, during an
infinitesimal time-interval. Again, we shall not make explicit this connection.

Let us rather spell the basic notations and rules that we use. For any variable
z, éz; denotes its variation at date t, that is the (infinitesimal) difference between z
and its benchmark value z;. 6z;/z denotes the relative variation éinz; . These relative
variations are the endogenous variables in the loglinearized differential system. They
have then to be considered as "indivisible” expressions. But they may also be considered
as ratios since 6z;/z = élnzy = éz;/z;. The notation therefore does not create any risk
of error.

An important rule is that the order of application of operator é and of the time-
derivative operator d/dt can be inversed. The same notation &%; therefore de:
6 (%) as well as d/dt (éz;). Similarily 8z;/z; denotes & (z/z) as well as d/dt (éz, = .
All - ndard rules of differential caleulus apply, and we shall even be led to integrate
the riations over a time interval.

linearize the model around the balanced growth path. We shall analyze the
effecis of infinitesimal variations of initial capital Ky and of the trajectory of the
technological factor A;. All other parameters are unchanged and so is the exogenous
evolution of population Nj.
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Two new parameters intervene in this linearization. o is the elasticity of substi-
tution between capital and labor, while 5 is the opposite of the elasticity of function
v'(1)/v(l). Both of them are calculated at the stationary point. We thus use oy and a
to parameterize the production function and &, elasticity of function v(!), and 5 to pa-
rameterize the utility of leisure. These four parameters may be treated independently.

Linearization of the static part of the consumer’s behavior yields
8e/e dib /i
=N
slf1 6% /&

" Tew Nex _ 1 (1-0)¢ —on
o Ty Ny R (1-0)¢ =1 -a

It can be checked, from homogeneity considerations, that matrix A" also describes
the influence of the undeflated variations éw/w and éz/2 on undeflated consumption
écfc and leisure 81/1. In particular, ney and ny,, are the so-called x-constant, or Fris-
chian, wage elasticities of consumption and leisure which are often considered in the
literature?,

with

The second static relationship is the short run labor demand. Let us define, for
convenience, work hours h =1 —[. Then

oh = & (1-s)Edl

e LB a1

We obtain

s _ a 6(k/H) _ 1(
w af E;"h oy

5k+{1—5)£51)

* ¥

l—a |

Transposed in undefiated variables, labor demand becomes
bw_ o (5 (=98l () )84
w o\ K I-a | op) A

The wage-elasticity of labor demand is equal to oy/a. A positive technological shock
shifts upwards the demand for labor if and only if capital-labor elasticity oy is higher
than the share of profits . In the opposite case of a very low elasticity of substitution,
the increase in labor efficiency would induce the firm to hire less labor, at a given wage
rate,




Elimination of the wage rate yields the following relationship.

(o)~ ()
=M
61/ 6% /7

with
all —s)é
o (mﬂ_ ?T?-c.":) N 1 (1_5)5% i (M—ﬁ)

Taking into account the dynamic equations we are led to the following system of linear

differential equations
(‘W"') = (6’%) + ( - ) (s4/4)
6% /% 6%/% /o

with the jacobian matrix

p- (=) P gt emy) (1= ) EEIEE gy ey, )
J
! 1_‘ I
(1-a)f +;;+ 4 (1 el T _261’”-:.&) (1- -*)E%mu

Note that this system holds for any trajectory of (small) variations of 4; around its
trend. Formally. 64;/4; acts as a forcing variable in the dynamical system which de-
termines the evolution of ék/k and 67 /7.

We first examine the intrinsic dynamics of the model.
Proposition :

1f the two conditions

p’=p+1+‘”v>0 o nt(1-0)§20

hold, matriz J has two real eigenvalues of opposite signs. The dynamics is therefore of
the saddlepoint type.

The first condition is a well-known necessary condition for the existence of a solu-
tion to the maximization problem of the representative agent. It ensures that the agent
cannot reach an infinite utility level.



The second condition expresses the concavity of function U(e,l). Note that  may
be negative if o < 1. This condition implies the concavity of function v({)1=1/¢ which
can be seen to be on + (1 — )€ = 0. but it is stronger.

This analysis covers several particular cases. The Cass(1965) model, with exogenous
labor supply, is obtained for £ = 0. The logarithmic case is obtained for & = 1 and yields
an x-constant elasticity of leisure equal to ny, = —1/5 . Another polar case is 5 = 0.
As 7 is the elasticity of function v'({)/v(!), it is zero if this function is equal to a
constant, say b. Then v(l) = exp(bl) which implies & = bl* and n;,, = -1/ ((1 - o)bl*).
An interesting special case is the one where simultaneously 5 = 0 and o = 1. The utility
function is U(e, 1) = Inc+Inv(l) = Inc+ bl and ny,, becomes infinite. This case where the
utility function is linear with respect to leisure has been considered by Hansen(1985)
and Rogerson(1988), as the reduced form of a model where work hours are fixed and
where the labor contract takes the form of a lottery.

The solution of the linearized model, with a technological shock

We now retain a specific form for the technological shock, with a constant adjusment

speed A.
6.’2“ _ % 5 5.‘41 . ___)'i%
—_f = Ar Le. A_r =€ Ag

The model is solved in the usual way, eliminating the explosive component and adding
a particular solution to take care of the forcing factor §A/A.

Let 6 be the absolute value of the negative eigenvalue and v the ratio between the
second and the first components of the associated eigenvector. v is negative.

Proposition :
The solution of the linearized model is
_a=Nt

& i o -fit
8ky /by = e 6ko Ko + by ——5—

——540/A

8%/ = vbky [ Ry + bybAy [ Ay

where
- A b J =
br__). p,+9(t+-&) 5 bk"‘)\-{"}kzbr

Note that we have chosen an expression for 8k, /k; which makes more transparent
the continuity with the special case A = 0, where the solution is

5%:;’@3 = C_méZOng + t‘}kiE_ettSAUJﬂ"An
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5}:";/1:.; and éA;/A; appear as the state variables of the model All variables can he
expressed in terms of the current values of these two variables. The value of the shadow
price &, /3, is given in the proposition. The value of the undeflated shadow price follows

Sayfwy = 68, [Fy — (1/0)8 A1 Ay = vbky [Ty + (ba — 1/0) 6 A,/ A

Similar expressions are obtained for the main variables :

6Cy [ Cy
LYy
oY/ Y 8k [k
LT _7 ( 1/ky )
oly/ly 6AL A
6'{0“”101
51‘;]1"1
where matrix I" is the following
mck + Mep v 1 + mcz-br
g+p-= [ ; kab::
grpe=7 14 Zka?2
g+u & g+pu
a—(1=s)(my, +myv) 1—(1-s)fm bs
My g mlxb3
« 1-s)¢ a (1-s)¢
o (1"‘{1?(”%1.(-"‘”‘1:1’)) 1+"_f o Mabz
P+ag+pl-a (1-s)¢ pPtgtul-a(l-s)
-~y o (l + =% (g, + myv) 7+ o, I-a my, by
These relationships satisfy various consistency conditions. The factor price frontier
is
b dw 6A
r'+p1_+(l_0}—t;' =1 _n)?"_
It implies

