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Abstract

We degenerate solutions of the NLS equation from the general
formulation in terms of Fredholm determinant given in [10], to get
quasi-rational solutions of NLS equations. For this we establish a link
between Fredholm determinants and wronskians. We give solutions
of the focusing NLS equation as a quotient of two wronskian deter-
minants of a system of sine functions. By appropriate passage to the
limit when the periods tend to infinity, we recover exact expression for
higher Peregrine-Akhmediev breathers obtained in [13] by Peregrine,
and by Eleonskii, Krichever, Kulagin and Akhmediev [8, 2, 1]. It gives
a new approach to get an analytical description of the rogue waves.

1 Introduction

The nonlinear Schrédinger equation (NLS) equation plays a fundamental role
in hydrodynamics, in particular for waves in deep water in the context of the
rogue waves or in non-linear optics.

In this paper, we will study solutions of NLS equation from the theta for-
mulation given in [10] and give a new representation in terms of wronskians.
The solutions take the form of a quotient of two wronskians of even order
2N of elementary functions depending on a certain number of parameters.
We will call these related solutions, solutions of NLS of order N.

To get from this form, quasi-rational solutions of NLS equation, we take the
limit when some parameter goes to 0.



For N = 1, we recover the well known Peregrine’s solution of the focusing
NLS equation first found [13] in 1983; it was rediscovered later in several
publications, in particular [3].

The second order Peregrine-like solution was first constructed in [3]. Other
Peregrine-like solutions were found for reduced self-induced transparency
(SIT) integrable system [11]. In [10], the n-phase quasi-periodic modulations
of the plane waves solutions were constructed via appropriate degeneration
of the finite gap periodic solutions to the NLS equation. These results have
provided a way to construct multi-parametric families of multi-Peregrine so-
lutions.

Same families of higher order were constructed in a series of articles by
Akhmediev et al. [1, 2].

Rational solutions of NLS equation are given in [12] in a determinantal rep-
resentation as degenerate solutions of Davey-Stewartson equations. Another
approach using Crum transformation is given in [9] to get sequences of ratio-
nal solutions of NLS equation. Very recently, it is shown in [6] that rational
solutions can be written as a quotient of two wronskians using modified ver-
sion of [8], with some different reasoning; moreover, the link between quasi-
rational solutions of the focusing NLS equation and the rational solution of
the KP-I equation is established.

With this formulation we recover as particular case, Akhmediev’s quasi-
rational solutions of NLS equation.

2 Expression of solutions of NLS equation in
terms of Fredholm determinant

2.1 Solutions of NLS equation in terms of § functions
The solution of the NLS equation
Uy + Vg + 20?0 = 0, (1)

is given in terms of truncated theta function by (see [10])

bs(z, ) exp(2it — i), (2)

v(z,t) = 61 (0 1)



where

= X ept > w(20) b B

ke{0;1}2N p>v, pr=1 Vo T
2N . 2N +
(3 ik (0 —w0,) =20, (t—to,)+ (r—1) I g ST I | 2 e, )k,
| Yo+ 1 p=1, kv T — T

In this formula, the quantities «,, d,, 7, are functions of the parameters A,,
v=1,...,2N, N being a positive integer, N > 1 and they are given by the
following equations,

1—=XA
Ry, = 2\/ 1— )\g, (S,/ = HV)\V, Yo = 1—|——)\’ €, € {0, 1} (4)

Y, Toy, toy, ¥ = 1...2N are arbitrary real numbers.
We also note that

ANtj = —Aj, KN4 = Kj,  Ongj=—0;, Iy =1/v, Jj=1...N. ()

2.2 Relation between ¢ and Fredholm determinant

The function 6, defined in (3) can be rewritten with a summation in terms
of subsets of [1, .., 2]

Ozt = > T ]

Jc{1,..2N}veJ ved, ug¢J

Yo+ Y
T = Tu

X exp{z ik, (T — xoy) — 20,(t — to,) + Tr0 },

veJ
with

’Y,,—Z' .
Ty, =(r—1)In -, 1 <3< 2N, 6
w=_(r—1) S— j (6)

in particular




In formula (3), €; can be chosen arbitrary, for example it can be fixed in the
following way :
¢g=jfor1<j<N,ande =7+ 1for N+1< 75 <2N.

