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Abstract

In this paper we analyze the risk attitude of a group of heterogeneous
agents and we develop a theory of comparative collective risk tolerance.
In particular, we characterize how shifts in the distribution of individ-
ual levels of risk tolerance affect the representative agent’s degree of risk
tolerance. In a model with efficient risk-sharing and two agents (e.g. a
household) with isoelastic preferences we show that an increase of the level
of risk tolerance of one of the agents might have an ambiguous impact on
the aggregate level of risk tolerance; the latter increases for some levels of
aggregate wealth while it decreases for other levels of aggregate wealth.
Specifically, there are two possible shapes for the aggregate risk tolerance
as a function of the risk tolerance level of one of the agents: increasing
curve or increasing then decreasing curve. For more general populations
we characterize the effect of first-order like shifts (individual levels of risk
tolerance more concentrated on high values) and second-order like shifts
(more dispersion on individual levels of risk tolerance) on the collective
level of risk tolerance. We also evaluate how shifts in the distribution of
individual levels of risk tolerance impact the collective level of risk toler-
ance in a framework with exogenous egalitarian sharing rules. Our results
permit to better characterize differences in risk taking behavior between
groups and individuals and among groups with different distributions of
risk preferences.

1 Introduction

Pratt (1964) and Arrow (1965) established the necessary and sufficient condi-
tions for comparing attitudes towards risk. Agent A is more risk averse than
agent B if, equivalently, 1) A rejects all lotteries that B rejects, 2) A’s utility
function is a concave transformation of B’s utility function, 3) A’s coefficient
of absolute risk aversion is higher than B’s coefficient for all wealth levels, and
4) the premium that A is willing to pay to escape a fair risk is higher than the
premium that B is willing to pay.

These conditions apply not only to individuals but also to utility functions
of representative agents. If markets are complete, then there exists such a
representative agent and by comparing the degree of risk aversion of different



representative agents one can evaluate changes in aggregate behavior. For ex-
ample, in an economy with a representative agent that is more risk averse the
equity risk premium will be larger.

The interpretation of such comparative statics results, however, is clouded
by the following fact. The risk aversion of the representative agent depends
upon both the distribution of preferences among the agents and their optimal
allocations. So a change in the distribution of preferences impacts the aggregate
level of risk aversion through two channels. A direct one as well as an indirect
one due to the fact that changes in the distribution of preferences lead, in turn,
to changes in the allocation of wealth (risk sharing). Therefore, risk aversion
has to be endogeneously determined.

There is one special case in which the problem greatly simplifies: if all con-
sumers have a constant and common absolute cautiousness (the derivative of
the reciprocal of absolute risk aversion) — e.g. under CARA or CRRA utility
functions with a common level of relative risk aversion —, the representative
agent has the same absolute cautiousness (Wilson 1968). Comparative statics
of risk aversion at the aggregate level is then not different from comparative
statics at the individual level. The assumption of homogeneity in individual
preferences, however, does not have empirical support (e.g. Barsky et al. 1997)
and, in fact, defeats the purpose of Arrow-Pratt’s theory of comparative risk
aversion.

In this paper we consider an exchange economy with a single good, complete
markets, and consumers with isoelastic but heterogeneous preferences. Hara et
al. (2007) studied the properties of the representative agent’s preferences for
a given distribution of individual preferences in this setup. We extend their
analysis by evaluating how changes in the distribution of individual preferences
affect the representative agent’s attitudes towards risk.

As underlined above, the difficulty in establishing a theory of comparative
collective risk tolerance stems from the fact that the representative agent’s de-
gree of risk tolerance is different from the mean of the individual degrees of risk
tolerance (Wilson 1968) and is endogenous if risk is shared efficiently. Consider,
for example, two groups which are identical except that in one group there is an
individual that is more risk tolerant. Is it possible to conclude that the group
with this individual will be more willing to take risks? Mazzocco (2004) shows
on a numerical example and with two agents that an increase in the level of risk
tolerance of one of the agents might have an ambiguous impact on the aggregate
level of risk tolerance. It increases for some levels of aggregate wealth while it
decreases for other levels of aggregate wealth. In fact, the aggregate level of
risk tolerance is a wealth share weighted average of the individual levels of risk
tolerance and increasing the risk tolerance level of one agent has two opposite
effects: an increase of one of the terms of the average but a possible decrease of
its relative weight in the average. Despite these difficulties, our objective is to
provide a structure to the problem of comparing attitudes towards risk among
heterogeneous groups.

We show, in the setting of Mazzocco (2004)’s paper, that there are two
possible shapes for the aggregate risk tolerance as a function of the risk tolerance



level of one of the agents: increasing curve or increasing then decreasing curve.
We clearly characterize these two different situations in terms of the size of the
aggregate endowment relative to the endowment that corresponds to the fair
efficient allocation. We also characterize, for the two-agent case and for more
general populations, first-order like shifts (individual levels of risk tolerance
more concentrated on high values) that have an unambiguous impact on the
collective level of risk tolerance.

Since the key aspect of our economy is preference heterogeneity we also
evaluate how more dispersion on the individual levels of risk tolerance (second-
order shifts) affect the representative agent’s preferences. We show that, for
high levels of wealth (relative to the level that corresponds to the fair efficient
allocation), more heterogeneity tends to increase aggregate risk tolerance, while
the opposite is true for low levels of wealth.

We then extend our analysis to a framework in which all members of a
group receive the same endowment (egalitarian groups). This is the setup used
in a number of recent experiments that evaluate the degree of risk aversion
in groups as compared to individuals (e.g. Masclet et al. 2009, Baker et al.
2008, Shupp and Williams 2008). This setup is also appropriate to analyze
situations in which the members of a group derive utility from a public good
and situations in which a private good is simultaneously consumed by many
individuals. For example, many goods within a household are simultaneously
consumed by all the members of a family. Within this framework, and under
very general preferences, we establish the impact of first-order shifts and second-
order shifts on the collective level of risk tolerance.

The paper proceeds as follows. In Section 2 we present the model with effi-
cient risk-sharing and we establish a number of useful results about the efficient
allocations of endowments and the representative agent’s preferences. In Sec-
tion 3 we briefly evaluate the case of CARA preferences, which serves as a useful
benchmark. In Section 4 we analyze the case of CRRA preferences. After pre-
senting general properties of the representative agent’s preferences we evaluate
shifts in the distribution of individual preferences, first in the case of two agents
and then under more general populations. In Section 5 we evaluate collective
risk preferences for the case of exogenous egalitarian sharing rules, while section
6 concludes.

2 The model

We consider a standard static model in which a group of heterogeneous agents
consume a single good. The per capita endowment in the consumption good
is defined by a random variable x on the probability space (2, F, P). Agents
have a common belief over the probability space. In order to take into account
finite as well as infinite sets of agents, the agent space is described by (I, ¢, Q),
where T = [0,00) and @ is a probability measure on I. Individuals are indexed
by i € I and we denote by E? the expectation with respect to Q.

