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Abstract

An unfunded Social Security system faces the major risk,etimnes referred to as "political
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1 Introduction

In most developed countries, the first pillar of the sociausigy system is unfunded, financed
through compulsory contributions. This compulsory asgdiciwvs the system to implement
redistribution within a generation. Indeed, the choice afyatem is not only determined by
market forces, but also by political considerations. Thergction with financial markets puts
however some constraints on political choices since staokisbonds are alternative tools for
transferring income into retirement period. The recenttmwersies on Social Security are
partly due to this interaction : until recently, the retuorsthe stock market appeared to many
young individuals much more attractive than those expefttad Social Security. As a result,
an unfunded system faces a major risk, sometimes referrad tpolitical risk”, that some
generations do not agree to contribute as much as expectad.ri3k is especially difficult
to assess in an uncertain environment. Stock market flichgtthe unexpected rise in life
expectancy, and the decline in fertility rates all make rcteat some macro variables crucial
for Social Security are highly uncertain. The aim of this @aig to propose an analysis of the
political choice of a pay as you go (payg) system while takirig account these features: the
intra-generational redistribution performed by socialsy, the financial opportunities faced
by individuals, and the inherent uncertainty on the evolutif the economy.

To address this issue, a political process in which eachlmaw-generation is asked whether
it supports the current social security design is constlésestainability defines an equilibrium
for such political process. Crucially, the process invelme commitment for the future. Un-
der sustainability, the current generation supports tiséegy knowing that future generations
will also support the system even though they are not corathtti do so. In some economies,
no pension system with positive contribution rates is soatde. Our main goal is to iden-
tify conditions that favor or hamper the existence of a (fias) sustainable system in a risky
environment under various financial settings.

Social security systems can vary in several dimensions. dwwanost important: the re-
distribution that is performedithin a generation through social security and the "size” of the
system (as measured by the contribution rate or the shaoeial security expenditure of GDP).
In most countries, the size of social security has much egbbwertime (actually has increased
up to now). In contrast, regarding the redistribution agpestriking fact is that most systems
can still be classified as they were when set up. Some are yiisimarckian” or earnings-
related, with individual’s benefits linked to previous adimitions and earnings, while others are
"beveridgean”, with almost "flat” pension benefits. Indetid intra-generational redistribution
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is not much discussed. To account of these stylized featanesadmittedly to make the anal-
ysis tractable, the redistribution performed by a systetaken as given, specified by a benefit
rule. More precisely, | consider payg systems that levy @omtions on workers through a tax
bearing on labor earnings and share the collected amountgthe retirees in function of their
past contributions according to some fixed benefit rule (istance, it is shared in proportion
to individuals’ contribution as in a pure bismarckian systeGiven the benefit rule, the current
contribution rate is subject to political approval.

The analysis is conducted in an overlapping generationsagny. Individuals live for two
periods, and may differ in their preferences and produgtivicome. At each period, the econ-
omy is subject to shocks on labor productivity, the rate aimeon capital, and the population
growth rate. Political support is modeled by requiring thgoung individual, called decisive,
agrees on the current Social Security tax (in a sense to be pradise). Most results do not
gualitatively depend on who the decisive voter is, but to idea he (or she) may be thought
of as a median voter, or as the poorest agent. The decisiadodl’'s agreement is condi-
tioned on the current information on realized shocks. Ib@spends on the expectations on
pension benefits, which are affected both by the (exogermwytion of the economy and
the (endogenous) future contribution rates. The sustdityatondition accounts for this for-
ward looking aspect : pension benefits and the voluntary atmb the future generations are
correctly expected.

Contributions rates and pension benefits are allowed towdhythe state of the economy.
From a theoretical perspective, it should be clear thaktieeno reason to exclude contingent
contribution rates. Also, this assumption is in line witle tiecent reforms that implement the
so-callednotional pay as you go systems. In Sweden for instance, annuities©dexed on
growth according to an explicit and agreed upon formula. &proach may shed some light
on how a system must be designed so as to cope with uncersaidtlye politically viable.

Sustainability is influenced by the available financial apyaities. | first study an economy
without any other investment opportunity than the physieahnology. The existence of a sus-
tainable system is characterized and some comparativesstaercises are performed. The risk
characteristics of the shocks and risk aversion turn outay @ significant role. In particular,
under some conditions, the more risk averse the decisiwr i&tthe more likely a sustainable
system to exist. This result supports the view that riskiglgarzonsiderations may favor the sus-
tainability of an unfunded social security systems. Thaitidn is that, by providing benefits
that are linked to labor earnings, a payg system is a toohfiproving risk sharing across gen-



erations, risk sharing that cannot be provided by markedsastertain the role of risk sharing
across generations, the analysis is extended to a setup in whitbrfplartial opportunities of
exchangesvithin a generation are available through short term financial etark

That risk sharing of macroeeconomic risks may favor a paygesy (in top of the well
known argument of dynamical efficiency) has been shown frorexaanteefficiency point of
view (see e.g. Bohn 1998, Shiller 1999). A planner can detsigrsystem so as to improve risk
sharing and increase tlex antewelfare of all generations. From a political perspectives t
planned system may run into serious difficulties. At the temeew born generation is asked
to contribute, information on the current state of the ecoynds available. On the basis of this
information, it may altogether refuse to contribute the antghat was planned previously. The
interim or conditional perspective as introduced by Muench (19@pants for this problem by
looking at the welfare of individuals conditional on theifarmation at birth. The possibility for
aninterim Pareto improvement in an uncertain environment by Socieali®g or by money has
been investigated by various authors (Peled 1984, Manig80, Demange and Laroque 1999,
Chattopadhyay and Gottardi 1999, Demange 2002). Our dsalga be viewed as extending
this line of research by adding political constraints. Adtog to our results, intergenerational
risk sharing may still promote (an even reinforce) the snatality of a payg system even if
information and the associated political constraints aker into account.

The interaction between governmental debt and sustaipaligis examined. In a two pe-
riod lived overlapping generations economy, an unfundstesy and governmental rolled-over
debt perform similar intergenerational transfers, asfeoiimut by Diamond (1965) : the newly
issued debt is bought by young individuals, and the colteaet@ount is used to reimburse the
mature debt, which is held by the old generation. Indeed, nskdess economy, because the
returns on social security and debt are both comparabl&isability imposes very strong con-
ditions. In a stochastic framework, debt payoffs areaptiori comparable with (i.e. propor-
tional to) pension benefits, which are indexed on currentesadhe availability of rolled-over
governmental debt, however, is shown to severely restrecpbssibilities of redistribution of a
sustainable payg at an equilibrium without short salesttaimss (theorem 3).

The political approach to Social Security, initiated by Brong (1975), aims to explain
the factors determining the size of a system and to assessiffaet of redistribution. Most
works have been conducted in a deterministic setup usingddam&oter model, as surveyed
in Galasso and Profeta (2002). The median voter model dde=xptain well the stylized fact
that the size of Social Security and the level of within-aaiedistribution would be negatively



correlated across countries. The reason is that the median ig an individual with median

income, at least if individuals are no credit constraifeBiince the median income is lower
than the average one, more redistributive systems, faletalpoor people, get a larger sup-
port under majority. This motivates the choice of leavingletermined the decisive voters’
characteristics.

Strategic "pension games”, as first proposed by Hammonds)18¥o address the sustain-
ability of intergenerational transfers. Pension gameslaprisoner dilemma flavor: if each
generation has only the choice between defecting or penigranprescribed transfer, and uses
no punishment, the dominant strategy (non cooperativeliledum is defection. To support
intergenerational transfers, punishment may help (bubisiecessarily very appealing in that
context), as well as reputation (Kandori 1992, Cooley arar&o1999). Finally the availability
of institutions that are costly to change also promote thbility of intergenerational transfers
(Esteban and Sakovicks 1993). Instead, this paper exctatemitment while assuming away
the strategic aspects raised by the just mentioned literagach individual, in particular the
decisive voter, does not take into account any equilibrimsignaling effect.

The paper is organized as follows. Section 2 sets up the nawdketiefines the concept of
sustainable payg as used here. Section 3 studies the edstad properties of a sustainable
payg without and with short term financial securities. Thalgsis is carried out in a stationary
set up in which the evolution of the economy is described byaakigly state. Section 4 provides
some extensions. The interaction between sustainabilifygmvernmental debt is studied in
Section 5. Proofs are gathered in the final Section.

2 The model

2.1 The economy

| consider the simplest overlapping generations econoralatows for macroeconomic un-
certainty and heterogeneity in individuals income. Thera isingle good that can be either
consumed or invested and the investment and labor prodiesiare exogenous.

2|f there are credit constraints, poor people may join thelriand favor a low contribution rate, in which case
the median voter is an individual whose income is larger thermedian one, as shown by Casamatta, Cremer and
Pestieau (2000).



