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November 4, 2010

Abstract

We degenerate solutions of the NLS equation from the general for-
mulation in terms of theta functions given in [17], to get quasi-rational
solutions of NLS equations. For this we establish a link between Fred-
holm determinants and Wronskians. We give solutions of the NLS
equation as a quotient of two wronskian determinants. In the limit
when some parameter goes to 0, we recover Akhmediev’s solutions
given recently [1, 2, 3, 4, 5, 6, 7]. It gives a new approach to get the
well known rogue waves.

1 Introduction
The solution of the NLS equation
Uy + Vg + 20?0 = 0, (1)

is given in terms of theta function by (see [17])

v(z,t) = ngi: 2 exp(2it — i), (2)
where
ON = 2
67‘(3:, t) = Z eXp{ Z ln < v y) ky{k’y (3)
ke{0;1}2N u>v, p,r=1 Tv + o m
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Yo+ Y

2N vy —i 2N
+(> ik (3—20,) =20, (t—to,)+(r—1)In “—+ > In +mie, )k, },
v=1 Yo+ =1, v | v = T

In this formula, the quantities k,, J,, 7, are functions of the parameters A,
v=1,...,2N, N being a positive integer, N > 1 and they are given by the
following equations,

1—X,
Ky =21 —=X2 0, =K\, = e, € {0;1}. (4)

14+ N7

0, Toy, tow, Ay, and k,, 0,, v, v = 1...2N are real numbers satisfying the
conditions

ToN+j = Toj,  tontj = toj, O <A <1,
AN+ = —Aj,  ENtj =Ky Onyj=—0; N+ =1/7, Jj=1...N.

2 Expression of solutions of NLS equation in
terms of Fredholm determinant

2.1 Relation between ¢ and Fredholm determinant

The function 6, defined in (3) can be rewritten with a summation in terms
of subsets of [1,..,2N]

Or(z )= > [0 ]I

Jc{1,..,.2N} veJ ved, ugJ

Yo+ Vu
Y — Tu

X exp{z il{u(x - x()l/) - 25y<t - tOV) + xr,u}v

ved
with
(r—DIn ' 1<j<2N (5)
fErV: r — n .9 Y
Yo+ 1 J
in particular
Vit .
Z.;=(r—1)In -, 1 <j57<N,
i=( ) v+ J
:ETNH——(r—l)ln%_Z_ (r—1)ir, 1<j<N (6)
' ’Yj+Z

r=1,3.



In the preceding formula, €; can be chosen arbitrary, for example it can be
fixed in the following way :
¢g=gfor1<j<N,ande=j+1for N+1< 5 <2N.

In a recent paper, Kirillov and Van Diejen have given determinantal for-
mulas for zonal spherical functions on hyperboloids. In particular, they com-
pute det(I 4+ A), where [ is the unit matrix and A = (a;)1<;r<an the matrix
defined as :

_ 26K
K;+ Ky 1

K; + K,
K; - K,

ajk exp(—2K;z), (7)

where €; € {—1;+1}.
Then it is shown that det(/ + A) has the following form

det(I+A)= > Jle& 11

JcA{1,..,N}jeJ jeJk¢J

K; + Ky

K; — Ky,

exp(—2z Y Kj). (8)

jed

Using the same strategy, we can compute det(/+A,) where A, = (ay,)1<pu<2n
is the matrix defined as :

_ 2(_1)6V7V
Vo + TV n#v

Yo+ Ty
T _777

i exp(iK,(x — xoy) — 20, (t — toy) + xrp).  (9)

Then det(I + A,) has the following form

det(I+A)= > I ]I

Jc{1,...2N}veJ veJugJ

Yo+ Vu

exp(i K, (z — xo,) — 20, (t — to,) + x,,,).(10)
T — Yu

From the beginning of this section, 6 has the same expression as in (10) so,
we have clearly the equality

0, = det(I + A,). (11)
Then the solution of NLS equation takes the form

_det(I + As(x,t))
~det(I + Ay(z,t))

v(x,t) exp(2it — ip). (12)



2.2 Example

If we consider the case where N =1 we get :

) 1—1—7% )
O3(x,t) =1 —exp(—21n -+ 1n + K (x — xo1) + 201 (t —
s(2,1) p( Tt 1— 2 1( o1) 1 01))

— —21 | Ki(x — —201(t —t
exp( n " T + In 1— 7% +1 1(£C I()l) 1( 01))

-+ exp(iKl(x — .CEOl) + 251(t — t()l)).
It is clearly the expression of det(I + Ajs).

