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Abstract

In the context of Multiple criteria decision analysis, we present the necessary
and sufficient conditions to represent a cardinal preferential information by the
Choquet integral w.r.t. a 2-additive capacity. These conditions are based on
some complex cycles called cyclones.

Keywords: MCDA, Choquet integral, 2-additive capacity, MACBETH
methodology.

1. Introduction

Multiple criteria decision analysis aims at representing the preferences of
a decision maker over options or alternatives. The Choquet integral has been
proved to be a versatile aggregation function to construct overall scores [10, 15,
17] and arises as a generalization of the weighted sum, taking into account the
interaction between criteria. In decision under uncertainty, as shown by the
well-known Ellsberg’s paradox [5, 13], the use of the expected utility model [41]
is limited. Therefore some non-additive models like Choquet expected utility
[8, 34] have been proposed in order to overcome the limitations of the expected
utility model. In social welfare, it generalizes the Gini index [43].

The Choquet integral is defined w.r.t. a capacity (or nonadditive mono-
tonic measure, or fuzzy measure), and can be thought as a generalization of the
expected value, the capacity playing the role of a probability measure. Sup-
posing a finite set of criteria denoted by N and having at disposal some piece
of information on the preference of the decision maker, a fundamental question
in practice is to determine a capacity so that the Choquet integral can rep-
resent the revealed preference of the decision maker, if such a capacity exists
at all. The fact that a capacity is defined on the power set of N makes the
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problem exponentially complex, and thus practically intractable for large sets
of criteria. For this reason, many simpler models have been proposed, where
the capacity is restricted to some particular subspace. These are for example
symmetric capacities (depending solely on the cardinality of subsets of N), as
well as their generalization called p-symmetric capacities [25], k-additive ca-
pacities [15], whose Mobius transform lives on subsets of at most k elements,
decomposable capacities, [42] (including distorted probabilities), etc.

The concept of k-additive capacity seems to be of particular interest, since
the value of k is directly related to the complexity of the model (the number of
subsets of at most k elements) and it has a clear interpretation in many domains
of decision making. In social welfare, the generalized Gini index proposed by [43]
corresponds in fact to a Choquet integral w.r.t. a symmetric k-additive capacity,
and has a very natural interpretation in terms of the weight the decision maker
puts on envy in the society [14, 26]. For the 2-additive case, it corresponds to a
decision maker (DM) who is inequality averse in the sense that any Pigou-Dalton
transfer increases his measure of welfare, wherever this transfer is applied on the
income distribution. In multicriteria decision making, any interaction between
two criteria can be represented and interpreted by a Choquet integral w.r.t. a
2-additive capacity, but not more complex interaction. The Choquet integral
w.r.t. a 2-additive capacity is very used in many applications such that the
evaluation of discomfort in sitting position [16], the construction of performance
measurement systems model in a supply chain context [4, 11], a conception of
complex system for protection [31].

The above development suggests that the Choquet integral w.r.t. a 2-
additive capacity seems to be of particular interest, and offers a good com-
promise between flexibility of the model and complexity. Therefore, we focus in
this paper on the 2-additive model.

In many situations, it is important for the Decision-Maker (DM) to con-
struct a preference relation over the set of all alternatives X. Because it is not
an easy task in most of practical situation (the cardinality of X may be very
large), we ask him to give, using pairwise comparisons, a cardinal information
(a preferential information given with preference intensity) on a subset X’ C X
called reference set. In practice, these preferences are not sufficient to specify
all the parameters of the model as the interaction between criteria because the
reference set X’ chosen by the DM is not specified. Therefore, we propose him
to reason on some fictitious alternatives which represent concrete situations, are
simple and easy to use, and are directly related to the parameters of the model.
This approach is present in the MACBETH methodology for the computation
of the weights for the arithmetic mean [2].

The use of Choquet integral requires to ensure the commensurateness be-
tween criteria i.e. one shall be able to compare any element of one point of view
with any element of any other point of view. The only way to construct the
utility functions with the Choquet integral uses the reference levels [21, 19]. As



proved by [20] in his experiment of dictionaries read by some people, the at-
tributes without reference level are less taken into account in the final decision.

The set X’ we use in this paper is the set of binary alternatives or binary
actions denoted by B. A binary action is a fictitious alternative which takes ei-
ther the neutral value (neither satisfactory nor unsatisfactory) 0 for all criteria,
or the neutral value 0 for all criteria except for one or two criteria for which it
takes the satisfactory value 1. The binary actions are used in many applications
through the MACBETH methodology [3, 1, 11]. Since these alternatives have a
very simple structure and make sense for the DM, he should have no difficulty to
express preference on them. In [24], a characterization of the representation of
an ordinal information (a preferential information containing only a strict pref-
erence and an indifference relations) on binary actions by a 2-additive Choquet
integral have been proposed. This Characterization is based on two axioms, the
classic cycles and the MOPI (MOnotonicity of Preferential Information) prop-
erty which is related to the special kind of monotonicity induced by a 2-additive
capacity. Our aim is to solve the following fundamental problem: Is the cardinal
information of the decision maker representable by a Choquet integral w.r.t. a
2-additive capacity? If the answer is positive, one can extend the preference
relation over the whole set X.

We present the necessary and sufficient conditions on the cardinal informa-
tion for the existence of a 2-additive capacity such that the Choquet integral
w.r.t. this capacity represents the preference of the DM. These conditions con-
cern some cycles called cyclones in a directed graph where multiple edges are
allowed between two vertices.

The basic material on the Choquet integral, binary actions and cardinal
information are given in the next section. Section 3 studies the representation
of a cardinal information by a Choquet integral w.r.t. a 2-additive capacity
and give our main result. After Section 4 dedicated to proofs we need for
our characterization, we propose in the last section some simple and necessary
conditions which can be an alternative to cyclones to help the decision maker
to deal with inconsistent cardinal information.

