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Introduction

This paper presents an equilibrium model in a pure exchange economy when investors have three possible sources of heterogeneity. Investors may differ in Debreu assets. This "dominating" agent is not the same asymptotically, in very good or in very bad states of the world. Distinct classes of agents drive the price of the different Arrow-Debreu assets.

We find that for very high (low) level of aggregate endowment, the equilibrium Arrow-Debreu price is determined by the agent with the highest (lowest) individual market price of risk where the individual market price of risk is defined as the market price of risk that would prevail in an economy populated by one class of agents only 1 . For example, if there is heterogeneity in beliefs (risk aversion levels) only, the equilibrium Arrow-Debreu price for very low levels of aggregate consumption is given by the Arrow-Debreu price of the most pessimistic (most risk averse) agent. That agent is the one who values the most the Arrow-Debreu asset associated to these "bad" states. We show that in the distant future the agent with the lowest survival index 2 [START_REF] Yan | Natural Selection in Financial Markets: Does It Work ?[END_REF] governs the Arrow-Debreu price. In the case with heterogeneity in beliefs (time preference) only, this agent is the most rational (patient) agent.

As for consumption, an agent consumes relatively more in the states of the world that she finds relatively more desirable, as her individual Arrow-Debreu price is higher, and so is her individual consumption. As a consequence, the results about the Arrow-Debreu prices can be applied to the consumption shares. In particular, only the class of agents with the highest market price of risk (lowest market price of risk, lowest survival index) dominates the market in the sense of the consumption share in very bad states of the world (in very good states of the world, asymptotically). We also retrieve the result of [START_REF] Yan | Natural Selection in Financial Markets: Does It Work ?[END_REF] that only the agent with the lowest survival index survives in the long run.

Fluctuations across time and states of the world in the individual consumptions and hence in the individual risk tolerance levels 3 generate fluc- 1 The individual market price of risk of agent i is given by θ i = γ i σ -δ i where γ i , δ i and σ respectively denote the individual level of risk aversion, the individual level of optimism and the volatility of aggregate endowment. The individual (required) market price of risk reflects the agent's motives to invest in a risky asset. It increases with the level of risk aversion and with the level of pessimism. 2 The survival index of agent i is defined by κ i ≡ ρ i + γ i (µ -σ 2 2 ) + 1 2 δ 2 i , where ρ i , γ i , δ i , µ and σ respectively denote the individual level of time preference, risk aversion, optimism and the drift and volatility of aggregate endowment. 3 Letting c it denote the individual equilibrium consumption level of agent i, the individual consumption share of agent i is defined by cit P N j=1 cjt . The relative level of absolute risk tuations in the behavior at the aggregate level (beliefs, risk aversion and patience). Indeed, the aggregate parameters can be written as a risk tolerance weighted average of the individual parameters. We obtain time and state varying levels of risk aversion, optimism and patience at the aggregate level even though the individual levels of risk aversion, optimism and patience are constant. This generates at the aggregate level waves of pessimism/optimism, of risk aversion and of patience. For example, in bad states of the world, more pessimistic agents have a higher consumption share and a higher relative level of risk tolerance, which leads to a pessimistic bias at the aggregate level. Without referring to irrational behavior, this can explain excess of pessimism in periods of recession. Analogously, we get that more risk averse agents have a higher weight in the economy in periods of recession, which leads to more risk aversion at the aggregate level. This is interesting in relation to [START_REF] Brunnermeier | Do wealth fluctuations generate time varying risk aversion ? Micro Evidence from Individuals' Asset Allocation[END_REF], who show that individual risk aversion is not time varying even though fluctuating (and in particular countercyclical) risk aversion, as in habit preference models [START_REF] Campbell | By force of Habit: A Consumption Based Explanation of Aggregate Stock Market Behavior[END_REF], would help matching aggregate data.

The market price of risk is the risk tolerance weighted average of the individual market prices of risk. While the individual market prices of risk are constant in time and state of the world, the equilibrium market price of risk in the heterogeneous economy fluctuates in time and state of the world between the two bounds which are the lowest individual market price of risk and the highest individual market price of risk. If one class of agents dominates the level of risk tolerance, then the market price of risk in the heterogeneous economy is dominated by their market price of risk. Applying the results on the risk tolerance, we get that for very high (low) levels of aggregate consumption, the market price of risk is given by the lowest (highest) market price of risk, and that the market price of risk converges asymptotically to the market price of risk of the surviving agent. For example, when there is heterogeneity in beliefs only, the most pessimistic agents dominate the economy for low levels of aggregate endowment leading to the highest market price of risk.

Moreover, we obtain that the market price of risk is countercyclical: the higher the aggregate endowment the lower the market price of risk. This result is quite striking, since it holds for any distribution of the parametolerance of agent i is given by ω it ≡ -

u i u i (c it ) - u i u i (c it ) -1
= (1/γi)cit P N j=1 (1/γj )cjt , where γ i denotes the risk aversion level of agent i.

ters of risk aversion and beliefs. It is heterogeneity and its impact on the fluctuations of the relative levels of risk tolerance which generates this countercyclical behavior; indeed, an increase in aggregate endowment leads to higher relative levels of risk tolerance for the agents with a high market price of risk. This countercyclicality property is consistent with observations that "equity risk premia seem to be higher at business troughs than they are at peaks" [START_REF] Campbell | By force of Habit: A Consumption Based Explanation of Aggregate Stock Market Behavior[END_REF].

Contrary to the market price of risk, the risk free rate is not a weighted average of the individual risk free rates 4 . In general the equilibrium characteristics in the heterogeneous economy (with N classes of agents) are fundamentally different from the equilibrium characteristics in a homogeneous economy. The equilibrium risk free rate can lie outside the range bounded by the lowest individual risk free rate and by the highest individual risk free rate. However, in "extreme" states of the world, the risk free rate behaves as a risk tolerance weighted average of the individual ones: the risk free rate for very high (low) levels of aggregate endowment is given by the individual risk free rate of the agent with the lowest (highest) market price of risk and the asymptotic risk free rate is given by the risk free rate of the surviving agent.

The equilibrium long term bond yield is given by the individual long term bond yield of the agent with the highest savings motives (lowest individual risk free rate). The reasoning is the same as for the Arrow-Debreu assets: when a given class of agents has an individual price for an asset that dominates the other individual prices, then that class of agents governs the equilibrium price in the heterogeneous economy. The agent with the highest savings motives values the most (very) long term bonds. Hence, the individual zero-coupon bond price of that agent asymptotically dominates the other individual bond prices. The agent with the highest savings motives hence governs the long term bond yield in the heterogeneous economy.

Note that the agent with the highest savings motives differs from the agent with the lowest survival index. It is quite striking that the agent who drives the asymptotic long term bond yield differs from the agent who drives the asymptotic risk free rate even though the bond yield is an average of the risk free rates. In particular, in the long run, the yield curve is driven by the risk free rate of the agent with the lowest survival index at one end of the yield curve, whereas at the other end, it is driven by the risk free rate of the agent with the highest savings motives or equivalently the lowest risk free rate. In fact we show that for times t far in the future, there are distinct time periods during which distinct agents drive the long term bond yield as seen from time t. The (asymptotic) yield curve is defined stepwise, and each subinterval is associated with a given agent in the sense that the marginal rate on that subinterval corresponds to the rate in the economy made of this agent only. The same reasoning as for the Arrow-Debreu assets and the long term bond still holds since the agent who makes the market of the zero coupon bond on the considered subinterval is the agent who values the most this zero coupon bond. She is characterized by a maximization program involving a weighted average of the savings motives index and of the survival index. In the short run, the whole weight is on the savings motives index and in the long run, the whole weight is on the survival index. In between, the agent who governs the asymptotic yield curve maximizes a trade off between the savings motives and survival. For example, when there is only heterogeneity in beliefs, one end of the asymptotic yield curve is dominated by the most rational agent (maximization of the survival motives), the other end is dominated by the most pessimistic agent (maximization of the savings motives) and in the middle, the asymptotic yield curve is governed, in intervals, by more and more pessimistic agents (maximization of a trade off between rationality and pessimism). Note that in this setting, only pessimistic agents impact the asymptotic yield curve.

These results are in line with Preferred Habitat Theory [START_REF] Modigliani | Innovations in Interest Rate Policy[END_REF], in which each agent has a preferred habitat corresponding to her natural investment horizon. In our framework, this investment horizon naturally emerges for each agent, as the result of heterogeneity.

This implies in particular that survival and long run impact are different concepts. We are in a setting where only the agent with the lowest survival index survives (and has an impact on prices in the sense of [START_REF] Kogan | Market Selection[END_REF], however non surviving agents do have an impact on asset prices, even in the long run. In the case of the yield curve, one may argue that this impact is at more and more distant horizons, but we also provide examples where the impact of non surviving agents does not vanish asymptotically. As far as risky assets are concerned, we also show that the long run return of these assets are impacted by nonsurviving agents and we provide an example where the agent who drives the long run discount rate is different from the agent who drives the long run risky returns and both of them are different from the surviving agent who drives the instantaneous risk free rate in the long run.

We also analyze the behavior of stock volatility, which converges to dividend volatility. Asymptotically, only the surviving agent is present (in terms of consumption shares or risk tolerance levels) and the stock volatility in the heterogeneous economy converges to the surviving agent's individual stock volatility, which is the dividend volatility. We show that for finite times stock volatility fluctuates between bounds determined by the maximal difference between market prices of risk associated with different agents.

We get similar bounds for the optimal portfolios. If all risk aversions are larger than one, then in the limit the optimal portfolios are driven by the market price of risk associated with the surviving agent.

We now discuss additional related works. [START_REF] Dumas | Two-person dynamic equilibrium in the capital market[END_REF] and [START_REF] Wang | The Term Structure of Interest Rates In A Pure Exchange Economy With Heterogeneous Investors[END_REF] are among the first papers to study equilibrium in the markets with two heterogeneous agents (heterogeneous in risk aversion levels). Bhamra and Uppal (2009a) consider the same economy, and derive conditions under which excess volatility is positive. 5 Bhamra and Uppal (2009b) derive closed form expressions as convergent power series for an economy populated by two CRRA agents with arbitrary risk aversions, discount rates and heterogeneous beliefs. Dumas, Kurshev and Uppal (2009) also study excess volatility and non-myopic optimal portfolios in a model with two CRRA agents with identical preferences but heterogeneous beliefs. An economy with heterogeneous beliefs with two logarithmic agents who adapt their beliefs dynamically and trade subject to portfolio constraints is studied in [START_REF] Detemple | Equilibrium Asset Prices and No-Arbitrage with Portfolio Constraints[END_REF]. Jouini andNapp (2007, 2009) and [START_REF] Jouini | Discounting and Divergence of Opinion[END_REF] consider heterogeneous beliefs, but homogenous risk aversion. [START_REF] Kogan | The Price Impact and Survival of Irrational Traders[END_REF] also consider a two agent economy with agents maximizing utility only from terminal consumption and get asymptotic results when horizon increases on the impact of non surviving agents on asset prices. They pose as an open question what the analogue of their result is when the agents maximize intermediate consumption. We provide answers to that question. From a quite different perspective and in a more general setting, [START_REF] Kogan | Market Selection[END_REF] pro-vide a typology of the different possible asymptotic behaviors in terms of survival and price impact. [START_REF] Berrada | Bounded Rationality and Asset Pricing with Intermediate Consumption[END_REF] 

The Model

We consider a continuous-time Arrow-Debreu economy with an infinite horizon, in which heterogeneous agents maximize their expected utility from future consumption.

