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Abstract

In this paper we propose new option pricing models based on two classes of discrete
Lévy-type processes. By combining these Lévy processes with several volatility dynam-
ics of the GARCH type, we aim to take into account the dynamics of financial returns
in a realistic way. The associated risk neutral dynamics of the time series models is ob-
tained through two different specifications for the pricing kernel: we provide a charac-
terization of the change in the probability measure using the Esscher transform and the
Minimal Entropy Martingale Measure. We finally assess empirically the performance of
this modelling approach, using a dataset of European options based on the CAC 40. Our
empirical findings show that discrete time Lévy based models behave well regardless of
the volatility dynamics and of the pricing kernel. A different specification is however
required to obtain the best results for options with a shorter or longer maturity.
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1 Introduction

When the concept of volatility aims at measuring the state of risks at work in finan-
cial markets, jumps offer a unique opportunity to represent the fundamental process
through which market quotes integrate the relevant information flow over trading days.
The inspection of both daily and intraday data sets reveals that the jump activity im-
plied by the returns on various assets should not be ignored: the returns are character-
ized by tails whose thickness cannot be accounted for through any conditional Gaussian
model, and whose fit is clearly improved through the use of jumps. Intraday data based
tests improved our understanding over both the size and the intensity of the jump pro-
cesses, unveiling how complex the blending of jumps and volatility can be. These consid-
erations have led to the idea that a valuation model for financial assets should include
both these components. This article proposes an empirical discrete time Lévy-process
approach to the pricing of European options on equity indices. We discuss the key in-
gredients to be considered to achieve this objective and we empirically circumvent the
usual pitfalls of such an approach, as the non-uniqueness of the pricing measure and
the choice of a pricing kernel specification.

The introduction of jumps into financial models present various advantages, either in
terms of time series analysis or in terms of option pricing. The deviation of histori-
cal returns from the Black Scholes (1973) hypothesis of Gaussianity is now well known
and documented, see for example Eberlein and Prause (2002), Bouchaud and Potters
(2003) or Embrecht et al. (2005). It led to the development of various time series models
usually combining a GARCH component with a non-Gaussian distribution or a jump
process. The use of Lévy processes is by no means common in time series analysis: var-
ious continuous time finance models are built on the combination of a process of the
Heston (1993) type for the conditional variance with a jump component, either in the
dynamics of the variance or of the log-returns. Examples of this sort are available in
Merton (1973), Bates (1996) or Duffie et al. (2000). When the obvious interest of jumps
in time series analysis lies within the fit of the tails of returns’ distribution, the incor-
poration of jumps into a continuous time finance option pricing model is essential to the
pricing of short term options: the convexity of the implied volatility smile is sharper for
such options and stochastic volatility models are unable to replicate this stylized fact
without a jump component. On this point, we refer to Duffie et al. (2000).

Even though continuous time finance provided market participants with a convenient
and fast way to compute prices for various contingent claims, it offers a framework that
can hardly handle the key issue of bringing together the historical and the risk neu-
tral distributions. If the calibration of parameters using option prices is a relatively
straightforward exercise, the estimation of the parameters solely using the historical
time series of returns is often tricky: some references are for example the methodologies
that are used in Eracker et al. (2003), Chacko and Viceira (2003) or Rockinger and Se-
menova (2005). Option pricing in a discrete time framework has over the years proved
to be a fruitful and economically appealing means to understand how the time series of
returns relate to the price of hedging vehicles such as European options, as presented for
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example in Rosenberg and Engle (2002), Jackwerth (2001), Barone-Adesi et al. (2008),
Chorro et al. (2010a, 2010b) among others.

In this article, we present and compare various option pricing models based on Lévy
processes. Each of these models combine different volatility structures, conditional dis-
tributions and pricing kernels, the link between each of them being the use of an uncon-
ditional distribution which characterises a Lévy process. We define the change in the
probability measure based on various assumptions regarding the pricing kernel. The
volatility models used here are the EGARCH (Nelson, 1991), the GARCH-GJR (Glosten
et al, 1993) and the APARCH model (Ding et al, 1993). Two Lévy process specifica-
tions are considered under the historical distribution. First, we introduce a structural
Lévy model whose particular model is the Normal Inverse Gaussian model. Second, we
consider the compound Poisson model proposed by Merton (1976). These processes are
driven by a finite number of jumps within a finite time interval.

Appealing though the discrete time approach may be, it nonetheless requires coping
with an additional issue: as explained in Chorro et al. (2010b), with such an approach,
the risk neutral distribution is no longer unique and a choice must be made regard-
ing the shape of the market’s aggregated risk aversion implied by the selected pric-
ing kernel. We focus on two representations for the pricing kernel: the Esscher trans-
form (ESS) martingale measure which corresponds to an exponential affine stochastic
discount factor and the Minimal Entropy Martingale Measure (MEMM) (or extended
Girsanov principle) (Elliot and Madan, 1998). The equivalence between these two ap-
proaches has been proved inside a Gaussian framework (Badescu and Kulberger, 2007),
but such equivalence is not available outside this framework. We prove the stability of
the conditional distribution under the historical and risk neutral distributions and we
exhibit the required change in the parameters of the historical distribution to obtain
the risk neutral one. One novelty of our article is to compute the expression under the
pricing measure of the pricing formula when we use GARCH-type processes with Lévy
innovations, both using the ESS and MEMM approaches. We also provide the expres-
sion of the pricing distribution for a GARCH-type model with Poisson jumps using the
Esscher transform. In the case of the MEMM approach, the result has already been
established by Fujiwara and Miyahara (2003).

Finally, we assess the quality of the modelling approaches selected here using a dataset
of European options on the CAC 40 index. Our empirical results point in several direc-
tions: first, this type of approach combining an empirical strategy with discrete time
models provides minimum pricing errors that are broadly consistent with several arti-
cles based on a direct calibration of the models’ parameters to option prices. Given that
the processes used here are highly consistent with the empirical features of returns, the
pricing errors are consistent across the models’ specifications. The results show that
the best model selected to price short term options is very different from the model that
should be retained to price options with a longer time to maturity. To price short term
options, a model mixing the APARCH volatility structure, the MEMM pricing kernel
and a distribution disentangling jumps from volatility provide the lowest pricing errors.
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In contrast, for options with a longer time to maturity, a model based on the EGARCH
volatility structure and an Esscher transform ranks first among of the different com-
petitors presented here. For this type of time horizon, we find that the model should be
based on jumps affecting the volatility dynamics for in-the-money options. Instead, dis-
entangling jumps from volatility seems to make sense empirically for out-of-the-money
options.