In such an economy, we consider a social planner who wants to reach a Pareto



efficient allocation of risks and solves the following maximization program

U(z) = fxirggg)_m/)\iui(xi)dQ(i). (1)
where u; is the utility function of agent i, where z; is the consumption of agent
¢ and where )\; is the weight granted to agent ¢ by the social planner. The
aggregate utility function U(x) corresponds to the highest social utility level
among all possible endowment distributions across agents.

Throughout the paper, we make the following assumption on the utility
functions.
Assumption (U) For all i, the utility function u; : [d;,00) — RU {—o0} is
assumed to be infinitely differentiable on (d;,00) with u; > 0 and u} < 0 and
satisfies Inada’s conditions, i.e. lim,_.4, u}(z) = 0o and lim,_,o u}(z) = 0.

For a given agent ¢ and a given consumption level z, the absolute (resp.
relative) risk aversion A;(x) (resp. R;(x)), the absolute (resp. relative) risk
tolerance t;(z) (resp. s;(x)) are given by
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Note that CARA and CRRA utility funtions clearly satisfy assumption (U).

If we denote by v the function defined by v(x,i) = uj(x), we will also make
the following assumption.
Assumption (LSPM) The function v is log-supermodular in (z, ) , i.e. alof” (x,1)
is nondecreasing in i.

Remark that the log-supermodularity of v(z,4) means that A(x,i) = A4;(x)
is nonincreasing in 4 or that agent ¢ is less risk averse (and more risk tolerant)
than agent j when ¢ > j.

We have then the following classical result

Proposition 1 Under Assumption (U), there exists a family of functions (f;)

1€[0,00]
such that

o fi:[d,oo) — [di,00) with d = [d;dQ(i) is infinitely differentiable and
mcereasing

o [ fi(2)dQ(i) = z for all z € [d,c0)
o Ulz) = [ Niui(fi(2))dQ(4).

We will say that ( fi)ie[o,oo] is an efficient sharing rule associated with the
maximization program of Eq. (1).

We recall the following well known results that relate the aggregate utility
risk aversion and risk tolerance to the individual ones through the efficient
sharing rule.



Proposition 2 (Wilson, 1968 and Hara et al. 2007) Let us assume that
(U) is satisfied. Let x be a given aggregate wealth and let (f;);c; be the effi-
cient sharing rules associated with the mazximization program of Eq. (1). The

aggregate absolute risk tolerance t(x) = ,g/'/((«’;)) and the aggregate relative risk

tolerance s(x) = 7% are given by
o) = [ 6he)dQu)
@ = [T Gwnaen.

The relative risk tolerance s(x) of the group is then an average of the individ-
ual levels of relative risk tolerances s;(f;(z)) weighted by the optimal individual
shares of consumption. Analogously, the degree of relative risk aversion of the
representative agent is an average of the population degrees of relative risk aver-
sion.The group is then less risk averse than the most risk averse agent and more
risk averse than the least risk-averse one.

It is easy to show that s'(x) is positive and then that the aggregate relative

risk aversion R(x) = fchUl,/((;f)) is decreasing in z. This fact has been underlined

by Hara et al. (2007, Proposition 6). They further show (Corollary 7) that
R(z) approaches the degree of relative risk aversion of the most (least) risk
averse agent in the economy as z converges to zero (infinity). This result is
interesting in light of Brunnermeier and Nagel (2008) who claim that "CRRA
is a good description of microeconomic behavior" while models that lead to a
representative agent with contracyclical relative risk aversion exhibit interesting
macroeconomic properties.

At this stage we consider very general utility functions and we may assume,
without loss of generality, that the central planner grants the same weight to
all the agents (it suffices to replace the utility function u; by A\;u;, note that the
LSPM property is not impacted by this modification). In the next we consider
then the equally weighted Pareto optimum. We also assume that there exists
an efficient fair allocation. In other words, there exists z* such that (z;)
with x; = * for all 4, is efficient.

The following proposition provides an analysis of how the aggregate con-
sumption x is shared among the agents depending on the position of x relatively
to the fair efficient allocation z*

i€l

Proposition 3 Under the Assumptions (U) and (LSPM), we have the following
results.

1. For x > x*, the optimal allocation (x;);c;r associated to the aggregate
wealth =* is such that x; > x*, for all i, and x; increases with i. Fur-
thermore, if all the utility functions are DARA then t;(x;) increases with
i.

2. For © < x*, the optimal allocation (x;);er associated to the aggregate
wealth ¥ is such that x; < x*, for all i, and x; decreases with 1.



3 CARA utility functions

Let us consider constant absolute risk-aversion/tolerance utility functions of the
form

x
uilw) = —0;exp(—). 2)
We have ¢;(z) = 6; and t(z) = [6;dQ(i). If the agents are indexed by their
absolute levels of risk tolerance we have 6; = ¢ and the log-supermodularity
assumption is satisfied. We have then t(z) = E9 {é] and the aggregate level of

risk tolerance does not depend on the wealth allocation among the agents. It
is immediate that FSD shifts on the distribution of the individual levels of risk
tolerance lead to an increase of the aggregate level of absolute (and relative)
risk tolerance. More heterogeneity, in the sense of shifts in the distribution of
preferences that preserve the mean, have no effect on the representative agent’s
risk tolerance. These results will serve as a useful benchmark.

4 CRRA utility functions

Let us consider constant relative risk-aversion/tolerance utility functions of the
form

ui(x) = T b (3)

where b; is the level of relative risk tolerance of individual 7 and % is his level
of relative risk aversion. In such a setting, we have

A= ) Rizf, ti =bjx, and s; =0b;.

Since the utility functions are nomore defined up to a multiplicative constant,
we do not assume anymore that the \; = 1 for all i. However, we still assume
that there exists a wealth level z* for which the fair allocation (z;);.; with
x; = x* for all 7, is efficient. Note that the existence of such a fair allocation
can always be granted by the social planner through a judicious choice of the
weights (A;);c;. The first-order conditions for Pareto optimality give then that

A (z*)lfb%‘ is independent of 7. The Pareto problem can be rewritten as follows
i

a1
U(z) = max =4 45— = J i (%) Bz dQ (i), up to a multiplicative constant.
T @ b,

r
If we renormalize the individual consumptions in order to measure them in terms

1
of multiples of z*, we are led to analyze the situation where u;(z) = —1+ z' T
b,

1
and all the weights \; are equal to 1. Note that with this mnormaulizationl7 rz=1
corresponds to the efficient fair allocation.

In the next we consider then the equally weighted Pareto optimum. Since
the agents differ by only one characteristic, namely their level b; of relative risk



tolerance, we might index them by this characteristic or we may, in other words,
assume that b; = 4. For a given function h, we may then write indifferently

[ h(b:)dQ() or [ h(b)dQ(b) or E? [h(é)} .
Note that the level of relative risk-aversion is then decreasing with ¢ and the
log-supermodularity condition is immediately satisfied.

