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Abstract

We consider a stochastic financial exchange economy with a finite date-
event tree representing time and uncertainty and a nominal financial struc-
ture with possibly long-term assets. We exhibit a sufficient condition under
which the payoff matrix and the full payoff matrix have the same rank.
This generalizes previous results of Angeloni-Cornet and Magill-Quinzii
involving only short-term assets. We then derive existence results with
assumptions only based on the fundamentals of the economy.
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1 INTRODUCTION 3

1 Introduction

In this paper, we consider a standard model of stochastic financial exchange
economy with a finite date-event tree representing time and uncertainty as de-
scribed in [4]. The financial structure is composed of a finite set of nominal
assets with possibly long-term assets.

The financial structure is formally represented by the payoff matrix, which
provides for each asset and each node, the return of this asset in this node.
For a simpler presentation, we adopt the convention of Angeloni and Cornet [1]
where an asset is issued at one date and never retraded after. We refer to this
article to show how to transform a financial structure with possible retrading
as considered in [4] into an equivalent financial structure without retrading.

When we consider the asset markets at different dates and nodes and the
asset prices on these markets, we need to define a full payoff matrix to determine
the budget constraints of an agent. The full payoff matrix is derived from the
payoff matrix by adding on the column corresponding to an asset and on the
row corresponding to the issuance node of this asset, the opposite of the price
of the asset on the financial market.

Now, with the full payoff matrix, we can define arbitrage free prices and
characterize them by the existence of positive state prices such that the asset
prices are the present value of the payoffs.

In a two period economy, it is well known and actually quite obvious that
the rank of the payoff and full payoff matrices are equal when the asset prices
do not exhibit arbitrage. This means that the ranges of the possible wealth
transfers with the payoff and the full payoff matrices have the same dimension.
In particular, we can characterize a complete financial structure only by knowing
the rank of the payoff matrix. Indeed, if the rank is equal to the number of states
in the second period, whatever are the arbitrage free asset prices, the full payoff
matrix is also of maximal rank and then all transfers compatible with the state
prices are feasible through the financial structure.

With more than two periods, the above result is no more true as shown in
[4, 1]. Below we provide a simple numerical example where the payoff matrix
has a maximal rank and the full payoff matrix does not for some arbitrage free
asset prices. So, for some asset prices, the financial structure is complete and
for some others it is not. It is then no more possible to characterize a complete
financial structure only with the payoff matrix.

Furthermore, the dependance of the rank of the full payoff matrix from ar-
bitrage free asset prices may lead to the failure of the existence of a financial
equilibrium. See an example in [4]. In a two period economy, this kind of phe-
nomenon appears with real assets due to the drop of the rank on the payoff
matrix but never with nominal assets.

Actually, in [4] and [1], it is shown that the ranks of the payoff and full
payoff matrices are equal when the assets are all short term. A short term asset
is characterized by the fact that it has non zero return only at the immediate
successors of its issuance node. If an asset is not short term, it is called a long
term asset.
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2 THE T -PERIOD FINANCIAL EXCHANGE ECONOMY 4

Our main purpose is this paper is to tackle the question of the ranks of the
return matrices with long term assets and to obtain existence result of financial
equilibria under assumptions more tractable than those of [1].

After introducing notations and the model of a financial structure in Section
2, we provide a sufficient condition, Assumption R, in Section 3, to get the
equality of the ranks of the payoff and full payoff matrices for non arbitrage
asset prices. We show that Assumption (R) is satisfied if all assets are short
term, if there is a unique issuance date, or if there is no overlap of the nodes
with non zero returns for two different assets. More generally, Assumption (R)
translates the fact that the assets issued at a given node are true financial
innovations in the sense that the payoffs cannot be replicated by assets issued
before.

In Section 4, we consider a stochastic financial exchange economy with pos-
sibly long term nominal assets and we provide several existence results when
Assumption (R) is satisfied by the payoff matrix. These results are based on the
existence result (Theorem 3.1) of [1] but Assumption (R) allows us to replace
an abstract assumption in [1] by a more verifiable assumption on the return
matrix. Furthermore, our result then holds true for any state prices.

In [1], it is mentioned that the abstract condition is satisfied with only short
term assets. So our contribution could be seen as the extension to long term
assets under Assumption R.

The differences between our different results come from the fact that we can
consider more general portfolio sets translating restricted participations when
the return matrix is of maximal rank whereas when we have redundant assets,
we get only existence when the agents have a full access to the asset markets.

2 The T -period financial exchange economy

In this section, we present the model and the notations, which are borrowed from
Angeloni-Cornet[1] and are essentially the same as those of Magill-Quinzii[4].

2.1 Time and uncertainty

We1 consider a multi-period exchange economy with (T + 1) dates, t ∈ T :=
{0, ..., T}, and a finite set of agents I. The uncertainty is described by a date-
event tree D of length T + 1. The set Dt is the set of nodes (also called date-

1We use the following notations. A (D× J )-matrix A is an element of RD×J , with entries

(aj
ξ)(ξ∈D,j∈J ); we denote by Aξ ∈ RJ the ξ-th row of A and by Aj ∈ RD the j-th column of

A. We recall that the transpose of A is the unique (J × D)-matrix tA satisfying (Ax) •D y =
x •J

`
tAy

´
for every x ∈ RJ , y ∈ RD, where •D [resp. •J ] denotes the usual inner product in

RD [resp. RJ ]. We denote by rankA the rank of the matrix A and by Vect (A) the range of A,
that is the linear sub-space spanned by the column vectors of A. For every subset D̃ ⊂ D and

J̃ ⊂ J , the matrix AJ̃
D̃

is the (D̃×J̃ )-sub-matrix of A with entries aj
ξ for every (ξ, j) ∈ (D̃×J̃ ).