This article is organized as follows. Section 2 presents the modelling approach retained
here, along with the characterization of the risk neutral distribution associated with
each model. Section 3 presents the empirical results and Section 4 concludes. All the
proofs are given in the appendix.

2 A Lévy-Based Discrete Time Modelling Approach

This Section presents the Lévy-based time series models this article is based on. We dis-
cuss the model properties and then develop the change in probability measures required
to obtain the risk neutral distribution essential to option pricing.

2.1 Lévy-based time series models for financial returns

Our approach combines different time varying volatility dynamics with Lévy processes.
The models considered here are based on two different ways of dealing with jumps:

1. For the first specification, jumps affect both the returns (Y;); and the volatility
(ht>t:

S, ~
Vi tog () =i+ Ve Sa=s M

t—1
where m; = r + my, (hi); is the conditional volatility obtained from any type of
GARCH model. (z); is a Lévy process with triplet (c,o?,U), (Schoutens, 2003),

c € R, 0? > 0 and U is the positive Lévy measure defined on R \ {0} satifying
/ inf{1, 22}U(dz) < cc.
R

Inside these models we assume that the innovations (z;); follow a NIG-Lévy pro-
cess which has no Brownian component and whose Lévy triplet is given by (¢, 0,U)
with

) 1
c=pu+ (SQ/ sinh(82) K1 (az)dz,
T Jo

(o, 3,0,1) € R* with 6 > 0 and 0 < |3| < «, K; is the modified Bessel function
of the third kind, and the Lévy measure which determines the jump behavior of
discontinuous Lévy processes is:

U(dz) = u(z)dz = da exp(8z) K1 (alz|)dz.

m|z]
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2. In the second specification, jumps affect only the returns (Y;)::

Ny
S -
Ytzlog <St> =my + v htzt‘{'zvrjy SOZ‘Sa (2)
Jj=1

t—1

where the innovations z; are characterized by a standard normal distribution, NV;
is a Poisson process with intensity )\, and V;,V5,... is a sequence of identically
independent distributed random variables N(u,o?), independent of the Poisson
Process ;.

In both models,

{ my = )\0\/}17_ %hta >\U € R? (3)

hi = G(hy—1,Y;—1) is a related GARCH model.

Ao is the constant unit risk premium. The conditional volatility is modelled by different
GARCH models. Denoting ¢; = /h;z:, we use:

e the EGARCH(1,1) modelling (Nelson, 1991)
log(hi1) = ao + Brlog(he) + on(|ze] — Efl2]]) + mze, 4)
e the GARCH-GJR(1,1) model introduced by Glosten, Jagannathan and Runkle (1993)
hit1 = w + Bhy +ve2 + 687 €2, (5)

where S, =1ife; <0,and S; =0ife; > 0,and B+ +36 <1,w>0,3>0,v >0,
and v+ 6 > 0.

e the APARCH(1,1) model, (Ding, Granger, and Engle, 1993)

5 5
hiy =w+ai(led - vier)? + bih?, (6)

where ¢ >0, |y1] < 1.

2.2 The Stochastic Discount Factors and the corresponding risk neu-
tral dynamics

A discrete time approach to option pricing implies the non-uniqueness of the pricing
measure. This uniqueness can be obtained by specifying a stochastic discount factor.
However, there has until now been no criterion to decide on a specific pricing kernel.
In order to highlight the specific ability of Lévy processes to deliver a realistic pricing
of options, we use two existing pricing kernels: first, the exponential affine stochastic
discount factor, also known as the Esscher transform by Gerber and Shiu (1994b); sec-
ond, the extended Girsanov principle developed by Elliott and Madan (1998) based on
the existence of a Minimal Entropy Martingale Measure, as in Fujiwara and Miyahara
(2003). By doing so, we will able to interpret the interest of Lévy processes when it
comes to option pricing, beyond the choice of a pricing kernel.

5
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2.2.1 Pricing options with exponential affine stochastic discount factors

In this Section we consider that the stochastic discount factor M; is characterized by the
Esscher transform V¢ € {0,...,7 — 1}:

My 11 = exp(0i41Yi1 + &41) (7

where Y. is introduced in (1) or in (2), and where 6,,; and &, are F;-measurable
random variables. We need to compute explicitly (6;1+1,&+1). The pricing formula for
the risk free and the risky asset at different dates gives the following system:

{ @) (Or1 +1) = €"f (Br41)
©; (0141 + 1) = exp(—&i41),

where ¢} (u) = Eple*¥*+1|F;] is the moment generating function under the historical
distribution P of Y}, given F;. This system admits a unique solution (0;,1,&:+1). Thus,
to characterize the process (Y;); under the risk neutral distribution that is denoted Q,
the following equation must be solved:

EY [My 410041 |F) = e "EQ [®414]F]

which is equivalent to:!

M 41

) i i
Ep[Mi 41| F]

Q| F| = EQ [Drr1|F] - (8)

Then the distribution of Y; under the risk neutral distribution Q is obtained through the
moment generating function under Q of Y; 1, given F;.

