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Preserving preference rankings under non-financial

background risk

Abstract

We investigate the impact of a non-financial background &isk the preference rankings be-
tween two independent financial risks and Z, for an expected-utility maximizer. More precisely,
we provide necessary and sufficient conditions for the raétire (o + 21, yo + €) to be preferred to
(2o + 22, yo + &) whenever(zg + 21, yo) is preferred tdxg + 22, yo ). Utility functions that preserve
the preference rankings are fully characterized. Theictjfwal relevance is discussed in light of re-

cent results on the constraints for the modeling of the peefee for the disaggregation of harms.

JEL classification: D81

Keywords Multivariate risk, Background risk, Disaggregation ofims, Risk independence



1 Introduction

Decision making under uncertainty often takes place in the context of multide. ri€onsequently,
decisions about endogenous risks must be made while simultaneously daer{gr more) exogenous
background risk(s). However, it is often assumed, both in the academatuite and in practice, that
only the main risk factor of a specific problem must be accounted for. Swimplifying approach
is quite common and mainly relies on the belief that the effects of additional emwicrisks are of
second order with respect to the consequences of the main risk fadtorg #his line, many standard
decision models have been developed under the assumption of the exafteneesingle source of risk.
It is therefore important to investigate the extent to which the models developst this single-risk
assumption are robust in the presence of multiple risks.

In an economic context, Gollier and Schlesinger (2003) have recentlgdtatdressing this issue in
the particular case of a purely (additive) financial ris&, when the background risk is of the same kind
as the main risk. The objective of this note is to extend their investigation to thextai multivariate
risks in order to explicitly account for the existence of risks of differeatures. Among the many
applications in which the background risk is not of the same nature as thgemols decision variables,
we can, for example, refer to one-period models in which the backgraoskds a non-financial risk
say, an environmental risk, or a health risk (on this, see Bleichebdd. (2003) for recent results).
But the exogenous risk can also affect a non-consumable pensiet)-as the supply of labor, or an
economic state variable, or the future consumption (see the books by Ga0&L)(and Eeckhoudit
al. (2005)). Applications can also refer the more recent problem, investigpgtErankeet al. (2006), of
a multiplicative background risk in order to account, among others, forath@éam behavior of interest
rates. In a broader context, Leskinen and Kangas (2005) havetisetwestigated the question of rank
reversals in multi-criteria decision problems when the performance of dec#iernatives is analyzed
by use of ratio-scale pairwise comparisons.

Formally, the question we address is the following:

“When can one say that an expected-utility maximizer prefers the alternative-
Z1,y0 + £€) to the alternativéxy + 22, yo + €) whenever she prefefs + Z1, yo) to (zo +

Z2,Y0), provided that the non-financial background risk independent of; andz,.”

In addition to its theoretical relevance, this problem addresses the pla&gieaof the direction in which
preferences are affected by the presence of a new independect £ unavoidable risk. Consider for
instance a firm that faces two investment opportunities whose futureflomghare respectively; and

Z, with the alternativez; preferred to the alternativg in the absence of any secondary source of risk.

Answering our question tells us explicitly how the decision of the firm will bea#d by the presence

2



of the background risk, which can be seen as any kind of risk the firm has to face up: the future
evolution of the environmental legislation (e.g., carbon dioxide constraintgiBand Volker (2007)), the
financial disclosures and their certification (Sarbanes-Oxley Act, @iittearia and Grinstein (2007)),
interest rates and financing conditions (Fraekal. (2006)), changes in health and sanitary regulations
(asbestos or cigarettes, Mullin and Malani (2004)), and so on. Ingisdobviously face similar multi-
risks decision problems. This issue is therefore particularly relevantitvdiieory and practice.

As we shall see, the family of utility functions that are solutions to this probless dot boil down to
the set of utility functions that only depend on the marginal distributions of #itgibutes (and, therefore,
not on their joint probability distribution), namely the set of additive utility funeidFishburn (1967)).
Indeed, it appears that the class of utility functions that solves the prathbes not simply restrict to
the utility functions for which the non-pecuniary variable does not impacirtheginal utility of wealth
(cross derivative equal to zero). More precisely, we show thatl#tss of the so-calledsk-independent
utility functions, introduced in the early seventies by Keeney (1971, 1BvB)lation to the concepts
of conditional risk aversion and conditional risk premium, constitutes thetisolto this problerh.
However, by restricting to an actuarially neutral background risk, iriotd disentangle the pure risk
effect from the level effect, we find that the set of admissible utility fundisrbroader.

