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Abstract

We introduce the notion of cross-risk vulnerability to geadize the concept of risk vulnerability
introduced by Gollier and Pratt (1996). While risk vulnetipcaptures the idea that the presence of
an unfair financial background risk should make risk-avérdividuals behave in a more risk-averse
way with respect to an independent financial risk, crods+ignerability extends this idea to the
impact of a non-financial background risk on the financid.risprovides an answer to the question
of the impact of a background risk on the optimal coinsurarate and on the deductible level.
We derive necessary and sufficient conditions for a bivariatlity function to exhibit cross-risk
vulnerability both toward an actuarially neutral backgrduisk and toward an unfair background
risk. We also analyze the question of the sub-additivityisk premia and show to what extent

cross-risk vulnerability provides an answer.
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1 Introduction

Economic decision making under uncertainty often takes place in the comtextliiple risks. Conse-
qguently, decisions about endogenous risks must often be taken while sigauty facing one (or more)
exogenous background risks. Hence, the introduction of multiple seofagncertainty in the analysis
of the demand for insurance represents significant progress (@ared Schlesinger, 1983a,b, 1986;
Kischka, 1987; Eeckhoudt and Kimball, 1992, amongst others). Intustiggests that, for a risk-averse
individual, the presence of a background risk increases the riskiamdpward other independent risks.
Therefore, concerning the demand for insurance, it should lead teerase in the optimal coinsurance

rate and to a decrease in the deductible level (Schlesinger, 1981).

However the literature shows that this natural relation between backdjr@knand risk aversion is
not always satisfied. Indeed, Gollier and Pratt (1996) have exhibkat@es for which an undesirable
lottery can be made desirable by the introduction of a mean-zero risk. Rerajzed expected util-
ity preferences, Quiggin (2003) showed that aversion to one risk eaaduced by the presence of an
independent background risk under the assumption of constant es&i@v in the sense of Safra and
Segal (1998) and Quiggin and Chambers (1998). To avoid this coaatigal situation, Gollier and Pratt
(1996) have provided conditions on preferences to guarantee tiagagh unfair monetary background
risk makes risk-averse individuals behave in a more risk-averse way. fame this restrictiorsk vul-
nerability to point out that the willingness to pay to bear risks is vulnerable to the inttiotuaf another
unfair risk. More recently, Franket al. (2006) have analyzed the case of a multiplicative background
risk and derived necessary and sufficient conditions on prefesetacobtain anultiplicative-risk vul-
nerableutility function. In a different framework, Eichner and Wagener (20&¥3) Eichner (2008) have

transfered the concept of risk-vulnerability into two-parameter meaanee preferences.

All these results pertain tiihancial background risks only. The objective of this article is to extend
the concept of risk vulnerability to the multivariate setting of the expected utilitgrthelt is all the
more important that many economic problems often involve a background hiskig not of the same
nature as the endogenous decision variables. We can, for exampletorehe-period models in which
the background risk is a non-financial risk say, an environmentalaiskhealth risk (Bleichrodtt al.,
2003, for recent results). But the exogenous risk can also affeshaonsumable pension-asset, or the
supply of labor, or an economic state variable, or the future consumptiolfi€; 2001; Eeckhoudét
al., 2005). We introduce the notion ofoss-risk vulnerabilityo capture the idea that the presence of an

unfair non-financial background risk should make risk-averse iddals behave in a more risk-averse



way with respect to an independent financial risk. The knowledge o$¢hef cross-risk vulnerable
utility functions is very useful insofar as, under cross-risk vulnerabilitg presence of an unfair non
pecuniary background risk increases the demand for insurancartloypar, background risk raises the
optimal coinsurance rate and reduces the optimal level of deductibler{jogigen coinsurance rate).

The presence of an unfair non pecuniary background risk alsaesdhe demand for risky assets.