2. Preliminaries

2.1. Notations and aim

Let N = {1,...,n} be a finite set of n criteria. An action (or alternative,
option) & = (21, ..., 2,) is identified with an element of the Cartesian product
X =X; x---x X, where X1,...,X, represent the set of points of view or

attributes. For a subset A of N, the notation z = (z4,yn_4) means that z is
defined by z; = x; if i € A, and z; = y; otherwise.

We assume that, given two alternatives x and y the DM is able to judge
the difference of attractiveness between x and y when he prefers strictly x to
y. Like in the MACBETH methodology [2], the difference of attractiveness
will be provided under the form of semantic categories dg, s = 1,...,q defined



so that, if s < ¢, any difference of attractiveness in the class dg is lower than
any difference of attractiveness in the class d;. MACBETH approach uses the
following six semantic categories: d; = very weak, do = weak, d3 = moderate,
dy = strong, ds = very strong, d¢ = extreme.

Our aim is to construct a preference relation over X. In practice (see [6, 23])
one can only ask to the DM pairwise comparisons of alternatives on a finite
subset X’ of X, X’ having a small size. Hence we get a preference relation - x-
on X’. The question is then: how to construct a preference relation = x on X,
so that =~ x is an extension of ZZx/? To this end, people usually suppose that
2~ x is representable by an overall utility function:

v Zx ye FU@) = F(U(y)) (1)

~

where U(z) = (u1(z1),...,un(zn)), u; : X; — R is called a utility function,
and F' : R™ — R is an aggregation function. Usually, we consider a family
of aggregation functions characterized by a parameter vector 6 (e.g., a weight
distribution over the criteria). The parameter vector 6 can be deduced from the
knowledge of 7~ x, that is, we determine the possible values of # for which (1)
is fulfilled over X’. We study the case where F' is the Choquet integral w.r.t.
a 2-additive capacity, then X’ is the set of binary actions and the parameter
vector is the 2-additive capacity. The aim of this paper is to give necessary
and sufficient conditions on 7 x+ to be represented by a Choquet integral w.r.t.
a 2-additive capacity. The model obtained in X’ will be then automatically
extended to X.

2.2. Choquet integral w.r.t. a 2-additive capacity

The Choquet integral [17, 15, 18] is a well-known aggregation function used
in multicriteria decision aiding when interactions between criteria occur. We
are interested in the Choquet integral w.r.t a 2-additive capacity [17, 11]. We
define this notion below.

Definition 2.1.
1. A capacity on N is a set function p : 2N — [0,1] such that:

(a) p(0) =0
(b) p(N) =1
(c) VA,B €2V, [AC B= pu(A) <pu(B)] (monotonicity).
2. The Mobius transform (see [7]) of a capacity p on N is a function m :
2N S R defined by:
m(T) =Y (=) "Klu(K), v € 2. (2)
KCT

When m is given, it is possible to recover the original u by the following
eTpression.:

p(T) =Y m(K),vT €2V, (3)
KCT



Definition 2.2. A capacity p on N is 2-additive if
o For all subset T of N such that |T| > 2, m(T) =0;
o There exists a subset B of N such that |B| = 2 and m(B) # 0.

Notation. We simplify our notation for a capacity p and its M&bius transform m
by using the following shorthand: p; := p({i}), wi; = w({i,5}), mi == m{i}),
mi; = m({i,5}), for all i,j € N, i # j. Whenever we use ¢ and j together, it
always means that they are different.

The following important lemma shows that a 2-additive capacity is entirely
determined by the value of the capacity on the singletons {i} and pairs {4, j} of

oN.
Lemma 1.

1. Let p be a 2-additive capacity on N. We have

p(K)= > piy—(K|-2)> mi, VK CN, |K|>2. (4)
{i,j}CK ieK

2. If the coefficients p; and ;5 are given for all i,j € N, then the necessary
and sufficient conditions that 1 is a 2-additive capacity are:

> (-9 p=t ®)

{i,j}CN ieN
1 >0, Vie N (6)
D (= pa) > (|A| = 2)pw, VAC N, |A] > 2,Vk € A. (7
i€ A\{k}
Proof. See [15]. O

Lemma 2. Let pu: 2V — R, be a mapping such that
> (g — ) = (Al =2, VACN, |A] 22, Vie A, (8)
JjeA\{i}

If 3i,j € N such that p1; > 0 or p;; > 0 then we have the following results:

1. Z uij—(n—Q)Zui>0.

{i.j}CN iEN



2. If we introduce

o= Z uij—(n—Q)Zui
{i,j}CN iEN

py =0

= &,Vi eN
o

= vije N
o

MI(K) = Z M;j _(|K|_2)Z M;v VK C N, |K|>2,

{i,j}CK icK

then ' is a 2-additive capacity on N.

Proof. See [24]. O
Given z := (x1,...,2,) € R, the expression of the Choquet integral w.r.t.
a capacity u is given by:

n

Cu(r) = Z(If(i) — =) B{7(), ..., T(n)}) 9)

i=1
where 7 is a permutation on N such that z.(1) < zr0) <+ < Zr(n1) < Trn),
and z, (g := 0.

A Choquet integral w.r.t. a 2-additive capacity u is called for short a 2-
additive Choquet integral. Given x := (z1,...,x,) € R}, the 2-additive Choquet
integral can be written also as follows (see [18]):

- 1
Culw) =D v — 5 > Iyl —xy (10)
i=1 {4,J}CN
where
1. The index v; given by

v Yo BRI e piy iy

n!
KCN\i

represents the importance of the criterion ¢ and corresponds to the Shapley
value of p [37].