The note is organized as follows. Section 2 answers the main question ofetberyation of the
preference rankings in the presence of a non-financial risk, firstheigeneral casée., when one does
not impose any restriction on the mean value of the background risk, aoddig, when one focuses on
an actuarially neutral background risk in order to disentangle the |efesiteind the pure risk effect. We
show that the class of utility functions derived in the absence of any eimistm the background risk is
then enlarged by a family of functions that constitutes a non-trivial gématian of the one-dimensional
guadratic functions obtained by Gollier and Schlesinger (2003) for ditielfinancial background risk.
Section 3 provides several examples of applications of our results tiabpases: I we derive the result
obtained by Gollier and Schlesinger (2003) for an additive financididracind risk as a special case of
our result, (1) we extend on the results in Frangeal. (2006) to show that the family of utility functions
that preserve preference rankings under a multiplicative backgroskds the constant relative risk
aversion family andi(1) we show that there is no (risk-averse) utility function that preservefemnce
rankings in the presence of both an additive and a multiplicative backdmiglka Then, as a corollary to
the main results of this note, section 4 shows that the class of utility functionpréserve preference
rankings is compatible with the modeling of the preferences of an individuahé disaggregation, or
the aggregation, of harms, according to the assumptions made on the signabss derivative of

the utility function (Eeckhoudet al. (2007)). It proves that this class of utility functions possesses the

1See also Keeney and Raiffa (1976) which consider related utility indemeecconditions.



minimum properties one can expect. It also means that this class of utility fusc#mbe very useful
when one faces a multidimensional decision problem for which it is knowrthiegireference rankings
on one of the variable are not impacted by the presence of the otherleé)alsection 5 offers a brief

conclusion.

2 Conditionson utility to preserve preference rankings

We consider an individual with a two-arguments von Neumann-Morgenat#ity functionU (assumed
strictly increasing with respect to each argument, concaveqatitdes continuously differentiable). We
will assume, for illustration purpose and for ease of the exposition, thdirti@rgument refers to the
agent’s wealth while the second one refers to any background risk finhacial or a non-financial
nature, as exemplified in introduction). Thus, we will denot&ld¥/ (z¢ + Z, yo + €)| the individual’s
expected utility wherdzg, yo) represents her initial endowmerit,is a random wealth payoff angd
a background risk. Notice immediately that our restriction to the bivariate ceaseely the case for
which there is one main risk factor and only one background risk is justdtational convenience. Our
results generalize naturally to the situation where the decision maker fasgaldeackground risks. In
such a case, the initial non-pecuniary endowment rggds (vo.1, - - - , yo,,) While the background risk
becomesg = (&1,...,&)).

Throughout this note, we assume that the two rigksdé are independent. We could be blamed
for such a simplifying assumption since any interaction between these twon@Kd play a role on
the preference rankings. But in this case, the impact of the secondrisie dirst one would be blatant.
Besides, in the absence of any restriction on the dependence betwéeo theks, the set of utility func-
tions preserving preference rankings clearly restricts to the set @fadatility functions. That is why
we focus, in the sequel, on the case where both risks are indepefdeetanother, so that the potential
changes induced by the presence of the exogenous risk does nofroameedirect interaction with the
endogenous one but specifically from the bivariate nature of the degsodblem and the properties of
the utility function of the economic agent.

Considering two random wealth payoffsandz, and an independent random variablepresenting

the background risk acting on the non-pecuniary dimension of the agesifare, our main result is
Proposition 1. The two following statements are equivalent:

() (zo+ Z1,y0) = (2o + Z2,90) = (x0 + 21,90 + &) = (20 + 22,90 + €), VZ; and V¢ independent

The fact that any additive utility functiofl (z, y) = . (z) + u,(y) preserves preference rankings on the first argument
in the presence of any background risk on the second argumenpdcta® of their dependence, is obvious. The necessity
almost straightforwardly results from the considerations of Pollak (1667%he so-called-standard lottery ticketfor which
the preservation of preference rankings must hold.
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(n) the bivariate utility function read¥ (z, y) = F(z) - G(y) + h(y), whereG(-) is any function with

a constant sign.