Proposition 2.1 The associated unique risk-neutral conditional distribution Q of Y; 1,
given Fi, has a probability density function (p.d.f) with respect to the corresponding
historical distribution given by m and a moment generating function given by:
_ %4 (01 +0)

9
‘P%D(GtJrl)

o (v)

In the annex we recall why the relationship (8) ensures the uniqueness of the martingale measure Q,
as soon as we solve this last equation, recalling that

My 41 _ exp(0i+1Yis1 + Erv1)
Ep[M;,t+1|Ft] Ep [exp(0r+1Yer1 + &it1)| Fi]
exp(fi1Yig1) X €51
Ep [exp(0141Yi41)|Fe] x eft

exp(fi41Yi41)

ot (0141)
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This proposition derives from Proposition 2 in Chorro et al. (2010a) as we introduce the

stochastic process:
t 0.5
e
(Lt =[] = G )) (10)
k=1 Ph-1\"k te{1,...,T}

Note that the equation (10) corresponds to the risk neutral measure obtained through
the conditional Esscher transformed measure with respect to the filtration ;. The rela-
tionship (9) is fundamental as it gives explicitely the conditional distributions of the log
returns under the risk neutral distribution Q. We now adapt Proposition 2.1 to the two
types of Lévy process-based models presented earlier.

that is a martingale under P.

— Asssuming that the returns (Y;); are governed by model (1) with innovations z;
characterized by a NIG(u, o, 3,6) distribution with triplet (c,0,U),2 then (vhiz):
is a form of NIG process with triplet (¢/,0,v), with:

c :C\/hj‘f'/ \/>< {lzl< - } z) — 1{z|<1}(2)> u(z)dz,
then:

Proposition 2.2 Given F;_1, assuming that the process (Y;); is defined in (1), un-
der Q, the process (v/hiz): is again a Lévy process with triplet (c2,0,v9) where:

A =c\/hy — 2y u(2)dz —|—/ zmegtmz u(z)dz

{]21<1} {lel< =1
and p
Q) — ez fﬂ) dz
ve(dx) = e’ u .
(dz) <w7 N

We can check that under Q, the conditional mean return is not m; but m; + m;"f
with it = [ 2\/hy(e?Vh* — 1)U(dz). Moreover, the process (Y;); is no longer

centered and its variance is not h; but var(Y;) = hy <02 + [ P2elVheEy (dz)).

— When the returns are governed by model (2), the moment generating functions
under P and Q are given in the following proposition.

Proposition 2.3 Given F;_1, the moment generating functions under P and Q of
the process (Y;); introduced in (2) are respectively:

~ 1
©F | (u) = exp [umt + §htu2 + )\(e%‘TQ“2 - 1)} and

_ 1
i1 (u) = exp {umt + hy <9tu + 2u2) + Atz (eW+02(9tu+%u2) . 1)] .

2The full characterization of the risk neutral dynamics is provided in the appendices.
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Therefore, the risk neutral dynamics for the returns (Y;); belongs to the same
family introduced under the historical measure P, with z; N (Vhi0g, 1), N i<
P (Ae“(’ﬁéf’zef ) , Vi LN (p+026;,02)3. The characteristic triplets are (m;+h:0;, he, v9),
where vQ(z) = A% f(x )dx and f is the density of the normal distribution with

mean p and variance 02. Consequently, under Q, the returns distribution is ob-
tained shifting the condltlonal mean and the conditional variance.

2.2.2 Pricing options with a Minimal Entropy Martingale Measure

In this subsection, we derive the risk neutral dynamics of the previous models using
another pricing kernel, namely the Extended Girsanov Principle introduced by Elliot
and Madan (1998). This approach is based on a multiplicative Doob decomposition of the
discounted stock price into a predictable finite variation component and a Martingale
one.

Under mild conditions Elliot and Madan (1998) built a risk neutral probability under
which the conditional distribution of the discounted stock price is equal to the condi-
tional distribution of its martingale component under the historical probability with
changes in the parameters. The drift of the process is the only one being affected by this
correction. The Esscher transform and the Minimal Entropy Martingale Measure are
equivalent when the conditional distribution of the returns is Gaussian. This equiva-
lence has not been proved for the models considered here.

— When the returns follow the dynamics specified by equation (1) with NIG-Lévy
innovations (z;); and assuming that:

(1) ezeﬁ(ezfl)U(dz) < 00
{z>1}

© dx dx
(ii) m —i—c’—l—/ e — 1)ePle =1 _ 4 U<>+/ e —1)ele” 1)U<
! (=<1} {( ) } Vhi {|x\>1}( Je Vhi

where
d = c+/
1
{|Z|§\/T7}

z U(dz) — / 2 U(dz)| Ve
{l=l<1}

Then, we obtain the following result:

Proposition 2.4 Assuming that (Y;); is given by (1) with NIG-Lévy innovations
(2); under P, then the process (\/hiz) is a Lévy process under Q conditionnally to
Fi_1, with triplet (c2,0,09):

= cvhe — 2\ ht u(z)dz+/ zv/heeP (eVhe—1) u(z)dz,
{l=I<1} {

\ZIS\/I,Tt}

3 Again, the proof of this proposition is included in the annex
4Again, a full mathematical developpement is provided in the appendices.
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dx
VQ(dz) = P71y <x> e
) Vi) Vi

The characteristic functions of the process (Y;); given F;_1 under P and Q are:
log ¢y 1 (u) = iumy + iucy/hy +
/ (e™sVhe 1 — iuzy/ hilyz<1y) U(dz) and
R

log gb?_l(u) = jumy + iucy/hy +
/R(ei“zm 1 iuzy/hee YD1 )P D U (),

Thus the characteristic function of (Y};); under the risk neutral distribution Q has
the same expression as the historical characteristic function with shift ¢2k;3 in

the coefficient of iu and integrand (e™=vh — l)eﬁ(eszl) over R.

In order to compute option prices, we simulate paths of the asset price under the
historical measure P. Then, we compute option prices as a weighted average of
the payoff for each of the corresponding paths, where the weights are given by the
Radon-Nikodym derivative that is defined by:

L; = aQ = eﬂf{t_bt, with (11)
dP |z,
@ dx
b:Bc’+/ ePle _1)—1—6331 - U(), and
R\{0} [ {l Iél}} Vhe
~ 1
Xi=Xo+ (XYt ) (e —1-AX,), (12)
u€e(0,t]

where (X7) is the continuous martingale part of (X;), and AX, = X,, — X,,—.

The same representation for the conditional mean as the one obtained using the
exponential affine Stochastic Discount Factor can be derived as follows: mjPft =

Jz zm(eﬂ(ezﬁ_l) —1)U(dz) and var(Y;) = hy (02 + |z zQGB(ezm_l)U(dz)).