The paper also relates the concept of cross-risk vulnerability to theegires underpinning the as-
sumption of the preference for the disaggregation of harms. In the €aseanlditive background risk,
Eeckhoudt and Schlesinger (2006) have shown thapteference for the disaggregation of harimss
a necessary condition for a utility function to be risk vulnerable. In othedsahe condition of risk
vulnerability implies the necessity of the alternation of the signs of the firstdervatives of the utility
function and therefore of the preference for the disaggregationraiiaThe prudence (positive sign
of the third derivative of the utility function) is thus a necessary conditionbt@aia risk vulnerability.
We note that the concept of prudence is particularly important in many asalgkative to the insurance
domain. In particular prudence plays an important role for the analysmlfepotection behaviors and
for the evaluation of changes in survival probabilities (Chiu, 2005; Bleidt and Eeckhoudt, 2006). In
this paper, we show that prudence (more precisely cross-prudgilglays a decisive role. Besides, we
show that the relation of inclusion between the set of risk vulnerable utilitytioims and the set of utility
functions that satisfy the preference for the disaggregation of haressrda hold anymore for cross-risk
vulnerability. The class of cross-risk vulnerable bivariate utility functisribus less restrictiveis-a-vis

the direction of the preferences for the aggregation or the disaggnegditiarms.

To emphasize the importance of the notion of cross-risk vulnerability, wad®@n application of
our results for an individual who faces two independent risks. Wedeowhether the risk premium is
sub-additive. More precisely, we compare the total risk premiugm,the amount of money the agent
agrees to pay to get rid of both risks, with the sum of the partial risk preémigthe sum of the amounts
of money the agent agrees to pay to get rid of each individual risk. Tastipn has been previously
investigated in a bivariate setting by Courbage (2001) in the limit of small r&sig by Rey (2003) for
Bernoullian variables. We show here, without any restriction on the disivital properties of both
risks, how cross-risk vulnerability is related to the relative ranking of tted tesk premium and the sum

of the partial risk premia.

Our paper is organized as follows. In section 2, we define the confepbss-risk vulnerability.
Then, in section 3, we provide a necessary and sufficient conditioa fivariate utility function to

enjoy this property. Sections 4 and 5 offers more tractable conditions tim dixecross-risk vulnerability



property, and discusses the consistency of the assumptions often maassilerivatives of the utility
function. We also show the link between the concept of cross-risk \albildy and the properties behind
the assumption of the preference for the disaggregation of harms. Ségii@sents our application of
the cross-risk vulnerability to the relative ranking of the total risk premiuch the sum of the partial

risk premia. Some final comments are provided in the last section.

2 Definition of cross-risk vulnerability

We consider an individual with a two-argument von Neumann-Morgemsitdity function U (assumed
increasing and concave with respect to each argumentinges continuously differentiable). We will
assume, for illustrative purposes and for ease of the exposition, thatdlegguments refer to the agent’s
wealth and to her health respectively. Thus, we will denot&ly (z¢ + Z, yo + €)] the individual’s
expected utility wheréxg, yo) represents her initial endowment,s a random wealth payoff andla

risk on the agent’s health. We assume that these two risks are independent.

We address the question of the effect of the unfair backgrouncEriskamely a risk with a non-
positive expectatiorkl [¢] < 0 — on the willingness to pay to eliminate the independent financiakrisk
We first introduce the partial bivariate risk premium for rizklenotedr! (Chalfant and Finkelshtain,
1993). This risk premium is the maximum amount the individual agrees to give arder to substitute
the riskz for its expected value in the presence of the fiskhe risk premium is obtained as the solution

to the following equation
E[U(zo+ 2,90 +&)] = E[U (z0 + E(3) — 7',50 + )] . (1)

Obviously,7! explicitly depends upomy, o, Z andé. For reasons of notational convenience, we write
the dependence explicitly only when necessary. We want to compavéh the risk premium for risk

in the absence of the background riskhich is denoted by® and is solution to the following equation
E[U (zo+ 2,50)] = U (20 + E (2) — 7°, 1) - (2)