Before we prove this assertion, let us remark that, following the definitioodotted by Keeney
(1971, 1973), the utility functions satisfying statementgre such that the financial riskrisk-independent

of the non-financial risk. It is also equivalent to say that the utility functigm, y) in (1) satisfies

3<U11(w)

Keeney (1971, theorem 1) has established that utility functions that s@t)sfgn be completely specified
by the knowledge of three conditional utility functiobs(zg,y), U (x1,y) andU (z, yo) for arbitrary
xo, 1 # xo andyg. Definingzy andz; such thaty (z1,y) > U (x0,yo) and then arbitrarily setting

the origin and units of measure Bf(x, y) by U (xo,y0) = 0 andU (z1, ) = 1, we get
Ulz,y) = U (z0,y) [1 = U (z,90)] + U (z1,9) - U (z,%0) - (2)

Proof of proposition 1.The sufficiency of the risk-independence property for preserviefgpence rank-
ings is obvious. Indeed, frorfi), we can assert thateo + Z1,90) = (2o + Z2,y0) implies that
E[F (20 + 21)]-G (yo) > E[F (zo + %2)]- G (y0). Then, multiplying both sides of this last equation by
E[G(yo + €)] /G(yo), which is positive by assumption, and accounting for the independeri¢canofls,
the statement that:o+21, yo) = (zo+22,y0) impliesE [U (xo + 21,40 + €)] > E[U (zo + 22, y0 + €)],
which is the same as:o + 21, yo + €) = (zo + 22,50 + €). It concludes the proof of the sufficiency.
As for the proof of the necessity, let us remark that in order for state(reothold for any riské, it
must at least hold for a degeneratee., for a constanf = <. Therefore, the alternative + Z1, yo +¢)
must always be preferred to the alternativg + Z2, yo + ¢) irrespective of the fixed, but arbitrary, value
of . In other words, it is necessary that the decision maker’s prefesenvez any financial lotteries for
a fixed value of the non-financial argument are the same regardless afmbunt of the non-financial
argument. Consequently, the risk-independence property (1) — andkstly (11) — is necessary faf)
to hold. Besides, since the utility functidn is such that/; (z,y) = F'(z) - G(y) is positive for allz

andy, the functionG must keep a constant sign. O

Accounting for any form of background riskhas a severe drawback in so far as it mixes two effects:
a level-effect (analogous to the wealth-effect for a financial riskgtee to the amplitude of the mean
value ofé and a pure-risk effect related to the shape of the background riskbdi&n (more or less

skewed, more or less fat-tailed, and so on), irrespective of its mean Vaisithus desirable to focus on
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actuarially neutral background risks in order to have a better unddstpof the impact of each of these
effects. Under such a restriction on the distribution of the backgroukgthis result hereafter holds (see

the Appendix for the proof).
Proposition 2. The two following statements are equivalent:

(1) (w0 + Z1,90) = (w0 + Z2,90) = (T0 + Z1,Y0 + &) = (w0 + Z2, Yo + &), VZ; and V£ independent
of Z; WithE [¢] = 0,

(n) the bivariate utility function read¥’ (z,y) = F'(z) - G(y) + h(y), whereG keeps a constant sign,
orU(z,y) = F(z) -y + h(y) + g(x).

To compare, in the case of a one-argument utility function, when restrictaal &ctuarially neutral
background risk, Gollier and Schlesinger (2003) show that, in additionAlRACutility functions, the
guadratic utility functions are admissible. Note that in the present (bi-dimead$icase, the functions
of the formU (z,y) = F(z) - y + h(y) + g(z) constitute a non trivial generalization of their result.

We remark that the two sets of utility functions that preserve preferemdengs have different
implications in terms of decision analysis. Indeed, utility functiéi(s:, y) = F(z) - y + h(y) + g(x)
are such that if, for some leve}, of the first attribute, the outcomg + £, is preferred to the outcome
Yo + €2, Whereg; andé, are independent actuarially neutral background risks then the outgpmeé;

will be preferred tayy + 5 for any levelx of the first attribute,
(o, Y0 + €1) = (20, Y0 + E2) = (2,90 + &1) = (z,y0 + &2) , V. 3)

The proof simply amounts to notice thB{U (o, yo + 1)] — E [U (z0,y0 + &2)] = E[h (yo + £1)] —
E[h (yo + £2)] does not depend on the value of the first attribute.