The link between theta representation of solutions of NLS equation and
Fredholm determinant formulation was already presented in [10]. In more
details, it is given in a recent paper of Kirillov and Van Diejen [14]. In
particular, they compute det(I + A), where [ is the unit matrix and A =
(ajk)1<jk<on the matrix defined as :

2€j/€j
Kj + Kk ;

Kj + K
Rj — Ky

ajk =

exp(—2k;x), (8)

#J

where €; € {—1;+1}.
Then it is shown that det(I + A) has the following form (see [14], p 84-87)

det(7+4) = > [le 11

JC{l,..,N}jeJ jeJk¢J

Kj+ K
._Hk

exp(—22 Y K;). (9)

jed

K

Using the same strategy, we can compute det(/+A,) where A, = (ay,)1<vpu<2n
is the matrix defined as :

_ 2(_1)6V7V

. = Yo + My
g Y+ Yu

T — Ty

exp(ik,(x — zoy) — 20, (t — ton) + 2,). (10)

n#v
Then det(I + A,) has the following form

det(I+A)= > v ]

Jc{1,...2N}veJ veJ ugJ

Yo T Vu

exp(ik,(x — zoy) — 20, (t — ton) + 2,).(11)
Y — Vu

From the beginning of this section, § has the same expression as in (11) so,
we have clearly the equality

0, = det(I + A,). (12)
Then the solution of NLS equation takes the form

~det(I + As(z,1))
@) = QT+ A(z.1))

exp(2it — ip). (13)
It must be noted that the formulae (13) already appeared in [10].
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3 Expression of solutions of NLS equation in
terms of wronkian determinant

3.1 Link between Fredholm determinants and wron-
skians

We consider the following functions

o (y) = sin(k,(x — x0,) /2 + 00, (t — toy) —i2r0/2+ YY), 1 <v <N,

o (y) = cos(ky(x — x0,) /2 + 00, (t — toy) —ixr/2+y), N+1<v <2N. (14)

These functions depend on r. We must denote them ¢/ (y). For simplicity,
in this section we denote them ¢, (y).

We use the following notations :

0, = k(T — 0,) /2 + 06, (t — to,) —i7,, /2 + Yy, 1<7 <2N.
Wi(y) = W(é1, ..., ¢an) is the wronskian W,.(y) = det[(04 "¢, )., uepn
We consider the matrix D, = (dy.)u, uef,... 2n] defined by

,,,,,

2(=1)v~, v N
dyy = ﬁ Hn# ﬁ exp(ir, (x — xoy) — 20, (t — toy) + Tr0),

1<v<2N, 1<p<2N,

with )
Y — 1
Tv +i

Zry = (r—1)In
Then we have the following statement

Theorem 3.1
det(I + D,) = k.(0) x Wy.(¢1, ..., pan)(0), (15)

where -
22N exp (i >02.600)

2N -1
Hll=2 Z:l (ﬁYV - ’yu)
Proof :  We start to remove the factor (2i)71e’®” in each row v in the

wronskian W,.(y) for 1 <v < 2N.
Then

k(y) =

2N
W, =[] @)@ x W, (16)
v=1

5



with

(T—eO)  im(I+e9) 0 (i) 1+ (1) Ve )
W B (1 _ 672192) 272(1 + 672292) o (i,yQ)QNfl(l + (_1)2N672192)
rl — . . . .
(1 — e 202n) iypn (14 e72028) 0 (i )2V 711 + (—1) 2 e 2i02n)

The determinant W, can be written as
W = det(ajie; + Bjr),

where aj, = (—=1)*(iv;)* 1, ¢; = e?%  and B = (iv;)" ', 1 < j < N,
1< k<2N,
ajr = (=D i)k e = €72 and Bj = (i)"Y, N+1 < j < 2N,
1<k <2N.

..........

clearly equal to

det(@) =02 [ (0 —m)- (17)

2N>I>m>1

Then we use the following Lemma

of B
Then

det(Hw)

det(a,;jxi + sz) = det(aij) X det(élﬂxz + m

) (18)

.....

have the well known formula A x! A = det A x I.