Tu+(1=-a)Tp=0 , a—t—Tra+(1-a)Twa=(1-a)

ou
(JF;—P- e

Similarily, the national income identity Y = C' + I implies

e

yk = (1 =8)Tep+ 5Ty Tya=(1-3)Tea+ Ty,
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We deduce from these formulas the response functions, that is the trajectories follo-
wed by various variables after a technological shock. If we start from the stationary
point, 6K/ Ky = 0, and therefore 51'”,-"}':0 = —6Ay/Ag. Let us consider for instance
consumption. We obtain

6C/Cy =T,k [Fy + Teab Ay [ Ay =

B M '
_ it eh—e 04y _at04g
=1k ( (= + bk____A ) ) AO 2 Tcue ’qu

The response function appears as a weighted sum of two exponentials. It is therefore
either monotonous or unimodal.

Impact effects in particular can be calculated :

o o

.é:ll— __P""E (11+])£®
xp Atp 40

As v is negative, the signs of all three expressions are ambiguous. Note that the influence
of the adjustment speed A is totally explicit as all other parameters in these formulas
are independent of A. Among these parameters are the eigenvalue # and the associated
coefficient v, which are explicit but cumbersome functions of the basic parameters.
A precise theoretical analysis of the influence of these basic parameters is therefore
difficult. Fortunately, the polar cases of permanent (A = 0) or purely transitory (A =
~+oo) shocks vield simple and explicit results.

Impact effects of permanent shocks
A =0 implies b, = by =0, Tta = T, = Tya = Twa = 1 and T}, = Trqg = 0. The core
of the model becomes
6k fly = e O8kg Ry . 6F4/Fy = vbky/ky
All variables adjust monotonically to their long run values, with an adjustment speed
fh.
10



After some tedious calculation, the impact effects can be signed.

FProposition
In the case of a permanent shock,

8Cy/Cyis positive iff

(,]+(l—3)£%)(gf_ga)+5(1_g)(af_a) =0

1 —a

and

(1-3s) e a)
7+ T g—f—l—f(l——-—-—))ﬂ

o Jf

8lo/lgis negative iff

(l—s)(af—a) +(1-a)og(o-1)>0

bxg /g is negalive iff

(1-s)¢e (77 -a)" + (1= a)oy (o - a) (n+{1 ~ o)+ {11.__5}£i) >0

(chf

and

,H.(_l._ﬂi _|_§(1_,EL;§) >0

l-a oy

In practice, the second condition which appears in the signing of éCp/Cy or dzg/zg
only plays a secondary role. It is usually satisfied as soon as the first condition is.

Simple inspection of these conditions shows that values of oy and o close to unity
are sufficient to imply a positive response of consumption and labor (that is a negative
response of ~sure), as well as a negative response of the shadow price of consumption.
A technological shock is therefore likely to have usual effects. The picture however may
change if we enlarge the admissible range of variation of the parameters.

We first note that the ambiguity is present even if labor supply is exogenous, namely
ife=0:

In the case of exogenous labor supply. and of a permanent shock, 6C/Cy is positive

and ézg/zy negative iff op>oa.

The general case is illustrated in figures 1 and 2, which offer two different views of
the parameter space? . It is seen that a variety of results are possible if we move away

11



from the benchmark case ¢ = oy = 1. Curves C'C', zz and [l are respectively the loci
of zero initial effect on consumption, shadow price and leisure. They intersect in figure
1 at the point ¢ =1, op=a, where curves C'C’ and za admit the straight line ofp=ao
as a common tangent.

Figures | et 2

The case of purely transitory shocks

We now consider the second polar case where A = +oc and shocks have no persis-
tence at all. This is only a limit-case. In a continuous time model, an instantaneous
shock changes the current values of production, consumption and investment. However
this change in the level of flows, which only lasts for an infinitesimal time interval, has
no influence on the later evolution of the economy. It is nevertheless useful to study
this case as it gives the limit of the effects which are observed when the persistence of
the shocks goes to zero.

When A tends to infinity. bz tends to v+ 1/ and by /(A - 0) to 1. It follows that
dag/ag =0 and k[ = (—e0 4 &M + ¢-0t) 649/ Ag = 0.

The evolution of ky, for ¢ > 0, is unchanged. As A; does not change either, no
variable changes after the instantaneous shock.

The main impact effects are the following.
Proposition

In the case of an instantaneous shock,

Seg _ g

0

(1-0)¢ (of—a)

0 af(r}-l-[l—cr}f-l—%*_—f}%) Ao

13
=

[

Sy N ("f - ‘3") 6Ag

b, (n+(1-o)e+ Uetiia ) Ao

Response functions in the general case

Although we have obtained explicit expressions of the response functions, they
are too complicated to allow an analysis as precise as the one we have just made of
permanent or instantaneous shocks.

12



Let us therefore begin with a numerical analysis. For comparison, we retain the
parameterization of King-Plosser-Rebelo(1988). It is calibrated on the US economy,
for quarterly datas.

P ponl v | a |oplo| € [n| A
0.01210.025(0{0.004 [0.42] 1 3.30|10|0.1

s

The value of £ is chosen so as to obtain a proportion of work hours 1 — I equal to 0.2.
This value is equal to 4(1 - s)/(1 = a). The elasticity is then chosen to obtain a wage
elasticity of labor supply equal to 0.4, namely (I"/ (1 - ")) ny,, = (I*/ (1 =) /n = 0.4.

The balanced growth path is described in the following table.

i s I \K[Y*
0.016 |0.297 [0.8| 10.2

The stable eigenvalue is § =0.0386. If the shock is permanent, half of the adjustment
of all variables to their long ruu levels requires (ln2)/6 = 13 quarters.

Figure 3

Figure 3 reports the response functions. We plot simultaneously the responses to
an instantaneous shock (A = oo}, to a permanent shock (A = 0) and to a shock with the
realistic adjustment speed A = (.1. The response functions to an instantaneous shock
reduce to vertical bars. The response functions to a permanent shock are recognized at
their monotonous shape, and at the permanent effects on C, I and Y. The responses
to a shock with an intermediate adjustment speed of 10% have the usual shape and we
note, in particular, the hump-shape response of consumption.