— When the returns (Y;); are governed by model (2) under P, then the risk neutral
dynamics are characterized as follows:

Proposition 2.5 Let the price process (S;); be defined by model (2), assuming that
the condition (i) above holds, and there exists 3 € R verifying:

1 2
g + +ﬁ>h + A )P o f(2)d
¢ (2 ¢ /{|Z|<1} [(e )e z] (2)dz

+ )\/ (e — 1)V f(2)dz =7,
{z>1}

then the following holds:
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1. There exists a unique constant b such that L; is a P-martingale, where L; =
% |5, = ePXe=b X, given by (12) and b verifies:
b:6(1+ﬂ)ht+ﬁﬁzt+)\/
2 R\{0}
2. Under Q the stochastic process (Y;); is still a Lévy process, and the character-
istics associated with the truncation function 7(z) := zly.|<1) is given by

[eﬂ(ez_l) —1- le{wgl}} f(z)dz

(ﬂht + My 4 A / 2(P€N 1) f(2)dz, by, y@> where, (13)
{lz1<1}

V(dz) = APV f(2)dz. (14)

Fujiwara and Miyahara (2003) proved this result in a particular case. The re-
sult provided here has been derived directly from theirs. When the characteristic
triplets of the returns (Y;); under Q are known, then we can define the prices under
the risk neutral Q.

3 Empirical Results

This Section is devoted to an empirical assessment of the option pricing models pre-
sented above.

3.1 The dataset

We use a dataset of closing option prices. These European options are options on the
CAC 40 index. We use two types of data. First, we use daily returns on the CAC 40
index. This dataset starts on March 1, 1990 and ends on October 26, 2007. Descriptive
statistics are presented in Table 1.

[Table 1 here]

The value of kurtosis leads us to seek the best distributions permitting the tails of these
returns to be modelled. In Figure 1, we plot the empirical log-density (solid black line)
vs. the estimated log density obtained with the NIG (green), Generalized Hyperbolic
(red), Meixner (purple) and Normal (light blue) distributions. In Figure 2, we present
the QQ-plots comparing the empirical quantiles of the CAC 40 log returns vs. the es-
timated quantiles obtained with the NIG (green), Generalized Hyperbolic (red), and
Normal (light blue) distributions. If the data were from a normal distribution, we would
expect most of the points to lie on the y = x line. From these plots, we observe that the
returns should be modelled by the NIG distribution. We test the goodness- of-fit using
two goodness-of-fit tests, namely the Kolmogorov-Smirnov and the Anderson-Darling
tests. The results are provided in Table 2. The Meixner distributions are rejected,
whereas the other Lévy distributions are accepted.

10
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[Figure 1 here]
[Figure 2 here]

[Table 2 here]

A second dataset is composed of option prices. This dataset starts on December 6, 2006
and ends on October 26, 2007. During this period, the CAC40 was sufficiently liquid
to provide us interesting prices. It contains call option prices for a large range of mon-
eyness and maturities. These options are marketed options for the following quarterly
maturities: March, June, September and December and for various years. These con-
tracts are the most liquid ones over an extended period of time such as ours.

3.2 Estimation

To estimate the parameters of these models, we first select a subsample containing 4,000
working days and ending on a date ¢t between December 6, 2006 and October 26, 2007.
Using a Quasi Maximum Likelihood estimation strategy, we estimate the parameters
driving the volatility dynamics A, ;. Tables 3 to 5 provide the values of the estimated
parameters of the EGARCH, GARCH-GJR and APARCH models respectively with their
standard deviations.

[Table 3 here]
[Table 4 here]
[Table 5 here]

Then, using the previous volatility dynamics, we estimate the unknown parameters
(o, 3,0, 1) of the NIG distribution for model (1), and the parameters ), (u,02) of the
Poisson and the normal distributions for model (2), by maximum likelihood. Tables
6 and 7 provide the average estimated parameters with their standard deviation of the
NIG distribution and the Poisson associated with normal distribution respectively, using
the EGARCH, GARCH-GJR and APARCH’s residuals obtained in the previous step.

[Table 6 here]
[Table 7 here]

3.3 Pricing results

We compute option prices by Monte Carlo simulation. In order to compute the European
option prices for the models (1) and (2) for different strike prices and times to maturity,
we denote P the prices computed under Q using Monte Carlo simulations. We now
present the two ways to obtain these prices with respect to the pricing kernels that we
use:

11
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— The price of the European call option under QQ obtained using an exponential affine
Stochastic Discount Factor is:

N
— 1 o .
POT ) = 3 e 07 0) as)
—
where f(Y1) = (St — K)* is the payoff, T is the maturity, K is the strike price, and
(Y}) fori=1,..., N are independent realizations of Y7 under Q.

— The price of the European call option under Q obtained using the Minimal Entropy
Martingale Measure is given by:

1 N
P(t,T,K) N; LY (16)

where (Y}) for i = 1,..., N are independent realizations of Y7 under P and L. are
realizations of Lt introduced in (11).

For each set of option prices we run N = 10,000 Monte Carlo simulations. In order
to compare the pricing performances of the NIG-EGARCH, NIG-GJR, NIG-APARCH,
Poisson-EGARCH, Poisson-GJR and Poisson-APARCH models using both the Esscher
transform (ESS) and the Minimal Entropy Martingale Measure (MEMM), we use the
average absolute relative pricing errors criterion given by:

o Ji Gij

AARPE = + ZZZ

t=71 j=1 i=1

t TJ>K P(t Tj7Ki)
P(t,Tj, K;) ’

where P is the corresponding quoted market option price, M is the total number of
option prices involved in the computation of the criterion, J; is the number of call option
maturities T; available at time ¢ (¢ runs from December 6, 2006 (1) to October 26,
2007 (72)), and G, ; is the number of strikes K; available at time ¢ for this particular
maturity 7. In Table 8, we provide the pricing errors for different moneyness for the
CAC 40 using the two previous models respectively with the Esscher transform and
with the Minimal Entropy Martingal Measure. The computations have been done for
various time to maturities 7 days < T — t < 30 days, 3 months < T — t < 6 months, and
T —t > 6 months.