So it is clear that det(A) = (det(A4))N~1.

The general term of the product (c;;); jent,.. Ny = (@i + bij)ivje[le] X (@js)ijen,. N
can be written as

Cij = Doy (s + bis) X s

= T3 Yoy Gisiys + Y oay bisdiys

We get



det(cij) = det(ag;a; + bij) x (det(A)N " = (det(A)N x det(di;a: + Sarrt)-
Thus det(aijxi + bij) = det(A) X det((siixi + djzig‘g))'
O

Using the previous lemma (18), we get :

det(H,])

det(aijei + 611) = det(aij) X det(&;jei + _det(Oéij> )7

,,,,,

the ith row of V' defined previously.
We compute det(H;;) and we get

(i) 11 (v =) [T =) T (e = w)-(19)

IN>I>m>1, I£j, m#£j I<j 1>j

2N(2é\r+1)+1

det(H;;) = (—1)

We can simplify the quotient ¢ = % :
ij

- (=1 [Tz (v + )

RGN ) ICTERT)

(=)D 2 Tl (vt + 1)
(v + ) Thoae (0 = )

_ (1) W2y, E + (20)
(7 + ) Lk | 0T Tk
So det(d,,e; + iztt((fj,f)) ) can be expressed as
J
2N ,
det(H; ‘ —1)<@9 .
det(0;,e; + y) — He—zze)j det (8, + ( ) Vi Bl ‘_F Yk 2005
et(a) " (i + ) e =

Then dividing each column £ by 7, 1 < k < N and multiplying each row j
by v;, 1 <7 < N, we get

] 2N 1\el) ‘
det(djkej + M) — H €—2i6j det(éjk + ( 1) J 2’}@ H Y+ Vi €2i®j),
det(a;) iy (vj + ) ol el

and therefore the wronskian

Wi (@1, .., 6n5)(0)



can be written as

2N NN —2) 2N j—1 2N
[T @@= [T 10w = [Te > det(r + D,)
Jj=1 j=2i=1 j=1

It follows that

€i 2551 Ojly=0 22N

det(I +D,) = — ) W1, ..., 0an)(0) = k. (0) W, (1, . .., dan)(0).(21)
Hj:Q im1 (v — %)
O
So, the solution of NLS equation takes the form
k3(0)W35(0) .
v(x,t) = ————=exp(2it — 1 22
(@.0) = i) P2t = i) 2

3.2 Wronskian representation of solutions of NLS equa-
tion
From the previous section, we get the following result :
Theorem 3.2 The function v defined by
(@, t) = 3(01, -, 2n)(0)
Wl(‘bla soe 7¢2N>(0)
is solution of the NLS equation (1)

exp(2it — ip).

iUy 4 Ve + 2J0]?v = 0,

where

77777

and ¢, the functions given by
o, (y) = sin(ky(x — x0y) /2 + 0, (t — toy) —i2r0/2+y), 1<v <N,
o (y) = cos(ky(x —x0y) /2 + 00, (t — toy) —ixr/2+1y), N+1<v <2N,
Ky, Oy, Y parameters defined by (4) for v € [1,...,2N]
1-X
Ky =2/1=X2, 6, =K\, 7= Ty @ € {0;1},

where A, ts an arbitrary parameter such that 0 < \; < 1 and Ayyj; = —A;
forjell,...,N].




4 Construction of quasi-rational solutions of
NLS equation

4.1 Taking the limit when the parameters \; — 1 for
1<j<Nand )\ — —1for N+1<j<2N

In the following, we show how we can obtain quasi-rational solutions of NLS
equation by a simple limiting procedure.

We consider the parameter A; written in the form 1 — €*¢}. For simplicity,
we denote d; the term L.