Uncertainty is described by a one-dimensional, standard Brownian motion W t , t ∈ [0 , ∞) on a complete probability space (Ω, F, P ), where F is the augmented filtration generated by W t . There is a single consumption good and we denote by D the aggregate dividend or endowment process. We make the assumption that D satisfies the following stochastic differential equation

dD t = µD t dt + σD t dW t D 0 = 1
where the mean growth rate µ and the volatility σ are constants. There are N (types of) agents indexed by i = 1, ..., N. Agents have different expectations about the future of the economy. More precisely, agents disagree about the mean growth rate. We denote by µ i the mean growth rate anticipated by agent i. Letting δ i ≡ µ i -µ σ denote agent i's error in her perception of the growth of the economy normalized by its risk 6 , we introduce the probability measure P i defined by its density with respect to P given by Z it = e δ i Wt-1 2 δ 2 i t . From agent i point of view, the aggregate endowment process satisfies the following stochastic differential equation

dD t = µ i D t dt + σD t dW i t D 0 = 1
where, by Girsanov Theorem, W i t ≡ W t -δ i t is a Brownian motion with respect to P i . Note that agents are persistent in their mistakes: the probability measures P i may represent erroneous beliefs as well as behavioral biases like optimism or pessimism. Agent i's utility function is given by u

i (c) = c 1-γ i -1 1-γ i
for γ i > 0, where γ i is the relative risk aversion coefficient. In the following, we let b i ≡ 1 γ i denote the relative risk tolerance of agent i. Agent i's time preference rate is denoted by ρ i . Agent i's utility for a given consumption stream (c t ) is then given by

E P i ∞ 0 e -ρ i t u i (c t ) dt
where E P i denotes the expectation operator from agent i's perspective. There are then in our setting three possible sources of heterogeneity among agents: heterogeneity in beliefs, heterogeneity in time preference rates and heterogeneity in risk aversion levels.

Agents have endowments denoted by e * i with N i=1 e * i = D. We assume that markets are complete which means that all Arrow-Debreu securities can be traded. A state price density (or stochastic discount factor) M is a positive process such that M (t, ω) corresponds to the price of the asset that pays one dollar at date t and in state ω. For a given state price density M, agent i's intertemporal optimization program is given by

(O iM ) : max c E P i ∞ 0 e -ρ i t u i (c t ) dt | E ∞ 0 M t (c t -e * i t ) dt ≤ 0 .
We adopt the usual definition of equilibrium. 

c it = D t .
We assume that such an equilibrium exists and in the next we let M (resp. c it ) denote the equilibrium state price density (resp. the equilibrium consumption processes).

In order to deal with asset pricing issues, we suppose that agents can continuously trade in a riskless asset and in risky stocks 7 . We let S 0 denote the riskless asset price process with dynamics dS 0 t = r t S 0 t dt, the parameter r denoting the risk free rate. Since there is only one source of risk, all risky assets have the same instantaneous Sharpe ratio and it suffices to focus on one specific risky asset. We consider the asset S whose dividend process is given by the total endowment of the economy and we denote respectively by µ S and σ S its drift and volatility. We let

θ ≡ µ S + D t S -1 t -r σ S
denote the asset's Sharpe ratio or equivalently the market price of risk. The parameters r, µ S and σ S are to be determined endogenously in equilibrium.

We let B (t, T ) denote the price at time t of the pure-discount bond price delivering 1 dollar at time T, i.e.,

B (t, T ) ≡ 1 M t E t [M T ] .
We also introduce the average discount rate ("yield") Y (t, T ) between time t and time T defined by

Y (t, T ) ≡ - 1 T -t log B (t, T ) .
In order to deal with asymptotic issues, we recall the following terminology. We say8 that two processes X t and Y t are asymptotically equivalent if lim t→∞ Xt Yt = 1, which we denote by X t ∼ Y t . We say that a process X t asymptotically dominates a process Y t if lim t→∞ Yt Xt = 0. The quantity c it Dt represents the consumption share of agent i at time t (in equilibrium). We also introduce the quantity

ω it ≡ b i c it N j=1 b j c jt
which represents the relative level of absolute risk tolerance 9 of agent i at time t, and plays an important part in describing the equilibrium (see, e.g. [START_REF] Jouini | Consensus consumer and intertemporal asset pricing under heterogeneous beliefs[END_REF].

Equilibrium in Homogeneous Economies

We start by considering the equilibrium characteristics that would prevail in an economy made of agent i only or that would prevail in our economy if all the initial endowment were concentrated on agent i.

We denote by M i the equilibrium state price density in an economy with only agent i. By the first order conditions in the homogeneous economies, we have

M it = e -ρ i t Z it D -γ i t = e - " ρ i +γ i " µ-σ 2 2 " + 1 2 δ 2 i " t + (δ i -γ i σ)Wt .
The market price of risk

θ i ≡ µ S (t)+DtS -1 t -r it σ S (t)
, the risk free rate r i and the survival index κ i [START_REF] Yan | Natural Selection in Financial Markets: Does It Work ?[END_REF] are respectively given 10 by

θ i = (γ i σ -δ i ), r i = ρ i + γ i µ i - 1 2 γ i (γ i + 1) σ 2 and
κ i ≡ ρ i + γ i (µ - σ 2 2 ) + 1 2 δ 2 i .
The risk free rate represents the agent's savings motives. The savings motives increase with pessimism and with patience. We index by I 0 the agent with the highest savings motives, i.e., such that r I 0 ≡ inf i r i .

The market price of risk represents the agent's motives to invest in the risky asset. It increases with pessimism and with risk aversion. We index by I θmax (I θ min ) the agent with the highest (lowest) market price of risk.

The survival index satisfies

κ i = -1 t E [log M it ]
and can then be interpreted as the growth rate of the state price density M i . It decreases with patience, rationality, and risk aversion when µ ≥ σ 2 2 . The survival index differs from the risk free rate by an Itô's term, more precisely we have r i = κ i -1 2 θ 2 i . We index by I K the agent with the lowest survival index. 9 The relative level of absolute risk tolerance of agent i at time t is given by

- u i u i (c it ) N j=1 - u i u i (c it ) -1
. 10 Letting µ Mi and σ Mi respectively denote the drift and volatility of the state price density M i , the market price of risk and the risk free rate satisfy r it = -µ Mi (t) and

θ it = -σ Mi (t).
We make the assumption that each of the criteria is minimal (or maximal) for one agent only, i.e., that I 0 , I K , I θ min and I θmax are well defined and unique. If there is only heterogeneity in time preference rates, the agent with the lowest survival index is also the agent with the highest savings motives (agent I K coincides with agent I 0 ) and is the most patient agent. If there is only heterogeneity in beliefs, agent I K is the most rational agent and differs from the agent with the highest savings motives who is the most pessimistic agent. If there is only heterogeneity in risk aversion and if µ > σ 2 2 , agent I K is the least risk averse agent.

The next proposition sums up the main results about the equilibrium characteristics in the homogeneous economies. Proposition 3.1 In the homogeneous economies made of agent i only, the following properties hold.

• The risk free rate r i and the market price of risk θ i are constant and given by θ i = (γ i σ -δ i ) and

r i = ρ i + γ i µ i -1 2 γ i (γ i + 1) σ 2
. The stock's drift and volatility are also constant and given by σ iS = σ and µ iS = r i + σθ i .

• The state price density M i can be written in the form M it = e -κ i t -θ i Wt where κ i ≡ ρ i + γ i (µ -σ 2 2 ) + 1 2 δ 2 i denotes agent i's survival index. The state price density M it is lognormal with average e -r i t and median e -κ i t .

• When θ i is nonnegative (resp. nonpositive), then the state price density M i (t, W t ) is decreasing (resp. increasing) in W t , ranging from infinity to 0, with M i (t, 0) = e -κ i t .

• The state price density of the agent with the lowest (resp. highest) market price of risk dominates the other state price densities for positive (resp. negative) large values of W , i.e. lim Wt→+∞

M i (t,Wt) M I θ min (t,Wt) = 0 for all i = I θ min and lim Wt→-∞ M i (t,Wt) M I θmax (t,Wt) = 0 for all i = I θmax .
• The state price density of the agent with the lowest survival index asymptotically dominates the other state price densities, i.e., lim t→∞ M it M I K t = 0 for all i = I K

• The savings motives drive the risk free rate and the bond price. We have, for all (t, T ) , B i (t, T ) = e -r i (T -t) and Y i (t, T ) = r i . The bond price of the agent with the highest savings motives asymptotically dominates the other bond prices, i.e., lim T →+∞ B i (t,T )

B I 0 (t,T ) = 0 for all i = I 0 .
In particular, different agents dominate different prices; agent I 0 dominates the asymptotic bond prices, agent I K asymptotically dominates Arrow-Debreu prices, agent I θ min dominates the prices of the Arrow-Debreu assets associated to very good states of the world and agent I θmax dominates the prices of the Arrow-Debreu assets associated to very bad states of the world.

Equilibrium state price density

In the setting with heterogeneous agents, the first-order conditions of the agents optimization programs (O iM ) give us the existence of Lagrange multipliers λ i such that, for all i, the equilibrium state price density is given by

M t = λ i e -ρ i t Z it c -γ i it . (1) 
Since prices are in terms of date 0 consumption goods, we have M 0 = 1 and

λ i = c γ i i0 . The market clearing condition then leads to N i=1 c i0 e -ρ i b i t Z b i it M -b i t = D t , which can be written in the form N i=1 c i0 M i M b i = 1. ( 2 
)
When the agents have the same level of risk tolerance b (and possibly differ in their beliefs or in their time preference rates), we get that the equilibrium state price density is a weighted power average of the state price densities in homogeneous economies (the power being given by the common level of risk tolerance). Indeed, we then easily deduce from equation (2

) that M = N i=1 c i0 M b it 1/b
. In our setting, the following lemma provides an expression of the state price density M as well as bounds on M in terms of the state price densities in the homogeneous economies. It is a direct analog of Lemma 2.1 from Cvitanić and Malamud (2008).