It is also possible to quantify the co-movements of the variables. In the usual
setting of Real Business Cycle models, shocks are stochastic and the model is writien
in discrete time. One can use the response functions, that is the Moving Average form
of the stochastic processes followed by the variables, to calculate their covariances. We
have here a deterministic model written in continuous time. By analogy, we define in
the following way the "covariance” between two variables :

+oo ' -
cmar;:/o %% dt

As 8Cy/Cy and 6Y;/Y; are combinations of two exponentials, it is easy to calculate this
quantity :

TaTye ( ) Top (b6 Ty + Tya) + Ty (b Tep + Tr:a)+
20 k 6+

13

Cov(C,Y) = (1 + b;)*



(b Tet + Tea) (BT + Tya)
+ 3}

Using our benchmark calibration, we present in the following table the standard-
deviations of the main variables, as a proportion of the standard-deviation of output,
and the correlations with output. The numerical values duplicate, with very good pre-
cision, the results in King-Plosser-Rebelo(1988, table 4, line 6). It thus appears that
using a continuous time deterministic model does not affect the quantitative properties
of the model. The ultimate reason for this is that the solution to real business cycle
models does not depart very much from certainty-equivalents, which is what legitimates
in the first place the solution method of King-Plosser-Rebelo(1988).

C I 1= w

T
5D /SDy [0.69]2.17]0.16]0.89[1.75
Corr(..Y)[0.85]0.92]0.75 [ 0.99 | 0.46

We now study the influence of the degree of persistence of the technological shocks.
Inspection of the formulas giving the impact effects of the shocks first shows that
changes in A do not change the sign of éz;/2g, which only depends on the sign of
v+ 1/o. An increase in the persistence of the shock, that is a decrease of A, always
increases the size of the initial response of zg. This is rather intuitive. As we shall see,
x( is the channel through which operate all intertemporal effects. Whatever their sign,
the stronger the persistence, the stronger are these effects. A change in A also affects
6Cy/Cy and bly/ly. in a direction which also depends on the sign of v+ 1/e. Contrary
to what happens to éxg/w(. it may very well result in a change of the sign of these two
initial effects.

These remarks allow us to understand how changes in A affect the regioning in figure
1 and 2. Consider for instance figure 1. Curve 2z and the point where the three curves
intersect are unaffected. An increase in A implies a decrease in 6Cy/Cy and in 6l /1y
when v +1/¢ is positive, that is in the region where 6z(/z is negative. It follows that
the curve C'C shifts upward, while remaining tangent to the curvezz. Curve llrotates
counter-clock-wise around the intesection point. Figure 4 illustrate these shifts when A
increases from 0 to 0.1.

Figure 4

We may also examine the influence of A in our benchmark case. Then v+ 1/c is
positive and dxq/zy is negative. As o = ap=1, we have

66‘[] _ Pr+8 (?—r‘i' ]_)iflﬂ

—C;U— = —T{J‘-:,'Z.'A+ p_-_+_ g o -40

sly P+ 1 §Aq
76‘1 = (—m&m ("u + 3) +my (1 - (_t)) T
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6Cy/Cy is positive. ély/ly is the sum of a positive and a negative term. It turns out
however that the negative term dominates for all values of A. A decrease in A therefore
increases 86C/Cyy and 6&ly/ly, but this means that it reduces the absolute value of
8l /1y In other words, an increase in the persistence of shocks amplifies the response of
consumption, but reduces the response of labor. This result is apparent on figure 3. The
economic reason for it is that the dominant effect of a shock on leisure or labor is the
effect which operates through current wages. This effect is independent of the degree of
persistence. On the other hand, an increase in persistence amplifies the intertemporal
effects which operate through z(. As it amplifies effects which are dominated, it reduces
the overall response of leisure or labor.

Lastly, we examine the influence of A on the path followed by capital intensity ‘.{‘, the
state variable of the model. The issue is to assess the validity of the insight according
to which more persistence of the shock means a slower adjustment of all variables to
their long run levels. The evolution of  is described by the following equation :

bky e oM o0\ 54,
'E:_(bki,\-a aal b

Who A=0, 5};‘”’?% decreases monotonously to zero from its initial level —5§A45/Ag . For
all o ive values of A, the path followed by 8k; /%y is characterized by an overshooting,
as 0y, ky increases from its negative initial value and becomes positive before decreasing
back to zero. An increase in ) implies an increase in 8k;/k; for small values of ¢, but a
decrease for high values of t. These evolutions are pictured on figure 5. One might say
that a decrease in the persistence of shocks (a decrease in A) implies a faster adjustment.
This however amounts to neglecting the overshooting phenomenon. It is important to
recognize that the overall amount of overshooting is the largest for intermediate levels
of A. We shall later see that this pattern of overshooting, also characterizes the interest
rate, and this will play an important role in the dynamics of the model.

Figure 5

The value-function

It is possible to calculate the effects of variations of initial values of capital and
technology on the utility level of the representative agent. In other words, we study
the value-function V(K A) of the representative agent.

Using the optimality conditions, we find

g=1 ., [*® _u(be 6l
Vg = pvofu eﬂf(c—f‘+§T;)dr

a

which yields, after integration,

B -1 a 8K ] —-& 6A
§Vy=T==p'vs b —U)
=" 0((1—5J(ﬂ'+9+#}10 (L-s)(p'+A) Ag
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As Vg =U (cf}, !') /p' has the sign of (¢ — 1)/, we check that a positive K or a

positive Ay implies a positive 61{. More capital, or a better technology. obviously
0 p 0

means higher welfare.

The labor market and a first economic interpretation

The previous analysis has determined the effects of a technological shock. We now
look for a precise economic interpretation of these effects.

As a preliminary step, we may consider the static part of the model, and in parti-
cular labor market equilibrium. Using work hours i = 1 — [ rather than leisure, initial
effects are desribed by the following relationships.

50“ EQ +‘Ticz‘6—?1Q
0 T

— =
Cy W

Shy _ (1-s)€ dwy | bzg
hy T T-a (”*“-'w_o “‘“E)

ﬁ‘ﬂ:_iﬁhr(]_ﬂ)éﬂg
L r‘J'f AD

The last two equations describe labor market equilibrium. A technological shock has a
direct influence on labor demand. If we make the plausible assumption that the facto-
rial elasticity of substitution is higher than the share of profits, a positive technolo-
gical shock shifts labor demand upwards. The shock also modifies the shadow price
of consumption, and therefore shifts the labor supply curve. This shift sums up all
intertemporal effects which affects the consumer through his expectations. In the usual
case, a positive technological shock induces the agent to take more leisure and it shifts
upwards the labor supply curve. The overall effect on labor remains a priori ambiguous.
It is usually positive as the labor-demand effects dominates. Figure 6 represents this
case. It is clear however that a variety of results are possible. The figure can also be
used to describe the effects of an instantaneous shock. In such a case g is unchanged
and the shock only affects the demand curve.

Figure 6
The effect on consumption follows. A decrease in 2 induces more consumption. If
o < 1, the wage increase induces to substitute consumption for labor, which reinforces

the positive effect on consumption. If & > 1, it runs counter to the effect of the shadow
price.