[Table 8 here]

Table 8 presents the AARPE criterion for the three maturity buckets considered here,
and depending on the breakdown of moneyness retained in this article. Several empiri-
cal conclusions can be raised from the analysis of these results.

(1) Regardless of the model selected, most of them provide fairly good results, espe-
cially given the fact that we do not estimate the parameters driving the various

12
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models using the option prices. For a time to maturity below 30 calendar days,
the average relative absolute errors range from 4.6% to 18.7% for moneynesses
below or equal to 1. For the same maturity and for higher moneynesses, we obtain
errors ranging from 189.8% and 403.7%. These results however remain interest-
ing as the pricing of short term options is a challenging task. For options with a
higher time-to-maturity, results are again encouraging and consistent with each
other: even if — as discussed below — we do find best competitors, the different
models and pricing kernel investigated here provide similar results: the AARPE
for out-of-the-money options ranges from 5% to 38.1%. For in-the-money options,
it ranges from 26.8% to 421.3%. The minimum errors obtained for each couple of
time to maturity and moneyness is fairly comparable to what is presented in arti-
cles calibrating the parameters of the models to option prices, as in Christoffersen
et al. (2006) or Barone Adesi et al. (2008).

For the options with the shortest time to maturities, the best performances are
obtained for the model combining an APARCH volatility structure, with jumps
affecting solely the returns and leaving the volatility unchanged and based on an
MEMM pricing kernel. For moneynesses below 1.1, the selected error criterion
ranges between 4.3% and 35.2%. For this type of maturity, the errors obtained are
the most heterogenous ones, when comparing the various option pricing models
specifications.

For options with a time to maturity higher than 30 days, the results are strongly
consistent with each other. The volatility structure empirically favored is the
EGARCH one. The best pricing kernel here is the Esscher transform one. In con-
trast, the conditional distribution should be selected differently, depending on the
moneyness. For lower moneynesses, the model based on a Poisson distribution pro-
vides the best results. In contrast, for higher moneynesses, the NIG-based model
delivers the lowest pricing errors. Hence, for this type of maturity, the question
of mixing jumps and volatility is worth being raised: disentangling jumps from
volatility seems an interesting choice when it comes to out-of-the-money options.
On the other hand, it does not seem to matter for in-the-money options, as the NIG
model uses the jumps in the dynamics of the volatility.

In the end, for a majority of results, out-of-the-money options are priced with lower
errors when disentangling jumps from volatility. This seems to be the case for maturities
which are both less and more than 30 days. In contrast, the volatility structure does not
seem to matter, except for the APARCH model that generally provides the worst results,
when considering the longest maturities.

4 Conclusion

This article presents different types of discrete time Lévy processes for option pricing
purposes. These models are based on three different volatility dynamics and two differ-
ent kinds of pricing kernels. We derive the characterization of the risk neutral distribu-
tion associated with each of these models. Combining jumps to volatility should provide

13
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us with a realistic model of financial returns’ dynamics, which is one of the major short-
comings of the Black and Scholes (1973) model. We provide an empirical assessment of
these models using a dataset of option prices on the CAC 40 index. We find that most
of these models provide interesting results. We also find that depending on the option’s
time to maturity, the type of Lévy process to be used should be different. So, it will be
interesting to consider other data sets in order to understand the impact of the choice of
the stochastic discount factor in a practical valuation under Q.

5 Appendix:

5.1 The general results for the returns modelled by (1)

(a) - Model with an exponential affine SDF:

Using the relationship (9), we provide for model (1) the moment generating function of
the log-returns under P and Q.

Proposition 5.1 Given F;_i, the moment generating functions under P and Q of the
process (Y;): introduced in (1) are respectively:

2

~ u
log o} 1 (u) = wiy +ucy/hy + ?Uth T

/R(euzm —1—uz\/hylj<1y) U(d2)
and
log gpgl(u) = umy+ um/hj —+ U;Uth@t +
/R (e“z‘/}Tt -1- uz\/hTf/e_etZ\/}T’f1{|Z|§1})66’fz‘/E U(dz),
where my, c, 0; have been defined previously.

The expression of the process under the risk neutral measure is now available:

Proposition 5.2 If the returns (Y;); are modelled by (1) under P, then under the risk
neutral measure Q, the process (Y;); follows the same process where (X;); is a Lévy pro-
cess with triplet (c2, o?h;, vQ) given by:

@ = /by + 020;hy — / 2v/he U(dz) + / zw/hjeetmz U(dz)

{l21<1) {a1< =

dn) = v (7).

and

14



Documents de Travail du Centre d'Economie de la Sorbonne - 2011.37

We observe that the conditional distribution of (Y;); under Q belongs to the same family
of distributions than under P. Nevertheless, there are changes in the mean and in the
variance.

(b) - Model with Minimal Entropy Martingale Measure:

To apply this methodology we recall briefly the framework in which we work, and spec-
ify some notations.

Let G = (Gt)icor), T > 0, be a geometric Lévy process defined on a probability space
(Q, F,P), such that:
Gt = G()@Zt, (17)

where G > 0 is a constant and z = (z),c[o,7] is @ one-dimensional Lévy process. Let
(c,02,U) be the characteristics of (z); associated with the truncation function 7(z) :=
z14|.j<1}- For a constant » € R, we set B; := ¢, and we also define G, = % = e TGy it
is still a geometric Lévy process because (z; — rt) is a Lévy process, and is the discount
price process of G;. Now if U = 0, that is if (G¢); does not have any jump, then this setup
is nothing but the Black and Scholes model. Let (R;); be the return process for (G);.
We introduce a condition on the driving Lévy process (z;).

(C): There exists a constant § € R that satisfies the following conditions (i) and (ii):
(1)

/ e*eP VU (dz) < oo; (18)
{z>1}

(i)

1 2
+ +5> 2+ 1)) 2 U
c (2 o /{|z|<l} [(e )e z} (dz)

+/ (e* = 1) VU (dz) = r. (19)
{l=1>1}

Then, we have the following result due to Fujiwara and Miyahara (2003).

