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PRICE UNCERTAINTY AND THE EXISTENCE OF FINANCIAL EQUILIBRIUM

Lionel de Boisdeffre,!

(October 2011)

Abstract

We consider a pure exchange economy, with incomplete financial markets, where
agents face an ‘erogenous uncertainty’, on the future state of nature, and an ‘endoge-
nous uncertainty’, on the future price in each random state. Namely, every agent
forms price anticipations on each future spot market, distributed along an idiosyn-
cratic probability law. At a sequential equilibrium, all agents expect the ‘true’ price
as a possible outcome and elect optimal strategies at the first period, which clear on
all markets at every time period. We show that, provided the endogenous uncertainty
is large enough, a sequential equilibrium exists under standard conditions, for all
types of financial structures (i.e., with real, nominal and mized assets). This result
suggests that standard existence problems of sequential equilibrium models, following

Hart (1975), stem from the single price expectation assumption.

Key words: sequential equilibrium, temporary equilibrium, perfect foresight, ex-
pectations, incomplete markets, asymmetric information, arbitrage, existence proof.

JEL Classification: D52

1 Université Paris 1, Centre d’Economie de la Sorbonne, 106-112 Boulevard de
I’'Hopital, 75013 Paris, France. Email: lionel.de-boisdeffre@univ-paris].fr

0

Documents de Travail du Centre d'Economie de la Sorbonne - 2011.16 (Version révisée)



1 Introduction

The traditional approach to sequential equilibrium relies on the assumption,
introduced by Radner (1972), that agents have a ‘perfect foresight’ of future prices.
That is, agents anticipate with certainty exactly one price for each commodity
(or asset) in each random state, which turns out to be the true price, if that state
prevails tomorrow. At a sequential equilibrium, agents elect optimal decisions at the
first period, which clear on all markets ex post. A convenient outcome of perfect
foresight is that equilibrium unfolds sequentially: after all uncertainty is removed,
agents never face bankruptcy, or need trade again to optimize their welfare, and all
markets clear at agents’ ex ante decisions. Yet, the perfect foresight assumption is a
sufficient but, by no means, a necessary condition to guarantee these outcomes. As
argued below, the perfect foresight equilibrium is a restrictive notion of sequential

(as opposed to temporary) equilibrium, resulting in several intricate problems.

The traditional criticism of the perfect foresight model is that, quoting Radner
himself (1982), “it requires of the traders a capacity for imagination and computa-
tion far beyond what is realistic”. Indeed, all traders need coordinate on the same
expectation, and forecast the future price exactly and solely, on every spot market.
Typically, if only one agent deviated privately from the common price anticipation,
all rational agents, in Radner’s sense, would turn out to have mistaken forecasts
ex post. This typical ‘common knowledge’ requirement (of the price forecast) is not
the only problem that the perfect foresight model embeds. This model would not
explain the effects of agents’ (possibly irrational or mistaken) beliefs on equilib-
rium prices and quantities traded on markets. In particular, it would not explain
speculation, bubbles and crashes, observed on actual markets, as sequential equi-

librium phenomena. In some financial economies where real assets are sold short
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unrestrainedly, a perfect foresight equilibrium may even fail to exist, as shown by

the examples of Hart (1975), Momi (2000), Busch-Govindan (2004), among others.

In general equilibrium theory, the perfect foresight model has remained, to our
knowledge, the only setting to deal with sequential equilibrium so far. Yet, all above
mentionned problems of the perfect foresight model might be solved by introducing
an alternative concept of sequential equilibrium, which lets agents be uncertain of
future prices, but cautious enough never to need revise their forecasts ex post. We
refer to the latter concept as the ‘correct foresight equilibrium’ (C.F.E.), which is
reached when agents have anticipations, which embed tomorrow’s ‘true’ price as
a possible outcome, and make optimal decisions today, which clear markets and
remain optimal ex post. In a companion paper, we show, on an example, that
the C.F.E. model indeed explains volatility, speculation and crashes on incomplete
financial markets at a sequential equilibrium, stemming from agents’ anticipations
when no change in the fundamentals takes place. Hereafter, we focus on existence
issues and prove, on a simple model with price uncertainty, that a sequential equi-
librium always exists under standard conditions, whatever the financial structure

(i.e., with real, nominal or mixed assets), to the difference of Hart and alii.

The model we propose is a two-period pure exchange economy, where agents
face an exogenous uncertainty, represented by finitely many random states of na-
ture, exchange goods on spot markets, for the purpose of consumption, and trade,
unrestrained, on (incomplete) financial markets, so as to transfer wealth across peri-
ods and states. At the first period, besides the above exogenous uncertainty, agents
face an ‘endogenous uncertainty’ on each future spot price. Namely, consumers have
a (private) set of plausible spot prices for each future state, called expectations, dis-

tributed along an idiosyncratic probability law, which we call a belief. The latter
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uncertainty is traditionally referred to as ‘endogenous’ because it both affects and
is focussed on the endogenous price variable. As our main Theorem, we show that,
if the support of beliefs is large enough, the existence of a C.F.E. is still guaranteed

by standard assumptions, on any financial market.

To simplify exposition, we restrict the model to symmetric supports of beliefs,
that is, to agents having a common set of expected states and prices. This restriction
may, indeed, be dropped without changing our Theorem, but it would lead to
much longer developments, since agents might need refine their anticipations first,
until their beliefs became consistent, in the sense that no trader had an aribtrage
opportunity, stemming from some other traders’ (mistaken) anticipations (see [4]).
With identical supports, the existence of equilibrium is guaranteed without any

prior refinement of beliefs, which permits to skip that step.