We generalize the notion of derived utility function introduced by Kihlstietral. (1981) and Nachman



(1982) to define therossderived utility functiort V as
Viz,y) =E[U (z,y +&)], Va,y, 3)
so that equation (1) becomes
E[V (z0+Zy0)] =V (zo+E(Z) — 7', %) - (4)

Therefore, applying a well-known results due to Pratt (1964), it isvadgnt to compare ! with 7° and
to compare the absolute risk aversion toward the financial risk for theediutility functionV” with the

absolute risk aversion for the original utility functién

Let us denote byA(x,y) := —% the absolute risk aversion toward the financial risk (the

absolute risk aversion ar) for the original utility functionU. In order to determine whethet is larger

than7® we have to wonder whether the absolute risk aversion for the crosedertility functionl

_E[Ull(:E, Yy + 5)]

AV (@y) = E[U1(z,y + &)]

(5)

is larger thanA(z, y), for all (x,y) and for all unfair riske. As a consequence, generalizing the notion
of risk vulnerability introduced by Gollier and Pratt (1996) for additivé&siand by Franket al. (2006)

for multiplicative risks, we propose the following definition:

Definition 1. The utility functionU is cross-risk vulnerable if (and only if) any unfair non-pecuniary

background risk makes the agent behave in a more risk-averse way:

E[f]<0= AY(z,y) > A(z,y) V(z,y). (6)

Definition 1 suggests that any cross-risk vulnerable utility function is eDFSRA — i.e the risk aver-
sion in wealth is decreasing in health, which reads$x, y) < 0. Indeed, considering the degenerated

background risi€ = ¢ € R_, definition 1 yields
AV (z,y) = A(z,y +¢) > A(z,y) V(z,y)andVe < 0. (7)

Therefore, the cross-DARA property is necessary for a utility fundtidoe cross-risk vulnerable. Given

The cross-derived utility function exhibits the same features as the iorensional derived utility function, in particular
in terms of monotony and concavity with respect to each argument.



the cross-DARA property, we can show that definition 1 is equivalent éoctbss-risk vulnerability
toward anactuarially neutralbackground riski.e, such thatt [¢] = 0. More formally, definition 1 can

be equivalently written as follows:

Definition 2. The cross-DARA utility functioty — i.e., such thatd, < 0 — is cross-risk vulnerable if

(and only if) any actuarially neutral background risk makes the agehate in a more risk-averse way:

E[f] =0= A(z,y) > A(z,y) V(z,y). (8)

The necessity is obvious from definition 1, while the sufficiency followsifthe fact that any unfair
background riské can be expressed as+ ¢ with E[¢'] = 0 andE [¢] = &, from which we obtain
AV(z,y) = AV (z,y + &), whereA"” denotes the absolute risk aversion of the derived utility function
V' obtained by taking the expectation in (3) with respect’tmmstead of:. Thus, given an actuarially
neutral background riskK, definition 1 asserts thaf is cross-risk vulnerable il (z,y) > A(z,y),
Vz,y. So, given anyg < 0, AV (z,y+&) > A(zx,y), Va,y, sinceA is decreasing in its second
argument. Thus, for any unfair background risk & + ¢/, we haveA" (z,y) > A(z,vy), Yz, y, which

shows the sufficiency of the cross-risk vulnerability toward an actuarallytral background risk.

In the remainder of this article, we will restrict our attention to cross-DARA utflityctions. From
a theoretical point of view, this assumption is not actually limiting. Indeed, taileé latter on, the
cross-DARA assumption just implies that the agent in cross-prudent irettend attributel/;,2 > 0,
provided the common assumption of correlation aversidn, < 0, holds (Epstein and Tanny, 1980;
Richard, 1975). Besides, it does not place any restriction on therpnee for the disaggregation of
harms (Eeckhoudtt al, 2007). In addition, in the practical context of health economics for icstan
even thought no empirical evidence exists on the relationship betweentjsafierception of health
risks and their wealth, healthier people seem to be less adverse towanadInisks (see Bleichrodit

al. (2003) for a similar assumption).

