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Abstract: This paper proves the existence of competitive equilibrium in a
single-sector dynamic economy with heterogeneous agents, elastic labor supply
and complete assets markets. The method of proof relies on some recent results
concerning the existence of Lagrange multipliers in infinite dimensional spaces
and their representation as a summable sequence and a direct application of the
inward boundary fixed point theorem.
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1 Introduction

Since the seminal work of Ramsey (1928), optimal growth models have played a
central role in modern macroeconomics. Classical growth theory relies on the as-
sumption that labor is supplied in fixed amounts, although the original paper of
Ramsey did include the disutility of labor as an argument in consumers’ utility
functions. Subsequent research in applied macroeconomics (theories of business
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cycle fluctuations) has reassessed the role of the labor-leisure choice in the pro-
cess of growth. Nowadays, intertemporal models with elastic labor continue to
be the standard setting used to model many issues in applied macroeconomics.

Our purpose is to prove existence of competitive equilibrium for the basic
neoclassical model with elastic labor with less stringent assumptions than in the
literature using some recent results (see Le Van and Saglam (2004)) concerning
the existence of Lagrange multipliers in infinite dimensional spaces and their
representation as a summable sequence.

Lagrange multiplier techniques have facilitated considerably the analysis of
constrained optimization problems. The application of these techniques in the
analysis of intertemporal models inherits most of the tractability found in a finite
setting. However, the passage to an infinite dimensional setting raises additional
questions. These questions concern both the extension of the Lagrangean in
an infinite dimensional setting as well as the representation of the Lagrange
multipliers as a summable sequence.

Previous work addressing existence of competitive equilibrium in intertem-
poral models attacks the problem of existence from an abstract point of view.
Following the early work of Peleg and Yaari (1970), this approach is based on
separation arguments applied to arbitrary vector spaces (see Bewley (1972), Be-
wley (1982), Aliprantis, et al. (1990), Dana and Le Van (1991)). The advantage
of this approach is that it yields general results capable of application in a wide
variety of models. However, it requires a high level of abstraction and some
strong assumptions.

Le Van and Vailakis (2004) in order to prove the existence of competitive
equilibrium in a model with a representative agent and elastic labor supply im-
pose relatively strong assumptions.! In this paper, the existence of equilibrium
cannot be established by using marginal utilities since we may have boundary
solutions.

Recently, Le Van, et al. (2007) extended the canonical representative agent
Ramsey model to include heterogeneous agents and elastic labor supply and
supermodularity is used to establish the convergence of optimal paths. The
novelty in their work is that relatively impatient consumers have their con-
sumption and leisure converging to zero and any Pareto optimal capital path
converges to a limit point as time tends towards infinity. However, if the limit
points of the Pareto optimal capital paths are not bounded away from zero,
then their convergence results do not ensure existence of equilibrium.

To obtain the convergence results, they impose strong assumptions which

2

are not used in our paper.” Following the Negishi approach (1960), our strat-

egy for tackling the question of existence relies on exploiting the link between

1They assumed @

proof of k¢ > 0 for all ¢.
2Le Van, et al. (2007) assume that the cross-partial derivative uil has constant sign,

— 400 as € — 0 for showing ¢t > 0,1; > 0 and % < uu—ﬂll for the

ul(z,z) and uf(z,z) are non-increasing in x, the production function F is homogenous of
degree a < 1 and Fyy, > 0 (Assumptions U4, F4, U5, F5).
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Pareto-optima and competitive equilibria. We show that there exist Lagrange
multipliers which can be used as a price system such that together with the
Pareto-optimal solution they constitute an equilibrium with transfers. These
transfers depend on the individual weights involved in the social welfare func-
tion. An equilibrium exists provided that there is a set of welfare weights such
that the corresponding transfers equal zero. The model in which we establish
existence is with complete contingent commodity Arrow-Debreu markets (as
opposed to trading in sequential markets) and the prices and transfers are suf-
ficient for decentralizing the optimal allocation. We also do not require, with
additional assumptions, as in Le Van, et al. (2007) that the optimal capital
stock converges in the long run to a strictly positive value in order to get prices
in /1.

The organization of the paper is as follows. In section 2, we present the model
and provide sufficient conditions on the objective function and the constraint
functions so that Lagrange multipliers can be presented by an éi sequence. We
characterize some dynamic properties of the Pareto optimal paths of capital and
of consumption-leisure. In particular, we prove that the optimal consumption
and leisure paths of the more impatient agents will converge to zero in the long
run (see Becker (1980) for a similar result in a sequential trading model) with a
very elementary proof compared to the one in Le Van, et al. (2007) which uses
supermodularity for lattice programming. In section 3, we prove the existence of
competitive equilibrium by using the Negishi approach and the inward boundary
fixed point theorem.