When € goes to 0, we realize limited expansions at order p, for 1 < j < N,
of the terms

K = Adje(1 — d2)V?, 65 = ddje(1 — 262d2) (1 — 2d3)/2,

v = dje(1 —22d3) "2 w5 = (r — 1) In(1 — 2d3€® — 2id;e(1 — €2d?)"/?,
RN+ = 4d]€(]_ - EQd?)l/Q, 5N+j = —4d36(1 - 2€2d§)(1 - EZd?)l/Z’

YN+ = 1/(d;e)(1— 2€2d?)1/2, Trnyj = (r—1)In(1—2d3e* 4 2id;e(1 - 62d§)1/2,
For example, the expansions at order 1 gives :

K = Adie + O(E), 7 = die+0(), & = ddje + O(),

z,; = (r—1)(2id;e + O(€?)),

ke = ddie+ O(€%), iy = 1/(dje) — (dj€) /2 + O(€%),  Onyy = —ddje+ O(€?),
Ty Ny = —(r — 1)(2idje + O(€?)),

1<j<N.

Then, we realize limited expansions at order p in € of the functions ¢7(0) and
N1 (0), for 1 <j< N :
¢;(0) = sin Ej = A; + O(eP),
¢3(0) = sin D; = B; + O(e’*),
G ;(0) =sin B} = A} + O(eth),
B1,(0) = sin D, = B) + O(er+),

with

Dj = kj(x = w0;)/2 +10;(L — to;) — iw;/2,
E; = kj(x — x0) /2 +90,(t — to;),
D} = kj(x — w0;) /2 — i6;(t — to;) + 17;/2,
B = kj(x — w05) /2 — i0;(t — toj).



Then according to the relation

 Wa(éy, ..

, o) (0)

v(x,t)

~ Wi(o, ...

, o )(0)

the solution of NLS equation takes the form :

v(x,t) = exp(2it — ip)

sin Dl
1 cos Dy
v{ sin Dy

VN cos Dy

sin DN
vn cos Dy
Y3 sin Dy

2N—-1

Ya'tcos Dy _’)/21\];71 sin D}
1

exp(2it — ip).

x,t€)
D(z,t,¢)

cos D]
—-L sin D}
1’Y1 D

=5 COS
7 1

/
clos Dy
——sin D)

YN S N

1 /
—cos D
V% N

1 : /
— —ny—1 Sl DN
N

= exp(2it—iyp) i
1

1 cos Ey
7?2 sin Ey

VN cos By

It can be rewritten as

sin Ey
YN cos By
V3 sin Ey

73Nt cos By

cos B4
— 7% sin £}
1 /
= cos E/
Vi 1

1 : l
— —n—1 Sl El
71

/
cos By
: /
— 5 sin By
1 !
—cos F
V3 N

: ~ 2N -1 / 2N—1 /
sin Dy sin Dy o0 cos Dj YN cos Dy
~1 cos Dy YN cos Dy —fny’Q sin D} _%2vN 2gin DY,
v? sin Dy 4, sin Dy Y3 cos D) 73N=3 cos Dy
(it—ip) N cos Dy V3Nt cos Dy — sin D] —sin DYy
exXplatt—ip . . - -
sin Fy sin Ey VN cos B iVt cos Bl
~1 cos Eq yvcos By —y2sin B} —fy?VN_z sin By
7?2 sin By Visin By N7 cos B VN3 cos Bl
VN cos By VN cos Ey —sin B} —sin By

We can replace each term in these determinants by their limited expansion
at order p. The coefficients of each power of ¢ of each development is a
polynomial in z and ¢. The relations D; = Ej —iz;/2 and D} = E} +ix;/2,
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and the addition formulas for sine and cosine functions, for 1 < j < N,
proves that after simplifications, we have same smallest power of €. So it is
clear that after simplifications, the limit is quotient of two polynomials when
€ goes to 0.

Remark 4.1 Using the fact that D; = Ej + aj(€), D} = B} — aj(e), and
addition formulas for trigonometric functions, we can expand the numerator
N(x,t,€) along the columns; it takes the form of

H cos?(aj(€))D(x,t,€) + A.

We divide each term of this sum by D(x,t,¢).

We denote this expression by S.

When € tends to 0 the first term tends to 1; in each other term of the sum,
we can simplify each fraction by some power of € to get a finite limit when €
goes to 0.

In fact, in the development of N(x,t,€) (along the columns), we have a sum
of 2M quotients of determinants of order M. We don’t have place here to
give all the details of the proof. To have an idea of the proof, we treat the
case M = 2.