1L+
91(55, t) =1- exp(ln 1 ,}/2 + ZKl(ﬂf — 1’01) -+ 251(t — t01))
A

1
—exp(In .

+ exp(iKl(x — [E01) -+ 251(t — t()l)).
We refind the expression of det(/ + Ay).
Then we can write clearly the solution of NLS equation in the form
det(I + A t
v(x,t) _ e ( + 3(ZE, ))
det(I + Ay(x,t))

exp(2it — ip). (13)

3 Expression of solutions of NLS equation in
terms of wronkian determinant

3.1 Link between Fredholm determinants and wron-
skians

We consider the following functions

bu(y)
éu(y)

These functions depend on r. We must denote them ¢/ (y). For simplicity,
in this section we denote them ¢, (y).
We use the following notations :

sin(K, (z — xo,) /2 + 16, (t — toy) — i /2 +7y), 1<v <N,

cos(K (& — 200) /2 + 10 (t — ton) — in/2 +oy), N +1<v<2n. 1Y)



0, =K, (v —x0,)/24+ 0, (t — to,) — iz, /2 + 7y, 1<j5<2N.
Wi(y) = W(é1, ..., ¢an) is the wronskian W,.(y) = det[(04 ¢y )u, pepr,...2n]]-

.....

.....

2(—=1)vy, v y
dyy = % I1,2 % exp(ik, (T — Toy) — 20, (t — toy) + Trp),

1<v<2N, 1< u<2N,

with .
Y — 1
Yo+

Zry = (r—1)In
Then we have the following statement

Theorem 3.1
det(I + D,) = k.(0) x Wy.(¢1, ..., ¢an)(0), (15)

where
22N exp(i 2N, ©,)

kr(:g) = - .
5 T2 (v = )

Proof : We start to remove the factor (2i)~1e®®” in each row v in the
wronskian W,.(y) for 1 <v < 2N.

Then
2N
W, = J[ e 2) " 2)™N x W4, (16)
v=1
with
(I—eO)  im(L+e9) 0 (im)* M 1+ (1) Ve o)
W (1 _ 6—21@2) Z")/Q(l + 6—2162) o (i,y2>2N—1(1 + (_1)2N€—2z@2)
rl — . . . .
(1 — e 20) yon (1 +e72028) 0 (i )2V 711 + (—1)2 e 2102n)

The determinant W, can be written as
er = det(a]’kej + ﬁjk),
where aj; = (—1)%(iy;)* Y, e; = e and Bj, = (iy;)* ', 1 < j < N,

1<k <2N,
ajr. = (=) i)kt e; = e72? and By, = (i), N+1 < j < 2N,
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1<k <2N.
Denoting U = (j)i,jep,..2ns V' = (Bij)i, je,...,2n, the determinant of U is
clearly equal to

L 2N(2N-1)
2

det(U) = (4) I (i=m) (17)

2N>I>m>1

Then we use the following Lemma

of B
Then

det(Hm)

det(ayz; + biy) = det(ay;) x det(d@; + det(ay)

) (18)

.....

have the well known formula A x* A = det A x I.

So it is clear that det(A) = (det(A))N~".

The general term of the product (c;;)ijen,. N = (aix; + bij)i,je[l,..,N] X (@ji)ijef, ., N]
can be written as

Cij = SN (@ismi + bis) X s

=Z; Zivzl Aisljs + Zévzl bisjs

We get

det(cij) = det(aia; + bij) x (det(A))V1 = (det(A))N x det(d;z; + Sursl)-
Thus det(a;;x; + b;;) = det(A) x det(d;;2; + dgiﬁfj)).