2. The index I;; given by
Lij o= pij — pi — 1 (12)

represents the interaction between the two criteria 4 and j [15, 30].



2.3. Binary actions and cardinal information

We assume that the DM is able to identify for each criterion i two reference
levels:

1. A reference level 1; in X; which he considers as good and completely sat-
isfying if he could obtain it on criterion ¢, even if more attractive elements
could exist. This special element corresponds to the satisficing level in
the theory of bounded rationality of Simon [38].

2. A reference level 0; in X; which he considers neutral on 7. The neutral
level is the absence of attractiveness and repulsiveness. The existence
of this neutral level has roots in psychology [39], and is used in bipolar
models like Cumulative Prospect Theory [40].

We set for convenience u;(1;) =1 and u;(0;) = 0. For more details about these
reference levels, see [18, 17].

We call a binary action or binary alternative, an element of the set
B={0n, (1;,0n-i), (1i,0Nn—i;), i,5 € N,i#j} CX
where

e Oy = (1p,0n) =: ap is an action considered neutral on all criteria.

e (1,,0n_;) =: a; is an action considered satisfactory on criterion i and
neutral on the other criteria.

e (1,;,0n_;;) =: a;; is an action considered satisfactory on criteria ¢ and j
and neutral on the other criteria.

Using the Choquet integral, we get the following consequences:

1. For any capacity pu,

C(U((1a,0n-4))) = u(A), VAC N. (13)

2. For any 2-additive capacity, we have

Cu(U(ag)) = 0 (14)
1
CuU(ai)) = pi=vi— B > I (15)
kEN, ki
1
CuUlaig)) = pij=vitoj—35 > Tk+1Ix)  (16)
keN, k{i,j}

The last two equations come from general relations between the capacity u
and interaction (see [15] for details). Generally the DM knows how to com-
pare some alternatives using his knowledge of the problem, his experience, etc.



These alternatives form a set of reference alternatives and allow to determine the
parameters of a model (weights, utility functions, subjective probabilities,. .. )
in the decision process (see [23] for more details). As shown by the previous
equations (14), (15), (16) and Lemma 1, it should be sufficient to get some pref-
erential information from the DM only on binary actions. To entirely determine
the 2-additive capacity, this information is expressed by the following relations:

o P={(z,y) € Bx B : the DM strictly prefers = to y},
o [ ={(z,y) € Bx B:the DM is indifferent between z and y},

e For the semantic category “dy”, k € {1, ...,q}, Px = {(z,y) € P such that
DM judges the difference of attractiveness between x and y belonging to
the class “d;”}

Without loss of generality, we will suppose that all the relations Py are nonempty
(we can always redefine the number ¢ when some Py are empty). The relation
P is irreflexive and asymmetric while I is reflexive and symmetric.

Definition 2.3. The cardinal information on B is the structure {P, I, P1,..., P;}.

The cardinal information is used also in the MACBETH methodology (see
[2]). Now we will suppose P to be nonempty for any cardinal information
{P, I, P1,...,P,;} (“non triviality axiom”) and P =P, UP,U---UP,.

3. The representation of the cardinal information by the Choquet
integral
3.1. The representation

A cardinal information {P, I, Pi,...,P,} is said to be representable by a
2-additive Choquet integral if there exists a 2-additive capacity p such that:

1. Ve,ye B, « Py= C,(U(z)) > Cu(U(y)),
2. Ve,yeB, v Ty= C,(U(x)) = C.(U(y)),

3. Va,y,z,w € B,Vs,t € {1,...,q}s.t. s <t, [ ((foj)) : ?z } = Cu(U(z))—

Cu(U(y)) > Cu(U(2)) = Cu(U(w))}

Given a cardinal information {P, I, Pi,..., P}, we look for the necessary and
sufficient conditions on B for which {P, I, Py,...,P,} is representable by a 2-
additive Choquet integral. By using the monotonicity constraints of a 2-additive
capacity and Lemmas 1 and 2, this problem is equivalent to look for a function



f B — Ry satisfying the following equations:
Vo,y € B, x Py = f(z) > f(y), (17)

Ve,y € B, x Iy = f(z) = f(y), (18)

Va,y, z,w € B, [(z,y) P (z,w) = f(z) = f(y) > f(z) = f(w)], (19)
(20)

(21)

(22)

flao) =0,
ViENa f(al)zoa

VACN A 22.¥ic A Y (flay) = flag) = (|A] = 2) f(ai). (22
jeA\{i}

The following lemmas show that the six previous conditions can be rewritten
by introducing the thresholds oy, k € {1,..., ¢} and O'U, i,j € N,i#j.

Lemma 3. Let {P, I, Pi,...,P,} be a cardinal information and f : B — R.
f satisfies the conditions (17), (18), (19)

T
3 (¢ — 1) real numbers 01,09, ...,04—1 such that
V(z,y) € I: f(z) = f(y), (23)
Vke{l,....q},V(z,y) € P op_1 < f(x) — f(y), (00:=0) (24)
VEe{l,...,q—1},Y(z,y) € Pu: f(z)— f(y) < o%. (25)
Proof. see [2]. O

Lemma 4. Let {P, I, Pi,...,P,} be a cardinal information and f : B — R.
f satisfies the conditions (20), (21) and (22)

0

there erists nonnegative numbers o', i,7 € N,i # j such that

R

flao) =0, (26)
Vie N, f(a;) >0, (27)
VZJENz#jf(aU)_ ( )>Ulj7 (28)
VACN,|A| >3, Vie A, > ol >(A-2) f(a). (29)

JEA\{i}
Proof.

e (<) We suppose that there exists aw, i,j € N,i # j such that the condi-
tions (28) and (29) are satisfied. We have for ¢,5 € N, f(a;;) — f(a;) >
ol. > 0. Using (28) and (29), we have for A C N, |A| > 3 and i € A,

]

Y (flay) - > Y ol = (141 -2) fla).

jeA\{i} JeA\{ }



) (j)v i?.jENai?’éj

e (=) Conversely it is sufficient to take U = f(aq;
(28) and (29) when (21) and

in order to satisfy the conditions (26), ( 7,
(22) are fulfilled.