On the contrary, the set of risk-independent utility functions may exhibélemnation in the pref-
erence rankings when the level of the first attribute varies. Indeedcima casé [U (xo,yo + &1)] —
E[U (zo,y0 + &2)] = F (0)-(E[G (yo + €1)] = E[G (yo + &2)) +(E[h (yo + €1)] — E [ (yo + &2)]),
so that the outcomegy + &1 is preferred (resp. not preferred) to the outcogget &5 according as
F(z0) = — E[h(yo+&1)]—E[h(yo+E2)]

= TEGUtE)=FlC 5] Thus, depending on the decision analysis application one has in

mind, one of the two sets of utility functions can be more relevant than the eitwrding as the pref-

erence rankings should also be preserved in terms of (3) or not.
As for risk independent utility functions, the second set of utility functiorieodtuced in proposi-

tion 2 can be completely specified by the knowledge of three conditional utilitstifons.

Proposition 3. Any bivariate utility functionU (z,y) = F(z) - y + h(y) + g(z) can be completely
specified by the knowledge of three conditional utility functigsy, v), U (z, yo) andU (x, y1). It then
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Figure 1: Schematic representation of the sets of conditional utility functiecessary to completely
specify the bivariate utility function according as it is a risk-independélityufunction (left panel) or
the utility function considered in proposition 3 (right panel).

reads

Ulz,y) = U (20,y) + U (z,90) + [U (z,91) = U (z,90) — 1] -

for arbitrary x¢, yo andy; # yo such that/ (zo, yo) = 0 andU (xg,y1) = 1.

We prove this result in the appendix. Notice that the three conditional utilitgtimms necessary to
specify the set of utility functions in proposition 3 are not the same as the dhiesethat are necessary
to determine the set of risk-independent utility functions (see eq. (2)@.difference is illustrated on
figure 1. The relative utilities must be assessed along the heavy lines intbedtx the value of the

utility along the dashed line for any; or y;, depending on the case under consideration.

3 Applications

We now provide three examples of applications of our results.

Example 1 (Derivation of Gollier and Schlesinger (2003)’s resultBropositions 1 and 2 constitute
a natural generalization of the results obtained by Gollier and Schlesi2@e8) for a one-argument
utility function. Indeed, considering the bivariate utility functidiiz, y) = u(z + y) one retrieves their
results as a special case of propositions 1 and 2. More preciselypas sly Gollier and Schlesinger
(2003), we obtain that the preference rankings are not affecteclpréisence of an independent additive
background riskf and only ifthe utility function is CARA insofar as condition (1) appliedd¢z + v)
yields [%]/ = 0; hence the result. Now, if we restrict our attention to the case of an adtyaria
neutral background risk, the constralfib, = 0 (see Appendix) simply reads?) = 0 which yields the

quadratic utility function.



Example 2 (Multiplicative background risk) Extending on the results in Franlk al. (2006), it is

interesting to note that in the case of a multiplicative background risk, namedi thie bivariate utility

" /
function reads/ (z,y) = u (z - y), relation (1) is satisfied if and only i[z';i(;)z)] = 0, so that the
family of utility functions that preserve preference rankings under a mulsifie background risk is the

constant relative risk aversion (CRRA) family
u(z) = —— 2177, (4)

Since this set of utility functions is often used to model investors’ choice in tefrasset allocation,
we can conclude that the many results obtained under the assumption of @efefences should be
robust to the presence of multiplicative background risks which can easitlel the inflation risky
can be seen as the stochastic discount factor between real and noatires)yor the tax riskx(is the
pre-tax income while: - y provides the post-tax income) and so on.

Focusing on an actuarially neutral backgroundjske constraini/;»; = 0 leads to the differential

equationz - u® (z) + 2u”(z) = 0, whose solution is
u(z)=a-lnz+b-z, (5)

up to an affine transform. It is then particularly interesting to notice that, in thés ase, among
the set of utility functions that preserve preference rankings in theepecesof an actuarially neutral
multiplicative background risk, only the risk-neutral utility functiatz) = z (casex = 0 in eq. (5) and

~v = 0in eq. (4)) and the logarithmic utility function(z) = Inz (caseb = 0 in eq. (5) andy — 1

in eq. (4)) are also compatible with the preservation of the prefereng@ngmin the presence of a
multiplicative background riskn the general caseBesides, let us eventually notice that in the case of
the logarithmic utility, the result still holds for@dependenbackground risk since it is an additive utility

function for multiplicative risks.

Example 3 (Additive and multiplicative background riskAs pointed out in the introduction, the results
of propositions 1 and 2 generalize to the case of a multidimensional backyrisk. Therefore, in the
realistic case where the agent is subjected to both an additive and a multiplicatikground risked.g.

a random initial wealttand a stochastic interest rate), we must conclude that preference rarsdiegs
preserved if and only if the decision maker is risk-neutral. Indeed, @ktfarward generalization of

proposition 1 and equation (1) to the trivariate utility functionz, y1,y2) = u(y1 - * + y2), shows

®Here, it would be better to writé/ (x,y) = u (- (1 +y)) with E[y] = 0 since an actuarially neutral multiplicative
background risk must have a mean value equal to one instead ofseerthe discussion in Frankeal. (2006)), but this shift
in the expectation does not change our conclusions.