2 The model

We consider an intertemporal model with m > 1 consumers and one firm. There
is a single produced good in each period that is either consumed or invested as
capital. The preferences of each consumer, i = 1, ..., m, take the additive form:
Yoo Biui(ch, 1i) where 3; € (0,1) is the discount factor. At date ¢, consumer i
consumes ¢ of the good, enjoys a quantity of leisure I{ and supplies a quantity
of labor L} which are normalized so that I} +L; = 1. Production possibilities are
given by the gross production function F' and a physical depreciation 6 € (0,1).
Denote F(ky, > m) L) + (1 — 8)ke = f(ke, >y L).

We next specify a set of restrictions on preferences and the production tech-
nology.?
U1l: ' is continuous, concave, increasing on Ry x [0, 1] and strictly increasing,
strictly concave on R4 x (0,1).

U2: 4#(0,0) = 0.

3We relax some important assumptions in the literature. For example, Bewley (1972)
assumes that the production set is a convex cone (Theorem 3, page 525). Bewley (1982)
assumes the strict positiveness of derivatives of utility functions on Rf_ (strict monotonicity
assumption, page 240).
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U3: ' is twice continuously differentiable on Ry, x (0,1) with partial deriva-
tives satisfying the Inada conditions: lim._gu'(c,l) = +oo, VI € (0,1] and
limy ¢ ui(c,1) = +o0, Ve > 0.

We extend the utility functions on R? by imposing u‘(c,1) = —oo if (c,1) €
R\ (R x [0, 1]}.

The assumptions on the production function F : Ri — R, are as follows:
F1: F is continuous, concave, increasing on Ri and strictly increasing, strictly
concave on R?H.

F2: F(0,0) = 0.

F3: F is twice continuously differentiable on Ri o with partial derivatives satis-
fying the Inada conditions: limy_,o Fj(k, L) = 400, VL > 0,limy_, o0 Fr(k,m) <
0 and limy, o Fy,(k, L) = 400, Yk > 0.

We extend the function F' over R? by imposing F(k, L) = —oco if (k, L) ¢ R3..

For any initial condition kg > 0, when a sequence k = (ko, k1, ka, ..., k¢, ...)
is such that 0 < ki1 < f(ke,m) for all ¢, we say it is feasible from kg and we
denote the class of feasible capital paths by IT(kg). Let (c!',c?,...,c, ...,c™)
where ¢’ = (¢}, ct,...,ct,...) denotes the vector of consumption and
(14,12, 1%, ..., 1™) where I = (18,18, ...,1i,...) the vector of leisure of all
agents. A pair of consumption-leisure sequences (c',1') =(ci,11);°, is feasible
from ko > 0 if there exists a sequence k € II(kg) that satisfies V¢,

d itk <f (kt,Z(l - z;’)) and 0 < I} < 1.

i=1 =1

The set of feasible consumption-leisure sequences from kg is denoted by > (ko).
Assumption F3 implies that

fe(+o0,m) = Fy(4+oo,m)+ (1-46) <1,
fe(0,m) = Fy(0,m)+(1-106) > 1.

It follows that there exists k > 0 such that: (i) f(k,m) =k, (ii) k > k implies
f(k,m) < k, (iii) & < k implies f(k,m) > k. Therefore for any k € II(kg), we
have 0 < k; < max(ko, k). Thus, a feasible sequence k is in £3° which in turn
implies that any feasible sequence (c,1) belongs to £5° x [0, 1]°°.

We now give the characterization of the competitive equilibrium. For each
consumer i, let a* > 0 denote the share of the profit of the firm which is owned
by consumer i. We have Y ./", a’ = 1. Let ¥ > 0 be the share of the initial
endowment owned by consumer i. Clearly, >.7", 9* = 1, and ¢" k¢ is the

endowment of consumer 7.