Thus a static analysis shows that all initial effects result from a direct effect of
6A4p/Ag and an indirect effect which operates through the variation ézg/xq of the
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shadow price. The deeper issue of course is to interpret the mechanisms governing the
variation of the shadow price,

Following the early analysis of King-Plosser-Rebelo(1988) it is now common to
distinguish between three broad kinds of effects : an overall wealth effect. a contempo-
raneous effect linked to the change in current wages and a set of intertemporal substitu-
tion effects : see, among many others, Hairault(1995). Our aim is to make more precise
this classification and to quantify its elements. It seems to us rather clear that a precise
interpretation of the effects of a technological shock has to rely on the traditional dis-
tinction between substitution and income effects. As this distinction a priori concerns
the behavior of a pure consumer, facing given prices, we must leave the optimal growth
version of the model and focus instead upon the decentralized equilibrium version.

Substitution and income effects in the consumer’s behavior

The representative consumer faces on his infinite horizon a sequence of wages {wy}
and interest rates {ry}. In order to identify substitution and income effects, we need
however to fcus on intertemporal prices, rather than on interest rates. We therefore
define discouuted prices ¢ = e~f, where R, = [ rs ds .

Let By be the consumer’s initial level of financial asset and Dy the dividends recei-
ved at date ¢, The consumer’s intertemporal budget constraint is

+oo o2
fo e Rey dt = BD+[0 e Re (wy Ny (1= 1)+ Dy) dt =

0 =
= h-U +/‘; E'R"wtj\'f{l - 1” di

or equivalently

./u g Nyey dt = f'\’u+f0 quwg Ny (1= 1) di

The.ultimate level of the consumer’s wealth appears as the sum of the value K of the
stock of capital and the discounted value of future wages. A technological shock does
not affect Kj. The only wealth effects caused by a technological shock therefore transit
through the variations of wages or intertemporal prices.

The other relationships which characterize the consumers’behavior have already
been described. The shadow price of consumption varies according to &y /x; = p—ry+n.
It follows that 2; = xoe(ﬂ"’"]’-qi, and therefore

by fay = dagfag + dqi /gt
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Consumption and leisure are such that

bey /e duwy fwy bwy [ wy
=N =N
8l /1y by [y bxg/xo + bq1/ g
The initial value éz/z( may be determined using the intertemporal budget constraint,
which we now linearize.

The benchmark balanced growth path is such that

r=p4+g g = e~lPto)t Yy = Yjedt

g.ﬂ)-_ B weNy (L-4)\" _ K:)'_ @  _a-s
(@) =1-e (M) e () i

The linearization of the budget constraint yields

= N (80, b S o (Sa , Swr (1= s)€ 8l
-ﬁ.- ‘?t* i€ ( o )di IO_K{] +.[i] th Nl!(l_!t) ?4-___1-?? d!

&} wy
ar
_s) [ e-rt (S 5q) e-30Ky . ot (e . Swy  (1-s)E 8l
(1 }/ ( + o) dt= 222 Iﬂ}f& Ly Gkt ar

Substituting de; /e; and &l /1; by their expressions, we may calculate dag/xg to obtain
the following.

Proposition

The variations of the consumer’s demand functions may be decomposed in the follo-
wing way :

by _ _(1-=0) bw __ no b4
& n+(l-o)fw n+(l-0) ¢

(contemporaneous substitution effects)

nla-s)  [6K N u( dqu 1-a6wu) ]
+c1—s)tn+£)[ha+f % Ta—a ) B

(intertemporal income effects)

N0 [T e (ﬂ _é_éwu)
+?;+[]—a}§pf(j ‘ qu +‘f,!+§'wu a
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(intertemporal substitution effects)

as we: 1§

e & Bl & Sy,
L nt(-o)w  g+(1-0) @

(contemporaneous substitution effects)

a-s SKy /x -P'“ﬂ( 8qu l—aéwu) ]
———— | = ¥ - Y=+ ———=d
+(l—s){u+£}[x’\u+p 0 © o Ta—s g )T

(intertemporal income effects)

0 [T epu (5i Léwi:)
+n+(1—a)s"’fo ‘ w T wa )W

(intertemporal substitution effects)

The same formulas, ‘aken at time ¢ = 0, yield initial effects. One should note
however that, in such a case, gy =1 and therefore 6¢q/qy = 0.

This decomposition follows from standard microeconomic principles. In the present
setting, some comments however are in order.

Contemporaneous effects describe the influence of changes in wage or price on
the demands expressed al the same date. They are zg-constant effects. Intertemporal
effects describe the influence of changes in wage and price which occur at different dates.
They have to be integrated over the planning period. A striking feature of continuous
time models is that contemporaneous income effect are negligible, and therefore do not
appear in the above formulas. The reason is that income effects have to be summed over
a finite period in order to become significant. Contemporaneous substitution effects, to
the contrary, are of the same order of magnitude than sums of intertemporal effects.
When considered in isolation, they can be interpreted, as we saw, as the limit-effect
of a purely instantaneous shock. One of the advantages of continuous time models is
therefore that it allows a rigorous analysis of a purely instantaneous shock, showing that
this generates only substitution effects. In a discrete time model an instantaneous shock
always mingles substitution and income effects, even if many authors have been tempted
to argue (rightly but not quite rigorously) that income effects should be considered as
second order. '

zg-constant effects are therefore contemporaneous substitution effects. We may
add, refering to the distinction introduced® by Frisch(1959), that they are "specific”
substitution effects. The "general” substitution effects of variations of w; and ¢; operate
through x(. In a continuous time model they are negligible as are the contemporaneous
income effects.
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A technical point regarding substitution effects should be noted here. There are
two reasons why matrix A is not the true Slutsky matrix. The first one is that the true
prices of consumption and leisure are ¢; and wyq rather than ¢, and wy. The second
reason is that the entries in matrix A" are elasticities rather than partial derivatives.
The true substitution matrix is therefore

9 | < il G

@ (nez —new) wt.qr.??-cu- - | —g—;(m?‘i“ (1=-0)¢) T”qu{l -o)§
i i Tt (I-0) G i

- (ng,,—n — i £(1- -

a4 ( lz fw) wiq; My Qg.{ a) wi g

The own-price effects on the diagonal are negative. As wil; /¢ = £, cross-effects are

indeed equal.

Among the set of elasticites which describe the contemporaneous substitution ef-
fects, the most important is the elasticity giving the effect of wages on current labor

supply :
[ 1
T-Ip+(1-0)

Rpy = = Ry =

1-1

This zg-constant elasticity is the one which is usually estimated in applied work. It is
often refered to flatly as the intertemporal elasticity of substitution of labor supply.
The terminology may here create some confusion, as we would rather insist on its
contemporaneous character, and reserve the intertemporal denomination to the effects
of changes in wages occuring at different dates. This, of course, is not meant to deny
that all these elasticities, taken together, describe a unique process of intertemporal
substitution, nor that n;, plays a leading role in this process.