Proposition 4 In an economy made of agents with constant but heterogeneous
levels of relative risk aversion, we have at the equally weighted Pareto optimum

NN
Ue) = [ 5ol @l

with

B (1) = / bt dQ (i),
The representative agent’s degree of relative risk aversion R(x) is given by

U’ (x) x 1

R(z) = —=x 0 (@) = fbld@(z) = @)

(4)

. ) —b@ "1 ()

with % = m

As seen in the proof, the Lagrange multiplier of the Pareto optimum problem
is given by ¢ = exp(®~!(z)) and q is then the shadow price associated to the
constraint >, x; = x. We clearly have ®(0) = 1, which means that ®~'(z*) =
0 and g(z*) = 1 for the efficient fair allocation * = 1. Since the agents are risk
averse, high levels of aggregate wealth have a low shadow price and low levels of
aggregate wealth have high shadow price and we can easily derive that ¢(z) < 1
for x > x*and ¢(x) > 1 for x < z*. This means, in particular, that we have
O (z)<0forx>1and ® (z) >0 for z < 1.

4.1 A model with two agents

Mazzocco (2004) shows that, in a model with two agents, an increase in the
level of risk tolerance of one of the agents might have an ambiguous impact on
the aggregate level of risk tolerance. It increases for some levels of aggregate
wealth while it decreases for other levels of aggregate wealth. Since this is only
stated on a numerical example in Mazzocco (2004), let us clearly express this
result.

Proposition 5 In a model with two agents with by < by, there exists T < 1
such that a small increase of by leads to an increase of the aggregate level of
risk tolerance t(x) for all x > T and to a decrease of the aggregate level of risk
tolerance t(x) for all v < T.



Recall that after our normalization, * = 1 corresponds to the fair efficient
allocation. Proposition 5 means then that an increase of the risk tolerance level
of the most risk tolerant agent increases (decreases) the aggregate level of risk
tolerance for levels of wealth above (below) a given threshold that is below
the fair efficient allocation. Note that the threshold T depends on b; and bs.
This means that for x above the fair allocation, any increase of by increases the
aggregate risk tolerance. In fact, above the fair allocation, an increase of by also
increases the weight granted to bs leading to an increase of the aggregate level
of risk tolerance. For a wealth level x below the fair allocation, the impact of
an increase of by is less clear. Indeed, we showed in Proposition 3 that for low
levels of aggregate wealth the least risk tolerant agent (the most risk averse)
has a larger share of the total wealth and an increase of by leads to an increase
of the weight granted to by (the share of total wealth of agent 1). The increase
of by has then two effects in opposite directions: an increase of one of the terms
of the average (namely the greatest one) and an increase of the weight of the
smallest one. Since the second effect does not exist for x = 1, the first effect
continues to dominate for x above a given threshold T < 1 while the second
effect dominates for x <.

Figures 1 and 2 illustrate the impact of an increase of bs.

The next Proposition analyzes more in detail how the aggregate level of risk
tolerance evolves as a function of bs.

Proposition 6 In a model with two agents with by < by, by being given, for
T > %, the function by — t,(be) is increasing on (by,00) with limy, p, t,(be) =
xby and t;(bs) ~py— oo (m — %) ba. For x < %, there exists b*(x,b1) > by such
that the function by — t,(ba) is increasing on (by,b*(x,b1)) and decreasing on
(b*(x,b1), 00) with limp, p, t(b2) = xby and limp, o0 t,(b2) = by.

Figures 3, 4 and 5 illustrate the different possible shapes for by — ¢, (b2) (or
equivalently of by — s,(bs)). The asymptotic behavior of t,.(bs) /by is illustrated
in Figures 6 and 7. In summary, for (very) low levels of wealth, increasing the
risk tolerance of the more risk tolerant agent has an ambiguous impact on the
representative agent’s attitude towards risk.

In the next proposition we show that the ambiguous impact disappears when
we consider a uniform increase of risk tolerance across the agents.

Proposition 7 Let by < by be given.

1. Let us consider a uniform increase of the individual levels of risk tolerance
of the form by +h and bs + h with h > 0. The associated level of aggregate
risk tolerance t,(h) increases with h for all x.

2. Let k > 0 be given and let us consider an increase of the individual levels
of risk tolerance of the form by +kh and bs + h with h > 0. The associated
level of aggregate risk tolerance t,(h) increases with h for x <1 if k > Z—;
and increases with h for x > 1 if k < 1. In particular, t,(h) increases with

h for all @ if k € [2—1]



Let us illustrate the second point by two extreme situations. For k very
small (near to 0), the shifts we are considering are almost of the form (bq,b2) —
(b1,b2 + €) that have already been considered in Proposition 5. These shifts
increase the risk tolerance level of the second agent and also increase its weight
for x > 1. These shifts lead then to an unambiguous increase of the aggregate
level of risk tolerance for x > 1. For k near infinity (and & very small), the shifts
we are considering are almost of the form (b1,b2) — (b1 + €, b2) and such shifts
increase the risk tolerance level of the first agent and also increase its weight
when & < 1. These shifts lead then to an unambiguous increase of the aggregate
level of risk tolerance for < 1. The proposition shows that there is a range for
k for which the shifts have an unambiguous impact without restrictions on zx.

We are also interested in the impact of more heterogeneity among our 2
agents. The next result shows that more heterogeneity leads to a higher aggre-
gate risk tolerance level for high wealth levels (above the fair efficient allocation)
and to a lower aggregate risk tolerance level for low wealth levels (below the fair
efficient allocation).

Proposition 8 Let by and bs be given with by < bs and let us consider a shift
of the form by — h and bs + h with h > 0. The associated level of aggregate risk
tolerance t,.(h) increases (resp. decreases) with h for x > 1 (for x <1).

This result is very intuitive. We have already seen that the aggregate level of
risk tolerance is near the risk tolerance level of the most risk tolerant agent for
high levels of wealth and is near the risk tolerance level of the least risk tolerant
level agent for low levels of wealth. More heterogeneity leads to an increase
of the risk tolerance level of the most risk tolerant agent and to a decrease of
the risk tolerance level of the least risk tolerant agent. This leads then to an
increase of the aggregate level of risk tolerance for high levels of wealth and
to a decrease of the aggregate level of risk tolerance for low levels of wealth.
Proposition 8 permits to give a precise meaning to high and low levels of wealth
since the fair efficient allocation appears to be the relevant threshold. Figure 8
illustrates this result.

4.2 General populations

The different results of the previous section permit to see that first-order sto-
chastic dominance shifts do not guarantee an increase in the aggregate risk
tolerance. In this section we initially consider whether a stronger notion of
first-order stochastic dominance leads to an unambiguous impact on the repre-
sentative agent’s degree of risk tolerance. Then we evaluate the effect of more
heterogeneity in the underlying population. In order to treat the problem in a
quite general setting, we consider from now on general populations described by
a distribution on I = [0,00). To relate the results in this more general setting
to those obtained in the 2-agent framework, we will attach a specific attention
to distributions with a 2-point support.



Since FSD is not a good candidate to obtain comparative static results, let
us recall the following definition corresponding to a stronger notion of first-order
dominance.

Definition 1. Monotone Likelihood Ratio Dominance (MLR). Let P and
Q@ denote two probability measures on I = [0,00). We say that P dominates @
in the sense of MLR (P =y g Q) if there exist numbers 0 < o < 5 < oo and a
nondecreasing function A : [a, 8] — [0, 00] such that P([0,«)) = Q((8,00)) =0
and dP(i) = h(1)dQ(3).