It must be stressed that our equilibrium notion is, indeed, a sequential one,
that is, differs from the temporary equilibrium’s, as introduced by Hicks (1939)
and developed, later, by Grandmont (1977, 1982), Green (1973), Hammond (1983),
Balasko (2003), among others, explaining why we do not extend on this literature.
At a temporary equilibrium, agents would typically revise their plans and forecasts
ex post. Indeed, only current markets need clear at agents’ equilibrium decisions
and the true price needs not be anticipated by every trader correctly, which may
lead, tomorrow, to bankruptcy situations and new welfare improving exchanges.

None of these outcomes, antonymous to sequential unfolding, occurs at a C.F.E.

The paper is organized as follows: Section 2 presents the model and its basic

concepts; Section 3 states and proves the Theorem; an Appendix proves Lemmas.
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2 The model

We consider a pure-exchange financial economy with two time-periods (¢ € {0,1})
and two markets, a commodity market and a financial market. There is an a priori
uncertainty at the first period (¢ = 0) about which state s of a given state space
S will prevail at the second period (¢ = 1), when all uncertainty is removed. The
state of nature at + = 0 is non random and denoted by s = 0. The sets of agents
(or consumers), I := {1,..,m}, of commodities, £ := {1,...,L}, of states of nature,

S:={1,..,N}, and financial assets, J := {1,..., J}, are all finite.
Before presenting the model, we introduce notations, which are used throughout.

2.1 The model’s notations

Throughout, we denote by - and ||.||, respectively, the scalar product and Euclid-
ean norm on an Euclidean space, and by P(K) and B(K), respectively, the set of
non-empty subsets and Borel sigma-algebra of a set or topological space, K. We
let s = 0 be the non-random state at ¢ = 0 and S’ := {0} U S. For all sets,
Y e {5, 5}, Ae PR¥), B e P((RF)?*), £xJ matrix, V (where J € N*), tuple,

(e,8,,x,2",y,y) € R xEXLXRExREx(RE)*x (RL)®, we denote by:

o A(s) € P(R), B(s) € P(RL), V(s) € R/, z(s) € R, y(s) € RL, respectively,
the sets of projections, row, scalar, vector, indexed by s € ¥, of A, B, V, x, y;

and we also denote A, := A(s), Bs := A(s), zs := z(s) and y, := y(s);
e y!(s) := ¢! the I** component of y(s) € RE;

ez <2 and y < ¢ (resp. © << 2’ & y << ¥/) the relations z(s) < 2'(s) and

y'(s) < y'(s) (resp. x(s) < 2/(s) & y'(s) < y'(s)) for all (I,s) € {1,...,L}x¥;

o x < 2’ (resp. y < y') the joint relations x < 2/, x # 2’ (resp. y <V, y #Y');
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o RF = (RY)* R = {z e R® : 2 > 0} and RY := {z e R¥ : = > 0},

RE: = {z e R¥* : 2 >> 0} and RY | := {z € R¥ : z >> 0},
o Mo :={[po,q] € RY xR : |Ipo|l + llgl| = 1};
o My :={[s,ps] : ps € RE, |Ips|| = 1} and M¢ := {[s,ps] € M, : py € [¢, 1]}, for s € S;

o M :=1Ilies Ms, M® 1= Mo x llses Mg, Q= UsesM; and Q° := Uses M.

2.2 The commodity and asset markets

The L commodities, [ € £, are used for the purpose of consumption and may be
exchanged between agents on spot markets. There are #S’ ex ante possible spot
markets, namely one in each state s € S’. In each future state, s € S, an expectation
of the spot price, p, € RZ, is denoted by w, := [s,p;] € SxREL. At little cost, we

normalize admissible expectations in each state s € S to the above set M,.

Agents exchange commodities in order to increase their welfare. Trade may take
place because each agent, i € I, can rely on an endowment, e; := (e;(s)) € RES, of the L
goods, which grants her the commodity bundle ¢;(0) € RY | at ¢t =0, and e;(s) € R,
in each state s € § if this state prevails at t+ = 1. Ex post, the agent’s welfare is
measured by u;(zo,z1) € Ry, where zg := (2f,...,2§) € RY and z; := (21,...,21) € RL are
the vectors of consumptions, respectively, at t =0 and ¢ = 1, and u; : R* — R, is a

utility function, assumed to be C! and strictly increasing.

At this stage, we may state a Lemma, which will permit, later, to restrict ad-

missible prices and price expectations, to some set M* for ¢ > 0.

Lemma 1 Let e := max(s jyesxc y iy €(s) and B := Supa L (w,y)/%(x,y), for iel,

711

(L,U) € L% (z,y) € ([0,e]%)%. Then, (e,8) € R:, and we denote e :=

a\
w
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Proof The proof is immediate from the fact that, for each i € I, ¢; >> 0 and u; is

C*' and strictly increasing on the compact set [0, ¢]*~. O

The financial market permits limited transfers across periods and states, via .J
assets, also called securities, j € J := {1,...,J}, which are exchanged at ¢t = 0 and
pay off at ¢ = 1. Assets may be nominal or real (i.e., pay off in account units or in
commodities). For any expectation, p := ([s,p;]) € HsesMs, the payoffs, v;([s,ps]) € R,
of each asset j € {1,...,J} in each state s € S, define a fixed SxJ-matrix, V(p) =
(v;([s,ps])), referred to as the payoff matrix, and such that vV : p € M — V(p) is
continuous, from the definition. For every s € S and every p := ([s, ps]) € HsesM,, We

shall denote by V(p)(s) := V([s,ps]) := (v;([s,ps]))jes € R’ the sth-row of V(p).