Individuals Each generation is composed witkitypes of individuals indexed by, i =
1,..., I that grow at the same rate, which is the population growth dadividuals live for two
periods, supply a fixed quantity of labor when young, andeetihen old. Each is charac-
terized by a productivity paramete¥, which determines the individual's wage in conjunction
with the macroeconomic variable as explained below. Fondti’ represents’s preferences
over life time consumption plaAgc,, ¢,), wherec, andc, denote consumption when young
and old respectively (individuals are not altruistic). Eauility function can be of the Von Neu-
mann Morgenstern type or of the recursive type, that is, pirgpindex, of the formE[u(c,, ¢,)]
or u(c,) + du(v *(Ev(c,)). Functionsu andv are defined over positive consumption levels,
concave, strictly increasing in each argument and contislydifferentiable. Furthermore, to
avoid corner solutions, Inada conditions are assurtied:., U;(cy, ¢,) = oo for ¢ = ¢, or c,,.

Macroeconomic variablesThe economy at a given date is determined by the growth fate o
population, the average labor productivity, and the ratetfrn on capital.

The rate of growth of the population between ddtes1 andt is denoted byy;. Owing to
the inelastic supply of "young” individuals, the ratio werls to retirees atis also equal toy,.
Labor productivity at date, denoted byw,, determines the level of labor earnings at that date:
The wage income of a worker of characterigtjdor short ad—worker, att is given byfw;.
Normalizing the distribution of the parametéacross workers to 1y, stands for theaverage
wage income at date The good may be transferred from one period to the next tirauinear
random technology with returs . ; : s; units invested at dateyield p; 1 s; in periodt + 1.

The values of the macro-economic variables indexed by;, w,, p;), are known at time.
The economy is subject to shocks that are described by thgearas law of these variables.
The law is known by individuals. In particular, young indivials correctly expect the distribu-
tion of the shocks at the subsequent period conditional erobiserved realizations. We shall
conduct most of the analysis in a stationary framework, m&syithat(7;, w;, p;) follows a first
order Markovian process (assumption made precise later londuch a framework, the last
realization is sufficient for correct prediction.

Remarks. Productivity growth can be handled with by considerimgas the growth of
effective labor. Thenu; stands for the transitory shocks. Thatis possibly perceived as
random at date — 1 is far from unrealistic. In most developed countries, egllgceuropean,
the decline in the fertility rate and the sharp increasefedxpectancy were not expected to
be so severe. Also labor participation is rather unpredietaowing to changes in behavior or

37 denotes a random variable andts realization.



legislation affecting the choice of retirement date, or veomvorking decision, or the number
of working hours for instancg.

Individuals’ budget constraintsThe constraints and risks faced by individuals are affected
by Social Security and the available financial instruments.

We consider Social Security systems that are compulsangdéhrough a tax bearing on
labor income. Lety, be the Social Security tax at date Given the labor productivity shock,
wy, eachd—worker contributes;fw; to the system. In return, he expects next benéfjts ;.
How pensions are distributed and how expectations are fbnwik be described in the next
sections. In addition to the constant return to scale tedgypindividuals may have access
to financial markets. Several cases will be considered (oorgg or short term securities or
government bonds). Let the securities prices at the cupenod be denoted by,, and the
payoffs yielded by these securities next period, denoted, by (both are vectors if there are
multiple securities). Givem;, p;, a;+1 and the expected benefitg, ,, the budget constraints
faced by @—individual are:

{cy+s+ptb:(1—7't)0wt,320 )

~0 -~ -~ ~e
¢ = $ppp1 + bapy + 700

In the first period, labor income is used to consume, to inresihe technology, to buy (or
sell) financial assets, and finally to contributéw, to social security. In the second period, the
individual retires and consumes all of his resources.

Different sources of risks affect income at retirement k ns investment return, financial
securities payoffs, and pension benefits. They determina@gdndividuals’ saving behavior
and support to Social Security. A crucial point is to assessdxpectations on pension benefits
are formed. Quite naturally the return and risk charadiesf pensions are shaped by the
design of the Social Security system. This paper considefisnded systems (see however
Section 4 on mixed systems).

2.2 Social Security

In an unfunded Social Security system, the collected amatuany date is fully transferred to
retirees. At date, given the labor productivity shock;;, and the current tax levet;, workers

4This point also suggests that the ratio workers to retireés part endogenous, sensitive to some policies,
especially in Social Security. This aspect is not addrebsegl.



contribute on averagew,. Therefore, if population has grown by the facteibetweert — 1
andt, the per headverage pension benefits are equal to

Ty = VeT+We. (2)

The pension benefits received by a particular retiree mégrdibm the average level, except
in a beveridgean system. In a bismarckian (also called pogeitributive) system for instance,
pension benefits are proportional to contributions, equétt for a #—individual. More gen-
erally, a rule determines the pension benefits in relatiqoréwious contributions. This rule is
described here through thedistributive factors..(#), which give the distortion with respect to
a bismarckian system. More precisely, the benefitsreceived by @—retiree are given by:

Tg,t = 9,&(9)7& = 9,&(‘9)’}/157}11)15. (3)

The functiony is positive, nonincreasing (to describe redistributiamy satisfied ", 6,.(6;) =
1 so as to ensure budget balafice.

As said in the introduction, the redistribution of payg gyss is not much discussed in most
countries. Therefore, we shall assume titet benefit rule, as specified by the redistribution
factorsy, is taken as given and only the contribution rateare subject to political approval.
Contribution rates are likely to vary. Hence, at dgtthe contribution rate at the following pe-
riod, 7,1, may be perceived as random, possibly correlated with theeareconomic variables
that are realized dt+ 1. How are the contribution rates determined ?

2.3 Political support

Since a major risk faced by an unfunded system is that cantnib refuse to pay, we shall as-
sume that a political process determines contributiorsrafereasonable process must satisfy
two requirements : first that each new generation is askedppast the system (if the current
contribution rate is positive), second that no generatem choose the contribution rates that
will apply in the future. Here, the support at a given dateasatibed by the agreement of a
"decisive” voter, who is a member of the new born generatiime decision process by which

5The replacement ratio depends both on the redistributiciofand the contribution levels. If one considers
that wages are adjusted so that at the end of his working gppertbworker born att — 1 gets wagegw;,, the

replacement ratio is equal tg7:1.(6).
8In Casamattat alii for instance, a system combines a bismarckian and beverdgestems in fixed propor-

tionsa and1 — «, which gives:u(0) = (af + (1 — «))/0.
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the decisive voter is chosen is supposed to be known (it canrbedian voter for example, as
explained in Section 4). As will be clear, no form of commitmhés presumed : agreement is
based on some expectations on the contribution rates tHdtevchosen by the future gener-
ations. The concept of sustainability precisely requihed the future generations will indeed
agree to pay as was expected.

Political support at a given date : Decisive individual's ageement The decisive voter is
asked whether he would like to change the level ofiimeentpositive contribution rate, with the
understanding that the level of his benefits next period @balchanged in the same proportion.
The answer to this question primarily depends on how muchxpeats to receive from the
system. Thanks to the benefit formula (3), an individual areds to form expectations on
the distribution of average per head pension benefits nexdgeOmitting time subscript and
decisive individual’s index, let® denote these expectations. A decigiviadividual contributes
70w and expects to receive pension benefits equak{6)7c. He faces the question of whether
he would rather contributsrfw and receive\dp.()x¢, for some) different from 1.

The scale leveh modifies the successive budget constraints as given by (Agrefore,
through optimal behavior, a decisifevoter anticipates by choosingthe indirect utility level
V() defined by :

V(A) = maxe, ¢, s>00 U(c?, %)
4+ s+pb=(1—-A)bw, (4)
¢’ = sp+ba+ \Nu(d)T°

This leads to the following definition.

Definition 1 Given a strictly positive contribution rateand expectations on the level of aver-
age per head pensions next period, &-individual agrees on if the indirect utility function
V()\) defined by (4) is maximizédt \ = 1.

Sustainability The decisive voter does not choose the contribution ratth#onext generation.
Instead his behavior is based on some expectations on thjs/ra the expectations on average
pensions. To be sustainable, future generations must agrbe expected rate. More precisely,

"The indirect utility functionV is concave in\. Hence, agreement is equivalent to the first order condition
V'(1) = 0. Thanks to the envelope theorem, this condition writes as

TwlU,% — p(0)[U.47¢) =0 (5)

(marginal utility is evaluated at the optimal consumptidampfor A\ = 1).



consider a process of contribution rateg. Assume that individuals have correct expectations
on the dynamics of the economy, that is, on the stochastiigwo of both the exogenous
variables (macro-economic shocks) and endogenous ones ésucontribution rates, prices,
and decisive voters’ characteristics). An individual mesgbect the average per head benefit at
t+1to be distributed a8, 1 7; .1 w; 1 by budget balance (2). This gives the following definition:

Definition 2 A process of contribution rateg;) is said to be sustainable if at each date
wheneverr; > 0 the decisive voter agrees an, his expectations on next average pension
benefits being distributed as,,7; 1w, 1, given the available information aton the dynamics
of the economy.