3 Characterization of cross-risk vulnerable utility functions

The proposition bellow states the technical condition which fully charactetieeset of utility functions

that satisfy the condition of cross-risk vulnerability:



Proposition 1. A cross-DARA utility functiof is cross-risk vulnerabléd and only if:
§(2,y,y) = Ui(z,y) [A(2,y) — Az, )] = Ur(e,9) As(2,9) (v —y) >0, Va,y,9'.  (9)

The proof is given in appendix A. It reveals that, if the relatibfe] < 0 = AV (z,y) >
A(z,y)¥(x,y) is equivalent t& (x, y,3') > 0, the relationE [¢] < 0 = AV (z,y) < A(z,y), V(z,v)
is equivalent ta¢(x,y,y’) < 0. This remark stresses that when the constraint (9) does not hold, the

introduction of an unfair background risk can actually lower the risksagar

Let us stress that proposition 1 allows one to retrieve the results giveroltigrGand Pratt (1996)
for additive risk vulnerability and by Franket al. (2006) for multiplicative risk vulnerability. Indeed,
considering the utility/ (z, y) = u(x + y), which accounts for additive risks, proposition 1 shows that

w is risk vulnerable toward an additive background risk if (and only if)

vy y) =d'(@+y) [rle+y) —r@z+y)] - —u'(@+y)r'(z+y) >0,  (10)

wherer = —u” /u' denotes the absolute risk aversionuofThus, if we replace: + y by w andz +

by z, the previous relation yields
Corollary 1 (Gollier and Pratt (1996), Proposition. 2)tility function « is additively risk vulnerabléf

and only ifu/(z) [r(z) — r(w)] — (x — w)u' (w)r'(w) > 0, for all z, w.

Similarly, we can consider the utility functidii(z, y) = u(x-y) with 2, y > 0 to take into account to
case of multiplicative background risks. In such a situation, proposititlowsthat. is risk vulnerable

toward a multiplicative background risk if and only if

£(z,y,y) = y'u/ (xy') [R(zy) — R(zy)| — zyu’ (zy) R (zy)(y —y) > 0, (11)

whereR(z) = x - r(z) is the relative risk aversion of. The change of variables — * andy’, — yt
leads to

y - (tu’(zt) [R(z2t) — R(2)] — 2u/ ()R (2)(t — 1)) >0, (12)
and sincey is positive, we finally get:

Corollary 2 (Frankeet al. (2006), Main Theorem)Utility function « is multiplicatively risk vulnerable

if and only if u/(2t) [R(2t) — R(z)] — zu/(2)R'(2)(t — 1) > 0, forall t, z > 0.



As condition (9) isa priori neither very easy to interpret nor very easy to handle, we will provide in
the following sections first necessary conditions and then sufficiemlittams whose economic implica-

tions are more straightforward.

4 Necessary conditions for cross-risk vulnerability

Let us remark tha¢(z,y,y) = 0 and 3—5’ = 0 for all (x,y), so that a necessary condition for (9) to
v ly'=y
hold is
0%¢
952 = Ui(w,y) A2z (x,y) + 2Ur2(w, y) A2(z,y) > 0. (13)
y'=y

After expansion, this relation turn out to be equivalent to

U U
1122 Z 122 ' (14)
Un Ur
This necessary global condition is in faciaral necessary and sufficienbnditiorf whose intuitive
means is obvious in the case of an individual who is both risk-averse ddimancial risks {/;; < 0)

and cross-prudent in wealtil/;5, > 0). In such a case, relation (14) becomes

_Unz . Un
Uize = Uy

(15)

Thus, an individual who is risk-averse and cross-prudent in weialttross-risk vulnerable toward an
actuarially neutral background risk (in the limit of small risk), if and only if &solute risk aversion
toward a financial risk is smaller than the absolute risk aversion of the funBtig, seen as a utility

function per se Alternatively, for an imprudent individualf{js2 < 0), cross-risk vulnerability toward

2Restricting our attention to cross-DARA utility functions and considering theaahpf an actuarially neutral background
risk £ on the risk aversion with respect to the agent’s wealth in the limit of small-fimamcial) risks, the relative change in

risk aversion reads
AA .