More important that this semantic issue is the use which can be made of this elas-
ticity. It has been noted by many authors, among which MaCurdy(1981) and, recently,
McLaughlin(1995) that it can be used in an "evolutionnist”, rather than in a compa-
rative dynamics, perspective. It is then used to describe the effects of changes in wages
along the life-cycle of an agent. Let us sketeh the method.

The analysis of consumer behavior leads to the Frischian labor supply function, say,
hy = g(wy,zy) =g (w,,mge{ﬂ*"“)fq, . For constant z(, that is along a given life-cycle
profile, this function tells us how labor supply depends on the current levels of wages,
intertemporal prices and on time. To clarify let us consider the special case where the
rate of interest is constantly equal to p+ n. Then elr+7)lg, = 1. For given 2 , we are
left with a function hy = g (wy). Along the given life-cycle profile, labor supply depends
solely on the wage rate. It is high when the wage rate is. high and conversely. Elasticity
1, 18 attached to this last g function. It describes the intensity of this intertemporal
substitution.

This evolutionnist interpretation of nj,, however is not the one we use here. What
is of interest for us, in a comparative dynamics perspective, is how the whole profile of
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labor-supply shifts when the wage profile shifts. ny,, is then an important part of the
story.

While keeping the same perspective, the elasticities in matrix A" may be used in
a slightly different way. to describe the evelution of growth rates rather than levels.
Consider for instance consumption. ¢ is a function of wy and z;. It follows that

¢/ e) = NewWy fwy + Nexdy 2y = Newlty fwy + ez (p+n—14)

and therefore

8 (er/er) = newd (e /wy) = nexéry

nex thus describes the influence of a change in interest rate on the rate of growth of
consumption. Similarly, new describes the influence of a change in the rate of growth
of wages.

Lastly, consideration of cross-elasticities shows that current leisure and consump-
tion are substitutes if ¢ <1 and complements in the opposite case. Thus a high value
of o, that is easy intertemporal substitution in consumption, implies that consumption
a1 leisure at the same date become complements.

et us now turn to intertemporal effects. They affect in the same way consu
tion and leisure. Through the income effect, an increase in future wages induces :
consumption and more leisure. An increase in intertemporal prices affects both 1
income and consumption expenses. As s is smaller than a, the second effect domina. -
so that the overall income effect of an increase in intertemporal prices is negative. Lastly,
an increase in prices or wages induces, through substitution effects®, more consump-
tion and leisure today. Predictably, the income and substitution effects of intertemporal
prices, that is of interest rates, play in opposite directions. Of course, the higher &, the
stronger substitution effects are.

Substitution and income effects of a technological shock

We now quantify all these substitution and income effects. To this end, we calculate
the changes in wages and intertemporal prices following a technological shock. We then
determine and sum their effects on consumption and leisure. Admittedly, this analysis
of the consumer’s behavior is not a constructive method for solving the model, since
we use in the first place the solution to determine the evolution of prices and wages. It
is however a useful method to interpret results.

The evolution of capital intensity is the following :

. o 0 _ A
&k /ky = eOt6ko /Ry + by ———

“x—g Aot
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It follows :

or by, 2 b, .. 3 — 6A
%; = (_ (1 + g___i_)i) Trk‘” bt (—5—:‘—}‘11-&- + Yra) € M) _AHOJ

bwy b N _m by _at) 64g
™ = (— (1 “‘m)fm-f % (mfwk +Twa) e ) =

The calculation of the variation of the intertemporal price is slightly more complicated
as we have to sum the variations of interest rates over the horizon of the agent.

t§r
4 ! —Eds =
qi ~6R, = j reds==(p'+9) [ T2ds

) b V.. 1-e-® by. Y 1—e"A\ 54
=(p +9)((1+9_£)\)Trk 5 _(g_i/\Tr'k‘FJrra) ; )7{?

The technological shock implies in general a temporary increase in the marginal produc-
tivity of capital and therefore in the interest rate. The effect on real wages is ambiguous.
It is definitely positive in the long run. It is usually positive in the short run, but could
be negative if the elasticity of labor supply is very low, so that a large variation of
the real wage would be required in order to ensure continuing full employment after
a shock. This happens if oy is very low. Lastly, we observe a permanent decrease of
intertemporal prices, following the increase in the interest rates. Typical evolutions of
wages and interest rates have been plotted on figure 4.

We now calculate the following sums, in order to analyze cumulated effects :

qq_p'/ e ﬂf‘SQ‘f dt =

_("'”(HG—" T = grx \goa Tk + Tra ) ) 7

= _pdw
e —p'l t -
e I P fu € wt di

- (55 (1+95_—*‘/\) Tk + 55 (72T, k+Tw(.))6A—’d;”
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These expressions. in general, have ambiguous signs, so that there is not much hope
to obtain definiic results concerning the various income and substitution effects. One
general result however can be reached concerning the sum of all income effects.

Proposition

After a technological shock, the representative consumer experiences a relative com-
pensated variation in wealth '
(-s0+£=25) Sy l-aptatpbdy
a-—s Ay a  p+A A
This simple expression follows directly from our previous analysis of the value-
function, which was made in the centralized version of the model. Tt is however inter-
esting to check that it does correspond, in the pure consumer’s problem. to the sum
of all income effects. As a matter of fact, the derivation of the formula is simpler in
the decentralized version of the model where it follows from the factor-price frontier.
The idea is that all national income is eventually redistributed to the consumer, be it
through wages or interest rates.

We thus find the reassuring result that the representative consumer always benefits
from a positive technological shock, and that the more persistent the shock, the larger
the gain.

This is unfortunately the only general result we have been able to obtain. Inter-
temporal substitution effects cannot be given a simple form, and their sign is ambi-
guous. Even for standard parameters values, the sign of Sy is indeterminate. This is
a consequence of the overshooting phenomenon which we already identified. After a
permanent shock, interest rate stz permanently above their benchmark value. Sy then
is negative. When the shock is ter porary, the interest rate quickly becomes-inferior to
its long run value. As is pictured on figure 7, 55 become positive as soon as A is above
a rather low critical level. The influence of interest rate is then reversed. The effects of
future low interest rates dominate the effects of the short run high rates.

Figure 7

Our analysis however allows us to quantify numerically the various effects. Let us
consider again the calibration of King-Plosser-Rebelo(1988).