Provided she can afford, every agent i € I may take unrestrained positions, 2/ € R
(positive, if purchased; negative, if sold), in every security j € {1,..., J}, which define
her portfolio, z := (/) € R7. When an asset price, ¢ € R, is observed at ¢t = 0, a
portofolio, z € R’, is thus a contract, which costs ¢-z units of account at ¢+ = 0, and
promises to pay V ([s, ps])-z units, in each state s € 9, for every expectation [s, ps] € M,
if p, obtains. Similarly, we henceforth normalize first period prices, wg := (po,q), to

the set M, of sub-Section 2.1.
2.3 Information and beliefs

At t = 0, agents form private anticipations of future spot prices, distributed along

idiosyncratic probability laws, which represent their endogenous uncertainty.

Definition 1 For every probability, =, on (Q,B(Q)), scalar, ¢ € R,,, expectation,
ws = [s,p] € Q, we let B(ws,e) = {[5p € Q: |[p—p|+ |55 < e} be an open ball
and denote by P(r) :={w € Q: n(B(w,¢)) > 0,Ve > 0} the support of =, a compact set.

A probability, =, on (2,B(Q)), is called a belief if the following Condition holds:
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(a) Je € Ryy : P(m) C Q.

We denote by B the set of all beliefs. Let Cy(Q,R) be the set of continuous map-

pings from Q to R. A collection, I := (11;), of m mappings, I; : Mo — B (for i€ I),

15 said to be an expectation structure if, for each i € I, the following Conditions hold:

(0) [wo € Mo, (W§)nen € My, wo = lim, oo wi, f € Co(R)] = [ [, fd(Ili(wo)) = limy—co [, fA(ILi(wh))];
(6) V(wo,wh) € M3, P(ITs{wo)) = P(Ily(wh)) i= P C 0;

(d) Q20 c P, along Condition (c) and Lemma 1 above.

We denote by €S c (BM°)™ the set of all expectation structures.

Remark 1 Without changing the paper’s results, a belief could be defined as a
probability on S x R%, whose support cannot take indefinitely large or low values.

Normalized expectations, here, simplify presentation, but do not reduce generality.
Remark 2 Condition (b) is a standard continuity condition on a probability space.

Remark 3 Condition (c) states that observing first period prices does not affect
the support of agents’ beliefs, which are, moreover, symmetric. As explained in the

introduction, our results would still hold with asymmetric (and varying) supports.

Remark 4 Condition (d) states that agents are cautious enough not to rule out
completely any expectation of the (true) spot prices, out of a small neighborhood
of zero, namely, Q\Q°. The fixed set, Q°0, could be narrowed down to what we call
‘the minimum incertainty set’, which is the set of all possible equilibrium prices
tomorrow, given today’s, when agents’ beliefs are private and vary. If Condition
(d) were reduced to the requirement that agents’ expectations always contained
that minimum uncertainty set, the paper’s existence result could still be proved
(even under agents’ asymmetric information & beliefs), at the cost of long complex

developments. In a seminal paper, we prefer to keep the uncertainty set large and

7
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fixed, namely, Q°, in order to prove and explain this existence result simply, based

on the fact that all possible equilibrium prices need be in Q% tomorrow (see below).

Henceforth, we assume that agents are endowed with an (arbitrary) expecta-
tion structure, IT := (II;) € £S, which is fixed and always referred to, unless stated

otherwise, and we let P := P(Il;(wo)), and 7° := I1;(wy), for every pair (i,wq) € IxMo.
2.4 Consumers’ behavior and the notion of equilibrium

In this sub-Section, we assume agents observe the market price at ¢t = 0, namely,
wo = (po,q) € Mo, which is set as given, when they make make their trade and

consumption plans. The generic it agent’s set of consumption plans is defined as:

Y; = Ci(P,R2E) |,

where C;(P,R?F) stands for the set of consumption mappings, y : P — RLxRE,
such that the first period consumption, y(0) € RL, is constant (in w € P) and the
second period consumption plan, w € P — y(w) € RZ, makes the welfare mapping, w €
P — u;(y(0),y(w)) € Ry, continuous. The plan y € C;(P,R?F), relates every spot price,
w := [s,ps] € P to a consumption decision, y([s,p,]) € RY, for ¢t = 1, which is conditional
on the joint conditions that state s prevailed and price p, € R% be observed tomorrow.
The continuity condition is a rationality rule, stating that no agent elects joint

consumptions, whose utilities vary discontinuously with expectations.

Fach agent i € I elects and implements a consumption and investment decision,
or strategy, [y,z] € Y;xR’, that she can afford on markets, given her endowment,

e; € RES" and her expectation set, P. This defines her budget set as follows:

Bi(wo) = {[y, 2] € YixR” : po(y(0)-€i(0))< — gz, ps-(y([s, ps])-€i(5))<V ([, ps]) -2, Vs, ps] € P}
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An allocation, (y;) € Y :=1I7",Y;, is a collection of consumption plans across con-
sumers. For all price collection, (wo,p := ([s,ps])) € M, we define the following sets of

attainable allocations, portfolios and strategies, respectively:

Alp) == {(y;) €Y : 31" (y:(0)-¢;(0)) = 0; Vs € S, such that [s,ps) € P, Yiv, (yi([s,ps])-€i(s)) = 0};
Z = {(z) € )™ : 307, 2 = O}

Y(wo,p) := {([yi> ) € IGL, Bi(wo) : (y:) € A(p), (21) € Z}-

For every wy, € My, we assume that each agent i € I, given the first period
price wy, has preferences represented by the V.N.M. utility function (recalling that

740 :=I;(wo) € B is a belief):

K2

u® ry € Yy ui(y) i= [ o pui(y(0), y(w))dny (w).