Definition 1 Let kg > 0. A competitive equilibrium for this model consists of
a sequence of prices p* = (p})i2, for the consumption good, a wage sequence
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w* = (w})2, for labor, a price r for the initial capital stock ko and an allocation

{c*, k*, 1" L**} such that
i)
¢t € I IMe éi",L*i €42 k* € 1%,
p* € \{0},w* € 1\{0},r > 0.
ii) For every i, (c*',1*") is a solution to the problem
max 37,2 B (c;, 1)
st MZopic+ XiZowily < XZowi+d'rko + o't

*

where 7 is the mazimum profit of the single firm.

iii) (k*,L*) is a solution to the firm’s problem

7 = max Y p;[f(ke, Li) = ke - Zwt L — ko
st 0 S kt+1 S f(k't,Lt),O S Lt,Vt

iv) Markets clear: Vt,
Do thin =1 (k ZL’:") :
t=1 i=1

P+ Ly =1,L; = Lj and k§ = ko.

i=1

Observe that we have for any 14
- - _ u'(0,1)
Z ﬂzt ’L t l*z Z t z 0 1
t=0 t=0 1- B

In other words, in equilibrium, every agent is individually rational. We will
therefore study the individually rational Pareto optimum problem (or Pareto
problem, in short). We show that the Lagrange multipliers are in €1+. Then these
multipliers will be used to define a price and wage system for the equilibrium.

Let A = {n1,m2,....Mm|n > 0and Y_*, n; = 1}. Given a vector of welfare
weights 7 € A, define the Pareto problem

max Zmz,@t ek, 1) Q)

i=1 t=0

Y itk < f (kt, da- z;ﬁ)) vt

i=1 i=1
>0, 10>0, 1l <1, Vi,Vt
ks > 0, Vt, ko given,
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and the individual rationality constraints:
0,1
Zﬂt’ct, >Zﬁ“01 w(0.1) ) Vi=1,...,m.

Note that, for all kg > 0,0 < k; < max(kg, k), then 0 < ¢ < f(max(ko, k), m) =
A, Vt, ¥i = 1,...,m. Therefore, the sequence (u'),, = Y, Blu(ci,1i) is in-
creasing and bounded and will converge. Thus, we can write

anZBt thv ZZnﬂt ’Lctv

t=0 i=1

Let x = (c,k, 1) € (£°)™ x 3 x (£°)™

Define
Flx) = =) > mbiu(c1i)
t=0 1=1
i — toig to7i u'(0,1)
-0, (x) = Z iU(Ctalt)—f
prd 1—5
o (x) = ZCi-i-ktH—f(kuZ(l_li))
i=1 i=1
(x) = —¢
P}(x) = —k
(x) = I
P(x) = I'-1
U, = (9,97, @7, ,, 0}, &), V&, Vi=1,...,m, and ® = (®_, )

The Pareto problem can be written as:

{min F(x) | ®(x) <0, x € (£2)" x LT x ()"} (P)
where:
F oo ()" x LT x (IF)™ — RU {+oo}
U = (U)o, S X LT X (42)™ — RU {400}
d_, = (<I>i,1)i:1,.. m ()™ X L x ()™ — RU {+o0}
Let ¢ = dom(F)={xec ({3)" x LT x ({T)"|F(x) < +oo}
I = dom(®)={xe€ (£X)" xIF x ({T)"|W(x) < +oo, V¢, and &' (x) < 400, Vi}.

The following theorem follows from Theorem 1 and Theorem 2 in Le Van and
Saglam (2004) (see also Dechert (1982)).

Theorem 1 Letx,y € ({)" x4 x (UF)™, T € N.

o f t<T
Define xI'(x,y) = o ?f -
ye if t>T
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Suppose that two following assumptions are satisfied:

Ti:Ifx € C,y € ({2)™ x {2 x ({°)™and VT > Ty, x*(x,y) € C then
F(xT(x,y)) — F(x) when T — oo.

T2: Ifxel,y el and x'(x,y) €T, VT > Ty, then

a) O (xT(x,y)) — ®(x)as T — oo
b) IM s.t. VT > Ty, ||®:(xT (x,¥))|| < M
¢) VN = TOatlifgo[‘I’t(XT(X, y)) = ®u(y)] =0

Let x* be a solution to (P) and x € C satisfy the Strong Slater condition:

sup®,(x) < 0.
¢

Suppose x” (x* x) € CNT. Then, there exist A € I} \{0} such that
F(x) + ADP(x) > F(x*) + AD(x™), Vx € (£°)™ x £>° x (£)™
and A®(x*) = 0.
Obviously, for any n € A, an optimal path will depend on 7. In what fol-
lows, if possible, we will suppress 1 and denote by (c*!, k*, L*!,1**) any optimal

path for each agent i. The following proposition characterizes the Lagrange
multipliers of the Pareto problem.