A (z,y) o Az, y)
wherec? is the variance of, since up to the second order,

Vi N Al Uiiz2 Uiae o2
@) = Ay (14| G - ] )

2
€

e
2 )

AV (z,y) — Az, ) N {U1122 B U122} )
N Ull Ul

Thus, the utility functiorlJ is cross-risk vulnerable toward an actuarially neutral backgroundinigke limit of small risks),
if and only if
Ui122 > Ui22 .
Un — U

3Following the denomination introduced by Bleichreadtal. (2003) and Eeckhoudt al. (2007), we say that an individual
is cross-prudent in wealth if122 > 0.



an actuarially neutral background risk is equivalent to the fact thatghata absolute risk aversion is

larger than the absolute risk aversion of the functibgn, seen as a utility functioper se

We would like to stress that on the contrary to the case of an additive risiidsred by Gollier
and Pratt (1996), the class of cross-risk vulnerable utility functions tisnasely a subset of the class
of utility functions that comply with the preference for the disaggregationaofis (Eeckhoudeét al,
2007). Recall that for the one-argument utility functiefx), the preference for the disaggregation of
harms implies the alternation of the signs of the four first derivative of the utilitgtion (Eeckhoudt
and Schlesinger, 2006). Then, for an additive background riskigkerulnerabilityvis-a-vissmall risks

reads

" "
u

u//
>0 and — — >—— >0, (16)
u u

‘ S

W
o 2> — /
U

c

which implies the alternation of the signs the four first derivative @f).

In the case of a two-argument utility functiéf(z, ), the preference for the disaggregation of harms
requires that/;5 < 0, U2 > 0, U122 > 0 andUj102 < 0 (Eeckhoudtet al, 2007). But, the cross-
DARA condition together with (14) are not enough to satisfy these requitEné&inlesd/1, < 0, i.e
U is correlation-averde the cross-DARA condition is not enough to assert fiigh must be positive.
Moreover, condition (14) does not imply th&i,22 must be negative unless we assuthe, < 0. As
a consequence, givén(z, y) is cross-risk vulnerable, the alternation of the signs of the first fougrord
cross-derivatives of the utility function requires the minimal assumptiorithatcorrelation-averse and
thatU;92 andU;1o have the same sign. Consequently, cross-risk vulnerability is less restvictia-vis

the direction of the preferences for the aggregation of the disaggregdtimrms.

5 Sufficient conditions for cross-risk vulnerability

According to equation (14), a local sufficient condition for cross-kigkierability toward actuarially
neutral small background risks i§22 < 0 andU;y122 < 0, provided that the usual conditiong > 0
andU;; < 0 hold. It means that, even if imprudent in wealiti;{; < 0), an individual can still be
cross-risk vulnerable as long as she remains cross-tempefatestated by the proposition below, this

locally sufficient condition is also globally sufficient:

“See Epstein and Tanny (1980) and Richard (1975). Remark that thefsifj, can be easily interpreted in relation with
the sensitivity of the marginal utility of wealth with respect to health which ddpem the severity of the illness (Evans and
Viscusi, 1991; Sloaet al., 1998, e.g.).

SAgain, following the denomination introduced by Bleichratal. (2003) and Eeckhoudit al. (2007), we say that an
individual is cross-temperate{if;122 < 0.



Proposition 2. The cross-DARA utility functioli (z, y) is cross-risk vulnerable #(z, y) is decreas-

ing and concave im;, i.e. if Ujao < 0 andUjqes < 0.