In other words, an MLR dominated shift for a given probability measure
puts less weight for higher values of ¢. This concept is widely used in the
statistical literature and was first introduced in the context of portfolio problems
by Landsberger and Meilijson (1990). MLR dominance is stronger than FSD
and, in particular, an MLR dominated shift for a given distribution reduces the
mean.

When the supports of P and Q are reduced to two points, (b1, b3) with b} < b3
for P and (b3,b3) with b7 < b3 for Q, we necessarily have b3 < b3 < bl < b}
or b? = b} and b2 = bl. In the first case, any average of the risk tolerance
levels in the support of @ is smaller than any average of the risk tolerance levels
in the support of P and the aggregate risk tolerance level is higher under P.
The (most) interesting case is when both probability measures have the same
support. We then have two populations with the same set of possible levels
of individual level of risk tolerance b; and by but with different proportions of
agents in each category: a proportion p; (resp. ps = 1 — p;) of agents that
have an individual level by (resp. by) of risk tolerance under P and a proportion
q1 (resp. g2 = 1 — q1) of agents that have an individual level by (resp. by) of
risk tolerance under ). The MLR dominance is characterized in this setting by

%f > Z—f (or equivalently g1 > py or g2 < pa)

Proposition 9 Let us consider two populations. In the first one, we have pro-
portions py (resp. pa = 1 — p1) of agents with an individual level by of risk tol-
erance (resp. ba). In the second one, we have proportions qi (resp. g2 =1—q1)
of agents with an indwidual level by of risk tolerance (resp. bs). If we assume
that g—f > g—f, then the aggregate level of risk tolerance is higher in the first
population.

In summary, when the support of the population is reduced to two points, an
MLR dominant shift in the degree of risk tolerance increases the representative
agent’s risk tolerance. The following proposition generalizes the impact of MLR
shifts for distributions with more general supports.

Proposition 10 Let us consider two populations characterized by two distrib-
utions P and Q of individual levels of risk tolerance. If P =prr @ then for
all z < 1, we have tf > t?. However, P =y r Q does not guarantee an increase
of the aggregate level of risk tolerance when x > 1.

MLR provides then a satisfying answer to the impact of shifts fot low levels
of wealth (when z < 1), which corresponds to the case where the unilateral

10



increase of one of the individual levels of risk tolerance failed to guarantee an
increase of the aggregate level of risk tolerance. In the following Proposition we
show that when the density function (introduced in Definition 1) h = % has
an exponential growth rate, then we have an unambiguous impact on collective
risk tolerance.

Proposition 11 Let us consider two populations characterized by two distribu-
tions P and @ on [0, 00)of individual levels of risk tolerance such that P =p1r
Q with %(b) = Aexp(kb) for some positive k and \. For all z, we have t > 9.

We have seen in the 2-agent setting (Proposition 8) that more heterogeneity
has a clear impact on the aggregate level of risk tolerance depending on the rela-
tive position of the aggregate wealth with respect to the fair efficient allocation.
We are now interested in establishing the effect of "more heterogeneity" in the
general setting. For this purpose, we introduce the following definition.

Definition 2. Portfolio Dominance (PD). Let @1 and @2 denote two prob-
ability measures on I = [0,00). We say that )1 dominates @3 in the sense of
PD (Q1 =pp Q2) if we have [v(i —a)dQ1(i) =0 = [v(i — a)dQ2(i) < 0 for
any real number a and any nonnegative and nonincreasing function v.

This concept has been introduced in the context of portfolio problems by
Landsberger and Meilijson (1990) and further studied by Gollier (1997). In the
portfolio context it is related to the degree of riskiness of the asset returns.
In our context, it is related to the level of individual heterogeneity in relative
risk tolerance. In particular, a mean preserving PD dominated shift for a given
distribution increases the variance (Jouini and Napp, 2008, Proposition 3).

The following proposition uses this concept to characterize the impact of
"more heterogeneity" in the distribution of individual preferences.

Proposition 12 Let us consider two populations respectively characterized by
distributions P and Q of individual levels of risk tolerance. If P and @ are
symmetric with respect to some b* with % nonincreasing before b* and nonde-
creasing after b* then P =pp @ and P =gssp Q and the aggregate level of risk
tolerance t@ under Q is higher than (resp. lower than) the aggregate level of
risk tolerance tL under P for x > 1 (forx <1).

5 The case of egalitarian groups

It is interesting to analyze the aggregate behavior in a model where all the
agents consume the total consumption x. This is the case when x is a public
good. This also the case when x is a private good but simultaneously consumed
by all the agents in the group. We may consider that both agents in a couple get
utility from saving money or from holding consumption goods and consider these
goods as owned by the couple and not shared among them through an efficient
sharing rule. This is also the setup used in a number of recent experiments
that compare the degree of risk aversion of groups with that of individuals (e.g.
Masclet et al. 2009, Baker et al. 2008, Shupp and Williams 2008) and where the
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rewards of the group are exogenously divided equally among its members. We
may imagine, for example, that such experiments reflect the widely observed
regularity of partnerships with equal sharing rules.

In the next, the endowment in the consumption good is defined by a random
variable x on the probability space (€2, F, P) and the social utility function is
given by

Ulz) = / Aotts (2)dQ0). (5)

where u; is the utility function of agent ¢ and where \; is the weight granted to
agent 1.
We have then
U (x) J A (2)dQ(i)

Rie) = o] = o e = / Ri(z)dP" (i) (6)

ab () = _ diug(m)

dQ J Xivi(2)dQ(2)

Let us first analyze the case with 2 agents and CRRA functions. We have
1 1

_1
then u;(x) = ;=2 % ,i=1,2, and we take \; = 1, i = 1,2, as in the previous
b

section. Equatioﬁ (6) can be rewritten as follows

where P" is the probability measure defined by

1 1
1 =57 4 1 .75 —R -R
R(:L')_ blx 1+b233 2 _leL' 14 Rox™ "2
N —a -5 xBiggRe
r b4 x b2

and the aggregate relative risk aversion is a weighted arithmetic average of
the individual levels of relative risk aversion. As in the private good case,
the aggregate level of relative risk aversion decreases with z and it approaches
the degree of relative risk aversion of the most (least) risk averse agent in the
economy as x converges to zero (infinity). Notice also that the weights are
given by the individual marginal utilities and the highest weight is granted to
the lowest (highest) individual level relative risk aversion for > 1(for z < 1).
An increase of the individual level of risk tolerance of the most risk tolerant
agent might then have an ambiguous impact. We have the following result

Proposition 13 In a model with a public good, two agents and CRRA functions
with by < by, there exists T < 1 such that a small increase of by leads to an
increase of the aggregate level of risk tolerance t(x) for all x > T and to a
decrease of the aggregate level of risk tolerance t(z) for all x <.

In particular, this means that FSD shifts of the individual levels of risk
tolerance are not sufficient to increase the aggregate level of risk tolerance. The
next result illustrates the impact of a mean preserving spread on the individual
levels of risk aversion in a 2-agent setting.