’ / " /
that the two requirements- (z)} = 0 and [“‘ (Z)} = 0 must be fulfilled, so that, necessarily, the

u(z) u(z)

coefficient of absolute risk aversidﬁ% equals zero and hence the result.

4 Further properties

Proposition 1 has shown that the use of the class of utility functions that eatik& property of risk-
independence is relevant if and only if the decision maker kn@\priori that among the set of decision
variables she has to face up, the preference rankings on one ofvérésigles is not impacted by the
presence of the others. However, for this result to be useful in peadgticemains to check that this
class of utility functions is well-behaved. Consequently, as a corollary tm#ie result of this note, we
would like to discuss the signs of the successive cross-derivatiibe et of utility functions that are
solution to our problem.

To motivate the interest of the question, recall that in a recent papekh&edtet al. (2007) give
a simple and intuitive interpretation for the meaning of such derivativesy $hew that the alterna-
tion of signs of the successive cross-derivatives of the utility functmmesponds to a direction on
preferences. Following these authors, for a correlation-averseidndi* (U1, < 0), preferences for
the disaggregation of harms correspond€/ig, > 0,U122 > 0, andUj122 < 0. In the same way,
for a correlation-loving individuall{;2 > 0), preferences for the aggregation of harms corresponds to
Ui12 < 0,U122 < 0, andU7122 > 0. The intuition for these results for a correlation-averse individual,
for example, is the following. For such an individual, a higher level of-peauniary endowment mit-
igates the detrimental effect of a reduction in wealth. Similarly, a higher wealéh helps to temper
the detrimental effects of accepting a non-pecuniary risk. Such aridodiprefers also to disaggregate
two harmful risks.

Let us now show that the class of utility functions defined by stateimgni proposition 1 is com-

patible with the alternation of signs:

Corollary 1. The set of utility functions that satisfies the preservation of preferendeéngsunder a
non-financial background risk also satisfies the requirements for thehmg of individual preferences
for the aggregation or the disaggregation of harms, according as thatdageeither correlation averse

or not, i.e., according ag/;» < 0.

Technically, the corollary states that the set of utility functions charactebgeproposition 1 are

such that eithet/;s < 0 andUy12 > 0 andUjge > 0 andUjqee < 0, orUja > 0 andUj12 < 0 and

“This concept was first introduced by Richard (1975), and was esglirther by Epstein and Tanny (1980).



U192 < 0 andUj192 > 0. This result comes from the fact that, under conditions of existenceawe h

Uni(z,y)  Una(z,y)  Una(z,y)
= = ,  Vx,y. 6
Ui(z,y) Uia(z,y) Ur22(z,y) Y ©)

So, assuming that the absolute risk aversion for weém%l) is positive, both (]11122 and ﬁ are

negative, which amounts to say that, andU;15 on the one hand, antdis2 andUj122 On the other

hand, have opposite signs. Now, concerning the relative sighefandU;29, it can be determined by

Usoa _ <_U> <_U> @
U2 Ux Uy )’

satisfied by the utility functions that preserve preference rankingscéjassuming that the individual’s

help of the relation

absolute risk aversion toward financial risks and toward non-finariskd are both positivel/;1, and
U122 must have the same sign.

As for the utility functions that preserve preference rankings undactararially neutral background
risk, the Appendix shows that the only restriction that these utility functiome t@fulfill is U9 = 0.
Therefore, it places no constraint on the sign (and the alternation fhefdbe derivatives ot/, so that
this family of utility functions can obviously still comply with Eeckhouelt al. (2007)'s requirements

for the preferences for the disaggregation of harms but not nedgssa

5 Conclusion

Economic modeling often relies on a utterly simplistic idealization of the human betandoof his/her
environment in order to yield tractable results. In particular, it is oftenrassduthat the sources of risk
are well-identified so that the environment is free from any backgroandrtainty. This obviously does
not hold in most real-world circumstances. As detailed in this note, the inttioduof a new source
of uncertainty is innocuous only in the very restrictive cases where thgepy ofrisk-independence
holds. As a consequence, extant results that pertain to a restricted mafmbell-identified sources
of risk cannot be assumed to extend to models with background risks (&itaecial or non-financial)
when this property does not apply. Nonetheless, when the secondanskecplausibly thought not
to have any impact on the preference rankings of the first risk, owllaoy result according to which
the class of risk-independent utility functions enjoys suitable properisea-visthe aggregation or the
disaggregation of harms should provide additional motivations for thefubeslass of utility functions

for practical multicriteria decision problems, as originally advocated by &gen
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Appendix