The generic it" agent’s behavior is, then, to elect a strategy, which maximises this

utility function in the buget set, that is, a strategy in B} (wo) := arg max(, .jep; (wo) s (¥)-

The above economy, for a given expectation structure, II := (II;) € £S, is denoted
by &n. An equilibrium of this economy is a collection of market prices, (w,) €

II,cs» M, and optimal attainable strategies. Formally:

Definition 2 A collection of prices, (wo := [po,q,p := ([s,ps])) € M, and strategies,
([yi, zi]) € I, B;i(wo), defines a sequential equilibrium of the economy En, or correct
foresight equilibrium (C.F.E.), (respectively, a temporary equilibrium of &) if the
following Conditions (a)-(b)-(c)-(d) (respectively, Conditions (b)-(c)-(d)) hold:

(a) Vs €S, [s,ps] € P;

(0) Vi € I, [yi, 2] € Bf (wo) := argmax|y +jep,(wo) ;- (¥)7

(©) (i) € Alp);

d) (z) € 2.

9
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The economy &y is called “standard" under the two following Assumptions:
o Assumption Al: Vic I, ¢, >>0;

o Assumption A2: Vic I, u; is class C*', concave, and strictly increasing, i.e.,

ui(y) >0, V(y,1) € R3Ex{1,...,2L}.

We can now state our main Theorem, which we prove in Section 3.

Theorem 1 For every I1:= (1I;) € £S, a standard economy, En, admits a C.F.E.

3 The existence proof

Throughout, I := (II;) € £S is set as given and the bounds of Lemma 1, e and
g0, the beliefs, 7¢° :=1I;(wg) € B and their common support (along Definition 1-(b)),

P:= P(n¥°) C Q, for every (i,wo) € IxM,, are always referred to.

The proof’s principle is to construct a sequence of auxiliary economies with finite
expectations sets, each of which admits an equilibrium along Theorem 1 of [5], and
to derive from a sequence of equilibria in auxiliary economies an equilibrium of the

initial economy, &y. To that aim, we need introduce auxiliary sets, in a first step.
3.1 Auxiliary sets

We first divide P in finer and finer partitions, letting for each n € N:

x
|

{kn = (krlw ,kﬁ) € (Nﬁ [07271 - 1DL}7

,,,,, )k Bty for every (s, by = (kL .., kb)) € Sx K.

Then, for each (s,n,k,) € SxNxK,, such that P, , # @, we select one element
90 k) € Pls k), define the set G* := {9t7  i5ES, ky € Ko, Pgy ) # 9} accordingly,
and a so-called ‘equilibrium price’, (wg,p”) € M, by induction, as follows:
10

Documents de Travail du Centre d'Economie de la Sorbonne - 2011.16 (Version révisée)



e for n =0, we let an arbitrary price, (w§,p°) € M0, be given, we select one price

900y € Ps,0) # 9, for each s € S, and define G° := {¢f, ;) : s € S} accordingly;

e for n € N* arbitrary, we assume the equilibrium price (wi~',p"~ ') € M% and the
set G 1= {g(l ) :5€S, kyo1 € Kno1, P, ,) # @} C P have been defined at

rank n-1, and we let, for every (s, k,) € SxK,, such that Py ) # &,

be equal to g&_k,lnil), if there exists (kn—l’gzls_k-ln,l)) € K,_1xG"I'n P k) 9
(s kn) 7 7 .
be set fized in Pyy,), if € G" "N Py, =0

The above selection yields the set G™ := {g[, , | € Psk,): 5 €S, kn € K} DG,

To complete the induction process, we select (w3,p") € M as an equilibrium
price of the auxiliary economy, £", presented hereafter (in sub-Section 3.2). Then,
we repeat the induction at rank n+1, hence, at all ranks. This inductive process
yields sequences of prices, {(w§,p")}nen € MY and of non-decreasing price sets,

{G"}en € P(P)N, whose union is everywhere dense in P, by construction.
3.2 Auxiliary economies, £"

Henceforth, we set n € N* as given. We derive from the set G", assumed to be
defined by induction, jointly with the past equilibrium price, (wj~*,p"~') € M, an
auxiliary economy, £", referred to as the n-economy, which is of the type described
in [5]. Namely, it is a pure exchange economy, with two period (¢ € {0,1}), m agents,
having incomplete information, and exchanging L goods and J nominal assets, under
uncertainty (at ¢t = 0) about which state of a finite state space, S", will prevail at

t = 1. Referring to [5], the n-economy’s characteristics are as follows:

2 Non restrictively (since we can always shift the upper boundary of p.,,,), we
will assume that each g7, ' € P, is chosen in the interior of p,, # , to insure
that =20 (P 4,)) >0, for every wo € Mo. This will serve later.

11
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e The information structure is (5"), where 57 := SUS™ := SU{i}xG", for each i € I.
The pooled information set (or the set of states which may prevail tomorrow)
is, hence, S = Ne;S;". For each i € I, the set 7 := {i}xG" (henceforth identified
to G") consists of purely formal states, none of which will prevail tomorrow.
The formal state space of the n-economy, namely, 5" = U;c;S", is henceforth

7

identified to SUG™ in the following definitions, for the sake of simpler notations.

e The 5"xJ payoff matrix, V" := (V"(s"))smesn = (v}

(s™))jessnesn, is defined by
vy (s) == v;([s,p2 1)) and o} (s") == v;(s"), for each (j,s,s") € {1,..., J} x $xG". Thus,

the financial structure is purely nominal by construction.

e In each formal state, s" := [s,p,] € S* = G, the generic agent i € I expects with

certainty that price p, € R, will obtain (if state s” := [s,ps] prevails).

¢ In each realizable state, s € S, the generic agent i € I has perfect foresight, i.e.,

anticipates with certainty the true price on the state-s spot market.