Therefore, under sustainability, a voter agrees on theentumate att if next generation is
expected to contribute accordinga ;, and generation + 1 will indeed agree to contribute
that much, in each possible state, given that generatiohis expected to contribute according
to 7,12, and so on. Sustainability does not presume any commitnestdtel

Discussion The decisive voter is "small” in the following sense. If entemplates increasing
his own contribution, hence his pensions benefits, he doesssess whether such an increase
would be feasible if applied to everybody. This behaviosdanption clearly differs from the
strategic assumption assumed in some papers.

In a deterministic stationary economy, a sustainable dmrtton rate over time can be given
another interpretation. Assume each exogenous varialledacisive voters’ characteristics
constant over time and consider a constant rate. ¥ 7, ; = 7 att, choosing the scale leval
amounts to choose the rates;, that applies at both the current and next periods. Thusnget
the agreement of the decisive voter amounts to asking hirhdosethe contribution rate that
applies to the currerandfuture generations. Furthermore, if agreement holds apened, it
holds at any period because of the constant environmens rmikans that the same outcome
obtains in a voting process with commitment in which a camistate is decided forever as in
Casametta et af..

Consider now a stochastic environment. First, contrilsutades should not be restricted to
be identical to the current one. Second if the current dexigbter is asked to choose freely
the future contribution rates without any link with the cent rate, he would simply set the next
period rate at its maximum, which does not make much senskewanld never be fulfilled.

8This is true for constant contribution rates over time. Iiskless economy, a stationary payg system amounts
to money with constant price. It is well known that other diguia, say with sunspots, may exist.
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This drawback is avoided by linking the successive ratesutin the scale factor. The current
generation is endowed with some choice without having a medilcle commitment power on
the future.

Stationary framework | shall focus on a stationary framework. This framework is $m-
plest one that extends a deterministic setup (in which tieeie unique state). Shocks are
assumed to follow a first order Markovian process with a uaigwariant distribution. The
realization of the shock = (7, w, p) at some date is called thatate of the economy. For
simplicity, the state spack is assumed to be finite. The transition probability fromestatio
statee, = (v4,wy,ps) is denoted by Re |e). Furthermore, | restrict attention to situations
in which all economic variables, social security and indibals decisions, are stationary, that is
are time invariant functions of the state:

- a payg system specifies how the contribution rate is adjustéunction of the state of
the economy : it is described lwy = (7(e)). Thus, contribution rate at timeis given by :

7, = T(ey),

- individuali’s consumption and portfolio decisions when young are dlesdrby functions
of the state: at birth, ¢}, s*, andd’, and when old by a functiod, of both states ande. that
realize during’s lifetime,

- the decisive voter characteristic in statis denoted by?(e), and to simplify notation we
write u?(e) = u(64(e)).

The functionT can be interpreted as the pension system designed by the security
institution. Individuals, who are assumed to know the desigcan derive the distribution of
next contribution rates, hence of their pensions, conution the current state. The design is
sustainable if the decisive voter agrees in each poss#iie. Sthis means that the sustainability
concept may give recommendation on how a system must bengeisig cope with uncertainty
So as to be politically viable.

Most of the analysis considers contribution rates that @ietly positive in each state (writ-
ten asT > 0) except in section 4. To state the agreement conditionssidenthe optimal
consumption plan of the decisive voter born in stateAt this plan, let¢k (e, |e) denote his

®Most results extend if the state of the economy at some dael@sged by including some components of
the past history, as in Demange and Laroque (1999). To destire feasibility conditions, the state necessarily
includes the current valuef the shocks. Everything goes through provided that thte sggace, say*, is finite
and that there is a unique invariant distribution the suppiwhich is the whole spacg™.
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marginal rate of substitution between current consumpdiaeh consumption next period con-
tingent on stat¥ e, . Using that agreement is equivalent to the first order caowldn the scale
level (see footnote 7) gives :

The payg system > 0 is sustainable if (and only if) in each state

r(e)w(e) = p'(e) Y di(esle)(yrw)(es). (6)

e+

We are now ready to analyze the conditions under which aisafie system exists, starting
with the situation in which no long lived securities are #adlie. It is convenient to introduce
the positive matrix\/+ defined by

Mr(e,eq) = mwwa“{j@ £ (es]o) @)

Conditions (6) that characterize a (strictly positive)tausable paygr can be put in matrix
form :
T=Mr1 (8)

(the system is not linear sineeaffects the matrix).

3 Sustainability without long term financial assets

In this section, only one period lived securities are atddaAs a result, exchanges take place
between contemporaneous. Thus, in the absence of a paggsffakingr = 0), an "autarkic”
equilibrium is obtained in which there are no transfers leetvgenerations. | show that the
existence of a sustainable payg system is much related prdperties of the autarky situation.
Note that the autarky situation depends on the availabladiahinstruments. | start with the
more tractable situation in which no financial assets aréadla.

10with an expected utility function for instance,

¢ (esle) =

Note that the transition probability is included in the niaggrate.
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3.1 Sustainable payg without financial asset

Individuals can only invest in the technology, which yietde exogenous rate of retupn At

a stationary payg described by contribution rateghe average per head benefit is equal to
(vwT)(ey) if ey is realized. This gives the following budget constraintsegyoungd—worker
born in statee who forms correct expectations :

{ ¢y +s=(1—7(e))bw(e)

_ (9)
colex) = ples)s + Ou(8) (7w)(e) for eache

GivenT, each individual chooses to invest some non negative amasmas to maximize his
utility conditional on the current stateunder (9). The market for the consumption good is
automatically balanced. Therefore the marginal rates l$ttutiongs depend on the decisive
voter program only.

Theorem 1 Consider a stationary economy without financial assets. Mgbe the matrix of
the decisive voters’ weighted intertemporal rates of stldsin defined in (7) computed at the
autarky equilibrium. There is a sustainable payg systemdf anly if the largest eigenvalue of
My is abovel.

In a deterministic economy the eigenvalue condition is dasynderstand. At autarky,
individuals can only invest in the technology to get someome at retirement. Therefore,
the marginal rate of substitution is equalized to the inveykp, so that the unique element
of matrix M, is equal tou?y/p. Hence the eigenvalue condition simply says that, from the
point of view of the decisive voter, the (risk-less) retufrttee payg dominates the technology
return!! In a stochastic environment, returns cannot be compareasity:ethey are risky,
and are moreover endogenous through the variations inilbotiom rates. To understand and
interpret the eigenvalue condition, consider the intreéidmcof small contribution rates "in the
direction” of 1, i.e. of the former, for ¢ > 0. Consumption levels are changed but, from the
envelope theorem, takingsmall enough, their impact is negligible. The impact on teeisive
voters’ utility born in state is therefore proportional to

i(e) Y ailerle)y(es)moles)wler) — mo(e)w(e), (10)

1A positive sustainable rate maximiz&¥ (04w (1 — 7), p?0%yrw). If uly < p, the decisive voter prefers to
invest in the technology, hence he chooses 0.
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which, up tow(e), is equal to(MyTo — To)(e). Therefore small contribution rates in the
direction of 7o make decisive voters better off than at autavklyatever the state at birth
the inequalityMy1¢ > T is satisfied. From a well known result on positive matriceshs
direction exists if and only if the matrix/, has an eigenvalue larger thanThis readily gives
an interpretation of the eigenvalue condition: there is ygpeystem that is Pareto improving
for decisive voters over autarky. Such a payg however hasfamces to be sustainable (that
IS T, Or any system proportional to it, does not satisfy= M+ 7 in general). The proof of
existence, under the eigenvalue condition, relies on a fa@ak argument.

Why is the eigenvalue condition necessary ? Since thereodieancial assets, changing the
level of the payg only affects the distribution of endownseamid has no price effect. Therefore,
whateverr the decisive voter can choose to get his autarky consumiatrehsimply by setting
A equal to 0. This readily implies that whatever the state réih pihe decisive voter is better off
at a positive sustainable systemthan at the autarky equilibrium. By a concavity argument,
decisive voters are also made better off by the introduatfosmall contribution rates "in the
direction” of , and the previous argument applies (MyT > 7).

The characterization in Theorem 1 is useful to understaadigterminants that favor sus-
tainability. Increasing any element of the mathik increases the maximal eigenvalue. Hence,
not surprisingly, whether a sustainable payg exists deppoditively on the decisive voter re-
distributive factor, and on the population growth rate ébiat the marginal rates of substitution
at autarky are independent @f. Before examining the impact of risk aversion and stogbast
properties, let us illustrate the influence of the stockgstbcess on sustainability by a simple
example.