Proposition 14 In a model with a public good, two agents and CRRA functions
with by < by (or equivalently Ry > Rs), a shift of the form Ry — h and Ry + h
with h > 0 increases (decreases) the aggregate level of relative risk aversion
R(z) for x <1 (for x > 1). It increases (decreases) the aggregate level of risk
tolerance t(x) for x > 1 (for x <1).

12



In the next we characterize, in a general distribution setting, the impact
of MLR shifts on the aggregate level of risk tolerance/aversion. Note that the
following result is obtained for very general utility functions.

Proposition 15 Let us consider two populations respectively characterized by
distributions Py and Py on (I,1). Under Assumptions (U) and (LSPM) and if
P, =rr P1 then the aggregate level of risk aversion (risk tolerance) under Py
is higher (lower) than under Ps.

The result in Proposition 15 is quite powerful. Under the assumption that
the members of the group consume the same endowment, and under weak re-
strictions on the individual utility functions, if the individual levels of risk aver-
sion are more concentrated on high values (in the sense of MLR dominance)
then the collective level of risk aversion will be higher for all endowment levels.
In this case MLR dominance provides a clear characterization of comparative
collective risk aversion!.

The next proposition analyzes the impact of more heterogeneity on the in-

dividual levels of risk aversion. For a given distribution P on (I,t) and for a
_u/(2)

)
P? describes the distribution of the individual levels of risk aversion at a given
wealth level x.

. The measure

given z, we denote by P” the image measure of P by ¢ —

Proposition 16 Let us consider two populations respectively characterized by
distributions Py and Py on (I,1) and let us assume that (U) is satisfied. If,
uy/ (x)
()
Py =pp PP, then the aggregate level of risk aversion (risk tolerance), at x,
under Py is higher (lower) than under P;.

for a given x, ul(x) is nondecreasing in i, — is decreasing with i and

In particular, if there exists x* such all the individual marginal utilities

ul(z*) are equal, then u}(z) is nondecreasing in ¢ for z < x*. It suffices then

1
to have that _% is decreasing with ¢ and Py =pp P to conclude that the
aggregate level of risk aversion, at x, under P is higher than under P;. In other
words, under weak assumptions on the utility function, less heterogeneity in risk
aversion, in the sense of PD dominance, implies a higher level of collective risk

aversion when wealth is sufficiently low.

6 Conclusion

Mazzocco (2004) established the counter-intuitive result that an increase in the
level of risk tolerance of one of the individuals in a couple may reduce their
collective degree of risk tolerance. We studied precisely the conditions for this

INote that Proposition 15 can easily be extended for higher order collective preferences
towards risk. For example, if we assume that v’/ (z, ) is LSPM in (z, ), then an MLR dominant
shift decreases the collective degree of absolute (and relative) prudence.

2Note that this last condition is just a little bit stronger than the LSPM condition.
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phenomenon to occur. More generally, we established conditions under which
groups with individual levels of risk tolerance more concentrated on high values
and groups that are more heterogeneous will display higher risk tolerance, both
with efficient risk-sharing and with an exogenous egalitarian sharing rule. Our
results permit to better characterize differences in risk taking behavior between
groups and individuals and among groups with different distributions of risk
preferences.

It should be possible to design experiments to evaluate if our results are
consistent with elicited risk attitudes of groups and individuals. Shupp and
Williams (2008) compare the willingness to pay for lotteries of small groups and
individuals in a setup similar to that of Section 5. They conclude that, for most
lotteries, group choices are significantly different from the mean of the individual
choices (groups tend to be more risk averse than individuals for low-expected-
value lotteries but less risk averse than individuals for high-expected-value lot-
teries). These results are consistent with a large number of studies in social
psychology that show "risky" and "cautious" shifts in group risk-taking behav-
ior relative to the mean of the individual choices (see e.g. Clark 1971). We have
seen that there is no reason to believe that the group’s willingness to pay (de-
rived from the collective preferences), and more generally the willingness to take
risks, should be the same as the mean of the individual members’ willingness
to pay. In particular, even with CRRA individual preferences, the fact that
the representative agent’s relative risk aversion decreases with z implies that
"cautious" shifts should be more prevalent in low-expected-value (low-stakes)
lotteries while "risky" shifts should be more prevalent in high-expected-value
(high-stakes) lotteries, precisely what Shupp and Williams (2008) found. It
would be interesting to further explore the experimental relevance of our results
by proceeding to inter-groups comparisons. For instance, to analyze the differ-
ence in risk attitudes between two couples that only differ by the risk aversion
level of one of the members, e.g. the man.

7 Appendix

Proof of Proposition 1. Let us denote by ¢ the function defined by ¢(q) =
f (u))~" (55)dQ(7). By Inada’s conditions and since u; is increasing and strictly
concave for all ¢, ¢ is well defined on (0, 00) and decreasing. Furthermore, from
the monotone convergence Theorem we have lim, .o ¢(q) = 0o and lim, o ©(q)

d. Let us then define f; : [d, 00) — [d;, 00) by fi(z) = (u})~" (%), we clearly
have z = [ f;(z)dQ(i) and N\u}(fi(x)) = ¢~ '(z) for all i and is independent
of 4. The family (f;(z)) satifies then the first-order conditions of the maximiza-
tion program defined by Eq. (1) and since this program is concave we have
Ulx) = [ Aui(fi(2))dQ(i). B

Proof of Proposition 3. Since the fair allocation x; = x*, ¢ € I, is efficient and
since we granted the same weight to all the agents, the first-order conditions

for Pareto optimality give us that w}(z) is independent of i. Since g—g(x,i) is
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LSPM, integrating 2 logu/(z) between z > 2* and z*, gives us that u}(z)
increases with i. Let us consider the Pareto allocation (z;);.,; associated to the
aggregate wealth x > z*. We have that u}(z;) is independent of i. We also
necessarily have x;, > x* for some ig and then u; (z;,) < uj () by concavity
of the utility functions. We have then uf(x;) < u}(z*) for all 7 and consequently
x; > x* for all 4. Since u}(z) increases with ¢ and w}(z) is independent of ¢ and
since u}(z) is decreasing in z, we have that z; increases with ¢. By the LSPM
property ¢(x,4) is increasing in 4 and by the DARA property, it is increasing in
x. We have then that t(z;,7) is increasing in .

For z < z*, integrating % log u}(z) between x and z*, gives us that u}(x)
decreases with i. The same kind of arguments as above give that z; decreases
with <.l
Proof of Proposition 4. The first-order condition gives us the optimal al-
location of agent i, x; = ¢~%, where ¢ is the Lagrange multiplier. Using the
resource constraint we obtain [ ¢ %dQ(i) = x or [exp(—b;1ngq)dQ(i) = z. We
obtain that ¢ = exp(®~!(z)) hence z; = e~b® (@) Plugging this back into the
utility function we obtain the representative agent’s utility.