The precise decomposition is given in the following table :

begfeg [ 6ho/hg
contemp. subst. effect of dwy/wy| 0 0.205
subst. effects of future dwy/w; | 0.028 [ -0.011
subst. effects of future d¢; /g 0.018 | -0.007
income effects of future éw/w, | 0.069 | -0.028
income effects of future d¢g;/q; [—0.002| 0.001
overall effect 0.112 | 0.160
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The initial increase in wages induces more labor, but has no effect on consumption
because of the unit elasticity of substitution. The positive overall income effect of the
technological shock induces the agent to consume more and work less. Intertemporal
substitution effects associated to changes in interest rates dominate by far contrary
income effects. The surprising element is that the total effects of interest rates changes
1s to induce the agent to save less and to take more leisure.

The bottom line is that consumption increases, mainly as a result of the income
effect of future wages, while labor supply increases, mainly because of the increase in
current wages.

Notes

1 We could alternatively make the utilitarist assumption that the representative agent
maximizes [§° e P NyU (¢4, 1y) dt. This would amount to substituting p - n to p.

2 See MeLaughlin(1995) for a recent reference.

3 Other parameters are fixed at the values which take in the calibration which we
consider below. :

4 See Killingsworth(1983) for a somewhat informal decomposition along these lines.

5 See e.g. Phlips(1974) or Barten-Bohm(1982) for a definition of specific and general
substituion effects.

6 Intertemporal substitution effects are general substitution effects. Time separability
of preferences implies that specific intertemporal substitution effects are zero.
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Appendix
Concavity of the utility function
The first derivatives of the utility functions are
Ut(e,l) = c-l;“al,{;)l-ljr.r
U‘F[CJ) = cl—l;’av(”-lfat,((” = cl-1/7y (1) 1 l/o v /U

The matrix of second derivatives, calculated at the stationary poiint is

( ~(1/a)eYoy(y1-1/7 /¢ (1-1/a)ec"Vou(1)1-1/o 1 ) _|

(1=1/o)et=Yeou(=Veo (i) fo()) /e ((1-1/e)€—n)ct=You(1) =217 (v (1) /u())/1
1U U

| sz (-3)€a

(-2)a ((-3)e-n)em

The utility function is concave iff U, < 0 and U, Uy = ( ) 0. The first
G=

2
condition always holds. The second is satisfied iff - (( - -)f 17) ( ) 2=
~£((o-1)f-7)>0thatisiff p+(1-0)E>0

As usual, concavity implies U, < 0, that is e +(1-o)€ > 0. This condition ensures
concavity of function v(/)1-1/7, This condition is necessary, but not sufficient to ensure
concavity of function U(c,1) = (ev(!))1-1/7/(1 - 1/0). We may add that concavity of
funetion v(l), that is £ — 5 < 0, is neither necessary nor sufficient.

Linearization

We use the well-known relationships which give the relative variations of the wage
and interest rates. In our framework they are :

& 5(%;(1_1} -
fu . @ — @ 6k 51 a (6k 1-s)€ &l
?F_fme) £ (§+&) =2 (G500

, 5(k/01-0) _
frtu) _ _l-a _l-o {6k 1- 3)56:’
T T TE "f( & )
Linearization of the static relationships
-lfau ]1 /e
B/(1)/o(l) = @ = (f (&) -&r (&)
vields
8¢ | o-
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or
67 a(1-s)E\ 8l _ o bk
_f—(??—i_a'!(l a))T_%_kr
It follows that
(n+(1-0)f)% =
ol _ _ b 8%
(+(1-0)e)8 = 48 _ o &F

1.e.
(n+{1 - o)+ & (11 ’)f)) £=(1-o)pgt —0(7?+—Lﬂ((ll if)) &
(?;+{1 —o)f+ :{{11 Si'f)) 4= —iig gl

Let us now linearize the dynamic conditions
FE=p+u+n-f(kj01-1)+14

E:(1-nf@ﬂ1_n)—(p+n+ApQE_~

We obtain

ot () oo () () 00
(p+d5oq) b -midl £

= ﬂ+—;‘iw)§§—é%§§—§%u§=

= (p+15%0) & - (1 - )Y (1 - ) TFu &

as well as

%_5 = _&r+ ‘JT.Q.? = 1(;—;‘ (r=+u) (% -+ {1-_18%!) - éé—}
Letting o’ = p+ 152+, we have
AP " 0 i
6k /% ¥ ok/k
) =|l-a, . 0 +
§3/5 g ¥ T 5% /%

r—}—,u

—(1-s)——  —£(1- s}r':‘u ocfe =1 .
= SAJA
+ 0 P ( )'+ ( ) (94/4)
of

£(1 - slfl I/a
6k/k -1 .
=7 R 0AJA
(5:»:/.%) (Uo)( )
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P-(=) " gt my) (18T (g + £myy)
Ji=
T4 1—s5 rt -+
(l—G}—Tﬁ (1+(]—_§m3k) {I --S}f pe ’”m;r
f f
or, taking into account the structure of matrix M
, T4 T+ p (1-s)fa gy
L p= (1= s)— —omy ~(l=e)}— (?I+§+———“_a)gf — Mk
a o (1-s)¢ 4+
(1-a) 7 (l-{— T= o Tk (1-3)¢ = ‘icrmu_

The saddle-point property

The trace of matrix J is equal to p'. Its determinant is
(1-9)Zomy (0 - (1- ST Homy, ) ¢+

+(n+£+ff—:§’f£) (1-a)£ (1+%%E?n:k)}=

=1~ )ty {6+ (1-a) (n+¢+ oo ruy,

(1-a)a; L2
+(1 - 8)eFEmy, (05— (‘7+§+(£11—;;)Ec%))} =

=(1-s)gtamy, {p’£+(1 —a) (n+e+ i) - s)ErFE R =

l-ox C"f
=(1-s)tomy (€ + (1 - a)(n +€)=F2}
This determinant is negative as my;. < 0 and y+£ > 0, from the concavity assumption.

The saddle-point property is thus satisfied. The system has a negative eigenvalue
1 = —0 and a positive one rg = p'—r) = p'+ 6. Let (1,v) be the eigenvector associated
to r1. We know that Jp > 0, Ji, > 0, Jez < 0 whereas J,p has an ambiguous sign
(but is usually positive). In any case, v = — (J, +8) /J;, is negative.

Solution of the model

We solve the system

(az'-;z-) _ (am-) i ( = ) (5474
67 /T 6% /% 1/o

where

§A; _ _AtéA
TR

The solution is the sum of a particular solution and of the general solution of the
homogenous system. The characteristic polynomial of matrix J is ¢(r) = (r+8) (r—ry).