Lemma 4.1 1. Letting F (a 1 , ..., a n ) be the function defined as the unique solution to N i=1 F -b i a b i i = 1, we have M = F (c γ 1 10 M 1 , ..., c γ N N 0 M N ) .
2. Let Γ ≥ 1 be such that Γ b i > 1 for all i and γ ≤ 1 be such that γ b i ≤ 1 for all i . Then,

N i=1 c γ i /γ i0 M 1/γ i γ ≤ M ≤ N i=1 c γ i /Γ i0 M 1/Γ i Γ . (3) 
Notice that, up to a normalization, this means that the state price density M is bounded below by a γ-average of the M i 's and is bounded above by a Γ-average of the M i 's.

The state price density M fluctuates in time and state of the world. We easily get from equation ( 2

) that min 1≤i≤N M i ≤ M ≤ max 1≤i≤N M i .
For each state of the world, the state price density M lies in the range bounded by the lowest and the highest state price densities and M can then be interpreted as a kind of average of the state price densities M i . The fact that the state price density M is bounded by two "averages" of the individual state price densities (Lemma 4.1) and the properties of the state price densities obtained in Proposition 3.1 enable us to show how the state price density M fluctuates with W t (or equivalently with aggregate endowment) as well as its asymptotic behavior.

Corollary 4.1

• The asymptotic behavior of the state price density is given by M t ∼ c

γ I K I K 0 M I K t .
• If all the state price densities

M it = M i (t, W t ) are decreasing in W t , then -the state price density M t = M (t, W t ) is also decreasing in W t , -the state price density M t = M (t, W t ) satisfies lim Wt→-∞ M (t, W t ) c γ I θmax θmax0 M I θmaxt = lim Wt→+∞ M (t, W t ) c γ I θ min θ min 0 M I θ min t = 1.
Asymptotically and in extreme states of the world, the state price density M is equivalent to the state price density that would prevail in an economy made of homogeneous agents with a different endowment distribution. This class of homogeneous agents is given by the agent who dominates the individual state price density M i in the considered states of the world: agent I K asymptotically, agent I θmax in the very bad states and agent I θ min in the very good states.

The asymptotic result implies, in particular, that except agent I K , all the agents have no price impact in the sense of Kogan et 

M t+s /M t M I K t+s /M I K t = 1.
Later below, we shall analyze if the other agents really have no price impact in the sense that the prices of all assets are asymptotically the same as in the economy with the agent with the lowest survival index only.

In Section 6 we shall analyze the expression of the drift and volatility of the state price density M (in other words the risk free rate and the market price of risk) and how they relate to the drift and volatility of M I K , M I θmax and M I θ min in extreme states of the world and asymptotically.

Consumption shares and relative levels of risk tolerance

In this section we analyze the expression and the behavior of the consumption shares and of the relative levels of risk tolerance. This analysis is interesting for survival issues, or more generally to know which agent dominates the market in terms of endowment shares. It will also prove to be useful to analyze the behavior of equilibrium characteristics, because, as we shall see in the next section, they rely on the relative levels of risk tolerance.

For each agent i, her consumption share at time t is given by c it Dt . We get from equation ( 1)

that c it Dt = e -ρ i b i t M -b i t Z b i it c i0
, hence, using the expression of the state price densities M i , we have

c it D t = c i0 M it M t b i .
The consumption share can equivalently be written in the form

c it D t = c i0 M b i i F -b i (c γ 1 10 M 1 , ..., c γ N N 0 M N ) .
The relative level of risk tolerance is given by

ω it ≡ b i c it P N j=1 b j c jt . Differentiat- ing the equation N i=1 F -b i a b i i = 1, we get F a i (c γ 1 10 M 1 , ..., c γ N N 0 M N ) = Mt c γ i i0 M i
ω it hence the relative level of risk tolerance can be written in the form

ω it = c γ i i0 M i F -1 F a i .
As in [START_REF] Kogan | The Price Impact and Survival of Irrational Traders[END_REF] or Yan (2008), we say that investor i becomes extinct if lim t→+∞ c it Dt = 0, that she survives if extinction does not occur and that she dominates the market asymptotically if lim t→+∞ c it Dt = 1. We easily deduce from the properties of the state price densities obtained in Proposition 3.1 the following properties of the consumption shares and relative levels of risk tolerance, the first of which was obtained by [START_REF] Yan | Natural Selection in Financial Markets: Does It Work ?[END_REF]. • Only the agent with the lowest survival index impacts asymptotically the relative level of risk tolerance, i.e., lim t→∞ ω it = 0 for all i = I K , and lim t→∞ ω

I K t = 1. • We have lim Wt→∞ ω i (t, W t ) = lim Wt→∞ c i D (t, W t ) = 0 for all i = I θ min and lim Wt→∞ ω I θ min (t, W t ) = lim Wt→∞ c I θ min D (t, W t ) = 1. We have lim Wt→-∞ ω i (t, W t ) = lim Wt→-∞ c i D (t, W t ) = 0 for all i = I θmax and lim Wt→-∞ ω I θmax (t, W t ) = lim Wt→-∞ c I θmax D (t, W t ) = 1. • We have ∂ω i (t,Wt) ∂Wt = ω it b i (θ t -θ i ) -j ω jt b j (θ t -θ j )
and there is a shift following good news in the relative levels of risk tolerance towards agents with a relatively high b i (θ t -θ i ).

This implies that only the agent with the lowest survival index (resp. with the highest/lowest market price of risk) dominates the market in the sense of the consumption shares or in the sense of the risk tolerance asymptotically (resp. in very bad/good states of the world). As previously seen, this agent is the agent who values the wealth more than the other agents in the considered state.

Note that the agent with the highest b i (θ t -θ i ) is the most optimistic agent when there is only heterogeneity in beliefs, and is the least risk averse agent when there is only heterogeneity in risk aversion levels. In both cases this agent is the one who has the highest risk exposure and is then the most favoured by good news.

6 Risk free rate and market price of risk If we denote by µ M and σ M the drift and the volatility of the state price density process M, it is easy to obtain as in the standard setting that the short term rate r t and the market price of risk

θ t ≡ µ S (t)+DtS -1 t -rt σ S (t)
are respectively given by r t = -µ M (t) and θ t = -σ M (t).

The next proposition gives us the expression of the risk free rate and of the market price of risk in our heterogeneous setting. Detemple and Murthy (1997, Proposition 5) gives the expression of the risk free rate and of the market price of risk in a model with portfolio constraints, heterogeneous beliefs, homogeneous risk aversion levels and homogeneous time preference rates. Proposition 6.1 The risk free rate is given by

r t = N i=1 ω it r i - N i=1 θ i ω it N j=1 θ j (1 -b j ) ω jt + 1 2 N k=1 (1 -b k ) ω kt N i=1 θ i ω it 2 + 1 2 N i=1 (1 -b i ) θ 2 i ω it
and the market price of risk is given by

θ t = N i=1 ω it θ i ,
where we recall that ω jt ≡ b j c jt P k b k c kt , and where

θ i ≡ γ i σ -δ i and r i ≡ ρ i + γ i µ i -1 2 γ i (γ i + 1
) σ 2 respectively denote the market price of risk and the risk free rate in the economy populated by agent i only.

The risk free rate and the market price of risk fluctuate in time and state of the world and these fluctutations are directly related to the fluctuations of the relative levels of risk tolerance ω it . In particular, when one agent dominates the others in terms of risk tolerance then her individual market price of risk (risk free rate) dominates the equilibrium market price of risk (risk free rate). The market price of risk is a weighted average of the market prices of risk in the homogeneous economies. It fluctuates between the two bounds which are the lowest and the highest market price of risk in the different homogeneous economies. The risk free rate differs from an average of the homogeneous risk free rates and in particular can be lower than the lowest risk free rate or higher than the highest risk free rate 11 . More precisely, we get the following result.

Corollary 6.1

• The market price of risk satisfies

min i θ i ≤ θ t ≤ max i θ i .
In addition, we have

lim Wt→+∞ θ (t, W t ) = min i θ i = θ I θ min , lim Wt→-∞ θ (t, W t ) = max i θ i = θ I θmax
and the asymptotic market price of risk is given by lim t→∞ θ t = θ I K .

• The risk free rate satisfies

r t ≤ N i=1 ω it r i ≤ max i r i if γ i ≤ 1 for all i, r t ≥ N i=1 ω it r i ≥ min i r i ≡ r I 0 if γ i ≥ 1 for all i.
In addition, we have

lim Wt→+∞ r (t, W t ) = r I θ min , lim Wt→-∞ r (t, W t ) = r I θmax
and the asymptotic risk free rate is given by lim t→∞ r t = r I K .

11 For instance, consider the case where only δ i is heterogeneous. It is easy to see that r t is then given by

r t = E ωt [r i ] + 1 2 (1 -b)V ar ωt [δ i ]
where E ωt and V ar ωt are respectively the expectation and the variance operators associated with the weights ω it . In particular, in the case N = 2, e * 1 = e * 2 and δ 1 = -δ 2 , r 0 lies in [r 1 , r 2 ] if and only if |1 -b| δ ≤ 2γσ.

The result on the asymptotic risk free rate can be seen as the generalization of Yan (2008, Corollary 1) to the case with heterogeneous risk aversions and time preference rates. The asymptotic behavior of the risk free rate and of the market price of risk is driven by the agent with the lowest survival index only. She is the only surviving agent (in the sense of the consumption share or of the relative level of risk tolerance), hence is the only one to impact asymptotically the instantaneous risk free rate and market price of risk.

Analogously, only the agent with the lowest (resp. highest) market price of risk impacts the behavior of the risk free rate and of the market price of risk in the heterogeneous economy for very high (resp. very low) values of W t . She is the only agent present in the economy (in the sense of the consumption shares or of the relative levels of risk tolerance) in those states. This is to be related to the results of Corollaries 4.1 and 5.1. In particular, the market price of risk in the heterogeneous economy reaches the two bounds in very good and very bad states of the world. It is minimal in very good states of the world, and maximal in very bad states of the world. The next corollary shows how the market price of risk fluctuates with aggregate endowment. Corollary 6.2 The market price of risk θ t = θ (t, W t ) is monotone decreasing in W t for any parameters of the model. The market price of risk is always countercyclical.

Note that this countercyclicality property is consistent with the observed variations of the equity premium. Indeed, there is evidence that the equity premium is time varying and as noted by, e.g., Campbell and Cochrane (1999) "equity risk premia seem to be higher at business cycles troughs than they are at peaks". This result generalizes the result obtained by [START_REF] Jouini | Unbiased Disagreement and the Efficient Market Hypothesis[END_REF] in the specific setting of agents who only differ in their beliefs and who are on average rational. It is quite striking to obtain the countercyclicality result for any distribution of the characteristics (risk aversion level, beliefs, time preference rates). It is heterogeneity and its impact on the fluctuations of the relative levels of risk tolerance ω it which generates this countercyclical behavior.

We also get monotonicity results for the risk free rate in the case of homogeneous risk aversion.