. Sn no .
e The generic i*" agent’s endowment, e? € RL, xR}, ~ RY, xR?’, is defined by

e (s) == e;i(s), for each s € ', and el(s") := e;(s), for each s" := [s,ps] € S = G".

e For every collection, (wo := [po,ql,p := ([s,ps])ses) € M, representing the true
prices on all (ex ante) possible spot markets, the generic agent i € I has the

following consumption set, X", budget set, B!'(wo,p), and utility function, u?:

n ngl ~ .
Xm = RExRY™ & REXRES™;
po-((0) — €i(0)) < —¢-2

B (wo,p) :={[x,2] € X"xR’ : ps-(z(s) —ei(s)) < V™(s)z, Vs S

12
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n—1

where 77 (s") :=7;°  (P(s.1,)), for all (s, k,, s") € SxK, x(G"N P y,), is the probability

of the set P, along the belief wfgfl =TL(wi ™) € B, and 77(s) := &, for all s € S.

27

A Corollary of Theorem 1 in [5] and Lemma 1 above yields Lemma 2 hereafter.

Lemma 2 The generic n-economy admits an equilibrium, that is, a collection of
prices, (wo,p:= ([s,ps])) € M, and strategies, ([x;,z]) € Iy B (wo,p), such that:

(a) Vi € I, [2;, 2] € argmax(y »)e By (wop) Ui (2);

(b) Vs € 8. S0, (wils)-ei(s)) = 0;

() 2t 2=0.

That equilibrium, C = ((wo,p), ([7:,2i])) € MxII™ B wo,p)), satisfies the relations

(wo,p) € M and x;(s) € [0,e]", for each (i,s) € IxS’, along Lemma 1.
Proof see the Appendix. 0

Along Lemma 2, we set as given an equilibrium of the n-economy, namely:

e = (wf 1= (00" 0" 1= ([5,00)), (a7 211)) € MO XTI, BE (W p")

henceforth fixed and referred to as the n-equilibrium, which meets the Conditions
of Lemma 2. The equilibrium price, (w?,p") € M, permits to pursue the induction

of sub-Section 3.1, at rank n + 1, hence, at all ranks.

From Lemma 2, we will assume costlessly that the sequences {(w?,p")}nen- and

{2?(s)}nen=, for each (i,s) € IxS’, converge, respectively, to (w§,p*) in the compact

3 Let Z0:={z € R7: V"(s")- 2 =0:Vs" € S"} be a vector space and Z;- be its
orthogonal complement. Non restrictively, at each step n € N*, we let (2) € Z:-™.
In the Appendix (see proof of Lemma 3-(ii) below), this choice will make clear why
Hart’s (1975) typical problem of a fall in rank of the span at the equilibrium price,

which may take place and prevent equilibrium to exist under perfect foresight,
cannot occur in our model.
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set M=, and z7(s), in the compact set [0,¢]*, such that Y, ,(z}(s)-ei(s)) = 0. The

following Lemma will serve to prove Theorem 1 in the next sub-Section.

Lemma 3 Let G* := U,cn-G™ and, for every (w,n) € PxN*, let arg"(w) € G™ be
uniquely defined by (w,arg™(w)) € PZ, ,, for some (s,k,) € SxK,. For every tuple
(i,wo := [po, q],w := [5,04],2) € IXxMoxPxR’, let B;(wo,z) = {y € Rﬁ : po-(y-€:(0)) < —g-z}
and B;(w,z) == {y € RY : §,-(y-ei(s)) < V(w)-z}. Then, the following Assertions hold:
(i) G" c GMY, GF =P, w=lim, . arg"(w), [s,p?] € P, [s,p*] € P, ¥(w,n,s) € PxNxS;
(i) Ir € Ry : VR e N*, 3" |[20]| < r; S0, we assume there exists (z}) = lim, .o (2") € Z;
(i) Iy € Ry V(i n,s") € IXN*x{0} U S™, [l (s")]| <5

(i) ¥(i, ) € IxS, w1(5) € argmaxyc, (s ps)oc) il (0), ), and we let yi([s, pi]) =% (s);
(v) For every i € I, the correspondence w € P+ arg maxyep, (w,zx) wi(z;(0),y) 18 upper-
semi continuous with non-empty values;

(vi) For all (s,w := [s,d,]) € SxP\{[s,pi]}, we set as given y;(w) € argmaxyep, (w,-r) wi(z}(0),y)-
The selection y; : w € P — y;(w) (defined from (iv) & above) satisfies y;:=[x}(0),y;] € Yi;
(vii) as defined from (vi), for every i € I, us (yf) = limp_oo u?(z) € Ry ;

(viii) as defined from (vi), (y;) € A(p*).

Proof see the Appendix. 0
3.3 An equilibrium of the initial economy, &
We can prove Theorem 1, via the following Claim.

Claim 1 The collection of prices, (w§,p*) = lim, . (wh,p") € M=, portfolios, (z) =

K2

lim, oo (21') € Z, and allocation, (yi) € Y :=;e1Y;, along Lemma 3, defines a sequen-

tial equilibrium of the economy &Ery.

Proof Let ¢* := ((w§,p*), ([y7,2¢])) be defined from Claim 1 and use the notations
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of Lemma 3. From Lemma 3-(i)-(ii)-(viii), C* meets Conditions (a)-(c)-(d) of the
above Definition 2 of equilibrium. Hence, Claim 1 will be proved if we show that

[y, zf] € Bi(wg), for each i € I, and that ¢* meets Condition (b) of Definition 2.