We retain a particular solution of the following form
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(ﬁk!fkf_) =m%4-'l: (mk) _5714_:;_

6E'fj3.f Tnl'

Vector m satisfies

{J+AI]I1J:A(_] )
1/e

and we have

s | Jpg+ A -J =]
m = A(J + AI)-1 ( ) =% ” i
1_.1"0' e _“’T:k Jkk—Fr\ 1/0’

or

—J;:;n_» = )\ - Jk'rfﬂ' )
Sk + (Jgx +A) fo
The general solution is
( 8y /g
8%y /%y

with constants hj and hy depending on initial conditions

T!i.k A
~ R0

my
o otz DAY ot —At,, 04
) hiye=PtV) 4+ hoe™ Vo + ¢ m=zo

Selecting the non-explosive solution requires hy = 0. It is convenient to normalize
to one the first component of vector V). Let v be its second component. The solution
becomes

(61.:“"'1;3) _ ,’116—63 (]) N (mk %‘ﬂﬂ
6&‘?/%f v My o

The initial condition on the pre-determined variable 6%/k determines constant hy
and we obtain

8k [k = e=018ky [kg + my (e=M — e=01) 64g/Ag
== e‘méligfz’g + bk_w_'r‘"':e—"' d0Ag/Ag

where

by = —(A=8)my = }i_: (Jez + A+ J, fo)

and

83 E=e~0% (8ko/ T — my8Ag/ Ag) + e MmzbAg/ Ag =
= vbky /Ky + (ma —vmy) e~ MEA /Ay

We now look for a more convenient expression,
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(mk) 3 (J:r::"i'(f _“Jf.‘r § o |
mz) ¥ [ ~Jak Tk + "’) } (ug)

3 ( Jez 40 ~Jpy Y -1
= +(A=&)1
’"’t‘”[ v(Joz +0) —t-J;.-;-) ( )Hw)

from the definition of eigenvector (1,v) associated to —f. We thus have my — vmy, =
déf
W(A Ov+1/o)= +1/a) = by

Now the definition of my, and my implies
(T + )My + Jppma = =2
whereas the definition of the eigenvector implies
(Jep+0)+ T v =0

It follows that
(A =8y + Jig (maz — vmy) = —\
and therefore
—b + Jp bz = -\

This completes the solution of the system.

The values of other variables can be expressed as functions of the state variables

5ktﬂct and §A4;/A;. We obtain :
ég = !5.&' + o4 64 — k"fl s ’Tl‘.cg-% —|— ‘M = (mgp. + merv) 55.5 4 Tﬂc:bz*ﬁ‘ -+ -‘57‘,.-‘1—
é} mlk 8k + mm‘s“ = (my + m“.'v) T - m;xbr_—‘;}—
—E+%—a (1—-(1}I5—"I+§f—a-’5.=;‘-—{]—5)§%{+%=
= (a—(1—=s8)€(my +my,v)) & ;” (1- s)‘m“b;—[ 6—}
(k) (1-0)
4 "+ r_dr_ _l-o F( ) = ( LT_)_ )
T Tr- R T STT
and therefore
mi— ((1+ S (g ) 4 4 Oy 084
.-_saa (IN“. -+ TH‘JIT‘}) % + —1—{1 s)gﬂiflbr—‘r) + %‘?‘

Lastly, we obtain the relative variation of investment. From [ = (K/]\’ + 11) K=
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(E/i‘ +A/A+n+ ,u) (I“AN) we deduce

51 _ 6k{L+aAfA §E o 64
T = Tty +";;'+_A“

Now
6 _ _go-tt (8Fy _ 84 A 84
% e (’L‘o k_ﬂﬂ LS vy

_4ﬁ+w A)my &
We thus obtain

ST _ —08k/E+b6AJA-NGAJA | §F | 64 _
T= o L i e

=5k Mc +(1+35) 4

The sign of initial effects in the case of a permanent shock

Let ¢ = (1 - s)£/(1 - ) denote the leisure-labor ratio and X =5+ £+ atpfoy the
term which a.ppears in the denomum!ol of matrix M. Then

Jek =P+ (15711
Tre=(1-9)F (n+6+v2) &
== (=5

Jzz = —(1 - s)éo 54

In the general case, initial effects are

o= (be—v-4) o= (2 (v d) —v-d) S =
—r (0 +d) e

e SAg _ . 1-m, \ 64y _
=(1 +mc¢bz—mk—m“1] b = —nen (1_{,1,__¢),]_Du_

X-(-005 ) 54 A 1\ 1,10
= —Mez (U—ba--i'm) _"IT;Q =-mez |V~ xi5; (r!+3)+3+—-g* q+w3;..?

51,

&l 8A o ! ; 6A
= (Myzbe — My —mypv) 58 = —my, (pr (v+3)+ e %) e

0
We study their signs in the case of a permanent shock where they are

() %



60, U9
_Cron = —1ey (1’ + % + ]TargT\ﬁa%-l)
5l 84

T:L = -my, (t? + E%}‘) 71;"

dxq/xq is positive iff v > ~1/0. By definition, v = (r; — Ji) /Jg, and ) = Jpp +
vJp,.-We now that ry is the smaller root of the characteristic polynomial ¢(r) = 0. As
Jip > 0, v is the smaller root of polynomial

' Jig = Fep= Vs Jiz
V)= (Jpp+ V) = . : ;i
Tk Jow = Jpp = Vi
-V 1
=J =T Q(V)
b o Jre =T =V, M

if we let Q(V) =V (Jox = Jpp = Vilpy) = Jop = V23 = V (Jow = Jit) = ok

As Jip > 0 and Q (Jez/Jiy) = (JeaJpp - Jrpdop) [ < 0, v is larger than—1/o
it Q(-1/e) >0 and -1/0 < Jez/J;,.. We therefore have the following equivalence

v>-1 = Q(-3)>0 and  Jep+1Jy, >0
Similar equivalence apply to 6§Cy/Cy and 8ly/ 1.
We now calculate
Jez+ 3dpe = (1= )38 % (Lo + (n+E+98)) =
ripl (v ik Ea(l—g‘—
=(1_51—3L7\,(A+£o(1—§?))=(1-s)—a-‘i 1+ =
O o

oz + go7dhe = (1= )52 % (o + (n+E+04)) = (1-5)5H

g(1-2
J:C.T + (% +I—;.—a"£m_?)) Jkr —

(1- )3 (1 + 50(3%) +1;f5q(i;?% (n+é+w%)) =

e

= (1- 8=t (1 L) (H“ <)k ——in‘u?if)) -
i

1;+¢é"-+$(1~3°_

. §(1-%) .
_ Gt i) = i
=(1-s)TtH (l-l-————) =(1-s)= P

To L
n Vay
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Q(-3) =4 (Voo — Tt + 3J1.) = Jop =
=il i = -
*a( -+ —sJ—{fH( +1+ fellod ))) a)Le +(1-s)§_£’gj Ex=

-p'+(1 s}‘"—'gﬂ)—(l—uj%—l—(l—s]f%ﬁf (l -2+ (&Q_)?) | -+ (1 - gl
(1_012_9_3 (1-s)eltghud (1_ 2" =

=4 (1 - @)tgte) - (1 - a)egtn 4 (1 _s)etgtnd (1- 2)" =

- a‘:o;' (df(l—u _crf—aa')+(1—s)§o (af—n)?)