Corollary 6.3 If risk aversion is homogeneous, that is b i = b for all i, then • if the sequences -σ(δ i ) +0.5(b-1)(δ 2 i )-ρ i and (δ i ) are anti-comonotone, then r t is procyclical • if the sequences -σ(δ i ) + 0.5(b -1)(δ 2 i ) -ρ i and (δ i ) are comonotone, then r t is countercyclical.
For instance, if time preference parameters are also homogeneous, and if agents hove logarithmic utility functions, we immediately get that the risk free rate is procyclical. For general utility functions, we still obtain the procyclicality result as long as agents are not biased in their beliefs. These results remain valid if time preference rates ρ i are no longer homogeneous but comonotone with the beliefs δ i . These results are consistent with observed behavior since empirical studies have confirmed that the short term rate is a procyclical indicator of economic activity (see e.g. Friedman, 1986, Blanchard and Watson, 1986).

Bond Prices

As seen in Section 3, in the homogeneous economies, the average discount rate between time t and T is the same for all (t, T ) and given by the constant risk free rate. Indeed, we have in the homogeneous economy made of agent i only, B i (t, T ) = e -(T -t)r i , and Y i (t, T ) = r i . The yield curves, representing, for all time t, the discount rates Y i (t, T ) as a function of T -t, are the same for all time t and flat.

In the heterogeneous economy, the yield curves are not flat. The instantaneous discount rate defined by lim T →t Y (t, T ) is given by the risk free rate r t. The next proposition characterizes the asymptotic discount rate.

Proposition 7.1 The asymptotic average discount rate is determined by the agent with the highest savings motives, i.e., for all t,

lim T →+∞ Y (t, T ) = r I 0 .
The same reasoning as above holds: when one agent dominates the individual price of an asset then she makes the price of that asset in the heterogeneous economy. As seen in Proposition 3.1, the agent with the highest savings motives dominates the price of the very long term bond because it is most attractive for her. The agent with the highest savings motives then drives the asymptotic average discount rate. This proposition is the extension to the setting with three possible sources of heterogeneity of the proposition of Gollier and Zeckhauser (1996) for the case of heterogeneous time preference rates, of [START_REF] Wang | The Term Structure of Interest Rates In A Pure Exchange Economy With Heterogeneous Investors[END_REF] for heterogeneous levels of risk aversion and of [START_REF] Jouini | Discounting and Divergence of Opinion[END_REF] for heterogeneous beliefs.

In the setting with heterogeneous time preference rates only, the same agent drives the asymptotic discount rate and the asymptotic risk free rate. Indeed, in that case, the agent with the lowest survival index is also the agent with the highest savings motives, namely the most patient agent. Apart from this setting, it is quite striking that the agent that drives the asymptotic average discount rate differs from the agent that drives the asymptotic risk free rate, even though the discount rate is an average of the risk free rates. Indeed, we have T ) . In the case with heterogeneous beliefs only, the risk free rate converges to the rate of the most rational agent whereas the asymptotic discount rate is driven by the most pessimistic agent.

Y (t, T ) = -1 T -t log E Q t exp - T t r s ds where Q is the risk-neutral probability measure, with r s → r I K and Y (t, T ) → T →∞ r I 0 . Analogously, we have Y (t, T ) = -1 T -t log E t M T Mt with M T Mt ∼ M I K T M I K t and Y (t, T ) ∼ Y I 0 (t,
In particular, Proposition 7.1 as well as Corollary 6.1 imply that when t is large enough, the yield curve representing Y (t, T ) as a function of (T -t) is driven by the risk free rate of the agent with the lowest survival index (agent I K ) at one end of the yield curve, i.e., for small values of (T -t), whereas at the other end, i.e., for (T -t) large enough, it is driven by the risk free rate of the agent with the highest savings motives or equivalently the lowest risk free rate (agent I 0 ). The aim of the remainder of this section is to show that the yield curve is defined stepwise, and that each subinterval is associated with a given agent in the sense that the marginal rate on that subinterval corresponds to the rate in the economy made of that agent only. Moreover, that agent is the agent who values the most a given zero coupon bond associated to the subinterval and is characterized by a maximization program involving a weighted average of the savings motives and of the survival index.

In the homogeneous economy made of agent i only, the price, seen from date 0, of a zero coupon bond between time t and time T and in state ω is given by E

t [M iT ] = e -r i (T -t) e -κ i t -θ i Wt . This implies that for λ ∈ [0, 1] , we have E λT [M iT ] = e -l i (λ)T e -θ i W λT where l i (λ) = [λκ i + (1 -λ) r i ] = κ i -(1 -λ) 1 2 θ 2 i
is a weighted average of the survival index and of the risk free rate. Since (l i (λ) , λ ∈ [0, 1]) is a family of line segments, there exist pairs of values

((I j , λ j ) , j = 1, • • • , K) such that min i l i (λ) = l I j (λ) for all λ ∈ (λ j , λ j+1 )
where λ 0 = 0 and λ K+1 = 1. For λ near 0, agent I 0 satisfies r I 0 = inf i r i and for λ near 1, agent

I K satisfies κ I K = inf i κ i .
The index l i (λ) drives the asymptotic behavior of the price

E λT [M iT ] in the sense that lim T →∞ E λT [M iT ] E λT [MI j T ]
= 0 for all i = I j when λ ∈ (λ j , λ j+1 ).

This is due to the fact that the price E t [M iT ] involves both the state price density M it whose asymptotic behavior is driven by the survival index and the bond price B i (t, T ) , whose asymptotic behavior is driven by the savings motives. For λ = 0, we retrieve the fact that agent I 0 (with the lowest risk free rate) dominates the prices of the zero coupon bond B i (0, T ) when T is large enough. For λ = 1, we retrieve the fact that agent I K (with the lowest survival index) dominates the state price densities M iT for T large enough. For λ ∈ (0, 1) , we obtain that agent I j (with the lowest index l i (λ) , mixing the survival index and the savings motives) dominates the prices E λT [M iT ] when T is large enough. Consider the case with heterogeneity in beliefs only. Then agent I 0 is the most pessimistic agent and agent I K is the most rational agent. Agent I 1 is the most pessimistic agent once agent I 0 is excluded, agent I 2 is the most pessimistic agent once agents I 0 and I 1 are excluded, etc. Moreover, the intervals (λ j , λ j+1 ) on which l I j (λ) = min i l i (λ) are given by λ j = 2γσ 2γσ-(δ I j-1 +δ I j ) .

Note that apart from agent I K (who might be optimistic or pessimistic) all the agents I j (for j = 0, ..., K -1) are pessimistic. This is due to the following: In the case with heterogeneity on the beliefs only, minimizing l i (λ) amounts to minimizing the average of the survival index and of the risk free rate associated to the i -th agent. The survival index reaches its minimum for the lowest δ i in absolute value (i.e., for the most rational agent), while the risk free rate increases with δ i . Starting from the most rational agent, it is clear that the only way to possibly decrease l i (λ) consists in moving in the direction of more pessimism.

In our heterogeneous economy, we obtain as a corollary to Equation (3) that

N i=1 c γ i /γ i0 E t [M iT ] 1/γ γ ≤ E t [M T ] ≤ N i=1 c γ i /Γ i0 E t [M iT ] 1/Γ Γ (4)
which leads to the following results on the bond prices.

Proposition 7.2

• The bond prices satisfy

E t [M αt ] ∼ c γ I j I j 0 E t M I j αt and B (t, αt) ∼ c γ I j I j 0 c γ K I K 0 E t M I j αt M I K αt for all α ∈ ( 1 λ j+1 , 1 λ j ). • We have, for α ∈ ( 1 λ j , 1 λ j-1 ), Y (α) ≡ lim t→∞ Y (t, αt) = 1 α -1 κ I K -α l I j (1/α)
and the convergence is uniform on compact subsets of (1, ∞) . We have lim α→1 Y (α) = r I K and lim α→∞ Y (α) = r I 0 .

• The marginal rates associated to the asymptotic yield curve (the instantaneous forward rates) are given by

d dα [Y (α)(α -1)] = r I j on ( 1 λ j+1 , 1 λ j ).
The above result provides then the shape of the asymptotic yield curve. However, it is important to notice that, asymptotically, yield curves at different dates are obtained through homothetic transformations and not through translations. In other words, for t large enough, all yield curves will have the same shape, but at different scales.

Different segments of the (asymptotic) yield curve are determined by different agents with different characteristics. More precisely, the marginal discount rate for the interval ( 1 λ j+1 , 1 λ j ) is determined by agent I j .These results are particularly in line with the Preferred Habitat Theory (PHT) developed by [START_REF] Modigliani | Innovations in Interest Rate Policy[END_REF]. Following this theory, if an investor's investment horizon coincides with the maturity of a zero-coupon bond then she will consider the long-term bond as riskless and require a premium for holding short-term bonds. Each investor has then a preferred habitat that corresponds to her "natural" investment horizon. This investment horizon might result from institutional factors, regulatory constraints or from different levels of risk exposure of the background portfolio at different maturities. In our framework, this investment horizon naturally emerges for each agent, as the result of agents' heterogeneity.

It is interesting to note that even though only one agent survives in the long term, non surviving agents might continue to have an impact on the yield curve. One may argue that the impact of agent I j is only between ( 1 λ j+1 t, 1 λ j t) and is then at more and more distant horizons when t increases. However, we can construct examples where non surviving agents impact prices and where this impact does not vanish asymptotically, as illustrated in the following example.

Example 7.1 Assuming heterogeneity in beliefs only, we know that r I K corresponds to the risk free rate in the economy populated by the most rational agent and r I 0 corresponds to the risk free rate in the economy populated by the most pessimistic agent only. Let us consider an asset (growing perpetuity) with a deterministic dividend flow d t = d 0 exp(rt) with r I 0 < r < r I K . The price at date t of this asset in the economy populated by agent I K only is given by

p t = d 0 exp (r I K t) ∞ t exp ((r -r I K )s) ds = d 0 r I K - r exp (rt)
in terms of date t prices. On the other hand, the price p t of this asset in the heterogeneous economy is infinite in date t prices terms. Indeed, if we denote by rs the marginal discount rate (from date t point of view) at date s (i.e. rs = -1 B(t,s) ∂B(t,s) ∂s ) we know that rs is arbitrarily close to r I 0 for s sufficiently large. More precisely, let s such that rv ≤ r -ε for ε > 0 and for all v ≥ s. We have

p t = d 0 exp (rt) ∞ t exp u t (r -rv )dv du ≥ d 0 exp (rt) exp s t (r -rv )dv ∞ s exp u s (r -rv )dv du
and it is easy to see that the last integral is infinite and so is p t .