The degree of relative risk aversion of the representative agent can be derived
directly from the expression of the representative agent utility function or using
Proposition 2. We have s = [s;£:dQ(i). Since x; = et ® (@) the result
follows.H
Proof of Proposition 5. Let us consider by as given and denote by ¢, (bs) the
aggregate risk tolerance level when the risk tolerance level of agent 2 is given
by bs > b;. We have

1 1
tx(bz) = ibl exp(—blaz(bg)) + 5[)2 exp(—bgax(bg))
where a,(bs) is the solution of

P(ag(b2), b1, b2) = @
with 1 .
Y(a,by,be) = 3 exp(—bia) + 3 exp(—baa).
We get after computations

d _! exp (—(b1 + b2)az(b2)) .
@3 70 = G B oD (b1 (b)) + b exp(=baan (b)) ¥\ (b2): 01 02)

with
w(a,b1,ba) = by + by exp((by — b2)a) —a(by — by) by.

For z > 1, we have a,(by) < 0 and d%lztx(bg) > 0. The aggregate level of risk
tolerance is an increasing function of bs.

Let us now focus on the case x < 1. It is easy to check that a,(b2) is always
positive for z € (0,1) and decreases with z from oo to 0. It is also easy to see
that ¢(a, by, bs) is decreasing in a, positive for ¢ = 0 and converges to —oo when
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a converges to oco. There exists then a level 2* < 1 such that ﬁtz (b2) = 0. For

x < x* (resp. x > z*), we have d—‘lthz(bg) < 0 (resp. ﬁtm(bz) >0).1
Proof of Proposition 6. We have

1 1
tr(b2) = §b1 exp(—bra. (b)) + §b2 exp(—baa, (b2))

where a,(bs) is the solution of

1 1
5 exp(—biaz (b)) + 3 exp(—baay (b)) = .

‘We know that
d

T@tx(lb) = @(am(bg), bl, bg) = bl +b2 exp((b1 — bg) az(bg)) — am(bg) (b2 — bl) bl.

We have already seen that ¢(a, by, bs) is decreasing in a, positive for a = 0
and converges to —oo when a converges to oo. Let us denote by a(by, by) the

solution of ¢(a,bi,bs) = 0. Let us first consider the case z < % The func-

tion a,(b2) is clearly decreasing with b and we have limy, p, a,(ba) = —12—1”“'
and limp, oo az(b2) = —%52. Furthermore, since 92 is decreasing, 2 has
the same sign as g—g‘;. Direct computations give g—li = u — aby — abyu with
u = exp((by —b2)a) and a such that by + bou — bra(bs — by) = 0. Substi-
tuting a in g—g‘; gives g—li = (b1 —b2) " b7 (bobyu + b3 + b3u + b3u?) < 0. The
function a(by,be) decreases then with by and we have limp,_p, a(by,b2) = o0
and limp, 00 @y (b2) = 0. There exists then b} such that a;(b2) = a(by, b2) and
Feta(b2) = 0.

It is immediate that for a,(bz) > a(b,b2) we have %fr(bz) < 0 and for
a;(b2) < a(by,be) we have ﬁtx(bg) > 0. It suffices to show that a,(bs) and
a(by,by) cross only once to establish the result. Let us consider b5 such that
az(b2) = a(by, bs) and let us compute % (az(b2) — a(by, b)) at bl. By definition,
we have a(by,b3) = a,(b3) and we denote it by a*. Direct computations give

d

i (a:(03) — abr. b))

¢ o

ob * * ob * %
= 8742 (a”,b1,03) — iqj (a*,b1,03)

da da

A
(bre== + be %) (by + bye® C100)) (b5 — by)’

with

A= (a03e ™ @ Be™ Y 4 (" bibge™ " @ bibye T — bem T — e P )er (1))
By definition, we have ¢(a*, by, b5) = 0. Replacing bse® (1702) by a* (b5 — by) by —

by, we get

d Ba* (7P 4 e 4 a* (b3 — by)e " %)

(85) — by, ) — ° . > 0.
db2 (a ( 2) a( 1 2)) (ble_a*bl +b367a b2) (bl +b§ea (bl*b2)) (b; — bl)
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We have then that d—‘éam(bg) > T(zLa(bh by) each time these two functions cross.
This means that they can cross only once.

For x > 1, we have already shown that %tw (b2) is positive for all by and
t,(bs) is then increasing.

For1 >z > %, let us show that there is no crossing between a,(b2) and
a(by,be). For that purpose let us consider a = a,(b2) = a(by,bs). We have then

1
exp(—ba) + 3 exp(—bya) = =
(b1 —bg)a)—a(bg—bl)bl = 0

DN =

and by + by exp

—~

which can be rewritten as follows

exp((by —b3)a) = 2xexp(bia)—1
a(b2 — bl) b1 — bl

and exp((by —b2)a) = b

which gives

CL(bQ — bl)bl — bl
bo
or 2zbyexp(bia) = (aby +1) (b2 —by)

2zexp(bia) — 1 =

Remark that exp(bia) > 1 + bja and we have then 2xby < (be — by) or
(22 — 1) by < —b; which is impossible since we assumed 2z — 1 > 0.
For = > %7 it is easy to check that limp, ., az(bs) = —22 and a,(bs) ~p, oo

b1
fln(szl). The limits of ¢, derive from there.l

Proof of Proposition 7. It suffices to prove directly the second point. We
have

te(h) = %(bl + kh) exp(—(b1 + kh)ax(h)) + %(bg + h)exp(—(by + h)az(h))

where a,(h) is the solution of ¥ (ay(h), b1,b1 + kh) = .
We get after computations

7tr(0) = (b(a’f(o)a b17 b2)
where
q’)(a, bl, bg) = kbl eXp((b2 — bl) a)+b2 exp((bl — bg) a)+b1+kb2+a (b2 — bl) (kbg—bl).

For z < 1, we have a,(0) > 0 and it suffices to impose k > g—; to have
£1,(0) > 0 for all . N

For x > 1, we have a,(0) < 0 and it suffices to remark that % is positive,
that %(O,bl, bg) = (bg*bl)(b2+bl)(kfl) and (;5 (O,bl, bg) = (k+1) (bl + bg) > 0.
It suffices to impose k& < 1 to have %(O, b1,b2) <0 and then ¢(a, by, bs) > 0 for

17



a < 0 and hence %tI(O) > 0.1
Proof of Proposition 8. We have

t.(h) = % (by — h)exp (—(by — h)az(h)) + % (ba + h) exp (—(bz + h)az(h))
where a,(h) is the solution of ¥ (a;(h),by — h,ba + h) = x. We want to show

that for z < 1, we have %= (0) < 0 and for z > 1 we have 4= (0) < 0.
We have %= (0) = “(eXp(_abl)_eXp(_abz))) where a = a,(0), and

dh by exp(—aby)+b2 exp(—aba
dt, 1 1 1 1
%(0) = —gexp (—aby) + 5 exp (—ab2) + iab1 exp (—aby) — Qabg exp (—abs)

1 1 a (exp(—aby) — exp(—aby))
— (=02 —aby) + b3 —ab
<2 1exp (—aby) + 22 exp (—a 2)> (b1 exp(—aby) + ba exp(—abs)
which is of the same sign as g(a) with

gla) = (byexp(—aby) + byexp (—aby)) (exp (—aby) — exp (—aby) + aby exp (—aby) — abs exp (—abz))
—(a (exp(—aby) — exp(—abs)) (b3 exp (—aby) + b3 exp (—abs))
= —byexp(—2ab;) + by exp (—2aby) — (by — by — ab? + ab3) exp (—a (b1 + b))

which has the same sign as —¢(a) with
(a) = by exp (—a(by — b2)) — baexp (—a(bs — b1)) + (by — by — ab? + ab3).
We have lim,_, ¢(a) = 00, £(0) = 0 and lim,_,_, £(a) = —oc. We also have
0'(a) = (by — ba)(—ba — by — by exp (a(ba — b1)) — by exp (a(by — b3)) > 0.