Proposition 1 If x* = (c*,k*,1*) is a solution to the Pareto problem (Q):
then there exist Yi = 1,...,m, A= (AL, A", A2 X3 A% A%) € R x (1 x
()™ x 0L x (0)™ x (€)™, X # 0 such that, for any ((ci,li),k,L)

ZZnﬁ“ SO YN AL Bl (e 1) ZAl (Zc ki1 — (k::LI))
0 i=1 3

t= t=0 i=1

+ZZA§Z +ZA3I€*+ZZA4’Z*’+ZZA5’ 1—1)

t=0 i=1 t=0 i=1

> YD mBiui(ch 1) + )Y AL Bl (L) = D N (Zc%km—f(ktwt))
t=0 i=1

t=0 i=1 t=0 i=1
+ZZA2Z +ZA3kt+ZZ>\4’l’+ZZ>\5l — 1) (1)
t=0 1=1 i= t=0 i=1
/\% ZC ki — f(ky, ZL*Z = (2)
=1
Nigtt=0,Vi=1,...,m (3)
Nk =0 (4)
7
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M =0,Yi=1,...,m (5)

MNA-Y=0Vi=1,....,m (6)
i = YR E) ui 0’1
Ay Zﬂfu(c“lt)—l(_iﬂi) =0,Vi=1,...,m (7)
t=0

0€ (mi+\" Bl (=N +H{N2 Vi = 1,...,m with g+, >0 (8)

0 € (m+AL )30 (e 17") = X Oaf (7, L) +H{N} = {A"} Vi with mi+AL, > 0

(9)

0€ o f(kf, L) +{N} = {\i1} (10)

where, Ly = Y00 Lyt = 3" (1 =179, Oul(c,1;"),0; f(k;f, L}) respectively

denote the projection on the j** component of the subdifferential of function u
at (c;%,17Y) and the function f at (k7,L}). *

Proof: We show that the Strong Slater condition holds. Since fx(0,m) > 1,5
for all kg > 0, there exists some k € (0, ko) such that: 0 < k < f(k,m) and
0 < k < f(kog,m). Thus, there exists a small positive number & such that:

O<%+E<f(@,m—5) and0<%+6<f(k0,m—5).

i

Denote x = (¢,k,1) where ¢ = (¢")7,, and

I
=
Q.
ol

Il
=
<

ED)
)

,...). We have

OY(x) = ch+ki—f (ko,Zazg)) =c+k— flko,m—¢) <0

1=0 =1
@%(x):Zci+k2—f<k1,z<1—li>>=s+E—f(%,m—e)<0
=0 i=1
LX) = e+k—f(kym—e) <0, Vi>2
PH(R) = —6'=—— <0, Vt>0Yi=1,...,m
m

P3(x) = —ko < 0,03(X) = k<0 Vt>1

4For a concave function f defined on R™,df(z) denotes the subdifferential of f at .

5 Assumption fx(0,1) > 1 is equivalent to the Adequacy Assumption in Bewley (1972), see
Le Van and Dana (2003) Remark 6.1.1. This assumption is crucial to have equilibrium prices
in é_lF since it implies that the production set has an interior point. Subsequently, one can use
a separation theorem in the infinite dimensional space to derive Lagrange multipliers.
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(I);n‘(k) - _& <0,Vi>0,Vi=1,...,m
m

)" (x) S _1<oVt>0Vi=1,...,m
m

To show that ® |(x) < 0, for any 4, we just observe that the Inada condition
lime_gul(c,l) = +oo implies u'(5,1 — =) > u’(0,1) if ¢ is small enough.
Therefore, the Strong Slater condition is satisfied.

It is obvious that, VT, x*'(x*, x) belongs to (£3°)™ x I3 x (£5°)™. As in Le
Van and Saglam (2004), Assumption T2 is satisfied. We now check Assumption
T1.

For any X € C, X € (£2)™ x £ x (£3°)™ such that for any T, XT(§,§) eC
we have

Fx"(%,x ZZW (e, 1) Z Zmﬁu (1),

t=0i=1 t=T+1i=1
Asx € (£32)™ x 432 x (£2)™, stt1p|c:t| < 400 , there exists A > 0,Vt, such that

|gt| < A. Since §; € (0,1), as T — oo we have

0< >0 D mbBiu'(ch, 1) <u(A1) D> mff =u(A D)D) > mbf—0
t=T+1i=1 t=T+1i=1 i=1t=T+1
where u(A,1) = max{u;(A4,1),i = 1,...,m}. Hence, F(xT (%, i)) — F(x)
when T' — oo. Taking account of the Theorem 1, we get (1)-(6).
Obviously, NI, ri(dom(u?)) # ) where 7i(dom(u?)) is the relative interior of
dom(u?). Tt follows from the Proposition 6.5.5 in Florenzano and Le Van (2001),
we have