In order to explore further the shape of the yield curve and the relative impact of the different agents, we consider the case of an economy populated by continuously many agents. Let us first assume that the characteristics (ρ, γ, δ) of these agents are continuously distributed on some subset U of R + × R + × R. In such a setting, each λ is the preferred habitat of the agent whose characteristics (ρ(λ), γ(λ), δ(λ)) satisfy

(ρ(λ), γ(λ), δ(λ)) = arg max (ρ,γ,δ)∈U {-(ρ+γ(µ- 1 2 σ 2 )+ 1 2 δ 2 )+ 1 2 (1-λ) (δ -γσ) 2 }.
Agent I K corresponds to λ = 1 and we get for the yield between t and T ≥ t that Y (t, T ) ( 5)

∼ (T -t) -1 T ρ t T -tρ(1) -tγ(1) -T γ t T µ - σ 2 2 (6) - 1 2 tδ 2 (1) -T δ 2 t T - T -t 2 δ t T -γ t T σ 2
where the equivalence is meant asymptotically in t, the ratio t/T being fixed. as long as γσ(1 -1/λ) is in [δ min , δ max ] . For 1/λ large enough, we have δ(λ) = δ min . For the sake of simplicity, we assume that 0 ∈ [δ min , δ max ] which gives us that δ(1) = 0. Substituting in equation ( 5), we get

Y (t, T ) (7) 
∼ ρ + γ(µ - 1 2 σ 2 ) - 1 2 γ 2 σ 2 T t , for T t ∈ 1, 1 - δ min γσ ∼ ρ + γ(µ - 1 2 σ 2 ) - 1 2 (δ min -γσ) 2 + 1 2 T T -t δ 2 min , for T t ∈ 1 - δ min γσ , ∞
The asymptotic term structure is inverted. It is linear until a certain threshold after which it converges asymptotically to the rate of the most pessimistic agent. As in the discrete setting, the different habitats are ordered on the time line by the level of pessimism of the associated agents. and the asymptotic term structure is constant. The whole asymptotic yield curve is associated to the lowest level of impatience.

Example 7.4 Consider now the case where only γ varies. More precisely, suppose U = {ρ} × [γ min , γ max ] × {δ} . It is shown in the Appendix that for the case where the economy is shrinking, µ < σ 2 /2, the whole yield curve (which is flat in this case) is associated to a single agent (the most riskaverse agent with γ = γ max , or the least risk-averse agent with γ = γ min , depending on how large is γ max ). When the economy is growing, if the highest risk aversion is large enough, the yield curve is determined for short horizons by the agent with the lowest level of risk aversion (i.e., γ = γ min ) and for long horizons by the agent with the highest level of risk aversion (i.e., γ = γ max ). We have then two different habitats and the more distant one in time is associated to a higher level of risk aversion than the less distant one. As noted by [START_REF] Wang | The Term Structure of Interest Rates In A Pure Exchange Economy With Heterogeneous Investors[END_REF], long term bonds are more attractive to more risk averse agents as hedging instruments against future downturns of the economy. Indeed, the more risk averse investors are more averse to low levels of future consumption. Consequently they exert a stronger influence on their equilibrium price. However, γ max should be large enough with respect to γ min , for this phenomenon to occur. If not, we may have an inversion : γ max determines the short term rates and γ min the long term ones.

Stock price and cumulative returns

We have determined the expression of the market price of risk

θ t ≡ µ S (t)+DtS -1 t -rt σ S (t)
and of the risk free rate r t and analyzed their asymptotic properties in Section 6. We now analyze the expression of the drift µ S (t) and volatility σ S (t) of the stock price and their asymptotic properties. We also analyze the asymptotic properties of the price dividend ratio and of the cumulative returns. In particular, are they given by the quantities of the economy made of the surviving agent only ?

We recall that in the homogeneous economies the volatility is a constant given by σ . In the homogeneous economy, populated only by agent i, it is easy to obtain that the stock price is finite if and only if, as in [START_REF] Yan | Natural Selection in Financial Markets: Does It Work ?[END_REF],

ρ i + (γ i -1)µ i -1 2 γ i (γ i -1)σ 2 > 0.
The stock price-dividend ratio at time t is then constant and given by

S D i ≡ E t ∞ t M iτ D τ M it D t dτ = ρ i + (γ i -1)µ i - 1 2 γ i (γ i -1)σ 2 -1
.

The cumulative expected return on rolling all the money in stock between time t and time T is then given by

R i (t, T ) ≡ E t S iT S it e R T t Dτ S iτ dτ = e h µ+[( S D ) i ] -1 i (T -t)
and the associated yield curve,

T → 1 T -t log R i (t, T ) = µ + ρ i + (γ i -1)µ i - 1 2 γ i (γ i -1)σ 2
is flat and the same for all t.

Volatility and price dividend ratio

In our heterogeneous economy, we obtain the following results on the volatility and the price dividend ratio.

Recall that θ i = γ i σ -δ i .

Proposition 8.1 1. The volatility parameter of the stock price is given by

σ S (t) = σ + E t ∞ t (θ t -θ τ )M τ D τ dτ E t ∞ t M τ D τ dτ .
In particular,

σ + min i θ i -max i θ i ≤ σ S t ≤ σ + max i θ i -min i θ i ,

The asymptotic stock price volatility satisfies

lim t→∞ σ S (t) = σ.

The asymptotic price dividend ratio satisfies

lim t→∞ S t D t = S D I K .
4. Suppose risk aversion is homogeneous. Then,

• If 0.5b(1 -b)δ 2 i + bρ i -bσδ i is anti-co-monotone with δ i then St
Dt is procyclical (increases with W t ) and the excess volatility is positive, i.e. σ S (t) ≥ σ.

• If 0.5b(1 -b)δ 2 i + bρ i -bσδ i is co-monotone with δ i then St
Dt is countercyclical (decreases with W t ) and the excess volatility is negative, i.e. σ S (t) ≤ σ.

The volatility is not a constant as in the standard setting, due to the stochastic market price of risk. It can fluctuate in time and state of the world. The previous proposition gives us the range in which it fluctuates. As far as asymptotic properties are concerned, we obtain a positive answer to the question raised above. We obtain that only the surviving agent (i.e., the agent with the lowest survival index) has an impact on the asymptotic volatility and price dividend ratio.

However, as in the case of bonds, we now show that even though non surviving agents do not have an impact on the long run volatility and price dividend ratio, they may have an impact on the long run returns.

Cumulative returns

The cumulative expected return on rolling all the money in the stock between time t and T is given by

R(t, T ) = E t S T S t e R T t DsS -1 s ds (8) 
= E

(1) t

S T D T e R T t DsS -1 s ds E t [D T ] D t S t (9) 
where P

(1) T

is the probability measure on F T whose density with respect to the restriction P T of P on F T is proportional to D T . We also denote by P (1) the extension 12 of the probability measures P T to the set of infinite paths. Equation [START_REF] Cvitanić | Risk Aversion and Equilibrium Optimal Portfolios in Large Markets[END_REF] shows that the asymptotic behavior of St Dt is as a key element in the determination of the asymptotic cumulative equity return. As seen in Proposition 8.1, this ratio is asymptotically given by S D I K and is deterministic. However, even though this convergence is an almost sure convergence under P, it is not clear whether or not the limit remains the same 13 under P (1) . In fact, the optimal consumption of agent i can be rewritten as follows

c it = e -ρ (1) i b i t M -b i t (Z (1) 
it

) b i c i0 where ρ (1) i = ρ i -δ i σ 2 and Z (1) it = e δ i W (1) t -1 2 δ 2 i t
and where W

(1) t is a standard Brownian motion under P (1) . Thus, under this new measure everything looks the same, apart from the fact that agents have discount rates given by ρ (1) i = ρ i -δ i σ 2 and that the drift is given by µ (1) = µ + σ 2 . This means that, under P (1) , the surviving agent is no more agent I K but agent A(1) characterized by (ρ

A(1) + γ A(1) (µ (1) - 1 2 σ 2 ) + 1 2 δ 2 A(1) ) = min i (ρ (1) 
i + γ i (µ (1) -

1 2 σ 2 ) + 1 2 δ 2 i ).
This suggest that survival and long run impact are different concepts. In the next we will illustrate the fact that the long run impact is determined by different agents depending on the asset under consideration.

Intuitively, one would expect from equation ( 9) that the cumulative equity returns converge to those determined by agent A(1). In fact, the long run return in the homogeneous economy populated by agent A(1) only provides a lower bound for the long run return in our economy. Since a change of probability leads to a change of surviving agent, it is possible to obtain other lower bounds by the introduction of well chosen artificial probabilities. The next proposition provides such a lower bound based on the consideration of a parametrized family of such artificial probabilities. Proposition 8.2 Let t = λT. We have

lim inf T →∞ (T -t) -1 log R(t, T ) ≥ µ + max α - 1 2 σ 2 (1 -α) 2 + S D -1 A(α)
where A(α) is characterized by

ρ A(α) -δ A(α) σ 2 α + γ A(α) (µ - 1 2 σ 2 + σ 2 α) + 1 2 δ 2 A(α) = min i ρ i -δ i σ 2 α + γ i µ - 1 2 σ 2 + σ 2 α + 1 2 δ 2 i ( 10 
)
and were r (A(α)) corresponds to the instantaneous riskless rate that would prevail in the economy populated by agent A(α).

Example 8.1 Assume that all agents have the same level of risk aversion γ and the same time preference parameter ρ, but have heterogeneous beliefs that vary continuously taking values in [δ min , δ max ] with δ min < 0 and

δ max > [(γ -1)σ + 1] σ 2 > 0. We have ρ -δ A(α) σ 2 α + 0.5δ 2 A(α) = min i (ρ -δ i σ 2 α + 1 2 δ 2 i ) which leads to δ A(α) = σ 2 α
as long as σ 2 α ∈ [δ min , δ max ] . We have then

lim inf T →∞ (T -t) -1 log R(t, T ) ≥ γµ+ρ-0.5(γ-1)σ 2 -(γ-1) 2 σ 2 +σ 2 max α∈ h δ min σ 2 , δmax σ 2 i -0.5(1 -α) 2 + (γ -1)σα
The maximum is reached for

α * = (γ -1)σ + 1 which gives δ A * = σ 2 ((γ -1)σ + 1) > 0
By construction, the long run return in this economy is higher than the long run return in the economy populated by agent A * only. Note also that

µ + S D -1 i = µ + ρ + (γ -1)(µ -0.5σ 2 + σδ i + (1 -γ)σ 2 )
which means that the long run return in the homogeneous economies increases with δ i if only if γ > 1. In this case we also have that the long run return in the homogeneous economy goes to infinity when δ i goes to infinity. Consequently, for γ > 1, we have that the long run return is higher than the long run return in the homogeneous economy populated by agent A * with δ A * = σ 2 ((γ -1)σ + 1) > 0. The long run return in our economy corresponds then to the long return in an homogeneous economy populated by an agent B with δ B ≥ δ A > 0 and such that

lim inf T →∞ (T -t) -1 log R(t, T ) = µ + ρ + (γ -1)(µ -0.5σ 2 + σδ B + (1 -γ)σ 2 ).
In conclusion, in our economy we have that the long run return is determined by the agent with δ = δ B > 0 while the asymptotic long run discount rate is determined by the agent with δ = δ min < 0 and the asymptotic short rate, volatility and stock price are determined by the agent with δ = 0 which is the only surviving agent.