(@i
28

O
Corollary 1. Let{P, I, P1,...,P;} be a cardinal information and f : B — R,..
f satisfies the conditions (17) to (22)

)

there exists (¢ — 1) real numbers 01,02, ...,04-1 and nonnegative numbers
i,j € N,i # j such that

'L
1]7

V(z,y) € I: f(z) = f(y), (30)
Vke{lv"wq}?v(xvy)EPk:Uk—l <f(‘r)_f(y)7 (UO = 0) (31)
Vke{l,...,q—1},V(z,y) € P : f(x) — f(y) < ok, (32)
flao) =0, (33)
V’L,]GN,’L;A] f(a’ij)_f( )>Uz]7 (34)
VACN,|A|>3,Vie A: 0< f(a;) < ! Z ol (35)
4= JGA\{i}
Proof. 1t is a consequence of Lemmas 3 et 4. O

Remark 1. If the equations (30), (31), (32) are satisfied then the real numbers
01,02,...,04—1 are nonnegative.

8.2. The binary relations M and M on B

To solve our problem, we introduce the following binary relations on B:

1. The relation M = {(a;j,a:),%,j € N,i # j} which models the natural
monotonicity constraints p;; > s, 4,5 € N for a capacity (see equation
(7)), and translates the condition f(a;;) — f(a;) > o; in the previous
Corollary ((34)).

2. The relations M4 = {(ag,a;),i € A}, YA C N such that |A| > 3. These
relations are defined in order to take into account, as it will be shown
in the proof of Lemma 5, the monotonicity and nonnegative conditions
grouped in (35). Therefore they have been defined for any subset of cri-
teria with a cardinality greater than three. Specifically, the condition
fla;) < \,4\;—2 Z afj, which is equivalent to f(ag)—f(a;) > — |A|1_2 Z afj

JEA\{i} JEA\{i}
when f exists (f(ap) = 0 in this case), will be model by the relation
M. On the other hand, the condition 0 < f(a;) which is equivalent to
f(a;) — f(ap) > 0 will be modeled by M ', the converse of M.

10



Figure 1: Graph of binary relations P1, P2, M and M4 on B with N = {1,2,3,4}, M{; 33} =
mi, M{q,2.4y = ma2, M{134} =m3, M{23 4} =m4 and M 3341 =ms

Let us give a simple example where these two binary relations are presented:

Example 1. Let be N = {1,2,3,4}. We have M = {(a12,a1), (a12,a2), (a13,a1),
(a13,a3), (a14,a1), (a1, a4), (azs, az), (a2, a3), (a2, a2), (a4, as), (asa, a3), (aza, as)},
Mg 93y =t m1 = {(ag,a1) ,(ao,a2),(ao,as)}, Mg 24y =t ma2 = {(ag,a1),

(a0, az), (ao,as4)}, My 34y = mz = {(ao,a1), (ao,as),(ao,as)}, Miz34 =:

my = {(ao, az), (ao, as), (a0, as)} and My 234y =: ms = {(ao, a1), (ao, az), (ao, as),
(ag,aq)}. We assume also that Py = {(aa3,a2)} and Py = {(a1,as3); (a4, a0)}.

All these relations are represented in the graph' of the Figure 1

Notation:. Given a cardinal information {P, I, Pi,...,P,}, we will use the
notation below:

qg—1
P =pPu(lJP"
k=1

R=IUP UM U( (MaUMY)
ACN
A 3

where for a general binary relation R, R~! = {(y,z) € Bx B: (z,y) € R}.
The relations P, P’ and R are binary relations on B. Using all these binary
relations, we define in the next section the main property for the characterization
of a representation of a cardinal information by a Choquet integral w.r.t. a 2-
additive capacity.

3.83. 2-additive balanced cyclone and the main result

Before defining the property we call 2-additive balanced cyclone, let us give
some basic notions of graph theory we need:

IWe assume that multiple edges exist between two vertices in the graph. This type of
graph is called multigraph.

11



Definition 3.1. Let x,y be two elements of B.

1. Let R be a binary relation on B. A sequence x1,x2, - ,xp of elements of
B is a path of R fromx toy ifr =21 Rxa R---R 2,1 Rxp, =y, and
the sequence x1,22, -+, T, contains at least two distinct elements.

e A path of R from x to x is called a cycle of R.

e A path of R from x to x is called an elementary cycle of R if no
element of the cycle is visited more than once (except x).

2. A path {x1,22,...,2p} of R is said to be a strict path from x to y if there
exists i in {1,...,p — 1} such that x; P' x;41. A strict path of R from x
to x is called a strict cycle of R.

Given a cycle C of R and a binary relation R in { P, Pk_l, M, My, Mgl},
we denote by:

e C'N R the usual intersection between the cycle C' and R;
e (z,y)r the oriented edge from x to y belonging to R;
o {(z,y)} the set of all edges of R between z and y.

Remark 2. Since multiple edges are allowed between two vertices, we have in
Figure 1: for the cycle C of R defined by a3 P1 as M{1)274}_1 ap Myy 3.4y a1 P azs,
‘C n (a23,a2)M| =0 and ‘C n {(0@3,&2)}‘ =1.

Definition 3.2. Let m € N\ {0}.

1. A m-cyclone of R is a nonempty union of at most m cycles of R. Thus
a m-cyclone s obtained by taking elements in R that altogether can be
partitioned into m cycles.