Example 1 There are only two states,and! with values §;, p,) and(~;, p;) and identicako.
Take alsqui(e) = 1 and drop index! (the analysis is directly transposed to a constéiit To
illustrate the impact of the process, it is convenient toliekghe probabilities. Lep,; denote
Pr(h|h), that is the probability of a future high ratig, /p, conditional on a current high one,
and similarly forp,. Also denote by m(t) the ratio of marginal utilities in the corresponding
states, which giveg(l|h) = Pr(l|h)mr(l|h) for example. The matrix at autarky writes

Mo — Yrprmr(h|h) Y(1 — pp)mr(l| k)
’ V(1 — prymr(hll) Ypimr(1|1)
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whose maximal eigenvalue is equalSp2 +/(S/2)? — det whereS is the sum of the diagonal
elements andet the determinant. Also at autarky, individuals save in tlehtelogy, since
otherwise they would not consume when old. Therefore thiegiicer conditiong, mr(h|h)pr+

(1 = pp)mr(l|h)py = 1 and(1 — p;)q(h|l)pn + pig(l]l)pr = 1 are satisfied. The existence of a
sustainable payg is much related to the stochastic protes®e this, consider the two extreme
cases of either persistent or switching states. Whategey, ceext state is known almost surely.
If it is stateh (resp.l), the ratio m(h|.) is equalized tal /p;, (resp. 1/p;) (this explains why
risk aversion does not matter in the following discussi®).o.g let ratioy/p be the largest in
stateh.

(1) States are persistentjif andp, are close to 1. The sustainability condition is close to
vn > pr, Which is compatible withy, < p;. The design of a sustainable payg is as follows.
The contribution rate in the low state is positive, but muctaber than in the high state. Ac-
cordingly, if the current state is low, whereas the returrttue payg can be smaller than the
technology return (ify, < p;) with high probabilityp,, this is compensated by the large return
obtained if next state is high. If the current state is higle, eturn on the payg is larger than
with a large probability.

(2) In the case of a perfect switch between the statgaridp, are null), a sustainable payg
exists if

N> prpr. (11)

Assume thaty, < p; : a first thought is that in state the return of the payg to the deci-
sive voter isv;, which is lower than the investment return, hence that nagpaysustain-
able. A sustainable system may nevertheless exis}, ifs large enough so that condition
(11) is fulfilled. To understand why, consider small conitibn rates in the "direction” of
(10(h), 70(1)) = (\/WPr, v/ TuPr). We show that they improve the decisive voter’s welfare over
autaky in each state. In statethe return on the payaymo(l)/70(h), is equal toy/y,vi01/ ph-
It is larger than the technology returp, if (11) holds: even though next population growth
is smaller for sure than the technology return, the currentréution is sufficiently low com-
pared to the next one so that the payg becomes attractivéa8ynn statel, the decisive voter
faces the returR/~,y0n/pi, larger tharp,

This case shows that a "myopic” comparison at a given datedsst population growth and
investment return, even riskless, is not sufficient to assastainability. It should be clear that
allowing contribution rates to be adjusted with the ecormstate is essential. .
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The insight provided by this example extends as follows. éheky individuals save in
the technology, which impliesy ¢k(ei]e)p(es) = 1in each state. Define a risk-adjusted
transition probability byPr* (e, |e) = ¢%(ei|e)p(es ). The element of the matrix/, writes as
ud(e)%(e+)Pr*(e+|e). If states are persistent for the transitiBn*, then the matrix is close to
a diagonal matrix with maximal eigenvalue given by to thaximumof Md(e)%(e). A Pareto
improving direction is given by a contribution rate much &win the state where the maximum
is reached than in the other ones.

In the case of independent states with respect to the adjaséribution, Pr*(e;|e) =
Pr*(e;), and constant factou? across states, all rows df/, are proportional among each
other!? Hence the maximum eigenvalue is given by the sum of the di@lgdements, which is
p times the mathematical expectation of the ratje with respect to the probabilityr*. It
remains to determine the relationship between the truegiibty distribution and the modified
one, in particular how it is affected by risk aversion.

3.2 The impact of risk aversion

To analyze the role of risk aversion, it is convenient to asswoters’ utility functions to be
recursive, given by
Uley, @) = u(c,) + du(v ' (BEv(c,)) (12)

Intertemporal substitution, which dependswgms independent of risk aversion, which depends
onwv. Thisindependence allows us to perform comparative statithe sustainability condition
with respect to risk aversion only. Indeed, under some amfdit assumptions the maximal
eigenvalue can be computed and interpréted.

Proposition Assume the decisive voter’s utility to be recursive withomothetic, states to be
independent across periods, apé(e) to be constant across states equalifo Then

12 Next section displays an example in which the independehtieeostates with respect tBr* at autarky
follows from that with respect t@r.

3pefine ¢, as the certain equivalent @f under the Von Neumann Morgenstern utility v(¢,) = Ev(c,).
The utility level derived from(c,, ¢,) can be written as(c, ) + du(é,), the intertemporal utility derived from the
risk-free consumption plafr,, é,). The marginal rate of substitution writes as

etle) = w'(Co(€)) v'(cole, e4))Priey )
qesle) 6u’(cy(e)) v (Eo(€))

(13)

whereé, (e) is the certain equivalent @f (e, e ) knowing current state.
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1. the maximal eigenvalue of, is given by

dEﬁ v'(p)p ] (14)

pE[ (p)7]
2. Assume in addition thdf'[7|p]/p is non-increasing, The eigenvalue increases with risk
aversion: the more risk averse the decisive individual rtioge likely a sustainable payg
to exist.

From 1, with a risk neutral individuals, the eigenvalue is equalitd’[y]/E[p], which means
that the criteria for sustainability in a riskless economysimply transposed by considering
expected values for population growth and investment metdvith a risk averse individuals,
the maximal eigenvalue ig? times the expected value of the rafigp under a "risk-neutral”
probability that accounts for risk aversion (since the fiorcy’(p)p/Ev'(p)p] defines a den-
sity). Increasing risk aversion distorts this density bytipg more weight on low values of.
Note that the additional conditiorf(7|p]/p non-increasing irp) is plausible. It holds under
independence betwe@rand~ for instance. That, under this condition, risk aversiorofavhe
existence of a sustainable payg is quite easy to interpite:ifitroduction of a payg provides
pension benefits that allow for a partial hedge against tnwesst risk, which encourages risk
averse individuals to support it.

Example 2To illustrate further this result, take an isoelastic fumet: with constant elasticity
(£ and a constant relative risk aversion functiowith coefficiento:
1

— 1-8 — -«
u(c) - ﬁc andv(c) T ¢
Assume also thdtnp, In7) is a gaussian vector. Easy computatfoyields
e~ oy o
[7 v(p)p_y _ ED exp af var(lnp) — cov(Inp, In7)]. (15)

SRR El
The exponential term reflects the impact of risk aversioe @lsumption tha@ iS non-
increasing is precisely satisfied if the argument in the egptial is positive)lt may substan-
tially affect a criteria based on the simple comparison lesw expected growth and expected
return. If p andy are independent for instance, the correcting termp,«o[ var(inp)|, may be
far from negligible. As expected, the larger the risk avarsioefficient and the more risky the
investment return, the more chance a sustainable payggb exi

YSettingX = yp~* andY = p!~*, one has to computE)?/Ef/. Since each variable is log normal, this ratio
is given byexp[EInX — ElnY + 0.5 var(lnX) — 0.5 var(InY)], and the result follows.

17



3.3 Financial markets

The previous section has shown that a payg system may bésisésbecause it provides some
risk sharing opportunities. It however assumes no finaneéakets, which precludes exchanges
and risk sharing within a generation. Owing to differengesevenues and tastes -in particular
in preferences for present consumption and attitudes tswagk- young individuals within a
generation may benefit from exchanging among themselves rdises the question of whether
the previous analysis result is driven by the lack of finangiarkets and the fact that a payg
system is a substitute to them.