O

Using the previous lemma (18), we get :

det(ije: + By) = det(ay;) x det(dge; + det(av;)

),

-----

the ith row of V' defined previously.
We compute det(H;;) and we get

2N(22N+1)+1 2N(2é\7—1)

det(H;;) = (—1) (i) 11 (v = ) [T =70 TTve — 1)-(19)

IN>I>m>1, 1£], m#j 1<j I>j
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det(Hi]-) .
det(a;) -~

We can simplify the quotient ¢ =

(=D O (v + )

a (=1)rt Hz;Ak(% — k)

(—1)€(j)_k+127k Hl;ék(% + %)
(v + i) Thier (v — )

_ DV [t (20)
(rYj + '7k) £k Y= Yk
So det(d;xe; + iii((f],f)) ) can be expressed as
J
det(H; 20 —1)@9 .
det(d;xe; + det(H;r) Jk)) = I e det (6 + (V™2 %t Y e%19i).
det(ajk) j=1 (/yj + '7k) I#k M= Vk

Then dividing each column k£ by v, 1 < k < N and multiplying each row j
by v;, 1 <j < N, we get

det(H jk)
det(ayy)

Y+ Vi

eZ’i@j)
Y~ Yk

Y

2N —1)€0) 2~ .
) — H 672z®j det(5]k + ( ) 7

det(éke- +
Y j=1 (7 + ) 14k

and therefore the wronskian

Wi (¢1,...,on)(0)

can be written as

2N 2N j—1 2N
[ e lmo(2)72V(0)
j=1

[T IT (v — ) I e #©7%=" det(I + D,)

j=21i=1 j=1

2N (2N—2)
2

It follows that

2N
e Z]’:l Ojly=0 92N

det([ + DT) = Hi]:\g H‘Z;ll(vj — ’}/Z) WT(¢17 s 7¢2N)(O) = kT(O)WT(¢17 SR 7¢2N)(0)(21)
O
So, the solution of NLS equation takes the form
_ ks(0)W35(0) L
v(x,t) = Tr (071 (0) exp(2it — i) (22)

and we get the following result



Theorem 3.2 The function v defined by

W3(¢1a s 7¢2N)(0)
Wl(¢1a s 7¢2N)(0)

is solution of the NLS equation (1)

v(x,t) = exp(2it — i).

iUy + Vg + 2[0]*0 = 0,

where
Wi(y) =W (e, ..., pan) is the wronskian W,.(y) = det[(@{j*%y)%ue“ ,,,,, an1),
and ¢, the functions given by

¢u(y) = Sin(Ky($ - xOI/)/Q + Z(Su(t - tOI/) - Z.'IT’,V/Q + ’YI/y)v 1 S 1% S N7

o (y) = cos(K,(x —xo,) /2 + 10, (t —toy) —ixr/2+7y), N+1<wv<2N,
Ky, Oy, Y parameters defined by (4) for v € [1,...,2N]

1—X,
Ky =201 =22, 6, =K\, Y= T e, € {0; 1},

where A, 1s an arbitrary parameter such that 0 < A\; < 1 and Anyj; = —A;
forje[l,...,NJ.

3.2 Example

If we consider the simplest case where N = 1, we get the following results.
The wronskian W;5(0) is equal to

1

= TS X [A1 cos(K1(z — z01)) — cosh (201 (t — to1) — x1)].

W3(0)

The Fredholm determinant F3(0) = det(I + Aj3) takes the form

261'[{11

F3(0) = N

X [A1 cos(K;(x — xo1)) — cosh(281(t — to1) — x1))].

So we have the equality

det(I + A3) = C x W,



with ,
Kl ezK 12

C= N

If we compute
2°N expl(i 212/];[1 O [y—0)

k3(0) = =

IL2 T (= )
we get :

2N '

exp(i Y Oyly—0) = %

v=1
ﬁVH‘l< - 1 _\/1+/\1 \/1—/\1_ 20 20 4\
e Y=V Yo7 - M 1— )\1 1+ )\1 /1 — )\% K1/2 K, )
So,

ks(0) 2N exp(i 2N, 0,) Ktk
3 p— - f—
NI (= ) A1

and we have the equality

det([ + Ag) = kg(O) X Wg.