2. A m-cyclone of R is said to be strict if it contains a strict cycle of R.

8. A m-cyclone C of R is said to be 2-additive balanced if it satisfies the two
following conditions:

Vk e {1,2,...,q—1},CN P <|CN Pyyal; (36)
. L, 1
Vi,j € N,i # j, Z m‘cm (a0, i) | < |C N (aij, ag)nl-
{i,j} CACN
141’2 3
(37)

The notion of balanced m-cyclone was first used by Doignon in [12] for the
characterization of the representation of multiple semiorders by thresholds. The
same notion and result is also presented in [32]. We have adapted this character-
ization in our context by introducing the term of 2-additive since we work with
the 2-additive Choquet integral. Hence, we give below the main result of the
paper, which is a theorem of characterization of consistent cardinal information
{P, I, P,...,P,} representable by a 2-additive Choquet integral:

12



Theorem 1. A cardinal information {P, I, Py,...,P,} is representable by a
2-additive Choquet integral on B if and only if no strict (¢ +n(n — 1))-cyclone
of R is 2-additive balanced.

This result shows that the only inconsistencies which can occur in the repre-
sentation of a cardinal information are strict 2-additive balanced cyclone. The
presence of cyclones in an inconsistent cardinal information is not surprising
if we look at the characterizations of families of relations modeling preferences
under incomplete information made by Mousset [27, 28]. She proved that, in
the context of MACBETH methodology, the cardinal information corresponds
to the family CHSF (Family of Semiorders with Homogeneity Constant thresh-
olds) which is a subfamily of interval orders. She proposed also in [27] a charac-
terization of the family CHSF by using the notion of “unordered pairs” which
are equivalent to cyclone [29].

4. Proofs

We give here a proof of Theorem 1 in the same spirit of the proof of theorem
of representation of multiple semiorders in [12, 32].

4.1. Multigraph

A weighted multigraph G = (V, E,w) is defined as an oriented graph where
V is a finite set of vertices, F is a family of couple of vertices called edges (with
repetitions of the same couple allowed), and w a weight mapping from E to
the real numbers. A cycle C of G is a finite sequence of edges having the form
(1, z2)(z2,23) - - (Tp—1,Zp)(Tp, x1) With p > 1. The weight of C is defined as
the sum of the weights of its edges.

Theorem 2. For any weighted multigraph G = (V, E,w), the following two
conditions are equivalent:

1. There exists f : V — R such that V(z,y) € E,
f(@) = fy) + w(z, y);
2. No cycle of G has a strictly positive weight.
Proof. See [36]. O
For a cycle C' of R, we use the following notations:
1. Vke{l,--- ,q—1},
bi(C) = |[C NP = |C N Py

2. Vi,j € N,ij,

| 1
b (C) = ( >, mr—alen (aoaai)MA\) =€ N (aij, )]
{i,j} S ACN
fA[ > 8

13



Lemma 5. Let be 01,09, ..

bers with i,j € N,i# j.

V(z,y) € I: f(z) = f(y),
Vke{l,...,q},V(x,y) € Py : op—1 < f(x) —
Vke{l,...,q—1},

f(ao) =0,

Vi,j € Nyi#j: flai) — flay) > o),

VACN,|A|>3,Vie A: 0< f(a;) <

if and only if the following two conditions are satisfied:

There exists f : B — R such that

,0q—1 real numbers and o

1. Any cycle® C of R satisfies

Q
—

bi(C

=
Il
—

)Uk‘f'z Z bi;(C) 0} > 0

iEN jEN\i

2. Any strict cycle C of R satisfies

Proof.

e (=) Let C be a cycle of R. For each element (z,y) of C', we have:

—

Q

bi(C

el
Il
—

)ok+ > > bi(C) ol >0

iEN jEN\i

7
]

* flx) — fly) =0if (z,y) € [;
x f(x) — f(y) > ox—1 if (z,y) € Pr;
« f(x) — fy) > —oy if (v,y) € Pl
* f(x) = fly) > of; if (z,y) =
*f(l’)—f(y)>01f(xy)
f@) = f) > (= Y, ol
JEA\{i}
N, |A| > 3.

Since C'is a cycle of R, we have Z [f(z) — f(y)] = 0. Hence

2elementary or not

(aij,aj) e M;
(ai,a0) € My', AC N, |A| > 3;

) if (z,y) = (ap,a;) € Ma, A C

(z,y)eC

14

fy) (o0 :=0)
V(z,y) € Py : f(2) = fy) < on,

nonnegative real num-

>
[N}



q—1

q
02Z|CﬂPk|ok—1—Z|CﬂP,;1|ak+Z Z |CN(aij, ;)| o —

k=1 k=1 iEN jEN\{i}
1 ; . I .
Z Z |CN (a0, ai)nr,| (ﬂ Z ozj) (this inequality is strict
|A|>3 i€ACN 4= jeA\{i}

if C'is strict).

We note that:

q q—1
LY [CNPoky—> [COP on

k=1 k=1
q—1

= Z(|Cﬂ Pyy1| —|C N P YY) ok (knowing that og = 0)
k=1
q—1

=) (=b(0)) ok.
k=1

22 D |On(egaulon=3, > ‘Cm(aO?ai)MA’(w%z > 9

1€EN jeN\{i} |A|>3i€ACN

1
= Z Z <‘Oﬂ(aijaaj)M’_|: Z m‘cﬂ(ao,ai)MA’

iEN jEN\{i} tharcacw
=2 2 ()
iEN jeN\{i}
Therefore
q—1

b(Clok + Y . > bi;(C)al; >0,

1 ieN jEN\i

b
I

this inequality being strict if C'is strict. Hence (44) and (45) are satisfied.