To analyze this question, this section introduces finamoakets. Securities are one period
lived: they are traded at one date in exchange of a (final) fpaythe subsequent date. As a
consequence, only individuals within a generation exchdahgse securities and an equilibrium
for the financial securities is established "state by staf€here areK securities, each one
described by its non negative payoff in each staté; , ) for securityk if statee, materializes,
and theK payoffs vectors may be assumed independent. Let us definguaibeum for the
securities market given contribution ratesand the current state Let p, be the current price
of securityk in terms of present good. A youriig-worker faces the budget constraints :

cy+ s+ Zpkbk = (1—7(e))bw(e)
§ (16)
coles) = ples)s + S buag(es) + 0u(8) (yrw)(e,) for eache,

Each one chooses to invest and consume so as to maximizditysconditional on the current
state. Thus an equilibrium of the financial markets in stdtea securities price vectagss(e),
for which the aggregate demand for the securities is nutheig ", 0. = 0 for eachk. Thanks
to Walras law, the market for the consumption good is baldnddsing standard arguments,
there is an equilibrium in each state for anyith 0 < 7(e) < 1 (see the proof of Theorem 2).
The possible multiplicity of equilibria introduces diffities into the analysis. In case of
multiplicity, it is delicate to operate a selection, henc@assess the impact of a pension system.
Also, security prices vary as contribution rate varies, andase of multiplicity, no contin-
uous selection may exist. To avoid these shortcomings,unasghat for each staie each
contribution vectorr, equilibrium price vectop+(e) is unique.
In that setup, the agreement conditions (8) required forstistainability ofr write as:
T = M%7 in which M% denotes the matrix defined by (7) in which the marginal rafes o
substitution are computed at the unique equilibrium gives matrixa of securities payoffs
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vectors.

Let us illustrate the model with two examples. First let éhbe a unique risk free security,
which gives one unit of the good in all stategd,) = 1). Then the interest rate is defined
by pr(e) = 1/(1 + r+(e)). The second example is the natural benchmark for our purgbse
is the situation in which the maximal opportunities of beving and lending and exchange of
future risks are possible : markets are (short-term) cotapl€his occurs if there are enough
financial securities so that any consumption plan contihgenext state can be reached through
an appropriate portfolio (the spanning condition). Edmilim determines a set of contingent
prices to which the marginal rates of substitution for atliinduals are equalizedg'(e, |¢) =
qr (e |e) for eachi where(qr (e |e)) is the equilibrium contingent price in statdor one unit
of the good in state, givenT. A direct argument for the agreement conditions is simpte an
instructive. Thanks to complete markets, an individuakdfare is increasing with his lifetime
income defined as the value of all incomes evaluated at theéngemt prices® The lifetime
income of &—individual is given by

Ow(e) + 0[—T(e)w(e) + p(0) Y ar(erle)(yrw)(es)], 17)
e+
which is equal to the sum of the wage and the net value of theipesystem, that is the value
of the future benefits less the contribution. By choosingsttade), the decisive voter multiplies
by X\ the net value he derives from the pension system, that istheihside square brackets.
The agreement condition in statéollows: 7(e)w(e) = u?(e) >, prlerle)(yTw)(et).

The autarky equilibrium without payg-(= 0) is affected by financial markets. As a con-
sequence, matrice¥/y typically depend on the payofts Financial markets may however be
useless at autarky under specific assumptions, such ascamldmimogeneous preferences, in
which case all autarky equilibria coincide.

Theorem 2 Consider a stationary economy in which young individualgehaccess to a set
of one period lived securities. Assume the equilibrium to be unique in each stater each

SMore precisely, the budget equations (16) are equivaletitésingle lifetime budget constraint which says
that the value of consumption levels and net investmentgualdo the value of incomes :

Cy t 5+ ZQT(€+|€)(00(€+) —ples)s) =W

e+

wherelV is the lifetime income defined by (17).
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T, T < 1 and letM§ be the matrix of weighted marginal rates of substitutionhat autarky
equilibrium.

If the largest eigenvalue df/§ is abovel there is a sustainable payg.

If the autarky equilibria with and without markets coincidaen the converse is true : a
sustainable payg with securitiesexists only if the largest eigenvalue &f; is abovel.

As without financial markets, the eigenvalue condition eesuhat there is a payg system
that is Pareto improving for decisive voters over autarkgt #re proof of existence relies on
a fixed point argument. Owing to price effects however, itntdarbe asserted that a decisive
voter is better off at a sustainable payg than at the autayuilierium (keeping the same set of
securities). The reason is that a voter evaluates the sytdra current security prices without
taking into account equilibrium effects. As a result, weabbtonly a sufficient condition for
sustainability (recall that to show that the eigenvaluedtioon is necessary, we use the fact that
the decisive voter is better off at a sustainable payg thantairky).

A comparison of theorems 2 and 1 helps us to assess the impacancial markets on
sustainability. Sustainability is possible without finedenarkets and fails with complete ones
only if the largest eigenvalue df/g is abovel without markets and less thanwith complete
ones. But, there is no a priori relationships between thesigyenvalues. To illustrate this point,
consider an economy as in section 3.2, with inter-tempo@¢pendent shocks and recursive
preferences.

Example 2 (continued) Without financial markets, the eigenvalue at autarky equb‘[i{% ET;%%]
(by (14)) in whichv represents the decisive voter’s attitudes towards riskh\@@mplete mar-
kets, the autarky equilibrium depends on the risk aversioallandividuals. For simplicity
consider only two individuals. If the non decisive indivadthas the same utility as the de-
cisive one, no trade occurs at autarky. The sustainabiibdition is identical with complete
financial markets or without any.

If instead the non decisive individual is risk neutral, cdete markets allow the risk averse
individual to be fully insured at a fair price: the decisiveter gets a constant consumption
level whatever the realized shock. Easy computation gikias the eigenvalue is equal to
piE[¥]/E[p). In the most likely case in which population growth and tealbgy return are
not too much positively correlated, this eigenvalue is $englhan the corresponding one with-
out markets E[7]/E[p] < E[Z-1221]). In that case, as explained in the previous section,

7 B (0)7)
in the absence of financial markets, the risk profile of thegpgystem provides an insurance
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against the risky investment return, and this is why a snatdé payg may exist even though
piE[y] < E[p]. If insurance against investment risk is provided for frgecbntemporaneous
risk neutral individuals, then only expected returns miatte

Note however that with positive and large enough corretatibetween investment return
and population growth, the converse is true: Complete misifiewors sustainability (even a
sustainable payg may exist with complete markets and féilowit financial securities).

3.4 Welfare properties

Various optimality criteria can be used to compare feasabtecations and evaluate a policy in
an overlapping generations model. In our contetérim optimalityis the more relevant crite-
rion since a system is evaluated by each generation. Anaditotis said tanterim dominate
another one if it gives a larger expected utility to eachvitlial at birth whatever the state.

A main lesson of the previous analysis is that a sustainadyg exists if decisive voter’
welfare at autarky can be improved by a payg (maybe not thiaisable one) in each state
at birth. Furthermore in the absence of strong price effeatsis the case without financial
markets, a sustainable payg indeed improves the decisieesvavelfare whatever the state.

These results translate directlyitwerim optimality properties in an economy without intra-
generational heterogeneity neither on preferences narastuptivity (a representative agent per
generation) or more generally in an economy with completekata and a Bismarckian system.
First a sustainable payg exists only if aBxterim Pareto improvement over autarky exists, and
second, in the absence of strong price effects leads to #oRarprovement over autarky. In
addition, relying on Peled (1984), Demange and Laroqueq)L&% instance, the allocation at
a sustainable payg isterim Pareto optimal : optimality holds because the eigenvalubhef
matrix M+ is equal to 1. (Note that even with complete markets, theest®f intergenerational
transfers should not be judged on the sole basis of expeetedhron investment and expected
population growth but on a risk adjusted criteria as madardg expression (15) for instance.

With intra-generational heterogeneity, given the limitax tools and the absence of finan-
cial markets, there is little hope that a Pareto improveroeet autarky can be reached. To sim-
plify the discussion assume no financial markets. A natwaston is whether individuals who

®Notice that arinterim Pareto improvement is aex antePareto improvement as well. For various develop-
ments oninterim optimality, in particular on the impact of the state space #hre stationarity assumption see for
example Demange and Laroque (1999), Chattopadhyay andr@iqt999) and Demange (2002). For a discussion
of the various concepts see Demange (2002).
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earn less than the decisive voter also benefit from the set agwustainable payg. Without un-
certaintynor liquidity constraints, the answer is positive. To see thige that &-individual’s
utility level increases with his lifetime income, which igueal tofw((1 — 7) + 74(0)7/p]. The
sustainability condition,(6?)y > p, ensures that the payg system increases the lifetime income
of any individual with lower wage than the decisive votereTargument does not extend to the
uncertainty framework since an individual lifetime incocannot be defined (more precisely,
the pension benefits expected by a yodngvorker cannot be valued except in the unlikely
situation of a perfect correlation wifh). Under specific conditions however more can be said.
Let us suppose identical homothetic preferences. Thentaisable payg system indeed makes
every worker whose wage is lower than the decisive one baffteFhe argument is the follow-
ing. At autarky, consumption and saving decisions of theowarindividuals are proportional.
This is no longer true if a payg is implemented : because ofddistribution factor, individuals
do not face the same investment opportunities and theiepeaf contribution rates may differ.
However, if the system is no more nor less beneficialdaradividual than to the decisive voter,
w(0) = p(64), thisd—individual would choose the same contribution rate as théste voter.
Hence he would be made better off over autarky. If he benefiterftom redistribution than
the decisive voter, that is jf(6) > 1(6?), he can only be made better off.