Proof. By Jensen'’s inequality

_E [Ull (x,y+§)] > _U11 (z,y+E [5})
E[Ui(z,y+¢)] = Ui(z,y+E[g])

if U1y andUy; are concave functions @f, namely if U190 < 0 andUj122 < 0. Now, sinceU is cross-

DARA, A(x,y) is decreasing iy, so that

_U11 (a:,y +E [é]) > _U11 (x,y)
Ur(zy+E[E) — Ui(z,y)’

VE[§ <0. O

We observe that the condition in proposition 2 cannot be met if the agentreatmn aversel{12 < 0)
and ifU is only defined fory > 0. Indeed, as shown by Menegatti (2001), given a positive fungtion
defined fort > 0 with f/(¢) < 0, if f” keeps a constant sign, it must be positive. So, applying this result
to the positive functiory,.(¢t) — Ui (z,t), if Uia(z,t) = f.(t) < 0 we could not havé/ s, < 0 since it

would means thaf! (¢) < 0 which contradicts Menegatti’s result.
Another sufficient condition of the cross-risk vulnerability is the following.
Proposition 3. The cross-DARA utility functioli (z, y) is cross-risk vulnerable ;2 < 0and A, > 0,

for all x andy.

Proof. SinceU is cross-DARA, we havels < 0 so that, together with the correlation aversioe,
U2 < 0 we getU;y - A2 > 0, from which we conclude that the random variablés(x, y + &) and

A (z,y + €) are co-monotonic and therefore are positively correlated (Hotelling3)193

EA(z,y+&) Ui (z,y+¢&)] >E[A(z,y+&)]-E[U1 (z,y +€)].

Then, the convexity ofl in its second argument and Jensen’s inequality allows us to conclude that

E[A(z,y+¢&)-Ui(z,y+¢&)] > A(x,y+EI[E)) -E[Ui (z,y+¢)] a7

sinceE [¢] < 0. Now, sinceA (z,y) - Uy (x,y) = —Ui1 (z,y), we obtain the expected result. O

Proposition 3 means that the correlation aversion together with the convétitg absolute risk

10



aversion (with respect to its second argument) are sufficient for tles-cigk vulnerability to hold. The
later requirement is rather natural in so far as it means that the reductiba gk premiumr! due to

an increase in health is a decreasing function of health.

We have to stress that the sufficient conditions of proposition 3 are iag® to the necessity. Indeed,

recall that from the necessary condition (13), we have

Uiz - Ay
>0 19
U, - (19)

Agp + 2

for any cross-risk vulnerable utility function. Thus, for a utility functiorckuithat eithet/15 or As is
vanishingly small, we needss > 0. Conversely, ifAs is vanishingly small, the produéfys - A3 must

non-negative and sindé must be cross-DARA4> < 0), we need/ 3 < 0.
As a consequence of proposition 3, we can provide an example of familjilie§ functions that
enjoy the property of cross-risk vulnerability.

Corollary 3. Any function
U(z,y) = —exp[f(x) - g(z)], (20)

where f and g are any positive, decreasing and convex functions, defines a dsksguinerable utility

function.

The proof is straightforward and left to the reader. As a first example,aan considef(x) =

—a -3
<i> andg(y) = (i> with « andg positive. Corollary 3 shows that the utility function

o Yo

a. B
U(z,y) = — exp [‘”0 y°], ¥(z,y) € Ry x Ry, (21)

xayﬁ

is cross-risk vulnerable. Another example can be provided by theffage= exp [—ﬁ} andg(y) =

exp [—%] , with z andy, positive, which yields

U(x,y) = —exp [exp [— (;) + yyo)” , VY(x,y) e RxR. (22)

6 Application

We consider an individual who faces two independent risks. Thediirstis the financial risk, while

the second one is the non-financial risfa health risk, for example). The total risk premiamsolution

11



to

E[U (zo+ 2,50+ &) =U(zo + E[Z] —my0 + E[€]), (23)

is the maximum amount of money the individual is ready to give up in order tagephe two risks by
their expected value. Denoting ky the partial risk premiunvis-a-visthe financial riskz only (see eq.
(1)) and byr? the partial risk premiumris-a-visthe non-financial risk only, we want to compare the total
risk premiumz with the sum of the partial risk premia' + 72. More precisely we wonder whether
the total risk premium is sub-additRe As stated by the proposition below, the concept of cross-risk
vulnerability is quite useful to compare the cost of the total risk with the sunogtsof each individual

risk.