6anﬁt i C*z l*z *7]1/8 Zau C*’L l*z

We then get (8)—(10) as the Kuhn-Tucker first-order conditions. m

Remark 1 1. We can prove that n; = 0 = c;j* = 0, I;* = 1, Vt. Indeed,
since the u' are increasing, we have ci* = 0, for any t. The individual
rationality constraint implies I}* = 1 for any t. The Inada condition on u®,
from (8), implies X'.; = 0. Hence, I = {i :m; >0} = {i :m; + AL, > 0}.
It is easy to prove that >, m; Y oo Bl (¢, 1F) > S, mi >opop Biut(0,1).
Therefore, there exists i with n; > 0 and \*; = 0.

2. For any optimal solution (c*',k*,1*"), we have for any t, any i € I,
Ol 1) # 0, Oou' (e 1f') # 0, Ovf(ki, L) # 0, 92 (ki Ly) # 0,
where Ly =m — > I;".

3. Fori € I, we have: ¢;* > 0 iff I}* > 0. In this case, O1u'(ci?,[}) =

{ui (1)}, Deu (cf 157) = {ui(cf?, 1)}
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4. For any ko > 0, there exists t with >, c;* > 0 and hence Y ;15" > 0 (if
not, Y, M Yoo Bt (L) = Y0, m Yoo Biut(0,1): contradiction with
the first statement.)

In the following proposition, we will prove the positiveness of the optimal
capital path.

Proposition 2 If kg > 0, the optimal capital path satisfies ki > 0, Vt.

Proof: Let ky > 0 but assume that ¥} = 0. From (10), L7 = 0. This implies
et = 0 and I7* = 1,Vi: a contradiction with (8). Hence kj > 0. By
induction, k; > 0,Vt > 0.

|

Remark 2 From (10) and Proposition 2, if ko > 0, we have L} > 0 for any
t > 0. Hence, for any t > 0, 0 f(ki, Li) = {fulki L)}, 0of (ki L7) =
{fo(ki, LY)}

Proposition 3 Let kg > 0.

(a) With any n € A, there exists a unique solution to the Pareto problem
((c*%), (1*"),k*). We have: For anyt >0,

A (n) € Nier (i + X20)Biovu’ (¢ 1) (11)
M) frky, LY) € Nier (i + ALy)Bidau’ ()", 1) (12)
vt >1, 0 € N (m)orf(ky, Li) — A1 (n) (13)
and for any 1, iﬂfui(c:i, I > iﬁfui(o, 1)
t=0 t=0

(b) Conversely, if the sequences c**,1** k* L* satisfy

Ly = Y (11", vt>0

)

Zcf = f(k{, Ly) — kipq, V220

ki = ko
and for any i, Blu'(cy ;) > Y plut(0,1)

t=0 t=0

and if there exist \' € (1, (\"y) € R which satisfy (11), (12) and (13),
then c¢**,1** k* solve the Pareto problem with weights n and \' is an associated

multiplier.

10
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Proof: It is easy. m

Proposition 4 Let kg > 0. Then there ezxists a unique multiplier \* € ¢*.

Proof: Existence has been proven. Let us prove uniqueness. First observe
that, from Remark 2, we have 0y f(kf,Ly) = {fu(kf,L})}, Oof(kf,Lf) =
{fr(kf, L)}, for every ¢. We have three cases.

1. If for any ¢, >, ¢;* > 0, then A\}(n) = njﬂ;-uj(cfj,lfj) with ¢/ > 0 and
A =0 (see statement 1 of Remark 1).

2. Since ko > 0 there exists ¢ with >, ¢;* > 0.

(a) When >, ¢’ > 0, let T be the first date where Y, ¢* = 0 (and hence
>3 =0). Fromt=0tot =T —1, A\}(n) is uniquely determined.
We have, from (13), AL(n) fx(k,m) = AL_;(n) and AL(n) is uniquely
determined. But we also have Aj. () fe(k5, 1, Ly, 1) = Ap(n) and
AL +1(n) is uniquely determined. By induction, the result holds for
every t.

(b) When Y, ¢j* = 0, let T be the first date where >, ¢ > 0. In
this case, Ah (1) = n;Btui(cy,137) with ¢/ > 0. We have, from (13),
A () fre (K%, La) = AL (n) and AL_ | (n) is uniquely determined. By
backward induction A} (n) is uniquely determined from 0 to T—1. We
also have Ay 1 (n) fr (K1, Ly q) = Ap(n) and Aj.(n) is uniquely
determined. By forward induction, the result holds for every t >
T+1.