Optimal Portfolios

Let us consider the investment strategy of agent i in the risky and in the riskless aset that permits to implement the equilibrium consumption process (c it ). Such a strategy is characterized by a process π it that corresponds to the number of shares of the risky asset held at date t by the agent under consideration. The number of shares of riskless asset is determined by the dynamic budget constraint and if we denote by w it the financial wealth of agent i at date t along this strategy, we have

dw it = w it (r t dt + π i t (S -1 t (dS t + D t dt) -r t dt)) -c it dt (11) = w it (r t dt + π i t σ t (θ t dt + dB t )) -c it dt. (12) 
In the next, we denote by π myopic it the myopic (instantaneously mean variance efficient) portfolio given by

π myopic it = δ i + θ t γ i σ t
and we denote by π hedging it = π it -π myopic it the hedging component of the optimal portfolio, i.e. the component that permits to hedge against future fluctuations of the market risk premium.

The following proposition characterizes the optimal portfolio and provides its asymptotic composition. Proposition 8.3

1. The optimal portfolio is given by

σ t π it = θ t + E t ∞ t (b i δ i + (b i -1)θ τ )M τ c iτ dτ E t ∞ t M τ c iτ dτ
In particular,

min j θ j + min j (b i δ i + (b i -1)θ j ) ≤ σ t π it ≤ max j θ j + max j (b i δ i + (b i -1)θ j )
2. If we further assume that γ i > 1, for all i, then

lim t→∞ π it = δ i + θ I K σγ i . 3. Suppose risk aversion is homogeneous. The sign of (1 -b) π hedging it • is positive if the sequences bσδ i + 1 2 b(1 -b)δ 2 i + bρ i -2b 2 (max j θ j + δ i )δ i , (13) bσ 
δ i + 1 2 b(1 -b)δ 2 i + bρ i -2b 2 (min j θ j + δ i )δ i (14) 
are both anti-co-monotone with (δ i );

• is negative if the sequences (13)-( 14) are both co-monotone with (δ i ).

The asymptotic risky portfolio corresponds then, for each agent, to his optimal risky portfolio when facing an asset whose risk premium corresponds to the asymptotic risk premium of our heterogeneous economy, that is to say the risk premium that would prevail in the economy populated by agent I K only.

Proof of Lemma 4.1

Let b i = 1/γ i denote the relative risk tolerance. The optimal consumption of investor i is given by

c it = e -ρ i b i t M -b i t Z b i it c i0 = (c γ i i0 M it ) b i D t M -b i t .
In equilibrium we require that

n i=1 c it = D t or equivalently i (c γ i i0 M it ) b i M -b i t = 1.
Let F (a 1 , • • • , a n ) be the function defined as the unique solution to i

F -b i a b i i = 1. (15) 
Then, a direct consequence of the equilibrium equation is that

M = F (c γ 1 10 M 1 , • • • , c γ 1 N 0 M N ).
Let Γ ≥ 1 be such that Γb i > 1 for all i and γ ≤ 1 be such that γ b i ≤ 1 for all i . We have i (c

γ i i0 M it ) b i M -b i t = 1 which gives (c γ i i0 M it ) M -1 t ≤ 1 and i (c γ i i0 M it ) 1 Γ M -1 Γ t ≥ 1 ≥ i (c γ i i0 M it ) 1 γ M -1 γ t .
The bounds on M t follow from there.

Proof of Corollary 4.1

The first part is immediate. Note that 

F (a 1 , • • • , a N ) > F (a 1 , • • • , a N ) whenever a i > a i for i = 1, • • • N.
I K 0 e -ρ I K t Z I K t D -γ I K t . Therefore, for i = I K c it D -1 t = e -ρ i b i t M -b i t Z b i it c i0 ≤ e -ρ i b i t c γ I K I K 0 e -ρ I K t Z I K t D -γ I K t -b i Z b i it c i0 D -1 t = e -ρ i t c γ i i0 Z it e -ρ I K t c γ I K I K 0 Z I K t D γ I K -γ i t b i = e b i (κ I K -κ i )t+b i (γ j -γ i )σWt . (16)
By definition, κ I K -κ i < 0 and therefore c it D -1 t converges to zero by the law of large numbers. Since i c i = D, we have lim t→∞ c I K t D -1 t = 1. The limits when W t goes to +∞ or -∞ result directly from Corollary 4.1. Finally, we have ω it = c γ i i0 M i F -1 F a i and then

dω it (W t ) dW t = c γ i i0 dM it dW t F -1 F a i -c γ i i0 M i F -2 F a i j F a j c γj j0 dM jt dW t + c γ i i0 M i F -1 j F a i a j c γj j0 dM jt dW t . (17) 
If we differentiate the formula

k F 1-b k a b k k -F = 0
with respect to a i and then with respect to a j , we get

F a i a j = ((1 -b j ) + (1 -b i )) ω it ω jt M t (c γ i i0 M it c γ j j0 M jt ) -1 -M -1 t k (1 -b k )ω kt F a i F a j + δ ij (b i -1)(c γ i i0 M it ) -2 M t ω it (18)
where δ ij is equal to 1 for i = j and to 0 for i = j. Replacing in [START_REF] Jouini | Unbiased Disagreement and the Efficient Market Hypothesis[END_REF] and recombining the different terms leads to

dω it (W t ) dW t = ω it b i (θ t -θ i ) - j ω jt b j (θ t -θ j ) . ( 19 
)
Proof of Proposition 6.1 Assume that M can be written in the representation

dM t = M t (-r t dt -θ t dW t ).
The risk free rate is then given by r t and the market price of risk is given by θ t . Since

M t = F (c γ 1 10 M 1t , • • • , c γ N N 0 M N t ) we have, dM t = i c γ i i0 F a i dM it + 1 2 i , j c γ i i0 c γ j j0 F a i a j d M it , M jt . (20) 
By definition,

dM it = M it (-r i dt -θ i dW t ) (21) 
and the formula

θ t = N i=1 ω it θ i ,
follows directly. As far as the risk free rate is concerned, we have

d M it , M jt = M it M jt θ i θ j dt. (22) 
which with (18) leads to

r t = N i=1 ω it r i - N i=1 θ i ω it N j=1 θ j (1 -b j ) ω jt + 1 2 N k=1 (1 -b k ) ω kt N i=1 θ i ω it 2 + 1 2 N i=1 (1 -b i ) θ 2 i ω it .
Proof of Corollary 6.1

The first point is immediate. Using the inequality

a 2 + b 2 ≥ 2ab, we get 1 2 k |1 -b k | ω kt i θ i ω it 2 + 1 2 i |1 -b i | θ 2 i ω it ≥ k |1 -b k | ω kt 1/2 i θ i ω it i |1 -b i | θ 2 i ω it 1/2 . (23) 
Now, applying the Cauchy-Schwarz inequality

i x 2 i 1/2 i y 2 i 1/2 ≥ i x i y i to x i = |1 -b i | 1/2 θ i ω 1/2 it and y i = |1 -b i | 1/2 ω 1/2 it
we get the first or the second inequality depending on the sign of the (1 -b i ) s. The limits are obtained from the behavior of the ω i s in extreme states of the world. The asymptotic results are immediate from Corollary 5.1. Proof of Corollary 6.2

We have,

ω it = c γ i i0 M it F -1 F a i and therefore dω it (W t ) dW t = c γ i i0 dM it dW t F -1 F a i -M it F -2 F a i j c γ j j0 F a j dM jt dW t + M it F -1 j c γ j j0 F a i a j dM jt dW t = -ω it b i θ i +ω it θ t -ω it j ω jt (1-b j )θ j -ω it (1-b i )θ t +ω it θ t k (1-b k ) ω kt . (24) 
After some manipulations, we get

dθ t dW t = i θ i dω it dW t = - i ω it b 2 i θ 2 i + θ 2 t -2θ t i ω it (1 -b i )θ i + θ 2 t k (1 -b k )ω kt = 2 j ω jt θ j j ω jt b j θ j - j ω jt θ 2 j j ω jt b j - j ω jt b j θ 2 j .
Now, applying Cauchy-Schwarz, we get which is what had to be proved.

Proof of Corollary 6.3

dr t dW t = d dW t i ω i r i -θ t j θ j (1 -b j )ω jt + 1 2 k (1 -b k )ω kt θ 2 t + 1 2 i (1 -b i )θ 2 i ω i t (25)
Given X = (x 1 , . . . , x N ), denote

E(x) = i ω it x i
Since the weights sum up to one, this is an expectation on {1, • • • , n} and we can also define Cov ω and Var ω . Let

R = (r i ) i=1,••• ,N , β = (b i ) i=1,••• ,N and Θ = (θ i ) i=1,••• ,N .
Then, a direct but tedious calculation implies that

dr t dW t = -Cov ω (βΘ , R) + E(Θ) Cov ω (β, R) + E(Θ)Cov ω (βΘ, Θ)-E(Θ)Var(βΘ)-E(Θ) 2 Cov ω (Θ, β)+E(Θ) 2 Cov ω (Θβ, β) + 1 2 E(Θ) 2 Cov ω (Θβ, β) -E(Θ) Var ω (β) + 1 2 Cov ω (β (β -1)Θ 2 , Θ) + Cov ω (Θ, β) E((1 -β)Θ 2 ) + Cov ω (β, Θ) 2E(Θ)E(βΘ) -E(Θ 2 )E(β) -E(βΘ 2 )
In particular, if risk aversion is homogeneous (that is,

β = (b, • • • , b)) then we get dr t dW t = -bCov ω (Θ, R) + b(b -1) 1 2 Cov ω (Θ 2 , Θ) = -Cov ω (-bσ(δ i ) + 0.5b(b -1)(δ 2 i ) -bρ i , (δ i )) (26)
and the claim follows.

Proof of Proposition 7.1

We have Proof of Proposition 7.2 For λ ∈ (λ j-1 , λ j ) and t = λT we have lim

E t [M iT ] = exp(-r i (T -t) -κ i t -θ i W t ).
T →∞ E t [M iT ] E t [M I j T ] → 0 for i = I j . The asymptotic behavior of E t [M αt ] for α ∈ 1 λ j+1 , 1
λ j derives directly from there and from Equation (4). By definition, B(t, T ) is equal to 

= exp - R αt t rsds E[exp - R αt t rsds] then we have d dα Y (t, αt) = 1 (α-1) -Y (t, α) + E Qt t [r αt ] . We also have i c γ i /γ i0 1 γ exp (αt -t) min i l i (0) ≤ B(t, αt) ≤ i c γ i /Γ i0 1 Γ exp (αt -t) max i l i (0) 1 t -αt 1 γ ln i c γ i /γ i0 -max i l i (0) ≤ Y (t, αt) ≤ 1 t -αt 1 Γ ln i c γ i /Γ i0 -min i l i (0)
which gives us that 1 α-1 Y (t, αt) is bounded on the compact subsets of (1, ∞) . Using the expression for r t given by Proposition 6.1 we also have that r αt and hence 1 α-1 E Qt t [r αt ] are bounded on the compact subsets of (1, ∞) . The mappings α → Y (t, αt) are then uniformy Lipschitz on the compact subsets of (1, ∞) and the convergence of Y (t, αt) to Y (α) is then uniform on the compact subsets of (1, ∞) . Proof of Proposition 8.1

1. We can rewrite the defining identity for the stock price as

t 0 M τ D τ dτ + S t M t = E t ∞ 0 M τ D τ dτ . Thus, M t D t dt + d(S t M t ) = γ t dB t
for an adapted process γ t given by

γ t = E t ∞ t D t (M τ D τ ) dτ
where D denotes Malliavin derivatives. Using Ito's formula, we get

γ t = S t M t (-θ t + σ S t ).
Let us now calculate γ t . We have

D t (M τ D τ ) = D t (M τ )D τ + M τ σD τ and D t (M τ ) = D t (F (c γ 1 10 M 1τ , • • • , c γ N N 0 M N τ )) = i c γ 1 i0 F a i D t (M iτ ) = -M τ θ τ .
Thus,

γ t = E t ∞ t (σ -θ τ )M τ D τ dτ
which gives σ S t . The derivation of the upper and lower bounds is straightforward.