4 Extensions

First let us mention that the model applies to a median dexigter. In line with our approach,
consider a voting game in which individuals vote on the sgaba the contribution rates. As
previously, voters take the system, redistribution faetod contribution rates, as given. A
median voter exists. Old individuals trivially prefer themmmal scale level defined byr = 1.
As for young individuals, their preferences over scale leege represented by the indirect
utility function V' defined in (4), which is concave hence single-peaked : a medigr exists.
If, whatever the situation, the median voter is an individuigh median income, the previous
results directly apply by taking® equal to the median value 6f Of course there is not much
hope to get such a result without assuming identical preém® Furthermore, even under
identical preferences, the lack of financial markets as tesgnce of credit constraints may
prevent this too be true. An interesting empirical questwonild be to derive the characteristics
of this median voter, and to assess the impact of risk.

The previous analysis can accommodate various changesdlelraore realistic features. |
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consider here some extensions such as the possibility bdoniribution rates, partially funded
systems and the accommodation of multi-period lived irdiiais.

Incomplete payg The question of whether a payg system can vanish from timentdnd be
set up again can be answered by extending the analysis. Gig@mportance of this question,
our answer is not satisfactory. It should however be contphasieh the theoretical literature,
which has mostly focused on deterministic economies. Wiithimcertainty, a payg cannot be
rationally expected to disappear : otherwise, by a simpb&ward induction argument it would
never have been accepted in the first place. In a stochastigpsehe backward induction
argument does not work, as long as the decisive voter expeotseive pension benefits with
some positive probability.

To study more precisely sustainability for a non null payegall that the decisive voter
agreement is needed only if he is asked to contribute. Thusn@ non zero vector, the
agreement conditions (6) must be satisfied only in the stat@gich contributions are positive,
i.e. 7(e) > 0. Let E, be the set of states in which contributions are positive,Mﬁ&p be the
sub-matrix of M, obtained by keeping the entries associated with the staté8 pnly. The
following corollary to theorem 1 is easily obtained.

Corollary Consider a stationary economy without financial assets. relfeea sustainable
stationary payg in which contributions are strictly poséifor the states i, if and only if the
maximal positive eigenvalue of the sub-mamg‘Ep is larger thanl.

Let us illustrate this corollary with example 1, and consiaeystem that asks for contribu-
tions in staté only. The diagonal term readily gives the sustainabilitydition : ;1% p;, > pp..
The condition is easy to interpret: if contributions areipesin the high state only, not only the
population growth must be large enough compared to thetimesg return (as in a determinis-
tic framework), but also the probability for a contributordet a pension, here the probability
pr, Must be sufficiently high. As this example also shows, cetegnd incomplete sustainable
payg may or may not simultaneously exist (consider persisted switching states).

Mixed systems The analysis has so far been restricted to fully unfundetesys A natural
question is whether a more flexible pension system, partigdd, would significantly change
the political support to the system. Since individuals h#he opportunity of investing into
the technology, one can think that they can undo the fundddgmthat the previous analysis
applies to the unfunded part. This is not true for two reaséirst, in the absence of financial
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markets, short selling the technology return is impossiBga consequence, individuals may
end up with a (compulsory) investment through the funded giathe system that is too large
with respect to their needs. Second, even funded, the sys@mmevertheless perform some
redistribution.

It is quite easy to incorporate into the analysis mixed systa which a fixed proportion
of the contributions is invested into the technology at gaefiod and the return to investments
are redistributed at the subsequent period. Call thermixed. Budget balance then gives that
the level of the per head average pension is equal to

m = (1 — a)ymw, + ar_1wi_1p;. (18)

The first term on the right hand side corresponds to the patteotontributions directly paid
to the retirees, namely the unfunded part, and the secondttethe payoff from the amount
invested the previous period.

One easily shows that a sustainahlemixed system surely exists if a fully unfunded one
exists. The intuition is the following one. Since the deasioter is assumed not to be harmed
by redistribution, he obtains a return on the funded part wixed system that is not smaller
than by direct investment. This element favors his supmothé systert. The design of a
sustainable system however dependson

Multi-period lived individuals The analysis can easily accommodate a multi-period life
model in the absence of financial markets. To simplify, letividuals live three periods,
work when young and middle aged. The decisive voter is a "gdundividual.*® Con-

Arguments similar to those used for an unfunded system shatatsustainable—mixed system is charac-
terized by
(e)w(e) = p(e) Y af(e,eq)[(1 — a)(yrw)(es) + at(e)w(e)p(es)].
€+

and that such a system exists if for some positiye

no(e)wl(e) < ul(e) Y qdle,e4)[(1 — a)(yrow)(es) + amo(e)w(e)ple. )] in each sate.
€+
Recall that if an unfunded system exists, a posittyehat satisfiesy < MoT(. This vector satisfies the above
inequalities because at autarky individuals invest, so¥ha qd(e,eq)p(es) = 1, and furthermorei?(e) > 1.
This proves the claim that a sustainahlemixed system exists whenever an unfunded one does. The sibpibg

of short selling does not matter for the existence conditieving to the fact that individuals invest at autarky.
80ne could also assume a middle aged voter. If such a votes tak@ast contributions as fixed or "sunk”, the

return to social security from his point of view is increasé@d a result, the support for a large social security tax
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sider a sequence of statese, e, ). The ratio workers to retirees in state, is equal to
Yales,ers) = y(es)(1+v(ess)). Letgir (e es) (resp.gir (e, ex, es1)) denote the marginal
rate of substitution between consumption when young irestahd consumption when middle
aged if state>, realizes(resp. at retirement if states e, , realize). Since the indirect utility
of a decisive voter is concave in the scale level, the susgity condition of the payg system
T > 0 requires that in each state

T(e)w(e)—i—z dir(e,e)T(es)w(es) = u'(e) Z Gor(e, ey, eq)maley, e )m(esw(esy)].

e+

Dividing by w(e) in each state, it can be put in matrix form as:
[[ + MlT]T = MQTT,

where! is the identity matrix, and/,+ are M, are positive matrices corresponding respec-
tively to the second period of contribution and the retirabngeriod.

Assume no financial assets. An adaptation of the previousfpsoelds that a sustainable
payg system exists if (and only if) there is a Pareto imprgwdirection for the decisive voters
over autarky, that is a positive, that satisfie$! + M,+,)T¢ < Mo, 7o. This property however
cannot be stated in terms of an eigenvalue because theenversatrix/ + M+, (which is
likely to exist) is not necessarily positive.

Krueger and Kubler (2005) investigates whether (non rebigive) Social Security may
yield a Pareto improvement in a calibrated model with mudtiipd lived agents. At the au-
tarky situation the economy is dynamically efficient (in as®to be made precise owing to
incomplete markets; in our simple economy, dynamicallycedficy amounts to assume that
the return on capital is not always smaller than the popadagirowth rate). They find that a
large improvement is possible when the capital return igerous but that the gains disappear
once the crowding effect of capital is taken into accountroliucing capital into our analysis
is worth another study. With two period lived agents and stwesnt that lasts for one period,
the analysis carries over as follows. The productivity $ghacbears on the constant returns
to scale technology which combines capital accumulatetheénprevious period with current
labor as described by a neo classical production functitee. fharginal productivity on capital
is given byr, = f/ (ks pt) in which k; is the stock of capital per head of the new generation
(ke = si—1/~: Wheres,_; is the investment of physical capital per head of the geiwerat- 1).

is increased, as shown in Browning (1975).
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Under appropriate assumptions, a sustainable payg eiibtsdecisive voter can be made bet-
ter off at autarky. (From an empirical perspective, sincenost countries a system is in place,
the autarky values cannot be directly estimated and have fodxicted. Such a prediction is
common in the models that aim at assessing the impact ofgexshing a payg system.) A sus-
tainable contribution rate vector however is affected lpitehthrough the impact on the return
to capital. Crowding effects are likely to decrease theanable payg rates that is the solution
to 7 = M+7 because the increase on the return on capital witlecreases the marginal rates
of substitution that is the entries in matX- .

Introducing capital in a multi lived period model is more Beaging. Typically, the en-
vironment faced by an individual at birth depends not onlyhef current state but also of the
previous ones, through inherited capital and the holdifigfseocurrent middle aged individuals.
One natural way to keep Markov policy functions is to inclasea state variable the (endoge-
nous) accumulated capital stock, along with the exogenlooisks. This is out the scope of this
paper.