The function ¢ is then negative on R_ and positive on R, . Since a > 0 for z < 1
and a < 0 for z > 1 this gives the result.ll
Proof of Proposition 9. We denote by t£ (resp. t9) the aggregate level of
risk tolerance in the first (resp. second) population when the aggregate wealth
is . We have

P _ P P

t, = pibiexp(—bia, ) + pab2 exp(—baay; )

where al is the solution of
prexp(—biay) + prexp(—byay) = z.
We have similar formulas for t@ and we have that t£ > t& if and only

q2 exp(beag)
p2 exp(—baal’)

Q1 exp(—blag)
p1exp(—bial)

> or equivalently p; exp(—bial) < ¢ exp(—b1a?)

(7)
If z < 1, we have af < a@ and the result is immediate. Let us now consider the
case > 1. Note that exp(—b1a?) and exp(—b2a?) correspond to the Pareto op-

timal allocations ax? and a:g in population Q while exp(—b;al’) and exp(—byal)
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correspond to the Pareto optimal allocation x¥" and 2" in population P. We want

to prove that ’q’—ixf < 29. Remark that the allocation (%xf, ’;—;xg) is feasible

: : 1 (pL,.P 1 (p2,.P pLP) 1
in population . Let us compare uj (q1 ] > and u5 (q2 x5 ) or <q1 ] > and
1

~t3 . R . .
(5—31:5) - By construction we have (z{) " = (z3’) " and since 2* <1

and 22 > 1 we have v} ( 222F) > o) ( 2222 ) . Since Pareto optimal allocations
q2 T\t 2\ gq272

are characterized by the condition ) x?) = ub (xQQ) and since the alloca-

3 p1,.,.P p2,.P)\ ; : : :
tion (q—lxl 7?25”2) is feasible, we necessarily have, by concavity of u; and wus,

pgP<29m

q <

Proof of Proposition 10. We first prove that for z < 1 an MLR shift is sufi-
cient to increase the aggregate level of risk tolerance. Suppose that P =5r Q-
Since the MLR order is stronger than the FSD order, we have for all nonde-

creasing function h, E¥ [h (5)} > B9 [h (5)} , hence @¢ (t) > ®p (t) for ¢ > 0.
Since ®g and ®p are decreasing, then for all x < 1, &' () < CIJél (x) . Since

Ep[e—bé;,l(m) N
], we obtain that % is the product

dQ _ dQ _—b(@ ' (z)—®p'(x))
= apt  © "

B [67@51(1)

—b(@ )} (2)- 2} (@)

(modulo a constant) of the decreasing function e with the de-
dQ

creasing function 7 (both of them being positive) and is then decreasing and
P "MLR @ which gives E€ [5} < EP [5} and tf > tg or Rf < Rg.

However, MLR does not guarantee an increase of the aggregate level of risk
tolerance when x > 1 as shown in the next counter-example.

Let us consider a model in which the distribution of the risk tolerances is
given by exp(—b)1p>0 and let us consider a shift obtained through multiplication
of the exponential density by 1+ lpsp« (for some b* > 0 and some € > 0) and
by renormalization. The function b — 14 €1p~p+ is nondecreasing and the shift
is MLR. The aggregate level of risk tolerance in the initial population is given by
t(z) = [;° bexp(—b) exp(—ab)db where a solves [ exp(—b)exp(—ab)db = x.
We obtain a = 1 — 1 and t(z) = ﬁ =22

After the shift, the aggregate level of risk tolerance is given by

() Jo" bexp(—b) exp(—a:b)db + ¢ [, bexp(—b) exp(—acb)db
x = oo oo
: I3~ exp(—b)db + ¢ [, exp(—b)db

e+ e (b e (—(ae + 1)) + by exp (—(az + 1)b7))
1+ eexp(—b¥)

J5° exp(=b) exp(—acb)dbe [, exp(—b) exp(—acb)db
J5° exp(—b)db+e [ exp(—b)db

1 1 *
1 ez teagr exp(—(a-+1)b")
x. We have then -5 = == 19 exp(—57)

ﬁ+sﬁ exp(—(ae+1)b™) _
1+4-€ exp(—b*) -

where a, solves =zxor

. Let us consider the difference
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t-(x) — t(x). It is positively proportional to

1 1 1 11 ?
A=|—+e¢ <y*exp —By*) + — exp (—py* )) 1+eexp(—y* —(—I—eexp —By* )
(5e+2 (3 ew o+ frow 1) ) @+ som (5 + <5 w0
where 8 = a. + 1 and where a%—l has been replaced by its value as a function of
8. This quantity is of the form ue 4+ ve? and since we want it to be positive for

all € > 0 we have to check if p is positive. But u = (exp(8 Z;ngzf§l;;;+(£b)}erp(b*))

and is positively proportional to exp (8b*) — exp (b*) + Sb* exp (b*) . It is easy
to remark that for 8 = b*% and b* sufficiently large, this quantity is negative.
Let us chose then a pair (8,b*) for which this quantity is negative and let
us take e sufficiently small such that the quantity A itself is negative and let
e (Eat et D) gy ep(—(act V)
1+4€ exp(—b*) :
resulting shift leads then to a decrease of the collective level of risk tolerance at

us finally take x =

.l
Proof of Proposition 11. We just have to consider the case where z > 1. We
have
~ Pl —bd-1(x)
dQ _ dQ ey @ -ap' ) ]
dP T dP EQ {e—z@c—)l(x)}

= exp(—kb—b(®," (z) — @3’ (2))).

To conclude, it is sufficient to show that &k + (@ (z) — @5 (x)) > 0. We have

a1,
EQ e*bI)Q (x)

—FoTepra] . < © and since ® ! (z) is characterized by

BP {efb@;(mk)} _

EP [671@;1("’0)} = x we have k + (@;1 (z) — ®p' (z)) > 0.1

Proof of Proposition 12. Assume that P and @ are symmetric with respect to
some b* with % nonincreasing before b* and nondecreasing after b* then P =pp
Q and P =gsp @ ( Jouini-Napp, 2008). Let us denote by ®p and ®¢ the func-
tions respectively defined by ®p (t) = [e "dP(b) and ®q (t) = [ e "*dQ(b).
Since e % is decreasing and convex for ¢ > 0, we have by SSD, ®¢ (t) > ®p (t)
for allt > 0. For z <1, <I>;,1 (z) and @51 (x) are positive. Furthermore, both
®g and ®p are decreasing and we have then @51 (z) > @' (2) for all x < 1.