Q(-#%) = o5 (Jez = T + %sz) ~Jp =

= o8y (-7 = (1= )6o Tl + (1 - ) THE) — (1- )T 4 (1 - s)e b o L =
=o%7 (-r' +(1-9)5HE) (1 - ) =

=’QI( (a— ) 4 (1 - )%E)—[l—a-)%ﬁz

=%af (~la=s)+(1-s)& ~o(l-a)) = TF ((1-9) (£ - 1) + (1 -a)(1- 7))

and

X-(l-o)¢&\  X-(l-¢ ~ 7
Q( ( a)eﬂ,) (1-0)¢ & (_prﬂl_s),_}_ (l—s}ﬁo'—LX+{l-—5)L;—EE(I ,;)J

(v i) cr(r]+w§‘—) i
i
'{I_Q}TT!E+( 3)6 ch. crf s
X-(l-c)e £ ; (%)
= —(q— )t _ g\t PP Bt T
= q+¢‘3ﬂf ( (a—s)—FE+(1-s)73E+(1-5)2 T

e i X=(1-
—u—aJ%ﬂﬂl—s}é%%(——f“—’% )

AEL,.
e ]

X-(1-o)~ , s (-
= _ (1_0}%5_”1_&)."_:& ( J.r)
o rr—i-u.'a.“'? r.i"i“‘l-q

S |
ol TV EER —g e p
(1-=a) a9 +(1~2)e o MYE T

_ X0y | s s e Lo 2N
ﬂt’?+"'ﬂ%j [T r_:+w-ﬂ'j cf_r ’H‘U’s‘}- =

. g [ A-(l-0)#
=(] - )ty 1ty ) e
A v s




. I 4y G _ oo e
=(1-a)tHs n—i?I} (n+v&) (1 2e) +(1-0) (1 #))

The equation of curve C'C is
(r+vg) (1-52)+-0)(1-2) =0

Iis slope at the point (0’ =los;= o), is dorf/cz’a = a. Thus curve CC is tangent
to the straight line o; = ao.

On the other hand of > ao implies Q(-1/0) > 0, that is ézp/zg < 0. Region
dzg /g includes the half-plane oy > ag, which also means tangency.
The value-function

It is possible to calculate the effects of variations in Ky and Ag on the utility level
reached by the agent. We obtain
Vo= fg'™ Pt (Urebey + U'jély) dt = [§F ePtaze; (

i

St ell) au=

=y fi e (T £) dt

As
Vi =[5 e PU (6. 1) di = J§7 ePle P (g, 1) e = LIS

and

. (on -1 Ufegl
ay = Ut (cyol) = 251 {(:"'o )

we obtain
P 0 [ oo __pif (6
Vo= p Vs [ ert (B +e8k) dt
On the other hand
%“ +£% = (Tpp + ETyp) %‘-‘ + (Tea + ETY,) M{ =

T
= (Tog +€T3) (= (52 - 552) + 0525 58) + (Tea + €T3 e Mg

and we deduce, by integration

O 5Ky o 64
V=0V (Zh'_j\"a&'féﬂ_,ﬁu)

where
T +ET
Zy =Lt

” by
Za= (T +€T) (-5 + x5 (70— 75w)) + (Tea +€T00) 5

o 1 b 1
= (Tt + €Ty) ('m F: mfm) + (Tea +€T0q) oz
These two coefficients may be given a much simplerr expression. We have

7 M +Em+ (mes+Emy, v
“k o+t




The definition of the eigenvector associated with —# implies
(0 +0) = (1 —s) L (my + Emyp) - v(1 = )22 (my + Emy,) = 0
and we obtainn

i = =)o +5%7)

Furthermore

= . 1 Jp bzt 1+ {mex+Emy, )br
Zy= (T +ETy) (—m + {P,;g}{p,m) + 2 = e

P (T 4T ) +ET,
=G+t o (e T 4 mes 4 £my,) =

»

-1 - g+ : ;
= 7 (1~ et ) 5 (200~ 4 e+ ) gy s+ 6

| e ' oy =1 l-o
prHA pt(I-a)(g+u)) ~ p+AT=s
Substitution and income effects in the consumer’s behavior
In differential form, the intertemporal budget constraint is
- ». (1-
{1-3”6’(’6‘”(%?-%6—&)&:-—0 s%‘ﬁ_p Jrﬂepr(_ﬂ+5_t£; S )

As 6Ct,fcf = TTCw-'S?:!thw{-chx (6&"0,’"&2(} + 6(}3 ,n"rq” and nﬂtﬂ; = n‘:'w(swf!{wf'i'nfr (6.‘1:0;".1‘0 + 5@”(}.«_),'

we obtain
J& e P (1 = $)nea + (1 - s)émy,) dtbie =
852080 1 [ et (~(a—5) 8+ (1- a) 1) dt+

_ Jr0 e [((1 = $)nee + (1 - )énpy) G + (1 = 8)new + (1 - s)ény,,) S3] dt

_1_(1 -s)(n+&)e b
TP ThH(1-0)E J

e [gi s)(p+€)o bg, | _(1-s)a€ @ﬂ] di

n+(1-a)g G n+[1 o) Wt

a4t (a8 41 f)

The intertemporal budget constraint allows us to determine éa/2y. We then are
able to decompose the initial variations in consumption and leisure in sums of substi-
tution and income effect. Results appear in the text.

Lastly, we calculate cumulated effects Sy = p’ [§° e—P"@t df=

T (1 )T (Tt ) b=
(%(Hﬁ) rk-L%(F"x L+Tra))%ﬂ
as well as

Sw=p"[{ e"p"l%f} di =
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) T+ (T + Taa) ) 50/ =

= e pf( (1—5—
+g_bLj>ka+;i_)\<9 I\ka+TwG))%&

( p+9 (1

7



(e

—

Signe des effets initiaux C

2
lx <0
CSx, /X, <O 5%0 X
1t 0/ £ §6/(0<0
§ta/ce 2.0 SQO/QG(C
sl Seo/fo <o
' ¢
°f $9% /1, < © 5% /% > °
(1] (0
i $CG/(e >0
Ll cﬁo//Fo>0 gy /€ < O
2 b Txdfxo > © 1
C Cokof Co 40
sk gty >0
/ G = 1.5 2 sigma
Cox,/2.<°
CCl/Co <O Foqua l
si, /¢ >0



€% /% >0

Signe des effets initiaux .
20 ‘( c = g  G/Ce< ©
g fo/(’o £ 0
2.
15 .
S?q,/towl; 2, /1, < © §% /Xy <0
§ColCo > 3\ § 6 26 5 §8/cs <0

10 }
o /o>
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