Theorem 5.3 Given the previous return process (R;), and assuming that the previous
condition (C) holds, then
(1) We can define a probability measure Q on Fr by means of the Esscher transformation:

@ o (23315~ _ eﬁ?tA _ bt 20)
dP |z = EP[eSR:] " Eplef*] ’
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for every t € [0, T), where 3 is the constant in (C), and

% = z+ Loy +/ / (" — 1 — 2)N,(du dz) (21)
2 (0.4 Jr\{0}
= oWi+at+ / / (e — 1)N,(du dz)
(04] J{j21<1}
+/ / (e = 1)Ny(du dz) (22)
(04] J{121>1}
with .
c1:=-0’+c+ / (e* —1—2)U(dz). (23)
2 {l=l<1}
and 5
b="(14B)o? + Be+ / [eﬁ(ez—n 1 ﬁzl{wgl}} U(dz). (24)
: R\{0}

(2) The stochastic process (z;) is still a Lévy process under the probability measure Q
defined in (20), and the characteristics associated with the truncation function 7(z) :=
Zl{|2\§1} are:

(ﬂaQ + c+/ 2(2°7) —1)U(dz), 02, UQ> , (25)
{lz1<1}
where:
UQdz) := A DU (dz). (26)

We now apply these theoretical results to model (1) we introduced previously for the
stock price (S;); defined by: -
St = St_lemt exp(Xt) (27)

where S;_1e¢™ is F;_;—measurable, and X; = /2. Following Fujiwara and Miyahara
(2003), we define a new probability measure Q equivalent to PP, introducing the following
technical condition on the driving Lévy process (z;).
(C1): Constants c and ( € R exist that satisfy the following conditions (i) and (ii):
(1)
/ e*eP VU (dz) < oo;
{z>1}

(ii)
1 z dx
ﬁz—l—c'—i—(—i— >02h —|—/ e® — 1) — g U()
t 2 /6 t (o<1} [( ) } \/h:
« dx
+/ (e —1)ePe" Dy () =r
{le|>1} Vhy
where:

z U(dz) / z U(dz)} Vh,
} {lz1<1}

=
B
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Proposition 5.4 Let the price process (S;); be defined by (27), and the condition (C1),
then:
(i) there exists a probability measure Q defined on Fr:

L, = — — ﬁ)?t—bt ith 9
t aP . e ,  wit (28)
b= é(l + B)o*hy + B +/ [eﬂ(etl) —-1- ﬂ$1{|x\<1}] v(dz),
2 R\{0} 8
X=X+ = <Xc)t + > (AN -1 AX), (29)
u€(0,t]

where (X) is the continuous martingale part of (X;), and AX, = X, — Xy-—.

(i) Under Q, the price process (S;); is an exponential-Lévy process S; = S;_1 exp(m + X)
where m; is introduced in (1), and (X;): is a Lévy process with Lévy triplet (cQ, o?hy, VQ)
given by:

A = ev/hy + o Bhy — / 2/ U(dz) + / z\/h:eﬂ(eszl)U(dz),
{l=l<1} {lzl<

\/—}

x dﬂj
1Qdz) = PV iy <> .
(d) Vi

Thus the dynamics of (S;); under Q follows the same class of models than under P, with
changes inside the parameters of the Lévy process.

From the Theorem 5.3, we can derive the expression of the conditionnal moment gener-
ating functions for the process (S;); under P and under Q , and we will use them through
Monte Carlo simulations to get option prices.

2

_ u
log of ((u) = wumy+ ucy/hy + ?O'th +

[ e 1= e ey Uld2)
R
and
2
log g (u) = wing +ucy/hy + u—azhtﬁ +

/IR( ewsVhe _q —uz\/>6 pleV 1{\ |<1}) BeVr—1) U(dz)

5.2 The Relationship (8)

In this subsection, we prove Relationship (8).
The price C; at time ¢ of a European derivative asset with payoff ¢(Y;y1,...,Yr) at T is

Ct(g,T) = E]P’[Mt,t+1 X ... X MT—I,T X g(}/tJrl’ ey YT)|-7:t]
Ep[M;7r x g(Yig1,- .., Y7)|F]
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which can be written as

Ci(g.T) = Ee[MirlF] x Ep [’t]g(ml,...7YT>|ﬂ}

Defining ‘é% = E];\{J\ZZ?T] , 80 Ct(g,T) can be rewritten as

d
Ci(g.T) = e TNg, [ @g«ml,...,wﬂ]

dP
= e’T(Tft)E@ l9(Yeqr, .- Y)| ]

Consequentely, the price C; at time ¢ of an asset with payoff g(Y;;1) at time ¢ + 1 is:

Ci(g) = e "Eqg [9(Yes1)| Fi
and

dQ My
dP  Ep[Mii1]

5.3 Proof of Proposition 2.3

Here we provide the proof of Proposition 2.3.
The moment generating function under P of the process (Y;); introduced in (2) can be
written as

Nt
i) = Bplexp | wi +uXi+ud> Vi | 1Fi
j=1

. 1
= exp |umy + iuzht + A (e““Jr%UQ”Q — 1)} ,

and the moment generating function under Q is also derived from

P
Q o1 (0t )
o (u) = —%
-t 90?—1(97&)
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5.4 Proof of Proposition 5.1

Here we provide the proof of Proposition 5.1.
The moment generating function under P of the process (Y;); introduced in (1) is

pr-1(u) = Ep[exp(uYy)|Fi]
= FEp [exp umy) exp(ﬂuzt )| Fi— 1}
= exp(unmy)Ep [exp(umzt)\ft,l] since m; is F;_1-measurable
= exp(umy)Ep [exp u\/>z1 } since z; 1s 1.1.d.
= exp(umy)explk \/> by the Lévy-Kintchine formula,

and the moment under Q is derived from (9).