Let i € I be given. From the definition of ¢, the relations pp-(z7(0)-e;(0)) < —q"™-27

(2

hold, for each n € N*, and yield in the limit: pj-(y;(0)-e;(0)) := pg-(x7(0)-¢;(0)) < —q*-2}.

The relations d,-(y;([s,ds))-€i(s)) < V([s,ds])-2; hold, for all (s,[s,d5]) € S x P, from

Lemma 3-(iv)-(vi), and imply, from Lemma 3-(vi) and above: [y}, z}] € TI!%, B;(wg).

Assume, by contraposition, that ¢* fails to meet Definition 2-(b), e.g., there exist

[y1,21] € B1(w§) and € € R, ,, henceforth set as given, such that:
(1) e +ui(yD) < ui ().
We may assume that there exists n € R, , such that:
(IT) yh(w) = n, for every (w,l) € {0}UP x L.

If not, for every a € [0,1], we define the strategy [y, 2§] := [(1 - a)y; +aeq, (1 —a)z1],
which belongs to B;(wj), a convex set. From Assumption A1, the strategy [y5, 2%]
meets relations (I7) whenever a > 0. Moreover, from relation (I) and the uniform
continuity of (a,w) € [0,1] x P — u;(y5(0), y§(w)) on a compact set (which holds from
Assumption A2 and the relation y; € Y1), the strategy [yf,27] also meets relation

(I), for every o > 0, small enough. So, we may assume relations (I7).

We let the reader check, as immediate from the relations (I7), [y1,21] € B1(wj) and
(wh,p*) € M, Assumption A2, same continuity arguments as above (& that of the
scalar product), that we may also assume there exists v € R, , such that:

(I11)  p§-(y1(0)-e1(0)) < v — q*-z1 and &5-(y1([s, ds))-e1(s)) < v+ V([s,0s])-21, V[s,85] € P.
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Finally, from relations (711), the continuity of V and of the scalar product, the

relation (wj, p*) = lim,, .« (wd,p") and Lemma 3-(i)-(ii), there exists N; € N, such that:

P (41(0) — e2(0) < —¢"z1
UV) 4 pr(r([s,p2]) = ex(s)) S V™(s)-21, Vs € § , for all n> N:.

ds-(y1(s™) — e (s™)) K V™(8™)-21, Vs™ :=[s,0,] € S} = G

Along relations (IV) and Lemma 3-(i), for each n > Ny, we let [y}, 2] € By (wy, p™)
be the strategy defined by y7(0) := y1(0), v2(s) := vi1([s,p?]), for every s € S, and

Y (s™) = y1(s"), for every s* € S} =~ G, and recall that:

o u(y1) = [ epur(p1(0), 31 (w))dnyo () and wSP (y7) = [, p ur(yi(0), yi (w))drs (W);
o u(z}) — 2, cq LEOTED . S (27(0), 27 (W) 7 (W)
WP (YR) — Yy I QTED . ™y (y7(0), 7 (@) TF ().

Then, from the above definitions, the uniform continuity of w € P+ wu (y1(0), y1(w))
on a compact set and Condition (d) of Definition 1 applied to y; € Y7, it is immediate

that there exists N, > N; such that the following relations hold, for every n > N,

u§S (1) — i (y7)|
< et foepur(y1(0), 41 (W))dry0 (W) = Yy en w(yF(0), v (@) ()]

n—1

< e | foepur(1(0),y1(W)drsS (W) = [ pur(y1(0), g1 (w))drs® ()]
F 1 e (@ (0), 31 (@)drsS (@) = e (17 (0), v (@) mh (W)

< St | fyep (@i (0), g (@)dnys (W) = Syeqn w7 (0), y7 (@)l ()]

<

o

From the definition of n-equilibria (for each n € N*) and Lemma 3-(vii), there

exists N3 > N, such that:
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(VD) ui(y) <ui(af) < 5+ui®(yp), for every n > Ng.
Let n > N3 be given. The above Conditions (I)-(V)-(VI) yield, jointly:
ui () < 5+l ) < e+ (y7) < ui ().

This contradiction proves that ¢* is a C.F.E., hence, it completes the proof of

Claim 1 and of Theorem 1. 0

Appendix: proof of the Lemmas

Lemma 2 The generic n-economy admits an equilibrium, that is, a collection of
prices, (wo,p:= ([s,ps])) € M, and strategies, ([x;,z]) € Iy B*(wo,p), such that:

(a) Vi € I, 14, 2] € argmax(y 2)eBr(wo.p) Ui (T);
(b) Vs € &', 3oL (wi(s)-ei(s)) = 0;

() 2it12 =0.

That equilibrium, C = ((wo,p), ([zi,2i])) € MxII™ B wo,p)), satisfies the relations

(wo,p) € M and =z;(s) € [0,e]", for each (i,s) € IxS', along Lemma 1.

Proof Let n € N* be given. The n-economy is, formally, one of the type presented
in [5] and admits an equilibrium along Definition 3 and Theorem 1 of [5] and
its proof, that is, a collection of (normalized) prices, (wo,p) € M, and strategies,

([zi,2])) € ™, B (wo,p), which satisfy Condions (a)-(b)-(c) of Lemma, 2.