(«) Conversely we suppose that (44) et (45) are satisfied. Let C(P’) the
set of all strict cycles of R. The set C(P’) is always nonempty and its
cardinality is finite. Hence there exist an € > 0 such that for each strict
cycle C of R , we have

q—1 q—1
> (AP =ICNPe) ort 3 b ofi—e > (I0NPrp|+|ONP!) >
k=1 i€EN jEN\i k=1

To see this, it is sufficient to take

q—1

S (ICAPT = CNPepl) ox+ Y Y b(C)ol
k=1 i€N jEN\i

-1

(ICN Pepa| + 10N PY)

1

€ = min
CceC(P’)

Q

E
Il

15
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Therefore, we get the following equation:

q qg—1
S ICNP(oko1+0)+ Y [CNP T (—onte)+> . > (=b(C))ol; < 0.
k=1 k=1 i€N jEN\i
(46)
Since equation (44) is satisfied, we get for any nonstrict cycle C of R the
following equation (knowing that in this case |C' N Py = [C'N P! = 0):

> e (aia)ul o

i€N jeN\{i}

XY enmen] (g X )<

|A[>3 i€ACN jeA\{i}

(47)

Let us consider the oriented multigraph G = (V, E,w) where V = B,
E =R and w are defined as follows: ¥(x,y) € E,

0 if (x,y) € I;
€ if (x,y) € P,
Op-1+€ if (x,y) € P,k €{2,...,q};
a TG e P ke L. g 1)
wiey) =93 ol if (z,y) = (ai;,a;) € M
0 if (;[;’y):(ai,ao)EMgl,AgNJAl23
(s Y ol i (2.y) = (a0,a) € Ma, AC N, |A] > 3.
JEA\{}

Equations (46) and (47) show that any cycle of G has a negative weight.
Using Theorem 2, there exists g : B — R such that V(x,y) € E,

9(x) > g(y) +w((x,y)).

Therefore we have

V(x,y) € I:g(x) = g(y),

(48)
Vi e {l,...,q},Y(x,y) € Py : op—1 < g(x) — g(y), (00 =0)
(49)
Vke{l,...,q—1}V(z,y) € Py : g(x) — g(y) < ok
(50)
V’L,] € Nvl #jvv(aiﬁaj) eM: g(aij) - g("‘j) > O'zl:jv
(51)

1 ;
VACN,IA] 238, Y(ao,a) € Ma: 0 g(a) ~g(a) < g D oy
jeA\{i}
(52)
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If we consider the function f : B — R, defined by:

{ flap) =0;
f(x) = g(z) — g(ao), Vo € B\ {ao};

then f satisfies the equations (38), (39), (40), (41),(42) and (43).

4.2. The Helly’s theorem, Farkas Lemma and the proof of Theorem 1

In this section, we need the Helly’s theorem and the following theorem which
is a corollary of Mangasarian’s [22] version of the Farkas Lemma

Theorem 3. Let be A € RP*™ B e R"™™ and C € R?*™ three matrices, with
m,p,q,r € N, A#0. Then either

AX >0
1. There exists X € R™ such that B.X=0
CX>0

or

LAY +'B.Z+tC.U=0

2. There existsY e RP, Z € R" andU € R? suchthat{ Y >0,Y #0
U >0.

Proof. See [22, 35]. O

Remark 3. If A € ZP*™ B € Z™"™ and C € Z7*™ then Theorem & can be
rewritten with Y € ZP, Z € Z" and U € 74.

Theorem 4. Let Cy,...,Cy,, m > n be convex sets in n dimensional Euclidean
space E™. If each collection of n+ 1 of these sets have a point in common then
there is a common point to all C;,i=1,2,...,m.

m
Equivalently the theorem states that if m C; = 0 , then there exist k + 1
k=1
(with k < n) sets Cyy,...,Cy, such that Ciy N---NC;, =10

Proof. See [33], Theorem 21.6, p.196. O

4.2.1. Proof of Theorem 1
Let {P, I, P,...,FP;} a cardinal information on B.

1. (=) Suppose that {P, I, Pi,...,P,} is representable by a 2-additive
Choquet integral on B, i.e., there exist f : B — R4 and (¢ — 1) real
numbers o1,03,...,04—1 and nonnegative numbers af»'j, i,j € Nji £ j
such that the equations (30), (31), (32), (33) (34) and (35) are satisfied.
Using Remark 1 the real numbers o1, 02, ...,04—1 are also nonnegative.

17



Let C be a strict (¢ + n(n — 1))-cyclone of R. Because C contains a strict
cycle, by applying inequalities (44) and (45) of Lemma 5 to each cycle of
C and summing up all these inequalities, we obtain:

NP —lCn Py o+ > [( > |A|1—2|Cm

k=1 i€EN jeN\{i} {i’j‘}A%ZAf N
(ao,ai)MA‘) — ’C n (aij,aj)M‘] O'Z:j > 0.

If C is 2-additive balanced then we have the following contradiction:

q—1
Senri-ennaas s ¥ (¥ e

k=1 1€EN jeN\{i {i,j} CACN
JENVEE LY G ca

ofj <0.