Let us denote I = {i |n; >0}, B =max{f;lie I}, 1 ={ieI|B; =} and
I, ={ieI| B < B} Wenow show that the consumption and leisure paths of
all agents with a discount factor less than the maximum one converge to zero.
The proof is very simple compared to the one in Le Van, et al. (2007) which
uses the supermodular structure inspired by lattice programming.

Proposition 5 If (k*,c*, 1*") denotes the optimal path starting from ko, then
Vi€ Iy, ¢f' — 0 and [ — 0.

Proof: First observe that any Individually Rational Pareto Optimum ((c*,1*, k*))
is also a Pareto Optimum without the Individually Rationality Constraint. That
means there exists n € A such that ((c*,1*,k*)) solve

max S (e 1) @
=1 t=0

11
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st Y itk < f <kt,2(1 - li)) )Vt

=1 i=1
>0,10>0, 1! <1, Vi,Vt
k, >0, Vt, ko given.

For this problem, one can show that n* = 0 implies that the sequences of optimal
consumptions and leisures equal to 0.
Consider problem R;

Vi(kt, ke+1) = max Z miBiut (1)

=1
st. Y Gtk < F (kt,Z(l - z;‘)) + (1 = 0)ky.
i=1 =1

It is easy to see that the Pareto problem is equivalent to

maXZW(kt7kt+l)
t=0
s.t. 0 S kt+1 S F(kf,m) + (1 — 5)]%, Vit Z 0

ko is given.

Observe that

m N\t o
Vilk, kepr) = B'maxy (%) u'(ct, 1)
i=1

F (kt,i(l - z;‘)) + (1= 6)ky.

=1

m
s.t. Z Ci + kt+1

i=1

IN

Denote Z! = (nl(%)t) From the Berge Maximum Theorem (1959), the
strict concavity and the increasingness of the utility functions, the optimal

*1 *7
, 1

c are continuous with respect to (Z¢, ks, k;1). Denote these functions by
(TUZE kf ki), A(Z0 Ky K7y ), Let £*,&* denote the limit points of k7, k7,
when ¢ — +oo. Then, fori € I, I'(Z*, k}, k}, ) converges to (0, (1;)ier,, k*, £*) =
0, and A“(Z', k}, ki 1) converges to A*(Or,, (1:)icr,, K5, 6%) =0. ®

3 Existence of competitive equilibrium

We have proved that there exist Lagrange multipliers ((A;);, A(n)), with (A’,); €
R7* and

Am) = (M), A% (), A3 (n), X (), ¥ (1))
€ O ()™ R EL x ()™ x ()i = 1.m,

12
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*

for the Pareto problem. In what follow, we will prove that, with given (c*,
k*,1*,L*), one can associate a sequence of prices, (p;)i2,, and a sequence of
wages, (w;)2,, defined as

pro= A\, Wt
wi = Mok, Lp), vt

where fr(kf, L) € O2f(kf, L}), and a price r > 0 for the initial capital stock
ko such that (c*,k*,1* L* p*, w*,r) is a price equilibrium with transfers (see
Definition 2 below). The appropriate transfer to each consumer is the amount
that just allows the consumer to afford the consumption stream allocated by
the social optimization problem. Thus, for given weight n € A, the required
transfers are:

¢i(n) =Y _pi(m)ei* () + > wimli*(m) = wi (n)—9'rko — o'7*(n)
t=0 t=0

t=0
where
7 (m) =Y pr (U (k5 (), L () = ki ()] = Y wi () Li () — rko.
t=0 t=0

According to the Negishi approach, a competitive equilibrium for this economy
corresponds to a set of welfare weights n € A such that these transfers equal to
zero. Now we define an equilibrium with transfers.

Definition 2 A given allocation {c*',k* 1**, L*'}, together with a price se-
quence p* for consumption good, a wage sequence wW* for labor and a price
r for the initial capital stock ko constitute an equilibrium with transfers if
i)
ct e ()" e ()" LT e ()™ k" e L7,
p* € \{o},w* el \{0}, r>0

ii) For every i =1,...,m, (c*',1*") is a solution to the problem
o0
maxz Blut(ck, 1)
t=0

oo o oo oo
sty pich+ Y wili <Y piet+ Y wily
t=0 t=0 t=0 t=0

1i) (k*,L*) is a solution to the firm’s problem:

™ = maprf[f(kt,Lt) — ki) — Zw;th —rko
t=0 t=0

s.t. 0 S kt+1 § f(kt7Lt>,0 S Lt,Vt

13
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w) Markets clear

ZC t+1 <k?aZL?Z> 9 Vtv
i=1

Ly =Y L7 =1— Li'and ki = ko.
i=1

The differences between two definitions - competitive equilibrium and price
equilibrium with transfers - are the budget constraints of consumers. If the
transfers ¢;(n) = 0 for all ¢, a price equilibrium with transfers is a competitive
equilibrium.