For simplicity of the exposition and to get rid of the problems of level effecésagsume that both

andé¢ are actuarially neutral riskge. E [Z] = E [¢] = 0. We can then state that

Proposition 4. 1. GivenU (z,y) is DARA with respect to x, the cross-risk vulnerability iseessary

condition forr < 7! + 72,

2. GivenU (z,y) is IARA with respect to X, the cross-risk vulnerability isuficientcondition for

7r§7rl—|—7r2,

3. GivenU(zx,y) is CARA with respect to x, the cross-risk vulnerability isexessary and sufficient

condition forr < ! + 72.

To prove this result, let us first considel/ 2 the conditional risk premium for removing the financial

risk z after the agent has already paid to get rid of the non-pecuniary risks such that:
E[U ((Eo-l—é—ﬂ'z,y()ﬂ :U(azo—ﬂ'Q—ﬂ'l/Q,yo). (24)

Equations (23) and (24) imply = 7/2 + #2, so thatr < ' + #2 if and only if 71/2 < 7. Then, if

we make explicit the dependence of theandr!/2 with respect to the initial endowment, we have

1

= n) (z0,y0) and 7'/?

=75 (0 — (20, %0), o) » (25)

whereny (zg, o) is such thak [V (zo + Z,y0)] = V (0 — 7§ (w0, %0), Y0 ), With V' the derived utility
function (3), andr (o, yo) is such thak U (zg + Z,y0)] = U (zo — 7§ (20, %0), v0)-

8A closely related question is examined by Eeckhoudt and Gollier (200 finmcial risks.

12



So, the conditionr < 7! + 72 is equivalent tar (zg — 72(z0, 40)) < 7§ (w0, y0). Then, giver/

is CARAInz, 7§ (w0 — m*(z0,40)) = n§ (x0) which leads to
m<m + 7t <= mg (20,90) < 79 (T0,%0) 5 Y20, Yo, (26)

which proves the third point of proposition 4.

Now, givenU is IARAin z, 7§ (xo — 72(xo, yo)) < 7y (z0,y0) sincen?(xo, yo) > 0 provided that
Uas < 0. Then, by cross-risk vulnerabilityt)’ (zo, yo) < 7§ (20, yo), S0 thatr{ (zo — 7%(x0, y0)) <

7y (z0,y0) which proves the second point of proposition 4.

Finally, givenU is DARA in z, 7§ (o — m*(z0,0)) > 7§ (x0,y0) (still provided thatlz, < 0).
Then, if n§ (zo — 72(20,90)) < 7Y (w0,y0), We necessarily havel (zo,yo) < 7 (o, y0) Which

proves the first point of proposition 4.

7 Conclusion

In this paper, we have focused on the impact of an unfair non finana@ddgoound risk on the risk-
aversion toward another independent financial risk. More preciselfave defined the notion of cross-
risk vulnerability which extends to the case where the background riskda &mancial risk the concept
of risk vulnerability introduced by Gollier and Pratt (1996) for additiv&sisand by Franket al. (2006)
for multiplicative risks. We have then characterized the class of bivar@ieNeumann-Morgenstern
utility functions that exhibits the above property. In particular, we havevshihat the presence of
an independent background risk increases the risk aversion towtrels independent financial risk,

resulting, for example, in an increased demand for insurance.