(aOaai)MAD —|cn(aij a;)m]

. (<) Suppose that no strict (¢ + n(n — 1))-cyclone of R is 2-additive bal-
anced. According to Lemma 5, a sufficient condition for the representation
of {P, I, P,...,P,} by a 2-additive Choquet integral is that there exist a
common solution with real numbers 01,09, ...,04—1 and nonnegative real
numbers Ufj with 4,5 € N,i # j to the system of inequalities (44) and
(45), associated to the set of all nonempty cycles C of R. We suppose that
R contains r nonempty cycles C1, Co, ..., ). Let I be the set defined by
I'={ie{l,...,r}: C;is a strict cycle of R}. We look for real values

01,02,...,0¢-1, 0;; with 4,7 € N, # j such that the following system is
satisfied:
g—1
be(C) o+ > ST b(C) ol >0 Ve {1, N\
k=1 i€EN jEN\i
ik , . (53)
b(C) on+ > Y bi(C) ol >0 Viel
k=1 i€EN jEN\i
0i; 20 Vi,jeN, i #j

Each such inequality determines a half space in R7=17("=1) "the space of
-1

(g —1+n(n—1))-tuples (o1,...,04-1,019,0%9, ..., Tl 1yn’ a?n_l)n). By

Helly’s theorem (see Theorem 4), the intersection of all half spaces deter-

mined by the above inequalities is nonempty if and only if any subsystem

of ¢+ n(n —1) inequalities has a solution. Let us consider a subsystem S’

of ¢ + n(n — 1) inequalities of the system (53).

(a) If S does not contain an inequality coming from a cycle C; such that

lel, thena:{ op=1 Vke{l,...,q—1},

. . ,
ol =0 Vi,jeN,i#j is a solution of S

18



since Vh € {1,...,7}]\I,Vk € {1,...,q—1}, |C,NPs| = |C,N P | =
0.

(b) Without loss of the generality, we suppose that S’ is composed by m/
inequalities coming from the cycles Cy,, Cy,, ..., Cy_, with {l1,... I} C
I, and m" inequalities coming from the cycles Cy ,, ,Ci .., Clm/+m
with {lm/+1, ceey lm/+m//} - {1, ce ,T}\I. Knowing that bk(Olh) =0
for h=m'+1,...,m' +m”, the system S’ is given as follows:

bkCll Uk—‘rz Z Cll U >0

€N jEN\1

bi(Cl) ok + Y Y bi(Cr,) ol >0

iEN jEN\i

"9

.Q
,_.

Qo
[
o=

b
I
—

ZbkCl, U;C—I—ZZ Cl, Ufj>0

zeNgeN\z
Z > b(C,,,) ol =0
iEN jEN\i
Z Z Clm’+2 Ulij >0
zEN_]EN\z
Z D (Clyy ) iy 20
1€N jENN\I

oi; > 0,Vi, j € N( for the other ¢ +n(n — 1) — (m’ +m")
nonnegativity inequalities)

(54)
If S’ has no solution, then using Theorem 3 and Remark 3, there ex-
ists nonnegative integers oy, ..., Qs g1y - o oy Qg With ap > 0

for some t € {1,...,m'}, and ZJ for all 7,5 € N such that the fol-
lowing system is satisfied:

> an bi(Cl,) =0 Vk=1,2,...,q—1
m/+m// . . (55)
> anbi(C)+ B =0 VijEN, i#]
h=1
Hence we have
> an be(C,) =0 Vk=1,2,...,q—1
mler” ‘ (56)
> an bj(Cl,) <0 Vi jEN, i
h=1
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i.e.
Zah |C[hﬂpk_1| :Zah |Clhmpk+1| VkE=1,2,...,q—1

h=1 h=1
m’ +m’

> o ( > W%Q‘Clh N (a0, a;i)ns
h=1

{i,j} SACN

[Al'> 3
m/+m//
< Z ap, ‘Clh N (aij,aj)M‘ Vi,j € N, i # j.
h=1
(57)
Let us consider the strict (¢ + n(n — 1))-cyclone C composed of the
cycles C) , h = 1,...,m' +m" where Cj consists in passing o,
times through the cycle Cj,. The resulting (¢ + n(n — 1))-cyclone C
m/ m,
uses Zah |C, N P,;1| edges from Pgl, Zah |Cy,, N Pry1| edges
h=1 h=1
m/+m//
from Py41, Z an|C, N(ag, a;)a, | edges from MaN{(ag,a;)} and
h=1
m/+m//

Z ap ‘Clh N (aij,aj)M} edges from M N {(aij,a;)}. Therefore,
h=1
we deduce from the system (57) the following system:

’ ’

S, 0P =Y |C N Pea| VE=1,2,...,q—1
h=1 h=1
m/+m// 1
!
Z ( Z m‘qh N (a0, ;) v, ) (58)
h=1 {i,j} CACN
(AT > 3

m/erN

S Z }C’[hﬂ(aij,aj)M} Vi,jEN, Z}é‘]
h=1

i.e.

CNP Y =[CNPe1|  Ve=1,2,...,q—1

1
3 W‘C“MA N {(a0,ai)}| < €N M N {(a3y, 05}
{i,j} S ACN
JAT > 3
Vi,j €N, i #j

(59)
that means C is a 2-additive balanced strict (¢ +n(n — 1))-cyclone, a
contradiction with the hypothesis.
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5. An alternative to the 2-additive balanced cyclones?

In practice, cyclones are not easy to detect because they allow multiple
edges between two vertices. This problem occurs when we want to explain to
a DM how to manage the inconsistencies by giving him some recommendations
in order to have consistent information. Therefore we can ask if it is possible
to find simple necessary and sufficient conditions equivalent to the 2-additive
balanced cyclone condition? This question still an open and difficult problem
to solve. When a cardinal information is inconsistent, we propose to test if
this information satisfy some simple necessary conditions such as MOPI 3 and
MOPIC conditions presented below. If these conditions are satisfied, linear
programming technics such as the determination of an irreducible inconsistent
system (ISS) [2, 9] can be applied in order to deal with inconsistencies. Before
defining the MOPIC properties, let us introduce the following notations and
definitions:

Definition 5.1.
1. We introduce the relation M’ defined such that for
('rvy) € {(aiaao)ai € N} U {(a’ijvai)vivj S Nvl 3&]}7

x My if not(x (PUI) y). (60)

2. - A path of (PUTUM') from x to y is denoted by x TC y. We use
also the notation x T'Cp, y if this path contains an element of P;

ii- We write x ~ y if there exists a cycle of (IUM’) containing x and y.
3. For alli,j € N, the notation iV j denotes one of the two criteria i or j.