2. Since

θ t = i ω i t θ i ,
we get

E t [θ t+u M t+u D t+u ] E t [M D t+u ] -θ I K = i =I K θ i E t [ω i t+u M t+u D t+u ] E t [M t+u D t+u ] .
By [START_REF] Jouini | Consensus consumer and intertemporal asset pricing under heterogeneous beliefs[END_REF], we get

ω i,t+u ≤ b i min i b i c i t+u D -1 t+u ≤ e -ψ i (t+u)+η i W t+u (27) 
for some ψ i > 0. Now, the same argument as in the proof of Proposition 7.2 (based on Lemma 4.1) implies that

lim t→∞ E t [e -ψ i (t+u)+η i W t+u M t+u D t+u ] E t [e -ψ i (t+u)+η i W t+u M I K t+u D t+u ] = 1 40
and from the law of large numbers we have

lim t→∞ E t [e -ψ i (t+u)+η i W t+u M t+u D t+u ] E t [M t+u D t+u ] = 0 
for all i = I K . With (27), this leads to

E t [θ t+u M t+u D t+u ] E t [M t+u D t+u ] → θ I K . (28) 
and then to lim

t→∞ σ S t = σ. 3. We have S t D t = E t ∞ t M τ D τ M t D t dτ .
Note we can rewrite the aggregate consumption condition as

1 = N i=1 M τ M t -b i M iτ M it b i (c it D -1 t ) (29) 
Then, the same argument as in the proof of Lemma 4.1 gives us

i (c it D -1 t ) γ i M iτ M it 1/γ γ ≤ M τ M t ≤ i (c it D -1 t ) γ i M iτ M it 1/Γ Γ (30) 
for Γ ≥ 1 such that Γ b i > 1 for all i and for γ ≤ 1 such that γ b i ≤ 1 for all i. Similarly, we have

i (c it D -1 t ) γ i E t D τ M iτ D t M it 1/γ γ ≤ E t D τ M τ D t M t ≤ i (c it D -1 t ) γ i E t D τ M iτ D t M it 1/Γ Γ (31) 
Since all finite dimensional norms are equivalent, there exist constants

K 1 > K 2 > 0 such that K 2 i (c it D -1 t ) γ i E t D τ M iτ D t M it ≤ E t D τ M τ D t M t ≤ K 1 i (c it D -1 t ) γ i E t D τ M iτ D t M it . (32) 
Pick now an > 0 and let T > 0 be so large that

i S D i e -T ( S D ) -1 i <
then by (32) we have

E t ∞ t+T M τ D τ M t D t dτ ≤ K 1
for all t > 0. Now, the same argument as in the proof of Proposition 7.2 implies that, for any θ > 0,

E t D t+θ M t+θ D t M t → e -θ( S D ) -1 I K .
Consequently, because of uniform boundedness, guaranteed by (32), we can interchange limit and integration and we have

E t T 0 D t+θ M t+θ D t M t dθ → T 0 e -θ( S D ) -1 I K dθ.
Since > 0 is arbitrary and T can be made arbitrarily large, we are done. 4. After some algebraic manipulations, we have

S t D t = E t +∞ t e - R t 0 ζsds N t+τ N t dτ where ζ t = r t + θ t σ -µ
is the risk-adjusted discount rate and

N t = e -0.5 R t 0 (θs-σ) 2 ds- R t 0 (θs-σ)dWs
is an exponential martingale. Thus, N t is a density process of a measure dν and, under this measure, we can rewrite 

S t D t = E ν t +∞ t e - R τ
ω i (bσδ i + 0.5b(1 -b)δ 2 i + bρ i , δ i ) -2bσ Var ω i (δ i ) = Cov ω i (0.5b(1 -b)δ 2 i + bρ i -bσδ i , δ i ). ( 33 
)
Proof of Proposition 8.2

Introduce a new measure dP (α) such that its restriction on F T is given by

dP (α) T = D α T E[D α T ]
dP T where P T is the physical measure. Under the measure dP (α) , W t has drift σα, dW t = dW (α) t + σ 2 αdt, and D t has a drift µ + σ 2 α. By the Kolmogorov extension theorem, we can extend this measure to the set of infinite paths. Then, we can rewrite the expression for R(t, T ) as

R(t, T ) = E t [D T ] D t D t S t E (1) t S T D T e R T t DsS -1 s ds (34) 
By (32) we have,

L 2 ≡ K 2 n -max i γ i min i S i ≤ S t D t ≤ K 1 i S i ≡ L 1 .
Consequently, S t /D t is uniformly bounded both from zero and infinity and hence

µ + log(L 2 /L 1 ) + log E (1) t e R T t DsS -1 s ds ≤ lim inf T →∞ (T -t) -1 log R(t, T ) ≤ µ + (T -t) -1 log(L 1 /L 2 ) + log E (1) t e R T t DsS -1 s ds (35) 
and hence

µ + lim inf T →∞ (T -t) -1 log E (1) t e R T t DsS -1 s ds ≤ lim inf T →∞ (T -t) -1 log R(t, T ) ≤ lim sup T →∞ (T -t) -1 log R(t, T ) ≤ µ + lim sup T →∞ (T -t) -1 log E (1) t e R T t DsS -1 s ds . ( 36 
)
The optimal consumption of agent i can be rewritten as Thus, under this new measure everything looks the same, apart from the fact that agents have different discount rates. Note that the stock price is still calculated under the original, physical measure, but we can rewrite it as

c it = e -ρ (α) i b i t M -b i t (Z ( 
S t D t = 1 M t D t E t ∞ t M τ D τ dτ = 1 M t D t ∞ t E t [D α τ ] E t [ M τ D 1-α τ D α t ] E t [D α τ ] dτ = 1 M t D t ∞ t E t [D α τ ] E (α) t M τ D 1-α τ dτ (37) 
We define agent A(α) as (being the analog of agent I K ) (ρ (α)

A +γ A (µ+σ 2 α-0.5σ 2 )+0.5δ 

We have log E t [D α T ] = E t [e α((µ-0.5σ 2 )T +σW T ) ] = log e σ α Wt e 0.5(1-λ)T α 2 σ 2 + T α(µ-0. 

A(α) (42) 
Proof of Proposition 8.3 1. By the budget constraint, the wealth is given by the present value of future consumption, that is

M t w it = E t ∞ t M τ c iτ dτ = c i0 E t ∞ t e -ρ i b i τ M 1-b i τ e b i (δ i Wτ -1 2 δ 2 i τ ) dτ .
Similarly to what we did with the stock price (Proof of Proposition ( 8 Now, by the rules for Malliavin derivatives,

D t (M τ c iτ ) = D t e -ρ i b i τ M 1-b i τ e b i (δ i Wτ -1 2 δ 2 i τ ) = (1 -b i )e -ρ i b i τ M -b i τ D t (M τ )e b i (δ i Wτ -1 2 δ 2 i τ ) + e -ρ i b i τ M 1-b i τ b i δ i e b i (δ i Wτ -1 2 δ 2 i τ ) = -(1 -b i )e -ρ i b τ M -b i τ θ τ M τ e b i (δ i Wτ -1 2 δ 2 i τ ) + e -ρ i b i τ M 1-b i τ b i δ i e b i (δ i Wτ -1
Thus,

γ t = E t ∞ t (b i δ i + (b i -1)θ τ )M τ c iτ dτ
and we get

σ t π it = θ t + E t ∞ t (b i δ i + (b i -1)θ τ )M τ c iτ dτ E t ∞ t M τ c iτ dτ .
2. Suppose now that γ i > 1. Let Γ ≥ 1 be such that Γ b j /(1 -b i ) > 1 for all j and γ ≤ 1 be such that γ b j /(1 -b i ) ≤ 1 for all j . Then, the same argument as in the proof of Lemma 4.1 gives us

j c γ j (1-b i ) j0 E t [e -ρ j (1-b i )T Z 1-b i jT Z b i iT D -γ j (1-b i ) T ] 1/γ γ ≤ E t [M 1-b i T Z b i iT ] ≤ j c γ j (1-b i ) j0 E t [e -ρ j (1-b i )T Z 1-b i jT Z b i iT D -γ j (1-b i ) T ] 1/Γ Γ . (44) 
Denote c i t+u ] M t c (I K ) i t du By the Lebesgue dominated convergence theorem, it suffices to show that there exists a integrable function g(u) such that

(I K ) it = e -ρ i b i τ (M (I K ) τ ) -b i Z b i it . Note that E t [M (I K ) t+u c I K i t+u ] M (I K ) t c (I K ) i t = e -(ρ i b i +ρ I K (1-b i ))u E t   D t+u D t -γ I K Z I K t+u Z I K t 1-b i Z i t+u Z i t b i   (
E t [M t+u c i t+u ] M t c i t = E t M t+u M t 1-b i e -ρ u Z i t+u Z it b i ≤ g(u)
.

By (30) and using the fact that for α > 0, there exists a constant K > 0 such that

i x i α ≤ K i x α i ,
we have

M τ M t 1-b i e -ρ i (τ -t) Z i τ Z it b i ≤ K j e -ρ j (τ -t)(1-b i ) Z jτ Z jt D τ D t -γ j 1-b i e -ρ i (τ -t) Z i τ Z it b i . (46) 
Now, using the Young inequality

x 1-b i y b i ≤ (1 -b i )x + b i y we get that e -ρ j (τ -t)(1-b i ) Z jτ Z jt D τ D t -γ j 1-b i e -ρ i (τ -t) Z i τ Z it b i =   e -ρ j (τ -t) Z jτ Z jt D τ D t 1-γ j 1-b i e -ρ i (τ -t) Z i τ Z it D τ D t 1-γ i   b i ≤ K e -ρ i (τ -t) Z i τ Z it D τ D t 1-γ i + e -ρ j (τ -t) Z jτ Z jt D τ D t 1-γ j (47) 
and hence E t [M t+u c i t+u ] M t c i t ≤ K j e -u S -1 i which is integrable by the assumption that S i > 0. As a direct consequence, we have lim t→∞ π it = δ i + θ (I K ) σ γ i .