4 Construction of quasi-rational solutions of
NLS equation

4.1 Taking the limit when the parameters \; — 1 for
1<j<Nand )\j — —1for N+1<j5<2N

In the following, we show how we can obtain quasi-rational solutions of NLS
equation by a rough estimation.

We consider the parameter \; written in the form 1 — e*c}.
we denote d; the term “%.

When € goes to 0, we realize limited expansions at order 2N — 1 of «;, v;,
0j, Trj, KN+j, YN+j> ON+js TrNtj, for 1 < 7 < N. For example, in the case
where N =1, it gives :

For simplicity,



kj =4dje + O(€?), ~; =dje+ O(e?), §; =4dje+ O(e?),
z,; = (r—1)(2id;e + O(€?)),

ke = Adje + O(€%),  yviy = 1/(dje) — (dje)/2+ O(€?),  dnyy = —4dje + O(€?),

Ty N1 = —(r —1)(2idje + O(€?)),
1<j3<N.

Then we realize limited expansions at order 2N — 1 of the functions ¢%(0)
and ¢}y, ;(0), for 1 <j < N :

925]1 (O) = sin Ej,
¢§’<0) = sin Dj,
Ohv5(0) = sin B,
¢N+](0) = S D;a

with

Ki(x — xo;)/2 +id;(t — to;) — iz /2,
KJ(I —$0J)/2+25 (t—t0])7
Kj(z — mo;)/2 — i6;(t — to;) + iw;/2,

) )-

KJ(JT — ZLoj /2 — Z(Sj(t — '[Z()j

ISISAS
I

<

For example, in the case where N =1, it gives :

= 2ed;(x — xo; + 2i(t — to;) + 1) + O(€?),

= 2ed;(x — xoj + 2i(t — to;)) + O(€?),
D’ = 2ed;(z — 2i(t — to;) — 1) + O(€?),
E’ = 2ed;((x — xoj — 2i(t — to;)) + O(€?),

and

qb}(O) = 2ed;j(x — zo; + 2i(t — to;)) + O(€?),
¢?(0) = 2€dj(l’ — ZToj + QZ(t - tO]) 1) + O( )
¢}V+]<O> =1 + O<€2)7

3 (0) = 1+ 0().

Then according to the relation

W3(¢17 S 7¢N)(0)
W1(¢17 < 7¢N)<0)

10

exp(2it — ip).

vz, t) =



the solution of NLS equation takes the form :

. - N(x,t, e
v(x,t) = exp(2it — ZQO)M
D(z,t,¢)
: : / /
sin Dy . sin Dy cos D] . cos Dy
LcosDy ... N cos Dy —LsinD! ... —LsinD)]
7 1 YN N
visinD; ... ~%sinDy 712 cos D] . ,%2 cos Dy
1 N
2N-1 2N—1 1 i T 1 ey
' ' 71 COSDl o IN COSDN —WSIHDl _WSIHDN
= exp(2it—iyp) : : ! - - 7
sin F .. sin Fy cos I} - cos By
Lcos By ... ~ cos En —LsinE ... —LsinF,
7 1 YN N
YVsinE, ... ~%sinEy 712 cos B . 7% cos By
1 N
fnyfl cosE; ... ’y?VN*lcosEN —ﬁ sin B} ... —721\,% sin By
1 N

We use the classical developments

. _1)i—1,2i-1 _1)7 52
sinz =Y, (()zjfl), + O(z*N) and cos z = 331, ( (22)! + O(22N T,
for z in a neighborhood of 0.

Using the fact that D; = E; + a;(€), D} = E} — a;(€), and addition formulas
for trigonometric functions, we can expand the numerator N(z,t,¢€) along

the columns; it takes the form of

1:[1 cos®(a;(€))D(z,t,€) + A.

If we divide each term of this sum by D(z,t), when € tends to 0, the first
term tends to 1; in each other term of the sum of A, we can multiply each
fraction by some power of v; to get a finite limit when e goes to 0.

So we get really a non trivial and non degenerate quotient of two polynomials
in x and ¢ by an exponential.

Practically, we keep only the terms of lower degree in €, in numerator and
denominator which expressed as powers of x and ¢

So we get in this way a quasi-rational solution of the NLS equation.