Proof of proposition 2.The proof mainly follows the line of the demonstration of the second proposi-
tion of Gollier and Schlesinger (2003). It starts with generalizing the notiaedved utility function
introduced by Kihlstrorret al. (1981) and Nachman (1982), which allows us to definectbssderived
utility function V' as

V(z,y) =E[U (z,y +&)], Vaz,y. (8)

It simply means that an individual with the preferences described in ouehaod facing the two inde-
pendent risks behaves as an individual with the derived utility fundtidacing the riskz only. With

this definition, statemergt) can be rewritten as
E[U (zo+ Z1,90)] = E[U (w0 + Z2,50)] = E[V (zo + Z1,90)] Z E[V (0 + Z2,%0)] . (9)

This relation holds irrespective of any restrictionrandz, if and only if

_Ull(ma y) _ _‘/11(337y)

- ) Vx, . 10
Doy~ Viloy) Y 4o

By definition (8), the equation above is equivalent to
E[f(z,y,8)] =0, Vu,y, (11)

where we have seft(z,y,e) = Ui (z,y) - U (z,y +¢) — Ui (z,y) - Ui (x,y + €). Now by Jensen’s

inequality, it is necessary for the relation

El8] = 0= B[f (v,,8)] =0, Va,y, (12)

to hold thatf be a linear function ir, so that we must hawe? f = 0, which is equivalent to:

Ui (z,y) - Urze (z,y +¢) = Ui (z,y) - Unig2 (7,9 +¢) =0, Vaz,yande. (13)

Under the assumption thét > # 0, this relation leads to

U (z,y) _ Uri22 (2,9 + €)
Uy (x,y) Uiz (z,y +¢)

, Vz,yande, (14)

which means that bot%ll((“’y) and Y1229 are equal to the same function, gaywhich depends aof

z,y) Ur22(x,y)
only. Obviously, any solution o% = k(x) is also solution o% = k(z), thus we just have

11



to focus on the function& satisfying

Un (x7y)_k(x)Ul ((E,y) =0, (15)

whose general solution is
U(z,y) = F(z) - Gy) + h(y), (16)

whereF' is such that?”’ /F’ = k, G andh are arbitrary functions. We only have to require tGakeeps
a constant sign in order fdf; (x, y) to remain positive for alk: andy. As in the proof of proposition 1,
one can easily check that statem@hptctually holds foiJ given by (16).

Now, to end with this demonstration, let us focus on the case wligre = 0. A straightforward

integration of this equation leads to

U(z,y) = F(z) -y + h(y) + g(x). (17)

Again, it is only a matter of simple algebraic manipulations to show(thag satisfied for such a utility

function. 0

Proof of proposition 3.The bivariate utility functiorU (z,y) = F(z) -y + h(y) + g(x) can be specified
by the knowledge of three conditional utility functiob§xg, v), U(z, yo) andU (z, y; ) for arbitraryz,
yo andy; # yo. Indeed, we can defing andy; such that/ (zo,y1) > U (z, yo) and then arbitrarily

set the origin and units of measured&fz, y) by

U (wo,yo) = 0, and U(l‘o,yl) =1. (18)

Considering the three conditional utility functions

U(zo,y) = F(zo) -y+h(y)+g(zo), (19)
U(z,yo) = F(z)-yo+h(yo)+g(x), (20)
U(z,y1) = F(z)-y1+h(yn)+g(@), (21)
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we can solve foF'(z), h(y) andg(x) which yields

Uz,y1) —U(x,90)  h(y1) —h(yo)

F(x) = - ; (22)
Y1 — Yo Y1 — Yo
- hy) —h h(yo) - yo — h (y1) -
hy) = Ulwgy) — Y=Y 2@ =) 7o) 9o=h®) v (23)
Y1 — Yo Y1 — %o Y1 — Yo
o) = Ul@,yo) 1 —U(z,y1) -yo  T(y0) o —h(y1) yo (24)
Y1 — Yo Y1 — Y

By substitution in the expression 6f(x, y) given by proposition 2, we get the result stated in proposi-

tion 3. 0
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