EP be’”’;l(m)]

s D)
EP [e—w;l(z)] =

Since b — ¢ is decreasing and positive, we have by PD,

B [be—bﬂP;l(z)
EQ |:e—b{>;1(rv):|
Cpe=l(a) EQ |:e—b<1>;1(z):|

dQ1 _ e Q dQl —
by 0 = 7}3@) [e—béél(z)] . We have ab, o [efb%l(l)] e

—1
_ P . dpP, _ e b2p (=) .
E™ [b] with Q= o] |:e—bd>;,1(w):| . Let us consider @y defined

—b(25' (@-23" @) 5nd is
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129 [pe "0 @
decreasing. Hence ET' [b] > E% [b] = . We have then the result

mel.%a (L]

for z < 1. For x > 1, since both distributions are symmetric with respect to

EP |:b€—b<l>;l(z)j| EP [(Qb*ib)e—(zb*,b)él—jl(z)} EP |ibebq>;1(:v)
b*, we have = — =2 — ————
Ep|: —bep (1)} BP |:e—(2b*—b)<!’P (z):| 5P [eb"’P (z)]
E® [be bp (@) E?|be"®P (=)
and —+———— = 2b* — —+———= Since ®_! (z) is negative for z > 1,
EQ[ “vey (z)} a [€b<1>P (z>]
. bd~1(x) . . ..
the function b — €*®r @ is decreasing and positive, and we have by PD that
—1 p—1 e—1(p _pa—1y,
BP |:beb<I>P (m)} BQ |:beb<IQ (z)] EQ [beibIP (1)} P [be bey (m):|
— > =TT OF EP b = - > 1
EFP |:eb<1)p (m):| EQ|e @ \7* :| EQ |:efb<I>P (z)i| EP |:eib(I)P (m):|
—1
gal, e ® .
. _b(d= 31! . . .
Since Z% =—F——71s¢ (25" (@) -2, (w)), it is now increasing, we have then
(! gele e @

EP1 [b] < E9 [b] which gives the result.ll

Proof of Proposition 13. Let us denote by t(z, h) the aggregate level of risk
tolerance at z when the individual levels of risk tolerance are given by b; and
by + h, we have

eXp( 111z)+eXp( blnfh)

t(l‘,h) = na: nx
1 eXP( oz )+ b2+h exp(— b12+h)
and
ot by ((bg—b1>(ln$) eihb]ilm + b1by (671271m —1—67127;))671?7;
o (z,0) =

Inz Iz 2
by (b1€ b2+ bhge B )
and we clearly have ah( 0) > 0 for > 1. Furthermore, 1f we denote by L(x)

(ba — b1) (1 + elnm(bllbli’)) > 0 and lim,_,¢ L(z) = —oo and L(1) = 2b1b2 > 0.

There exists then z* < 1 such that 9t (x,0) < 0 for < 2* and St (x,0) > 0 for
x>z .l
Proof of Proposition 14. Let us denote by R(x, h) the aggregate level of risk

aversion at x when the individual levels of risk aversion are given by R; — h

_ (Ri—h)exp(—Inz(R1—h))+(R2+h) exp(—Inz(Ra2+h))
and Ry + h, we have R(x,h) = = exg(—lnx(Ri—h))—&-ex;(—lanRg-&-h)) 2

and aR(x O) _2lnmR176_21']xR2+21nw(R27R1)e_lr‘lee_ln"”R2
oh e*lnle-‘,-e*l“”—'RQ)Q

negative for x > 1 and positive for x < 1. B
Proof of Proposition 15. Let us denote by U(z,1) and U(z,2) the social
utility functions respectively associated to P; and P,. We denote respectively

which is clearly
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by F(i,1) and F(%,2) the cumulative distributions of P; and P,. We have
0
U'(z,j) = / a—“(m)F’(i,j)di, j=1,2.
x

By assumption, g—g(x,i) is log-supermodular. Furthermore, since P> =pyLRr
Py, F'(i,7) is also LSPM. By Karlin’s Theorem U’(z,j) is log-supermodular.

Therefore, %;(z’j) increases with j or in other words
U’ (x,1) S U’ (z,2)
U'(z,1) = U'(z,2)

which gives R;i(x) > Ro(x).l
Proof of Proposition 16. Let us denote by U(z,1) and U(z,2) the social

utility functions respectively associated to P; and P. Since g; (z,1) is increasing

B u/’/(r)

UIZ(I) " 1"
function ¥ such that E {u;(m)‘ — ZT,—((;)} = P* (—Z’T(;)) for i € I. We have
then ' '

in 7 and is decreasing in ¢, there exists a nonnegative and decreasing

ey _ e
U'(z,35) S, 5)dpP;(i) 7 ’
_ BT X (X))

EN [ (X))

EPE [ X0 (X)] > EPT [ X07(X)]

By Portfolio Dominance we immediately have e 2 B e
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Figure 1 & 2: These figures represent, at two different scales, the aggregate
relative risk tolerance as a function of the total wealth with by = 1 and by = 2 for
the blue curve and b} = 1 and b}, = 3 for the green curve. Both curves converge
slowly to the associated level of relative risk tolerance as can be shown on the
second figure. An increase of the risk tolerance level of the most risk tolerant
agent leads to an increase (decrease) of the aggregate level of risk tolerance above
(below) a given threshold z* < 1. With our parameters, we have z* = 0.21.
When by = 2 and b} is in the neighborhood of bs, we have x* = 0.14. When
b, = 3 and by is in the neighborhood of b5, we have z* = 0.27.
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Figure 3: In a setting with two agents with levels of relative risk tolerance by
and bo, we represent the aggregate relative risk tolerance s, (bs) as a function of
bs for by = 1 and for x = 0.4. For by = b; = 1, s, is equal to 1. The aggregate
relative risk tolerance increases then decreases with be and limy, o s2(b2) = b1
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Figure 4: In a setting with two agents with levels of relative risk tolerance by
and by, we represent the aggregate relative risk tolerance s, (bs) as a function of
by for by = 1 and for x = 0.55. For by = b; = 1, s, is equal to 1. The aggregate
relative risk tolerance increases with bs.
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Figure 5: In a setting with two agents with levels of relative risk tolerance by
and bo, we represent the aggregate relative risk tolerance s, (bs) as a function of
by for by = 1 and for x = 0.9. For by = b; = 1, s, is equal to 1. The aggregate
relative risk tolerance increases with by and is almost linear.
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Figure 6: In a setting with two agents with levels of relative risk tolerance by
and by, we represent the ratio ¢, (by)/by for x = 4 and by = 1. For by = b; = 1 it
is immediate that ¢;(b2)/bs = t;(b2) = x. The ratio converges to x — 0.5 = 3.5
when by converges to oco.
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Figure 7: In a setting with two agents with levels of relative risk tolerance by
and by, we represent the ratio t;(by)/by for x = 1.1 and by = 1. For by = by =1
it is immediate that ¢, (bs) /b2 = t,(b2) = x. The ratio converges to x —0.5 = 0.6
when by converges to oco.
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Figure 8: In a setting with two agents with levels of relative risk tolerance by
and b, we represent the aggregate relative risk tolerance as a function of the
total wealth with b; = 1 and by = 2 for the blue curve and b} = 2 and b} = { for
the green curve. The shift from (by b2) to (b b5) is @ Mean Preserving Spread
as in Proposition 8 and the two curves cross at z* = 1.
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