So we get the following result

11




Theorem 4.1 The function v defined by

IRT W3(¢17"'7¢2N)(0)
v(@,1) = oy Wi(¢1,.- .., ¢an)(0)

is a quasi-rational solution of the NLS equation (1)

exp(2it — ip).

Vg 4 Ve + 2J0)?v = 0,

where
W, (y) = W(ér,...,Pan) is the wronskian W,.(y) = det[(a?jh%u)u,ue[l ..... an1),
and ¢, the functions given by

¢y (y) = sin(K, (x — xo,) /2 + 30, (t — ton) — 120 /2 +10y), 1 <v <N,

o, (y) = cos(K,(x —xo,) 2+ 00, (t —toy) —ixr0/2+1y), N+1<v<2N,
Ky, Oy, Y parameters defined by (4) for v € [1,...,2N]

1—A,
Ky =241 —=X2 0, =r,\, %:’/1+)\, e, € {0; 1},

where \; = 1 — €¢; is an arbitrary parameter such that 0 < X\; < 1 and
AN+ = —Aj, ¢; an arbitrary real number, for j € [1,..., N],

If we want to recover exact solution of Akhmediev type, we must more
precise in the estimations.

4.2 Examples
For brevity, in the following we choose xo; = 0, t5; = 0 and ¢ = 0 for
1 <i<2N.

If we consider the case N = 1, from (22), we realize a development at

order 1 of W3 and Wj in €. The solution of NLS equation can be written as

(—4a? — 16t* + 166t + 3)

t) = — 2it).
v(@;1) wrieern el
Then v takes the form
1+ 4t
v(z,t)=1—-4 R exp(2it).

1+ 16¢2 + 422

12



If we make the following changes of variables ¢ — X/2 and x — T, we get
exactly first order Akhmediev’s solution (see [1]).

A(1 + 2ix)

t)y=(1- —-""
vz, ) = 1+ 422 + 4¢2

)exp(iz).

In the case N = 2, we must realize a development at order 3 in €. From
(22), the solution of NLS equation can be written as

_ N(z,t)
vz, ) = D(x,t)

exp(2it),

with

N(z,t) = 57602*t*—30722°t*+-1872t* — 6425 —45—4096t°+ 1802 +1442* — 7682
+768iz t + 8448t* — 1152ix*t + 1536it> — 720it + 122884t + 61444322,

and

D(x,t) = —11522**+30722°t* + 1584t +642°+9+4096t°+1082%+48x" + 76827 +6912t*.

If we make the following changes of variables t — X/2 and x — T, we get

Nl(ZE, t)
Dy (x,t)

v(x,t) = exp(iz),

with

Ni(x,t) = 14400 — 1920t +4682° —64t° — 45— 642°+ 180>+ 144t* — 1922t —576it*x
+5282% + 384ix” + 192ia> — 360ix + 384it'x + 768ixt?,

and

Dy (z,t) = —288x*t*+1922t?4+3962° +64t°+-9-+642°+ 108> +48t*+1922°t* +432x*.

It can be reduced exactly at the second order Akhmediev’s solution (see

[1])-

3/8 — 32 — 2t* — 922 — 10z — 12222 + iw(15/4 + 62 — At* — 222 — dz* — 8t24?)
v(z,t) =1+

3/3249/8t2 + 1/2t* + 2/3t6 + 33/8x2 + 9/2x* 4+ 2/325 — 3t2a2 + 2t4a? + 2t224

exp(ix).

This method can be continued to get quasi-rational solutions of NLS
equation at any order.

13



5

Conclusion

Here is given a new formulation of solutions of NLS equation that gives as
particular case, Akhmediev’s solutions. These solutions expressed as a quo-
tient of wronskians are similar to a previous result of Eleonski, Krichever
and Kulagin [12]. Their formulation can also be seen as a quotient of two
wronkians but is more complicated because it needs recursion operations.
However, it can be used to get solutions of NLS equation (see [11]).

This new formulation can give explicitly a set of non singular solutions of NLS
equation which can be obtained by a simpler way than with the Krichever
method.
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