Before proving existence of an equilibrium, we will first prove that any solu-
tion to the Pareto problem, x* = (c*!, k*,1*%), associated with kg > 0 and n € A
is an equilibrium with transfers, with some appropriate prices (p;) € ¢% \ {0}
and wages (w}) € €4 \ {0}.

The following result is required.

Proposition 6 Let ky > 0.
1. For any € > 0, there exists T such that, for anyn € A,

+oo
SN et <e
T i
ZAl Vfo(ks, LY) Zz*l <e

ZA mfr(ki, L) <

2. There exists M such that, for anym € A,

+oo

Z)\l Zc*z < M
. t=0
> Nl fulky, L Zl*l < M

t=0

ZAl Vr(kf, LY) < M.

Proof: 1. We know that there exists A such that ¢’(n) < A, Vt, Vi, Vn € A.
Therefore

T ) +o00 _ - ‘ -
15_ G2 WAL = ) ) mBil (e ) ' (0,0)]
@ T i
+oo . +00 4
SN e YA I Y0
T i T P

v
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Let € > 0. There exists T such that 5 ,6 < e. Hence, S5 Mi(n) 3, ¢ < e,
ALk L) 2 0 < e, for s any 7).
We now prove that for T large enough, S+ X' (n) fr(kf, L}) < ¢ for any
1. We have

Zcfi = f(ki, LY) — kit
Since

we obtain by using (10):

T+t T+1
Z A ZC > Mpfi(kps Lp)k = ApgorKgrgn + Z A fr(kf, L)L
i t=T

Let 7 — +o00. Since A! € £!, and k} < max{ko, k},Vt, we have

+ oo “+ o0
DoAY et = Apfulky, L)k + > M fu(ky L)L
t=T A t=T

v

Z)\ (ki L)L} = ZAlfL (K5, L) (m =D 1) (14)

t=T i
Hence, for T large enough,
“+o0 “+o0 ) +oo .
mYy Afr(ki L) < DoAY G+ Y Mfrki L)Y T <e
t=T t=T i t=T i

for any 7.
2. Obviously:

“+o0 “+o0
YN At > ALk L)Y L
0 i 0

i

IN

M, = ﬁ Zi:ui(A, 1) (15)

m

—+oo

2 1 .
SNk L) < My= = x - _ﬁzuz(A, 1).
t=0 7

Proposition 7 Let kg > 0. Let (k*,c*,L*,1*) solve the Pareto problem asso-
ciated with n € A. Take

pr = A wi =N fr(ki, LY) for any t
andr = N[Fr(ko,0) +1—4].

Then {c*,k*, L*, p*,w*,r} is an equilibrium with transfers.

15
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Proof:
i) We have

€ (L) 1" € (£°)™ k* € £, p* e L, w* € (L.

From Remark 1 statement 4, p* # 0, and together with Remark 2, w* # 0.
ii) We now show that (c*!,1*%) solves the consumer’s problem. Let (c?,1?)

o0 oo o0
Zptct + Zw:li SZPICIZ + walfi.
t=0 t=0 t=0

satisfy

Let -
A= Zﬁt et ') = Brul(er. 1)
t=0

Since u® is concave, from Proposition 3, statement (a), we have

oo
Al A fokr LYY e
A > + MILVE ) l*z_li
B tz;nz_'_AZ tz; "72+A1/ t)
- i i
D S S S
t0n7+>\ tom —1

This means (c*?,1*%) solves the consumer’s problem.
iii) We now show that (k*, L*) is solution to the firm’s problem. Since
pi =\, wi = A\ fr(ky, L}), we have

=Y MUK LY) = ki) - Z)\ka?» Ly = rko.
t=0

Let :

T T
DOMIFOELY) = ki) = D A fu(ki, LY) L —rko
t=0

T
- <Z A [f(ke, Le) — kega] — ZA fr(ky, L)Ly — rk0>
t=0

By the concavity of f, we get

T

ZA Sr(ky, Li ) = > M (ki — kera)

t=0
= P‘lfk(klﬂLT) - AO](kl - kl)
+ N fa (BT, L) = Ap_y) (k= kr) = Ap(Kpgq — k)