Definition 5.2. A cardinal information {P, I, Pi,...,P,} on B satisfies the
property

1. MOPIC-1 if for alli,j € N, i # j,

a; TOPZ an
aij Pra; p=Vke N\{ij}, [not(ax ~ ar) and not(ajr ~ ax)].

>0

(61)

2. MOPIC-2 if for all distinct i,j,k € N,

ai\/j TCPL ap

aij Proar p = [not(aix ~ an) and not(ar ~ ap)), h € {i,5}\iVJ.
>0

(62)

3MOnotonicity of Preferential Information. The MOPI condition defined and used in [24] as
necessary and sufficient conditions to represent an ordinal information (a cardinal information
without intensity) by a 2-additive Choquet integral.
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Figure 2: MOPIC-1 not satisfied. MOPIC-2 and MOPIC-3 satisfied

3. MOPIC-3 if for all distinct i,j,k € N,

ag TOPZ ag
aij Py aiv; p = [not(ai ~ ap) and not(a;, ~ ap)], h € {i,7}\iVj.
1>
(63)

The following example shows that the three MOPIC conditions are indepen-
dent.

Example 2.

1. N ={1,2,3}, I = {(a13,a3)}, Pi = {(a12,a1)} and P, = {(az,a0)}.
The property MOPIC-1 is not satisfied because we have az Py ag, a12 P1 a;
and a1z ~ ag. In this example, MOPIC-2 and MOPI-3 are satisfied (see
Figure 2).

2. N= {17253}7 1= {(a237a’1)}7 Pl = {(a127a’3)} and P2 = {(G‘Qaao)}'
MOPIC-2 is not satisfied because as Py ag, a12 P; as and ass ~ a;. On
the other hand, MOPIC-1 and MOPI-3 are satisfied (see Figure 3).

8. N = {1,2,3}, I = {(alg,ag)}, Pl = {(alg,al)} and P2 = {(ag,ao)}.
The properties MOPIC-1 and MOPI-2 are satisfied but not MOPIC-3 be-
cause we have az Py ag, a3 P1 a1 and a12 ~ ag (see Figure 4).

We proved in Proposition 1 that MOPIC conditions are necessary, but they
are not sufficient for the representation of a cardinal information by a 2-additive
Choquet integral. Indeed, if we take the following example for four criteria, I =
{(a12,a3), (a14,a2)}, P1 = {(a13,a1)}, Po = {(a4,a0)}, it is easy to see that the
properties MOPIC-1, MOPIC-2 and MOPIC-3 are satisfied, but {I, Py, P2} is
not representable by a 2-additive Choquet integral C', because the monotonicity
constraint p1o + p13 + p14 > 1 + g1 + pe + ps + pg is not satisfied.
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Figure 3: MOPIC-2 not satisfied. MOPIC-1 and MOPIC-3 satisfied

Figure 4: MOPIC-3 not satisfied. MOPIC-1 and MOPIC-2 satisfied
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Proposition 1. If a cardinal information {P, I, Pi,...,P,} on B is repre-
sentable by a 2-additive Choquet integral, then the properties MOPIC-1, MOPIC-
2 and MOPIC-3 are satisfied.

Proof. Suppose {P, I, Pi,...,FP,} representable by a 2-additive Choquet inte-
gral C,,.

1. We prove first that for all x,y, z,w € B,

2.

x Py
2 TCr, w = CuU) = CUw) > CuU) = CulU)- (64
<

If 2 TCp, w then there exist 21,22 € B such that z T'C z; Py, 22 TC w.
Hence we have C,(U(z)) — Cu(U(w)) > C,(U(z1)) — C(U(22)).

Since | < h = Cu(U(z1)) — C(U(22)) > Cu(U(x)) — C(U(y), we have
Cu(U(2)) = Cu(U(w)) > Cu(U(x)) = Cu(U(y))-

(a)

MOPIC-1:
a; TCPZ ap

Let 4,7 € N such that a;; P a; . By using the first point of
>0

the proposition, we have
Mi > fij = [ (65)

Suppose that there exists k € N \ {i,j} such that a;; ~ ay, then we
have

Wik = M- (66)
Combining (65) and (66), we obtain
i + g+ pke > g+ ik (67)

A contradiction with the monotonicity constraint p;; + par > pi +
;5 + pr of p. The same reasoning is applied if aji ~ ag.

MOPIC-2:
aivi TCp, ag
Let be 4,7,k € N such that < a;; P ag . By using equation 64,
>0
we have
Wivi > Wij — [k (68)
If a;, ~ ap, with h € [{i,5} \ ¢V j] then
Mik = Hh- (69)
Therefore we have
Wivi + pn + ek > gt ik (70)

A contradiction with the monotonicity constraint pe;; + pir > friv; +
pn + pr of . We use the same reasoning if we suppose a;jr ~ ap.
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(¢) MOPIC-3:
ag TCPL ap
Let be 4,5,k € N such that a;j Py as;vy . By using equation 64,
>0
we have

HE > Hij = Hivj (71)
If we suppose a;, ~ ap, h € [{i,5} \ iV j], then

Hik = Hh, (72)
and
tivji + pn e > i+ ik, (73)

by combining (71) and (72). This leads to a contradiction with the
monotonicity constraint fi;; + pir > fivj + pn + g of p. We applied
the same reasoning if we suppose a;i ~ a.

The large number of necessary MOPI and MOPIC conditions suggest that, the
final number of necessary and sufficient conditions, as simple as these conditions,

for the representation of a cardinal information, could be very large. O
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