In this case, the sum S takes the form

g cos ( 1) | sinE; cos B} sin(ay) cos(aq) | sin By sin ]
(:[; t,€) | 71cos E —,Yil sin B} D(z,t,€) ~1 cos By %Cos E;
sin(a ) cos(aq) cos By cos B sin®(a) cos Fy sin B}
(gj t 6) -7 sin E1 —% sin Ei _D(g;7 t’ 6) -1 sin E1 % COS Ei,
with
sin By cos B}

D(z,t,€e) = ‘

~1 cos B —% sin B
Using expansions in € at order 1 of all the terms, we get

g1 A(x + 2it) N 4(x — 2it) 4 _q 4(1 + 4at)

T 144224162 14422 + 162 14422+ 1612 1+ 422 + 16¢2°
The development of N(x,t,€) to get the sum S gives directly the representa-
tion of Akhmediev for v under the form of 1 plus a quotient of two polynomaials

m x and t.
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So we get the following result

Theorem 4.1 The function v defined by

IRT W3(¢17"'7¢2N)(0)
vi@;1) = o Wi(¢1,- .., ¢an)(0)

is a quasi-rational solution of the NLS equation (1)

exp(2it — ip).

iV 4 Ve + 2[0]?v = 0.

Wi (y) =W (e, ..., pan) is the wronskian

¢, are the functions given by

bu(y)
bu(y)

Ky, Oy, Yy are parameters defined by (4) forv € [1,...,2N]

sin(ky (z — xo,) /2 + 00, (t — toy) — 120 /2 +1y), 1<wv < N.
cos(ky (T — xoy) /2 + 16, (t — tow) — iy /2 +y), N+1<v <2N.

1—X,
Ky =21 =X, 0, =K\, = e, € {0;1}.

14+ M7

Aj = 1—€2Cj2 is an arbitrary parameter such that 0 < A\; <1 and Anyj = —A;,
¢; an arbitrary real number, for j € [1,..., N].

4.2 Quasi-rational solutions of order N

For brevity, in the following we choose z¢; = 0, to; = 0 and ¢ = 0 for
1< < N.

4.2.1 Case N=1

If we consider the case N = 1, from (22), we realize a development at order
1 of W3 and W7 in e. The solution of NLS equation can be written as

(—4a? — 16t* + 164t + 3)

£)=—
vz, t) 422 + 1662 + 1)

exp(2it).

12



Then v takes the form

1+ 4at

H=1-14
v(@,t) 1+ 1662 + 422

exp(2it).

If we make the following changes of variables ¢ — X/2 and x — T, we get
exactly first order Akhmediev’s solution (see [1]), solution of iu, + suy +
ulul* =0,

4(1 4+ 2ix)
1+ 4a? + 42
We represent here the modulus of v in function of x € [—5;5] and ¢ € [—5;5];
we get the following graphic :

e —

v(x,t) = (1 )exp(iz).

5

IR R RN AR AR RN AR AR AR

Figure 1: Solution of NLS, N=1.
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4.2.2 Case N=2

In the case N = 2, we must realize a development at order 3 in e. From (22),
the solution of NLS equation can be written as

N(x,t) .
D(x.1) exp(2it),

v(x,t) =

with
N(z,t) = 57602°t*—30722%t*+1872t* —642° —45—4096t°+ 1802+ 1442* — 768z

+768iz t + 8448t — 1152ix*t + 1536it> — 720it + 122884t + 61444322,

and
D(z,t) = —11522*4+30722°t*+1584¢*+642°+94+4096°+1087> +482* + 768 > +-6912¢*.
If we make the following changes of variables t — X/2 and z — T, we get

Nl(I,t)
D1($7t>

v(x,t) = exp(iz),

with
Ni(x,t) = 14400 * — 1920t +4682° —64t° — 45— 642°+180t*+144t* — 1922*t* —576it*x

+5282% + 384ix” + 192ia — 360ix + 384it'x + 768ixt?,

and

Dy (z,t) = —2882*t*+1922*t%4+-3962° +64t°+-9-+642°+ 108> +48t* 41922 t* +4322*.