5 Sustainability with rolled over debt

This section analyzes sustainability when governmentat idassued and rolled over. Govern-
mental debt performs intergenerational transfers as a pggi@m but these transfers depend
on the price of debt, which is endogenous. To simplify thespngation, we suppose that no
financial instrument is available in addition to debt. Theutes however carry over to a more
general set up.

The government is assumed to issue at each date bonds thaeraathe subsequent date.
At ¢, a unit of bond promises a (possibly random) revenue nexbvghelenoted byi; ;. The
total amount of debt is normalized at each date so that thdeauof shares is equal to the size
of the young generation. Equivalently the number of unitb@ids per young is equal to one.
Furthermore debt is rolled over, without using any tax instent!*Therefore, at any point in
time, the payments to bondholders are covered by the nestgdsdebt. This gives the balance
equation attime : n,_ja;_1 = n.q;, iINn whichn, is the current size of the population, apdhe
price of one unit of bond. Dividing by the population size ehgrationt — 1, this yields

ay = 7Vtqt- (19)

19This is in contrast with the analysis of Gale (1994).
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This equality says thatithout taxation the payoff promised by debt is constraitzeble equal
to the future price of debt multiplied by population growtHence, in a stochastic economy,
debt cannot promise a sure payoff (since the price of delgterohined by equilibrium forces,
there are few chances foyg; to be risk-less).

Both the contribution rate and the price of debt are timenave functions of the current
statee, described respectively by = (7(e)) andg = (¢(e)). We look for an equilibrium in
which expectations are correct. young agents form corrqoé@ations on the distribution of
the future state ., that is on wage, population growth and investment retwndttional on the
current state, and furthermore they infer the distributibtihe endogenous variables, debt price
and contribution rate. Given the price functigrior debt,b units of debt yieldhy(e; )g(e, ) in
statee, to its owner according to (19). Thus, under correct expixtat the present and future
budget constraints of @-worker born in state are given by :

{ ¢y +s+bgle) =(1—7(e))bw, s=0,b=>b (20)

Co = sples) + byler)q(er) + 0u(0)(yTw)(ey) eache, in E

in which b represents possible short sale constraints. Without saresti@intsp is set to—oo.
This yields the following definition.

Definition 3 : An equilibrium with rolled over debt and sustainable paggiefined by debt
pricesq = (q(e)), contribution ratesr = (7(e)) both nonnegative, and consumption plans
ci(e), (ch(e, e4))e,er fOr eachi, eache in E, satisfying the following conditions in each state
e:
1. for eachi, c}(e), (c(e, e4))e, cp Maximizest[u'(c,, ¢,)|e] over the constraints (20) for
6 =0

2. the bond market clearsy; b'(e) = 1

3. the decisive voter agrees aofe), his expectations on average next period pensions being
given by(yrw)(e, ) conditional one

Condition 1 states standard rational behavior under correct expentatiBy conditior2 the
market for debt clears since the total number of shares ialéquthe population size. By
Walras law, the market for the good clears as well. Conditiband?2 together say that given
contribution rates a rational expectations equilibrium with debt obtains. ditan 3 states
the decisive voters’ agreement, still under correct exqients.
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A sustainable positive payg without financial assets, asidened in section 3, gives rise
to an equilibrium in which debt has no value (ie= 0). We are interested here in situations
in which both contribution rates and debt prices are pasitivany). If debt has a value, the
average transfer of consumption good from young to old agemndogenous through the (non
zero) price of debt: it is equal on average per youn@rto + ¢)(e) in statee.

Theorem 3 Assume that debt is rolled over and that there are no shoessabnstraint on debt
(b = —o0). At an equilibrium with positive sustainable payg and pesidebt prices :

1. the decisive voter is not subsidized, j&(¢) = 1 in each state,

2. the returns of the payg and debt are identical for any ndss&lized individual : for some
positivek, g(e) = kT(e)w(e) in each state:.

Thus, without short sales constraints, the returns of tleeitfinite lived assets, debt and payg,
must be equalized on average at an equilibrium with sudtéernEayg. In contrast with the case
of complete markets considered in next section, the avhilabf governmental debt without
constraints affects drastically the results since redigtion is severely constrained. The result
is trivial in a deterministic set up: from the point of view thfe decisive agent, payg and debt
offer both risk-free returns, respectivelyand v which should coincide to avoid arbitrage
opportunities. The resultis much more surprising in a séstih set up in which there is a priori
room for two assets with different returns. That debt andypayurns are equalized on average
and from the point of view of the decisive voter does not havereclude redistribution, even
if quite limited: workers with lower income than the decisione may be subsidized, and those
with larger income be taxed.

6 Concluding remarks

The model is clearly too simple in some aspects. For exaragayg system provides retirees
with an annuity, thereby insuring them against the riskviftj old?° Making insurance com-
pulsory avoids the usual problems encountered in markets agymmetric information. As
documented by various studies, the premium associatee tonigevity risk is roughly 5% (see
Brown, Mitchell, and Poterba 2001). To take into accountha$ premium, an extra return

2OFor an analysis of this type of insurance in a dynastic fraotkysee Fuster, Imrohoroglu, and Imrohoroglu
(2003).
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on a payg can be introduced, which clearly favors sustdibabOn the other hand, because
of inelastic labor, the analysis neglects the standaradishary effects of taxation on labor
supply.

Whatever restrictions, we think that the main results areeqabust. Macro-economic risks
modify substantially the analysis of unfunded systems boti the political sustainability and
welfare point of views. Governmental debt limits seriouig possibility of redistribution in
the absence of short sales constraints. Finally, the dedigme system, in particular allow-
ing contributions rates to be contingent on the state of dom@my, plays an essential role in
promoting sustainability.

7 Proofs

Proof of Theorem 1

Sufficient conditiorEven though there is a somewhat more intuitive proof, wel sisal an
argument that can be used also with financial markets. Défafinhctioni? () on0 < 7 < 1
by

W(r)(e) = (Mrr)(e) = n(e) 3 ¢ (exle) (yrw) (es) fw(e), (21)
e+
which gives the marginal benefit in terms of the present goeril/ed by the decisive voter
in statee from systemr. FunctionWV is continuous. The sustainability condition writes as
W (r) = M+7 = 7. Thus a positive fixed point i is a sustainable rate.

Since the null vector is a fixed point we need to restricto strictly positive rates. Thanks
to the eigenvalue assumption, there exists a contribueatovr, such thail’ () > 7. To
see this note that there +§ > 0 such thatMy7; > 7. By continuity, fore positive small
enoughM .+, 71 > 71, or multiplying bye, W (er;) > er;: one can choose, = er;. Let us
consider contribution rates in the set

T'={r=(7(e));m0(e) <7(e) < 1}.

The functionW is defined by (21) for contribution rates smaller than 1. I t& extended
by continuity to anyr in T by settingiV (7)(e) = 0 if 7(e) = 1. To see this, let a sequence
(Tn), Tn < 1 converging tor with 7(e) = 1 in some state. In that state the decisive voter’s
endowment of the good at the initial date tends to zero buts#ipe in any subsequent state
since0 < 1(ey) < 7(es). This implies that his current consumption level convergezero,
hence alsdV (7,,)(e). It suffices then to apply the following lemma. n
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Lemma Al Let W be a continuous function defined on the set
T ={T=(7(e)),0(e) < 7(e) <1},

where T is positive. IfW (1) > 7 and furthermorelV (7)(e) = 0 for any = in 7" with
7(e) = 1 thenW has a fixed point.

Proof of Lemma Al. Define correspondendeéfrom 7' to itself as follows:
- (a) ifinequalityV (7)(e) < 7(e) holds in at least one state thétir) = 7,
- (b) otherwise, that is itV (7) > T, define

F(r)={t €T, suchthat(e) = min(W(r)(e), 1) if W(r)(e) > T(e)} (22)

Therefore, in case (b}{e) can take any value ifirq(e), 1] in a statee for which W (7)(e) =
T(e).

We shall prove that™ has a fixed point, which is furthermore a fixed poinlBf The setl’
is compact and convex and the corresponddncg convex-valued from” to itself. It is also
upper hemicontinuous, thanks to the continuity of the fiomctV (7). It suffices to argue as in
Theorem 1. Letfr,) be a sequence convergingtaand(t,,) with ¢,, in F'(7,,). In case (a) the
strict inequalitylV (7)(e) < 7(e) is met in each state, so that the same inequality is also met
for 7, with n sufficiently large by continuity ofl/, hencet,, =t = 7.

Similarly in case (b), in a state in whidl (7)(e) > 7(e), the continuity ofi¥ ensures that
the ,same inequality is also met fo with n sufficiently large and that,(e) = min(W(7,)(e), 1)
convergesto(e) = min(W(7)(e), 1). Sincet(e) is unrestricted in a statean whichW (7)(e) =
7(e), surely any limit point of(¢,,) belongs toF'() : upper hemicontinuity follows.