3. We define

f (t, W t ) = E t ∞ t e -ρ i b i (τ -t) Z b i iτ M 1-b i τ Z b i it M 1-b i t .
Then, the wealth w it of agent i satisfies

w it = Z b i it M -b i t e -ρt f (t, W t ).

Corollary 5. 1 •

 1 Only the agent with the lowest survival index survives and dominates the market asymptotically, i.e., lim t→∞ c it Dt = 0 for all i = I K , and lim t→∞ c I K t Dt = 1.

Example 7 . 2

 72 Assume that there are continuously many beliefs δ, while the discount rate ρ and the risk aversion γ are constant across the agents. More precisely, let us take U = {ρ} × {γ} × [δ min , δ max ] . Then we get (ρ(λ), γ(λ), δ(λ)) = (ρ, γ, γσ(1 -1/λ))

Example 7 . 3

 73 In the case where only ρ varies, i.e., U = [ρ min , ρ max ] × {γ} × {δ} , we have (ρ(λ), γ(λ), δ(λ)) = (ρ min , γ, δ)

j ω jt b j θ 2 j j ω jt b j ≥ j ω jt b j θ j 2 and j ω jt θ 2 j ≥ j ω jt θ j 2 and therefore j ω jt θ 2 j j ω jt b j + j ω jt b j θ 2 j ≥ 2 j ω jt θ 2 j j ω jt b j j ω jt b j θ 2 j 1 / 2 ≥ 2 jω

 22222122 jt θ j j ω jt b j θ j

From ( 4 ) we obtain lim T →∞ 1 T

 41 ln E t [M T ] = r I 0 and since B(t, T ) = 1 Mt E t [M T ], we get lim T →∞ Y (t, T ) = r I 0 .

  α) it ) b i c i0 where ρ (α) i = ρ i -δ i σ 2 α and Z (α) it = e δ i W (α)

5σ 2 ) 1 AT - 1 T - 1

 2111 = σ α W t + T α µ + 0.5σ 2 ((1 -λ)α -1) E α t [log(e (1-α) ((µ+(α-0.5)σ 2 )T +σW (α) T )] = (1 -α) ((µ + (α -0.5)σ 2 )T + (1 -α)σ (W t -σ 2 α λ T ) (41) Since S T /D T converges to S A(α) P (α) -almost surely, a slight modification of the proof of Proposition 8.1 implies that in fact lim λT [(D s /S s )]ds = S -E α t [log(S T /D T )] = 0. and, by the law of large numbers, limT →∞ T -1 log S t = lim T →∞ log D t = λ (µ -0.5σ 2 ). log R(t, T ) ≥ -λ (µ -0.5σ 2 ) + α µ + 0.5σ 2 ((1 -λ)α -1) + (1 -α) ((µ + (α -0.5)σ 2 ) + (1 -λ) S -1

  The state price density M t is then decreasing in W t whenever all the state price densities M it are decreasing in W t for i = 1, • • • N. The asymptotic results are immediate. By Lemma 4.1, M t ≥ c

	γ I K
	Proof of Corollary 5.1

1

  Mt E t [M T ] which gives the asymptotic behavior of B(t, αt). the asymptotic instantaneous forward rate at date αt seen from date t is given by r I j .

	Since Bt t converges to 0 almost surely we have, for α ∈ ( 1 λ j , 1 λ j-1 ), lim t→∞ Y (t, αt) = 1 α -1 d dα Y (t, αt) = t (αt -t) 2 ln B(t, αt) -1 αt -t d dα B(t, αt) B(t, αt) . Let P be the equivalent martingale measure, corresponding to M t . We have B(t, αt) = E P t exp -αt t r s ds and d dα B(t, αt) = E P t -tr αt exp -αt t r s ds . [κ I As far as the uniform convergence is concerned, note that If we denote by Q t the probability defined by its density dQt d P

K -αl I j (1/α)]

and

  and hence excess volatility is positive if and only if g is monotone increasing. Thus, we need to check cyclicality of the risk-adjusted discount rate ζ t .

	Furthermore, if g is such that				
		S t D t	= g(t, W t )
	then, by the Ito formula,						
		σ S t = σ +	∂g/∂W t g
	We have	∂ζ t ∂W t	=	∂r t ∂W t	+	∂θ t ∂W t	σ
	We have	∂θ t					
		∂W					
	Lemma 1 in Mele (2007) implies that St Dt is procyclical (countercyclical) if
	and only if ζ t is countercyclical (procyclical).

t ζsds dτ . t = -2b Var ω i (δ i )

and hence we need that Cov

.

  I K 0 e -ρ A(α) t Z A(α) t DSimilarly, in complete analogy with the proof of Proposition 8.1, P (α) -a.s. by the same argument as in the proof of Proposition 8.1. Now, Jensen's inequality implies log E t S T e

	E	(α) t	M t+u D 1-α t+u	∼ E t (α)	M t+u D 1-α (α) t+u
	under P (α) and we obtain that
			lim t→∞	S t D t	= S A(α)
	R T t DsS -1 s ds	= log E t [D α T ] + log	E t D α T D -α T S T e R T t DsS -1 s ds E t [D α T ]
	= log E t [D α T ] + log E α t	D 1-α T	S T D T	e	R T t DsS -1 s ds
			T		
	≥ E α t [log(S T /D T )] +		E	(α)
			t		
						2 A ) = min i	(ρ	(α) i +γ i (µ+σ 2 α-0.5σ 2 )+0.5δ 2 i )
						(38)
	By Corollary 4.1, under the measure P (α) , we have
		M t ∼ c	γ A(α)	-γ A(α) t

t [(D s /S s )] ds + E (α) t [log(D 1-α T )]+log E t [D α T ]

  M τ c iτ dτ + M t w it = E t ∞ 0 M τ c iτ dτis a martingale and henceM t c it dt + w it dM t + M t dw it + d M t , w it = γ t dW twhere, by the Clark-Ocone formula,γ t = E t [D t (M τ c iτ )dτ ] .By the Ito's formula, γ t = w it M t (-θ t + σ t π it )

	.1), we
	get that
	t
	0

  a direct application of (44) and the same argument as in the proof of Proposition 7.2 implies thatE t [M t+u c i t+u ] ∼ E t [MBy the same argument as in the proof of (28) (but based on the bounds of 44), we get thatlim t→∞ E t [ω j t+u D -1 t+u M t+u c i t+u ] E t [M t+u c i t+u ] → 0and in complete analogy with the proof of (28), we obtainE t [θ t+u M t+u c i t+u ] ∼ θ (I K ) E t [M t+u c i t+u ]. [θ t+u M t+u c i t+u ] M t c i t = θ (I K ) E t [M E t [θ t+u M t+u c i t+u ] M t c i t du = θ (I K )

	and from there					
				lim				(I K ) t+u c (I K ) t M (I K ) (I K ) i t+u ] c i t
	and			lim t→∞	E t [M t+u c i t+u ] M t c i t	=	E t [M M (I K ) (I K ) t+u c t i t (I K ) i t+u ] c (I K )	.
	Now, let us prove that			
	lim t→∞	0	∞				0	∞	E t [M t+u c i t M t c (I K ) (I K ) i t+u ]	du
	and						
	lim t→∞	W it c it	t→∞ = lim	0	∞	E
								45)
	is independent of t.			
	By Lemma 4.1, we have	
						M t c i t ∼ M t (I K )	c	(I K ) i t .
								(I K ) t+u c	(I K ) i t+u ].

and

t→∞ E t t [M t+u c i t+u ] M t c i t du = ∞ 0 E t [M t+u c (I K )

The individual risk free rate is the risk free rate that would prevail if the economy was populated by one agent only. The individual risk free rate of agent i is given byr i = ρ i + γ i (µ + δ i ) -1 2 γ i (γ i + 1) σ 2, where ρ i , γ i , δ i , µ and σ respectively denote the individual level of time preference, risk aversion, the individual level of optimism, the drift and the volatility of aggregate endowment.

The main message ofBhamra and Uppal (2009a) is that allowing the agents to trade in an additional derivative security, making the market complete, may actually increase the market volatility. Because of completeness, their equilibrium coincides with the Arrow-Debreu equilibrium of[START_REF] Wang | The Term Structure of Interest Rates In A Pure Exchange Economy With Heterogeneous Investors[END_REF].

The parameter δ i also represents the difference between agent i's perceived Sharpe ratio and the true one.

We refer to Duffie and[START_REF] Huang | Implementing Arrow-Debreu Equilibria by Continuous Trading of Few Long-Lived Securities[END_REF] and to[START_REF] Riedel | Existence of Arrow-Radner Equilibrium with Endogenously Complete Markets with Incomplete Information[END_REF] to show that our Arrow-Debreu equilibrium can be implemented by continuous trading of such long-lived securities.

[START_REF] Cvitanić | Relative Extinction of Heterogeneous Agents[END_REF] As in e.g.[START_REF] Kogan | The Price Impact and Survival of Irrational Traders[END_REF].

The existence of such a probability measure is guaranted by the Kolmogorov extension Theorem.

Indeed, the restrictions of the measures P and P[START_REF] Berrada | Bounded Rationality and Asset Pricing with Intermediate Consumption[END_REF] on each sigma-algebra F t are equivalent, but they are not equivalent on F ∞ . This is why it is possible to get a different almost sure limit.

δ 2 i τ ) = (b i δ i + (b i -1)θ τ )M τ c iτ (43)

Established at the initiative of the Swiss Bankers' Association, the Swiss Finance Institute is a private foundation funded by the Swiss banks and SWX. It merges 3 existing foundations: the International Center FAME, the Swiss Banking School and the Stiftung "Banking and Finance" in Zurich. With its university partners, the Swiss Finance Institute pursues the research, doctoral training and executive education while also proposing activities fostering interactions between academia and the industry. The Swiss Finance Institute supports and promotes promising research projects in selected subject areas. It develops its activity in complete symbiosis with the NCCR FinRisk. The National Centre of Competence in Research "Financial Valuation and Risk Management" (FinRisk) was launched in 2001 by the Swiss National Science Foundation (SNSF). FinRisk constitutes an academic forum that fosters cutting-edge finance research, education of highly qualified finance specialists at the doctoral level and knowledge transfer between finance academics and practitioners.

Appendix

Proof of Proposition 3.1

Immediate.

An applucation of Ito's formula implies that

and hence

To determine the sign of the hedging portfolio, we need to check whether f is monotone increasing.

We have

where P i is a new measure with density process

Thus, it all reduces to checking monotonicity of

Suppose that risk aversion is homogeneous. Then, the derivative of ζ i is given by

Thus, we get the result (using the fact that θ t ∈ [min j θ j , max j θ j ]).