Ar

Y

From Proposition 3, statement (b), we have:

Ar > —/\%ﬂ(k)}+1 — kT+1) = _/\%"k%-i-l + )\%“k'T-i-l > _)\%“Jf;"_;’_l-

16
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Since ! € €}r, sup kp,, < +oo, we have
T

lim Ap> lim — Mk, =0.
T—+oo = T—+oo THT+1

We have proved that the sequences (k*,L*) maximize the profit of the firm.
Finally, the market is cleared as the utility function is strictly increasing. m

Let koy > 0. From Proposition 4, we define the following mapping
¢i(n) = > _ i ( ) + Z wi ()l ()= Y w (n)—9'rke — o' 7 (n)
t=0 t=0

where
P? = )‘%’w; :AlfL(krer)th

() = Zpt n), Li () = kia ()] = D wi )Ly (n) = rko.
t=0

This mapping ¢; is uniformly bounded (see Proposition 6, statement 2).

We can now state our main result.

Theorem 2 Assume U1, U2, U3, F1, F2, F3. Let kg > 0. Then there
exists 1 € A,7) >> 0, such that ¢;(n) = 0,Vi . This means there exists a
competitive equilibrium.

Proof: We first prove that ¢; is continuous for any i. Let (™) — 7. Since,

ci (") = e (), 15 (") — B (n), ki (") — k7 (),

and if >, ¢ (n) > 0 then p;(n™) — pi(n), wi(n™) — wi(n). It remains to be
proven that p;(n") — pi(n),w;(n™) — w;i(n) even when 3~ ¢;”(n) = 0. Let
T={t:3 ;7 (n) = 0}. From the proof in Proposition 6, there exists M such
that for any n € A,

—+oo
> win) ZA mfu(k;, Li) < M
t=0

and for any € > 0, there exists Ty such that, for any n € A, for any T > Ty,

+oo
> wi(n) ZA mfu(ki Ly) <
T

These inequalities show that {w*(n™)} is in a relatively compact set of ¢*. We
can assume that it converges to (w;) € £*. From (13), for t € T, A} (n") — A} =
Wy
fL(k; m) . . .
When 37, cg’(n) > 0, consider T, the first date where >, c/? () = 0. For
t=0,...,T7 — 1, we have A} (n") — Al(n). Since AL(n™)frL(k&(n™), Li(n™)) =

17

Documents de Travail du Centre d'Economie de la Sorbonne - 2011.23



A (™), we have A} fr.(k3(n), m) = AL, (n). From Proposition 4, and relation
(13), we have M. = AL(n). In other words, AL(n") — AL(n). By induction,
N(™) = A () for any ¢ > 7.

Use the same arguments to prove that A\}(n™) — A}(n) for any ¢, when
2 ey’ () = 0.

From these results we get w; = w;(n) for any ¢.

It follows from (14) and (15) in Proposition 6 that for any n € A, any T

BT i = *7 - Y
D IUUVIVED SPYD DELED ST ACHAIZ
% t=T i T
or
+oo

DS A 2 SN Y Fu G LD 2 m YN0, L) (16)
i t=T T

i

Let € > 0. From inequality (16) there exists T such that for any n we have:

|pr ' Zwt ") (n

t>T t>T

= T win™)=Vrko — o' > pr (") Y et (n™)
t>T t>T i

=S wimM)m =Y 1Y) = rko| < e
i>T i

and

> pim)ei () + ) wi ()l (n

t>T t>T

=Y W)= (ko — @' > p*(0) D € (n)
t>T t>T i

= w*i(n) Zz*l (n)ko| < e
t>T

Consider ¢t € {0,...,7 — 1}. One has: pf(n™) — p*.(n), wi(n™) — wi(n),
' (") — ' (), (™) — 1% (n), ki (n™) — ki (n). Thus, for n large enough,
we have |¢;(n™) — ¢i(n)| < 3e. The proof that ¢; is continuous is complete.

Observe that ), ¢;(n) = 0 by Walras law. It follows from remark 1.1 that
n; =0 = ¢i(n) < 0. Let ¥;y(n) = n; — ¢i(n). We then have ) ¥;(n) =1
and 7; = 0 = U;(n) > 0. The mapping ¥ = (¥4,...,¥,,) satisfies the inward
boundary fixed-point theorem. There exists 7 € A, 77 >> 0 such that ¥(7) = 7,
or equivalently ¢;(7) = 0,Vi. m
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