It can be reduced exactly at the second order Akhmediev’s solution (so-
lution of iu, + fuy + ulu[? = 0) (see [1]).

3/8 — 3t% — 2t* — 922 — 102* — 12222 + iz (15/4 + 6t — 4t* — 22% — 42* — 8t22?)
3/32+49/8t2 + 1/2t* +2/3t6 + 33/8x2 + 9/2x* 4+ 2/325 — 3t222 + 2t4a? + 2224

v(z,t) =1+ exp(ix).

We represent the modulus of v in function of x € [—5;5] and ¢ € [—5;5];
we get the following graphic :

14



Figure 2: Solution of NLS, N=2.

4.2.3 Case N=3

In the case N = 3, we must realize a development at order 5 in e. If we
make the following changes of variables t — X/2 and x — T, from (22), the
solution of NLS equation in the formulation of Akhmediev iv, + %vtt +olv]? =
0 can be written as Nz, 1)
T, t )

v(x,t) = —=exp(1x),
with
N (x,t) = 14175+49152i t*02—737280i t22" +5253120i t22°+907200i t?2—1720320i t52> —184320i t3z

+535680021t2 —57600021t* —87552025¢% — 172800t 22 —46008002:2t%+-82944025t% — 2457621942 — 614405t
+460800t5 2% — 50688025 +1658880251* — 48384007 23¢% —819202°1° 41413120215 — 614402 t® — 245762210
—52380002* —5670002% —226800t* 4238464025 41728005 +20851202° +1413122'° +57600¢°

—113400t* —40962'2 —4096t'2 +18432t'° —13824004 t*2° — 10368004 t*2— 4608004 t°x— 25804804 t*2-°

15



+4915204 52544915206 t* 2" +245760i t3 23 +245760i t22°+3072004 ° —4752004 2> — 26726407 27 +491527 2
—7395840i z° + 2268007

and
D(z,t) = 2025+501120024% —3456002*t*+34560002°t%4-864000t* 2% — 5832002:2% +-27648025t2 +245762: 1942

+6144023t*—92160t% 22 +13824022t54+-614402:5t*+8192025¢5 — 18432024t +614402* t3+24576 2% ¢1°
423004002 437260022 4 54000t * 4+9792002° + 149760t° + 9561602° + 129024210 4 34560¢8
+48600¢% + 409622 + 409612 + 6144¢1°.

We get the following graphic for the modulus of v in function of x € [—5; 5]
and t € [—5;5] :

Figure 3: Solution of NLS, N=3.

An another type of solution different from this one was given recently by
Akhmediev [1].
The results presented here are in accordance with the preceding work [6];

16



here we give moreover an explicit expression of the solutions of NLS equa-
tion for the order 3.

4.3 Case N=4

The solution of NLS equation v, + %vtt + v|v|2 = (0 can be written as

N(z,t

v t) = D(x,t)

expli),

with N and D polynomials both of degree 20. Their expressions are too long
to be reproduced here.

We get the following graphic for the modulus of v in function of x € [—5; 5]
and t € [—5;5] :

@

o

o~

N}

T Y R A B A B A R B B A B B B A A

o

Figure 4: Solution of NLS, N=4.
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We recover a result of Akhmediev formulated in [1] in the case where z = 0.
Here we give the complete solution in z and t. As my knowledge, it is the
first time that this solution is given.

This method can be extended to get an infinite family of quasi-rational
solutions of NLS equation at any order.

5 Conclusion

Here is given a new formulation of solutions of NLS equation that gives as
particular case, Akhmediev’s solutions. These solutions expressed as a quo-
tient of wronskians are similar to a previous result of Eleonski, Krichever and
Kulagin [8]. It has been rewritten recently and their formulation can also be
seen as a quotient of two wronkians (see [6]); the method describe in [6] can
be used to get solutions of NLS equation, but it is more complicated to find
explicit solution in x and ¢; the computation gives complicated results.
Thie method described in the present paper provides a powerfull tool to get
explicitly solutions in analytical form. This new formulation gives an infinite
set of non singular solution of NLS equation.
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