This work provides several avenues for future researches.dfiadt following Frankeet al. (2005)
we can notice that agents usually have to bear some background riskabtite level of this risk may
change. It would then be worth wondering how an increase in this baghkdrisk makes the agent more
risk averse. This question, already addressed by Eecklevat{1996) and Kimball (1993) for additive

background risks, remains open for multi-attributed utility functions.

Second, we would stress that the property of cross-risk vulnerabilityg towt to be very useful to
provide answers to comparative statics exercises for the demand odriesur This problem will be

exposed elsewhere. Besides, in the case of one-dimensional utility fusatigk vulnerability is related
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to the concept of proper risk aversion introduced by Pratt and Zesking1987), and to the concept of
standard risk aversion introduced by Kimball (1993): standardness snpiaerness and properness
implies risk vulnerability. It will be interesting to see how the concepts of projs& aversion and
standard risk aversion can be extended to the case of non finandigrbacd risk, and to analyze if

they are related to the cross-risk vulnerability.

A Proof of proposition 1.

Before we prove proposition 1, let us state the following lemma:

Lemma 1. For any functionF' such thatF(0) = 0 and F’(0) exists, the following statements are

equivalent

(i) Forall ¢ suchthatt [¢] = 0,E[F ()] > 0.
(i) F(e) > F'(0)-¢e, Ve.

Proof.

e (i) = (i1): Statemen(i) holds for any random variable such tfiaf] = 0. In particular, it holds
for anyé such that

g1 >0, with probabilityp,

(LN
Il

(27)
g9 < 0, with probabilityl — p,

wherep satisfiep - €1 + (1 — p) - €2 = 0. So, by(i), we havep - F' (¢1) + (1 —p) - F (e2) > 0, or
equivalently, dividing by - €1 = —(1 — p) - g2 > 0:

1
fF(a?l) > ; . F(Sz), Ve1 > 0 andey < 0. (28)

Therefore, letting, — 0, we have

1
Ve > 0, ;F(El) > F/(O), (29)
1
and lettings; — 0, it yields
1
Veo < 0, ;F(EQ) < F/(O). (30)
2
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SinceF'(0) is obviously larger than or equal € we obtain:

Ve, F(g) > F'(0)-e. (31)

e (ii) = (i): If Ve, F(e) > F'(0) - ¢, then whatever the distribution éf we have
E[F (&) > F'(0)-E[¢], (32)

so that

E[5] =0 = E[F (5)] > 0. (33)

O

Now starting from definition 2, we just have to focus on actuarially neuttakfround risks. Then,

first of all, we notice that expanding condition (9) we get

—A(:r:,y) [U1(9073//) - U12(907Z/) : (y’ - y)} > [Un(%y/) - ng(a:,y) : (Z/’ - 3/)} ) vmvyvyla (34)
which is equivalent to
f(xa Y, 6) Z 85f(x, Y, 5)’5:0 &, Vl’, ) and &, (35)

where

f(xayag) = Ull(ajay) : Ul(ﬂf,y + 5) - Ull(xay + 8) ' Ul(ﬂf,y), (36)
withe =y — .

Now, considering a cross-risk vulnerable utility function, we have

Ull(xv y) > E [Ull (Z’, Yy +f)] 7 (37)
Ui(z,y) — E[U1(z,y+¢)]
for all z, y and all random variablé with zero mean.
SinceU; > 0, the equation above is equivalent to
U (z,y) - E[Ur(z,y +&)] = E[Un(z,y 4 &)] - Ur(z,y) > 0. (38)
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Thus, by definition off, we obtain thatJ is cross-risk vulnerable toward an actuarially neutral back-
ground risk if and only if:

Elf (z,9,6)] >0, (39)
for all z, y and all random variablé with zero mean.

Since, f(z,y,0) = 0 for all z andy, lemma 1 allows us to assert that the previous relation holds if

and only if

f(@,y,6) =2 0:f(2,y,€)|.o -6, Va,yande, (40)
which, by (35) concludes the proof. O
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