Let C := (wo,p, ([zi, z])) be an equilibrium of £" and (e, 3,¢0) € R} be the bounds
of Lemma 1. Then, for each s € §’, the relations (z;(s)) > 0 and ", (z;(s)-e:i(s)) =
0, which hold from Lemma 2-(b), imply z;(s) € [0,e]t, for each i € I, whereas
the relation p, € RE, is standard (from Assumption A2 and Lemma 2-(a)). Let

(s,(1,1) € S x £? be given. We show, first, that the relation ;’Tl < B holds for
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B = SUPicr inyect (ee(oer) a9 (,y)/ 2% (x,y) € R, along Lemma 1. Otherwise, it
is easy to check (from Lemma 2-(b) and Assumptions A7-A2) that there exist
an agent, i € I, such that zl(s) > 0, and a consumption, y; € X", defined by
! (5) =2l (5)+ % and yl(s) := 2l(s)- 5 (for € € Ry, small enough), and y{(s") = a(s"),
for every (s7,1) € Srx£L\{(s,1), (s,I')}, such that [y, z] € B(wo,p) and u?(y;) > u?(z;).
The latter conditions contradict the fact that ¢ meets Lemma 2-(a). We let the

reader check that the joint relations ps >> 0, ||ps|| = 1 and ]sz < B3, which hold from

above for all (s, (1,1)) € Sx£2, imply p. > ﬁ’ for all (s,1) € SxL, i.e., (wo,p) € M.

Lemma 3 Let G*® = U,en-G™ and, for every (w,n) € PxN*, let arg"(w) € G™ be
uniquely defined by (w,arg"(w)) € PZ, . for some (s,k,) € SxK,. For every tuple
(i,wo := [po, g}, w := [5, 03], 2) € IxMox PxR’, let Bi(wo,z) = {y € RY : po-(y-€i(0)) < —g-2}
and B;(w,z) = {y € RE : §,-(y-e;(s)) < V(w)-z}. Then, the following Assertions hold:
(i) G" c G, GT =P, w=1lim, .o arg"(w), [s,p?] € P, [s,p*] € P, ¥(w,n,s) € PxNxS;
(ii) Ir € Ry :Vn e N*, 3" |[20']] < r; so, we assume there exists (z}) = lim, o (2") € Z;
(ii) 3y € Ry : ¥(i,n, s™) € IxN*x {0} U 8™, [|l22(s")]| < s

(iv) ¥(i,s) € IS, a7(s) € argmaxyep, (ope)er) wil@i(0),y), and we let yi([s,ps) = a7 (s);
(v) For every i c I, the correspondence w € P — argmaxyep, (w,-r) ui(z;(0),y) 18 upper-
semi continuous with non-empty values;

(vi) For all (s,w = [s,0.]) € SxP\{[s,pi]}, we set as given yi(w) € argmaxyep, (w,.7) wi(z;(0),y).
The selection y; : w € P+ y;(w) (defined from (iv) € above) satisfies y::=[z}(0),y;] € Yi;
(vii) as defined from (vi), for every i € I, v (y?) = lim, o ul(27) € R, ;

(viii) as defined from (vi), (y}) € A(p*).

Proof Assertion (i) is immediate from the definitions (in particular, Condition (d)

of Definition 1 and the relation (wj,p") € M of the generic n-equilibrium), and from

the compactness of P. 0
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Assertion (ii). From Definition 1, let ¢ €]0,1] (which exists) satisfy P ¢ Q¢ and

let o := max;c; 1%L, Then, it follows from the definition of ¢* (for each n € N*) that:

(I) [(21) € Z and V(s")-2" > —a, Y(i,n,s") € IXN*xS"].

We recall from footnote 3 and the definition of V» that 2! € Z;- := (Z9)+, for each
(i,n) € IxN*, where Z0 := {z ¢ R/ : V(s")-2 = 0: Vs" € S"} is a vector space. The fact
that {S"},.en- is non-decreasing implies that {Z}},cy- is non-decreasing in (R7)™.

Hence, there exists Ny € N*, henceforth fixed, such that Z;- = Zy, for every n > N,.

Assume, by contradiction, that Lemma 3-(ii) fails, i.e., there exists an extracted
sub-sequence of n-equilibria, {C#™},cne = {(wWE™, pe™ (22" 28™))) }nen-, such that
n < (X)) < n+1, for each n € N*. For each n > Ny, the strategy collection
([zn,27]) == (%[a:f(") + (n-1)e?™ 22™]), belongs to the convex set TI™ , B#™ (g™ 7#("))

and, from above, meets the relations (z') € 2nzZy ™ and 1 < [|(z)|| < 1 + L. Hence,

1
n

from Condition (I) and above:

m

(I1) [(zr) € Zn(Z8,)" and V(s")-zr > =2, Vi€ I, Vs" € SN0 c 59()], for each n > Ng.

From Condition (I7), the bounded sequence {(z")},.>~, may be assumed to con-

(3

verge, say to (z;) € Zn(Zy,)", a closed set, such that |(z;)| = 1, and, from the

continuity of the scalar product:

(I11) [(Zr) e 2n(Zy)" and V(s")-ZF >0, V(i,s") € IxSNo].

(3

From ([3], Propositions 2.1 & 3.1, pp. 398 & 401), that Condition (I1I) implies

that (z7) € (2%,)" N (Zx,)" = {0}, which contradicts the above relation, ||(z;)| =1. ¢

Assertion (iii) Let W := sup(, , 1cp [V ([s,ps])]] € Ry (since V is continuous and P

is compact), e := max(s s xrc dopg €4(8), € = inf[, jepicc P, €]0,20], along Definition
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1, and Z := sup,en- |(27)]| € Ry, along Lemma 3-(ii), be given. Then, for every

(i,n,s") € IxN*xS", Lemma 3-(i) and the relation [z7,2!'] € B;(wy,p™) imply:

177

(a2 (s™)-ei(s)) = S0y Onb(al(s™)-el(s)) < WZ;
S (apl (s™)-el(s)) S WZ + ¢
xnl(sn) < W§+e +€;

2

o (")) < 7 o= LWZ%e 4 L.
Hence, from Lemma 2, ||z} (s")|| < v := L¥Z+<¢ 4 Le, for all (n,s") e N*x{0}uS". 7

Assertion (iv) Let (i,s) € IxS be given.