5.5 Proof of Proposition 5.2
In order to prove Proposition 5.2, we first introduce a lemma:

Lemma 5.5 If z; is a Lévy process with triplet (c,0? U), then X; = \/hyz is also a Lévy
process with triplet (¢, o?hy,v) where:

d =cyh + / (Lfjoj<1y (@) — 1s(x)) v(dx)
where S is the image by \/h; of a unit ball in R:

S ={Vhz:]z| <1}

vido) =0 ()

We now give the proof of Lemma 5.5.
Using Lévy-Ité decomposition, X; = \/h;2; has the representation:

— oW+ eyt + / / e (du d2)
(0,4]

{lzI<1}

—I—/ / 2/ heN,(du dz). (30)
(0,¢] J{|2[>1}

and

In order to know the characteristics of (X;);, we transform the point process (p;); into
another one (¢;); by
Dq = Dp and qt ‘= J(pt),

where J(z) := 2/h; for z € R, then:

Nq(du dx) = du v(dx),
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where v(dz) := U o J~!(dx) and

X, = ovVhiWi+c/het+ l/xb o (du dz)
(0,4

+/ /xlSCNq(du dx)
0,4 Jr

where S = {/hiz: |z| <1} and S¢ = {/ Iz : |2] > 1}
= oVhWi+ e/ t + / xN,(du dx) + / / Ny(du dx)
(0,¢] J{]z|<1} (0,¢] {\x|>1}

- / / xlg(z) du v(dz) —I—/ / x du v(dx)
0.4 /R (0,t] J{||<1}

= oW, + c\/hi+/ v(dz) — /:ﬂs() (dx)]

{lz|<1}

/ / 2N, (du dz) +/ / ¢(du dz)
(0,¢] J{|x|<1} {|$\>1}

= o/ luW; + [cﬁ%—/w(l{xq}(ag)—lg(aﬁ)) V(dx)] t

/ / :EN (du dx) / / ¢(du dz)
(0,¢] J{|=|<1} 0,t] {|z\>1}

We obtain the Lévy-Itd6 decomposition of (X;) associated with the truncation function
7(x) := x1{z<1), and we derive the corresponding characteristics (¢, o%hy,v), where

¢ =cvhe + /Ra: (1{|m|§1}(x) — 15(z)) v(dz).

We now come back to the proof of Proposition 5.2. From Proposition 2.1, we derive ¢2(v)

0" (6: + v)
©"(0r)
= exp[(0 + v — O)myexp { [H ((Gt + ) \/hj) - K <0t\/h>t)} t}
= exp(vmy) exp{[ (9t+v )—H(th>] t}
= eap(ving)expl®(v/h)t]

¢ ()
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where

WO(uy/hn) =
= K ((915 +U)ﬁ) — K (@ﬂ)

= (b +v \f+ Gt—i—v ht+/ [ewt*W@ -1 —T(x)(etﬂ)\/hi] U(dx)
— el — (;Qefht - / [eW@ 1 T(m)et\/fq Ul(dz)

= cov/h + U22v2ht + 020 hyv —i—/ {e“‘/m” -1- T(x)v\/hj} eetmIU(dx) +
/ (PVEeT _ 1)r(2)/hyol (dz)

= {c + 0207/ e + /(eeﬂm - 1)T(x)U(dw)} vv/he + C’;(vm)? +
/ (V7" 1~ 7(@)o/Ry) VU (d).

Thus, under Q, (z); is a Lévy process with triplet (b, 02, U?) where

b=c+0o%0\/hi + /(e"tmz — 1)7(2)U(dz)

and
UQdz) = "My (da).

Using Lemma 4.1, X; = \/h;2 is a Lévy process with triplet (¢, 0%h;, v?) where

= =bvh + /RI (Lgja<1y (@) — Ls(x)) VO (dx),

and

vQ(dx) = UQ (j%) = (j%) . O
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Number of observations Mean Minimum | Maximum
5052 1.4285e-004 -0.0947 0.1059
Median Standard Deviation | Skewness Kurtosis
3.3748e-004 0.0142 -0.0438 7.7029

Table 1: Descriptive statistics

This table presents the descriptive statistics for the CAC 40 log returns from March 1,
1990 to March 1, 2010.

[ [ CAC40 |
KS p-value for Normal 2.964e-14
KS p-value for NIG 0.9512
KS p-value for GH 0.964
AD p-value for Normal < 22e—16
AD p-value for NIG 0.12
AD p-value for GH 0.85
Chi-square p-value for Normal < 2.2e—16
Chi-square p-value for NIG 0.3656
Chi-square p-value for GH 0.5454
Chi-square p-value for Meixner 1.788e-10

Table 2: Kolmogorov-Smirnov, Anderson-Darling and chi-square adequation
tests

This table presents the test statistics testing the adequation of the Normal, NIG and
GH distributions to a data set of daily log returns of the French CAC 40 from March 1,
1990 to March 1, 2010.

[ EGARCH parameters | o [ 31 [ oy [ 1 ]
Mean -1.15E-01 | 0.986931623 | 0.100460765 | -0.059513138
Stand.Dev 6.93E-03 0.0008161 0.008765466 | 0.003341666

Table 3: Estimated parameters for the EGARCH model.

This table presents the estimated parameters with their standard deviation for the
EGARCH model by selecting a subsample containing 4000 working days and ending
on the date ¢ between December 6, 2006 and October 26, 2007, using a Quasi Maximum
Likelihood Estimation.

[ GJR parameters | w [ J¢; [ ~ [ 5 ]
Mean 2.07E-06 0.93402486 0.016211803 | 0.071794509
Stand.Dev 3.04E-07 | 0.003541235 | 0.001106381 | 0.005545625

Table 4: Estimated parameters for the GARCH-GJR model.

This table presents the estimated parameters with their standard deviation for the
GARCH-GJR model by selecting a subsample containing 4000 working days and ending
on the date ¢ between December 6, 2006 and October 26, 2007, using a Quasi Maximum
Likelihood Estimation.
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[ APARCH parameters | w [ an | m | b ] 5 ]
Mean 6.91E-05 | 0.0527 | 0.5707 | 0.9414 | 1.2204
Stand.Dev 2.07E-05 | 0.0031 | 0.0243 | 0.0036 | 0.0777

Table 5: Estimated parameters for the APARCH model.