By Kakutani’s theoremf" has a fixed pointr* € F(7*). Assume first case (apy/ (7*) >
7* does not hold. By definition of, F'(7*) is the singletorr,, hencer* must be equal ter.
This is impossible since by constructidii(ro) > 7¢. ThusW(7*) > 7*, andF(7*) is given
by (22). If there is a state for which W (7*)(e) > 7*(e), thenT*(e) = min(W(7*)(e), 1) =
min(7*)(e), 1) givesT*(e) = 1. But7*(e) = 1 impliesW (7*)(e) = 0, which contradicts
W(r*)(e) > 7*(e) = 1. This proves thatV (7*) = 7*. .

Necessary conditioft remains to prove that, conversely, the existence of sebée
implies the eigenvalue condition. This follows from congaarguments on the indirect utility
achieved by an individual facing contribution ratesTo simplify notation, drop the individual’'s
index and denote by (e, 7) the expected utility of an individual born in statevhen the rates
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are given byr = (7(e)).ce. The proof uses an auxiliary result, which was introduced in
Demange and Laroque (1999).

Lemma A2 The functiond/ (e, T) are concave in- for all e. Furthermore :

1 oV (e, T)
E(u,|e)0w(e) OT(e’)

= [Mr(e,e') — 1o=c]

Proof : By definition,V (e, ) is equal to the maximum afu(c,, c¢,)|e over the budget con-
straints. Since the constraints are lineat-ii/ is concave inr. By the envelope theorem one
immediately gets :

oV (e, 1)

“or(e) = 0[—E(u. |e)w(e) + u[e, e]y(e)u(e)w(e)Priele)]d(e)

and fore, #e:

owvier) ,,
W = Ouye, eq]y(ey)b(e)u(e)w(es)Priesle).

The result follows from the definition of the matri¥+. "

Now, consider a sustainabte The decisive voter is better off whatever state}/’se, ) —
V(e,0) > 0. By the concavity ofl/, we have :

oV (e, 0)
or(e)

7(e') > V(e,7) — V(e 0) > 0.

Dividing inequality in state: by E(u; [e)fw(e) and using lemma A2, yields
(Mo — I)T > 0.

By Frobenious theorem (see e.g. in Debreu Herstein [19681), the maximal eigenvalue of
My is strictly larger than 1. .

Proof of Proposition 1. | first show that the general term of matuX, is

~gqwlen) v'(ples))y(ex)Priey)

]\40(67 eJr) = U w(e> E@/(ﬁ)m . (23)
From (13) recall that (e,(e)) V'(cole, €4 ))Pr(es |e)
_ u/(Co(e)) v'(co(e, ey ))Pries|e

Y E) T Y )
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At autarky, saving are invested in the risky technology or§oreover investment must be
positive to get some consumption when old. Therefore imvests(e) in statee satisfies the
first order conditiord . g(e, e )p(es) = 1. This gives

u'(6o(e)) Elv'(cole, €1))p(€y)le] v'(cole, e4))Preye)

u'(ey(e)) v'((e)) E[v'(cole, ex)p(ey)|e]

Now it suffices to use that,(e, e, ) = p(ey)s(e), thatv is homothetic, and states are indepen-
dent to get

1=

andg(e.le) =

v (ples))Prie.)
E[v'(ples))ple)]
which gives (23).(This proves the statement of footnote T risk-adjusted probability?r*

is given by Pr*(es|e) = p(es)q(esle), hence states are independent with resped®itt)
All rows of M, are proportional among each other. Hence the eigenvalugf afre all null
except one, which is equal to the sum of the diagonal térind/, (e, ). This gives a maximal
eigenvalue equal ta?E[v' (p)7]/E[v'(p)p], which can also be written as

qleqle) =

apd VD0
p E(p)p]
This proves property.
It remains to show proper; i.e. that increasing risk aversion increases the maxirgahe
value under the additional assumption. kgtp) = v(0)o_ and denote by, the distribution

B (07’
of p with densityg, with respect to the initial one. From the property of coratifil expectation :

E%%@anfgm%@m

the term on the right hand side being the expectatioﬁgﬁﬂ underG,,. Now take a function

w more concave tham: w = f(v) wheref is concave. It suffices to show that the expectation
of EW—/‘)”} underG,, is larger than undef7,. Since the functiorE@ is assumed to be nonin-
creasing this is true if distributio@’, first-order dominates distributio,,. To show this note

et F () ()
_ v(p))v'(p)p
0= Bl )
By the intermediate values theordrif’(v(p))v'(p)p] = f'(v(p*))E[v'(p)p] for some value*
in the support of the distribution ¢f. So




Since f'(v(p)) is decreasing withy, the differenceg,,(p) — g.(p)] is positive forp < p* and
negative forp > p*, which gives the result. n

Proof of Theorem 2 For  with 0 < 7 < 1, an equilibrium for financial securities exists in
each state. To show this, consider in statehe following economyr(e). The consumers are
the young individuals. There ate+ K goods -the good available today and the securities- and
a linear technology described by In this economy, &-individual has preferences defined by

Vi(e,b,s) = Elui(cy, ples)s + Y biler)ax(er) + 0p(0) (yrw)(e.)]
k
and is subject to the budget constraint- s + >, prbi, = (1 — 7(e))bw(e). An equilibrium
is given by a securities price vector at which markets cl&ar r(¢) < 1, each individual’s
amount of the good today is positive, and some goods can l@neltthrough investment.
Since the securities payoffs are nonnegative, prices casfi@med to be positive. Also each
security payoff is bounded by some multiple of the technglagurn, giving an upper bound
for its price. Thus, standard arguments yield the existefes equilibrium.
The uniqueness assumption allows us to define the fungtion) on0 < 7 < 1 by

W) = O (e =0 3 dhle.d) arles),
which is the marginal benefit in terms of the present goodrddrby the decisive voter in state
e from systemr. Under the uniqueness assumption of equilibrium, functioms continuous.
The agreement condition is satisfied in state W (7)(e) = 7(e). Thus a positive fixed point
of W is a sustainable rate.

The proof now proceeds as in Theorem 1. First, one restict® strictly positive rates:
Thanks to the eigenvalue assumption and the continuity/ pthere exists a contribution vector
T such thatiW(ry) > 19. Second, one extends by continuity the functién defined for
contribution rates smaller than 1, to the whole’Bet= {1 = (7(e)),0(e) < 7(e) < 1} by
settingW(7)(e) = 0 if 7(e) = 1. To see this let a sequence,,), 7, < 1 converging tor
with 7(e) = 1 for somee. In the sequence of economiés, (e), the aggregate endowment
for the good at the initial date tends to zero and is positivanly subsequent state (since
1o(es) < 7(ey)). This implies that individuals current consumption levebnverge to zero and
marginal rates of substitutioff as well, hence alst/(1,,)(e). Thus, by Lemma A1l has a
positive fixed point, which gives a sustainable payg.

33



It remains to show that conversely the eigenvalue condisamecessary for a sustainable
to exist if the autarky equilibrium with or without secues coincide. Note that the decisive
voter is surely better off than at the autarky without se@sj since he can choose a null scale
level and no trade. A similar argument as developed in thes®ty part of Theorem 1 can be
used. Letl/ (e, ) be the expected utility of the decisive voter born in stailewhen the rates
are given byr and when he has access to financial assdiemma A2 still holds thanks to the
envelope theorem. Furthermore, if both autarky equilibdaacide,V (e, 7) — V(e,0) > 0 is
also true. The result follows. .

Proof of Theorem 3: Consider an equilibrium in which the price of debt and cifmition rates
are both positive. In the absence of short sale constrahedjrst order condition ow's debt
holding is
gle) = gr(esle)y(er)qler) (24)
€+

This condition holds for the decisive voter in statdJsing the definition of\/+ (e, e), it can
be rewritten as

M,ud(e) - Z Mz (e, e) dles) (25)

w(e) w(es

Define the vectoy’ by ¢'(e) = q(e) /w(e). Recall thatu?(e) > 1 in each state. Sq’ satisfies

~—

q < Mrq' andq' = Mrq onlyif u%(e) = 1in all states: (26)
Moreover, by sustainability; satisfies:
T = MyTandr >0 (27)

We now use well-known results on positive matrices. Fir6) {gplies that)/+ has a positive
eigenvector with eigenvalue strictly larger than 1 whemeyediffers from M+q’. Second,
(27) implies that the maximal eigenvalue df+ is 1 and that all positive eigenvectors are
proportional tor. Hence (26) and (27) imply that!(e) is identically equal to 1, and thatand

q’ are proportional. This means that the decisive voter ismayesidized and furthermore that,
from his point of view, the return on the payg system and on debequalized. .
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