For every (i,n,wo := [po,q],w = [s,0,],w’, 2) € IXN*x Myx Px PxR”, we recall and let:

Bi(wo,z) == {y € RY : po - (y — €:(0)) < —q - z};
Bi(w,z) :={y e RE : §, - (y — ei(s)) < V(w) - z};

Bl(w,w',z) :={y e RE : 6, - (y —ei(s)) < V(o) - 2}
For each n € N*, the fact that ¢” is a n-equilibrium implies:
(I) xl(s) € arg MAX, ¢ pr ([ pr], (5,07 1], 27) u; (22(0),y).

As a standard result (see, e.g., [6], 4, p. 19), the correspondence (z,w,w’,?)
arg maxye g, (w.w,2) Ui(x,y) is upper semi-continuous, from the continuity of the map-
ping, u;, and correspondence, B!, whereas, from Lemma 3-(ii) and above, (x}(0),z}(s), p%, 2}) =
lim,, o (27(0), 27 (s),p?, 27). Hence, the relations of Condition (I) pass to the limit,

which yields: z7(s) € arg MaXye B, ([s,pr].2:) Wi (27 (0),y)- O
Assertion (v) For all (i,w,n) € IxPxN*, the fact that ¢ is a n-equilibrium yields:

(I) xl(arg™(w)) € arg MaXye B, (argn (w),27) Wi (22(0),y).
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From Lemma 3-(i)-(ii), the relation (w,z}(0),z}) = lim,,_ o (arg™(w), z7(0), 22*) holds,
whereas, from ([6], 4, p. 19) and the continuity of u; and B;, the correspondence
(z,w,2) — argmaxyep,(w,-) wi(r,y) is upper semi-continuous, for every (i,w) € I x P.

Hence, passing to the limit into Condition (1) yields: argmaxyep, (u,.7) ui(2}(0),y) # @

and arg max,ep, (u,.+) wi(27(0),y) is upper semi-continuous, for every (i,w) e I x P. o

Assertion (vi) Let i € I be given and y; be defined along Lemma 3-(vi), that is, for
every w € P\ Uses [5,p5], we let yi(w) be a selection y;(w) € argmaxyep, w25y ui(z7(0),y)
and, for each s € S, we let y;([s,p?]) := z(s). From Lemma 3-(3)-(iv)-(v), the mapping
w € P y;(w) € RY is perfectly defined and such that y;(w) € argmax,ep, (w,.) wi(2}(0),y),
for every w € P. Moreover, since u; and B; are continuous, it follows from ([6], 4, p.

19), that the mapping w € P+ u;(2}(0), y;(w)) is continuous, i.e., y:=[z}(0),v;] € ;. o
Assertion (vii) Let i € I and y; := [2}(0),3] € Y; be given, along Lemma 3-(vi).

As above, from the continuity of u; and B;, and from ([6], 4, p. 19), the mapping
[yo,w, 2] € RY x PxR’ = Us(yo,w, 2) = max,ep, (w,») (Yo, y) is continuous (on its domain),
whereas the relation w;(z7(0), 27 (w™)) = U;(27(0),w™, z7*) holds, for every w” € G*, from

the fact that C™ is a n-equilibrium, and w;(z}(0),y;(w)) = U;(z}(0),w, z) holds, for

every w € P, from the definition of y;.

From Lemma 3-(i), for every w € P, the sequence {w"} := {arg"(w) € G"}, converges
(uniformly on P) to w. From above, the continuity of U; and Lemma 3-(ii), the rela-

tions wu;(x7(0), yi(w)) = Us(z}(0),w, 2f) = lim, o0 Ui (a7

i %

(0),w™, 2I") = limy, 00 u; (2(0), 27 (w™))

hold, for every w € P. These relations yield, from the uniform continuity of U; on a

compact set, and the uniform convergence of {(27(0),w™, 2)} to (z}(0),w, 2}):

(I) Ve >0, Inl e N*:Vn > nl, Vw e P, [Jui(2}(0),y;(w)) — wi(2?(0), 22 (w"™))]| < e.

For every n € N*, we let y? : P — R% be defined (from Lemma 3-(i)) by:
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e y(0) := z7(0) € R} and y"(w) := z?(arg™(w)) := 27" (w™)) € RY, for every w € P;
We recall the following definitions (for each n € N*):

o uS(yp) = [, ep iyl (0),yi(w))dni (w);

n—1

o ul (@)=Y cq LE QL) o S (@ (0), 27 (W) TP (W) = [ p wi(yP(0), g (w)drS0 (w).

Let ¢ > 0 be given. From Assumption A2, Lemma 3-(ii)-(vi), Condition (I) above

and Definition 1-(a), the following relations hold, in steps:

(1) 3n2 >nl:vn>n2, [ (y7) — ul (@)

?

et | fepuilyr(0), yi(@))dns (W) — [ pus(yP(0), 47 (@))drss (W)
et | foepuilyr(0),ys(w))dr (@) — [ p iy (0), yi(w))dn® ()]
L p [ (0), 3:(@)) — wa (7 (0), 2 (@))]dn ™ ()]

n—1

< 2 + | [ e plui(@}(0), yi(w)) — wa (27 (0), 27 (w™)]dmi  (w)| < 3e.

That is, uf?’ (yF) = limy 00 ul (27). o

K2

Assertion (viii) From the definition of ¢, the relations > 7", (z1(s)-e;(s)) = 0 hold,
for every (n,s) € N*x §’, and, passing to the limit (n — co), yield: 37" (z7(s)-ei(s)) = 0,

for each s € §’. The latter relations imply, from Lemma 3-(vi): (y}) € A(p*). O
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