This table presents the estimated parameters with their standard deviation for the
APARCH model by selecting a subsample containing 4000 working days and ending
on the date ¢ between December 6, 2006 and October 26, 2007, using a Quasi Maximum

Likelihood Estimation.

[ Models [ [ o [ B [ 6 [ » |
NIG-EGARCH Mean 2.484 | -0.397 | 2.371 | 0.382
Stand.Dev | 0.229 | 0.065 | 0.215 | 0.064
NIG-GJR Mean 2.487 | -0.412 | 2.369 | 0.396
Stand.Dev | 0.212 | 0.059 | 0.198 | 0.056
NIG-APARCH Mean 2.492 | -0.396 | 2.366 | 0.381
Stand.Dev | 0.222 | 0.062 | 0.209 | 0.060

Table 6: Estimated parameters for the NIG distribution.

This table presents the estimated parameters for the NIG distribution using the 2 stages
estimation procedure and 4000 log-returns. NIG-GARCH means the model (1) with NIG
innovation associated with its GARCH model.

[ Models [ [ A [ 1 [ 0% ]
Poisson-EGARCH Mean 0.141 3.72E-03 | 0.033
Stand.Dev | 4.92E-05 | 2.00E-02 | 0.016
Poisson-GJR Mean 0.143 0.087 0.027
Stand.Dev 0.009 0.026 0.045
Poisson-APARCH Mean 0.139 0.059 0.038
Stand.Dev | 4.63E-05 0.022 0.015

Table 7: Estimated parameters for the Poisson and normal distributions.

This table presents the average estimated parameters for the Poisson and normal distri-
butions using the 2 stages estimation procedure and 4000 log-returns. Poisson-GARCH
means the model (2) associated with its GARCH model.
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7 days < Maturity < 30 days

Moneyness <0.8 [.8-9]1 [.9-1] [1-1.1] >1.1
Nig-EGARCH Ess 0.051 0.079 0.137 2.105 1.971
Nig-GJR Ess 0.0561 0.079 0.136 2.204 2.738
Nig-APARCH Ess 0.05 0.077 0.107 2.576 3.056
Nig-EGARCH MEMM 0.046 0.071 0.129 0.365 1.914
Nig-GJR MEMM 0.046 0.071 0.130 0.367 3.60
Nig-APARCH MEMM 0.044 0.067 0.099 2.235 2.835
Pois-EGARCH Ess 0.053 0.073 0.186 0.371 2.215
Pois-GJR Ess 0.054 0.073 0.187 0.373 2.842
Pois-APARCH Ess 0.051 0.071 0.095 1.568 5.021
Pois-EGARCH MEMM 0.049 0.068 0.154 0.486 3.482
Pois-GJR MEMM 0.049 0.068 0.154 0.482 4.037

Pois-APARCH MEMM 0.043 0.064 0.091 0.352 1.898

0.25 < Maturity < 0.5

Moneyness <0.8 [.8-9]1 [.9-1]1 [1-1.1] >1.1
Nig-EGARCH Ess 0.04 0.084 0.279 0.521 0.614
Nig-GJR Ess 0.040 0.084 0.283 0.526 0.619
Nig-APARCH Ess 0.061 0.102 0.402 0.868 4.125
Nig-EGARCH MEMM 0.057 0.115 0.752 3.084 3.389
Nig-GJR MEMM 0.056 0.114 0.755 3.052 3.342
Nig-APARCH MEMM 0.081 0.181 0.791 0.881 4.051
Pois-EGARCH Ess 0.032 0.071 0.362 0.765 2.562
Pois-GJR Ess 0.033 0.073 0.365 0.776 2.684
Pois-APARCH Ess 0.061 0.122 0.756 0.865 4.103
Pois-EGARCH MEMM 0.052 0.082 0.385 0.796 2.652
Pois-GJR MEMM 0.054 0.084 0.384 0.798 2.513

Pois-APARCH MEMM  0.07 0.192 0.825 1.004 4.301
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Maturity > 0.5

Moneyness <0.8 [.8-9] [.9-1] [1-1.1] >1.1
Nig-EGARCH Ess 0.056 0.081 0.120 0.268 0.318
Nig-GJR Ess 0.057 0.082 0.121 0.269 0.321
Nig-APARCH Ess 0.058 0.074 0.142 0.302 0.351
Nig-EGARCH MEMM 0.051 0.068 0.249 0.436 0.454
Nig-GJR MEMM 0.051 0.067 0.245 0.445 0.466
Nig-APARCH MEMM 0.065 0.095 0.291 0.475 0.501
Pois-EGARCH Ess 0.05 0.066 0.111 0.302 0.321
Pois-GJR Ess 0.052 0.067 0.118 0.321 0.329
Pois-APARCH Ess 0.062 0.083 0.136 0.391 4.011
Pois-EGARCH MEMM 0.521 0.071 0.224 0.201 0.405
Pois-GJR MEMM 0.526 0.072 0.227 0.211 0.402

Pois-APARCH MEMM 0.068 0.076 0.381 0.445 4.213

Table 8: Absolute Average Relative Pricing Errors (AARPE) for the CAC 40
French index.

These tables present the AARPE using the NIG-EGARCH, NIG-GJR, NIG-APARCH,
Poisson EGARCH, Poisson GJR and Poisson APARCH under an exponential affine
stochastic discount factor (also known as Esscher transform ESS) or under a mini-
mal entropy martingal measure (MEMM). For example, NIG-EGARCH ESS means the
model (1) with NIG innovation and EGARCH volatility model associated with an expo-
nential affine stochastic discount factor.

We put the minimal errors in bold face.
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Figure 1: Empirical log-density (solid black line) vs. estimated log density obtained with
the NIG (green), Generalized Hyperbolic (red), Meixner (purple) and Normal (light blue)
distributions, using the CAC 40 returns data set.
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Figure 2: QQ-plots comparing the empirical quantiles of the CAC 40 log returns vs. the
estimated quantiles obtained with the NIG (green), Generalized Hyperbolic (red), and
Normal (light blue) distributions from March 1, 1990 to March 1, 2010.

29