Let x, y be in Rn; x ≥ y (resp. x � y ) means xh ≥ yh (resp. xh > yh) for every h = 1, . . . , n
and we let Rn

+ = {x ∈ Rn : x ≥ 0}, Rn
++ = {x ∈ Rn : x � 0}. We also use the notation x > y

if x ≥ y and x 6= y. The Euclidean norm in the Euclidean different spaces is denoted ‖.‖ and
the closed ball centered at x and of radius r > 0 is denoted B̄(x, r) := {y ∈ Rn | ‖y−x‖ ≤ r}.
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2 THE T -PERIOD FINANCIAL EXCHANGE ECONOMY 5

events) that could occur at date t and the family (Dt)t∈T defines a partition of
the set D; for each ξ ∈ D, we denote by t(ξ) the unique date t ∈ T such that
ξ ∈ Dt.

At date t = 0, there is a unique node ξ0, that is D0 = {ξ0}. As D is a tree,
each node ξ in D\{ξ0} has a unique immediate predecessor denoted pr(ξ) or ξ−.
The mapping pr maps Dt to Dt−1. Each node ξ ∈ D\DT has a set of immediate
successors defined by ξ+ =

{
ξ̄ ∈ D : ξ = ξ̄−

}
.

For τ ∈ T \ {0} and ξ ∈ D \ ∪τ−1
t=0 Dt, we define prτ (ξ) by the recursive

formula: prτ (ξ) = pr
(
prτ−1 (ξ)

)
. We then define the set of successors and the

set of predecessors of ξ as follows:

D+ (ξ) = {ξ′ ∈ D : ∃τ ∈ T \ {0} | ξ = prτ (ξ′)}
D− (ξ) = {ξ′ ∈ D : ∃τ ∈ T \ {0} | ξ′ = prτ (ξ)}

If ξ′ ∈ D+ (ξ) [resp. ξ′ ∈ D+ (ξ) ∪ {ξ}], we shall use the notation ξ′ > ξ [resp.
ξ′ ≥ ξ]. Note that ξ′ ∈ D+ (ξ) if and only if ξ ∈ D− (ξ′) and similarly ξ′ ∈ ξ+ if
and only if ξ = (ξ′)−.

2.2 The financial structure

The financial structure is constituted by a finite set of assets denoted J =
{1, . . . , J}. An asset j ∈ J is a contract issued at a given and unique node in D
denoted ξ(j), called issuance node of j. Each asset is bought or sold only at its
issuance node ξ(h) and yields payoffs only at the successor nodes ξ′ of D+(ξ(j)).
To simplify the notation, we consider the payoff of asset j at every node ξ ∈ D
and we assume that it is zero if ξ is not a successor of the issuance node ξ(j).
The payoff may depend upon the spot price vector p ∈ RL and is denoted by
V j

ξ (p). Formally, we assume that V j
ξ (p) = 0 if ξ /∈ D+ (ξ (j)).

For each consumer, zi = (zj
i )j∈J ∈ RJ is called the portfolio of agent i. If

zj
i > 0 [resp. zj

i < 0], then |zj
i | is the quantity of asset j bought [resp. sold] by

agent i at the issuance node ξ (j).

We assume that each consumer i is endowed with a portfolio set Zi ⊂ RJ ,
which represents the set of admissible portfolios for agent i. For a discussion
on this concept we refer to Angeloni-Cornet [1], Aouani-Cornet [2] and the
references therein.

To summarize a financial structure F =
(
J , (Zi)i∈I , (ξ (j))j∈J , V

)
consists

of

- a set of assets J ,

- a collection of portfolio sets (Zi ⊂ RJ )i∈I ,

- a node of issuance ξ(j) for each asset j ∈ J ,

- a payoff mapping V : RL → RD×J which associates to every spot price
p ∈ RL the (D× J )-payoff matrix V (p) =

(
V j

ξ (p)
)

ξ∈D,j∈J
and satisfies

the condition V j
ξ (p) = 0 si ξ /∈ D+ (ξ (j)).
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3 ON THE RANKS OF THE RETURN MATRICES 6

The price of asset j is denoted by qj ; it is paid at its issuance node ξ(j). We
let q = (qj)j∈J ∈ RJ be the asset price vector.

The full payoff matrix W (p, q) is the (D× J )-matrix with the following
entries:

W j
ξ (p, q) := V j

ξ (p)− δξ,ξ(j)qj ,

where δξ,ξ′ = 1 if ξ = ξ′ and δξ,ξ′ = 0 otherwise.

So, given the prices (p, q), the full flow of returns for a given portfolio z ∈ RJ

is W (p, q) z and the full return at node ξ is

[W (p, q) z] (ξ) := Wξ (p, q) •J z =
∑
j∈J

V j
ξ (p) zj −

∑
j∈J

δξ,ξ(j)qjzj

=
∑

{j∈J | ξ(j)<ξ}

V j
ξ (p) zj −

∑
{j∈J | ξ(j)=ξ}

qjzj ,

We now recall that for a given spot price p, the asset price q is an arbitrage
free price if it does not exist a portfolio z ∈ RJ such that W (p, q)z > 0. q is an
arbitrage free price if and only if it exists a so-called state price vector λ ∈ RD

++

such that tW (p, q)λ = 0 (see, e.g. Magill-Quinzii [4]). Taken into account the
particular structure of the matrix W (p, q), this is equivalent to

∀j ∈ J , λξ(j)qj =
∑

ξ∈D+(ξ(j))

λξV
j
ξ (p).

3 On the ranks of the return matrices

In a two period model, the rank of V (p) and of W (p, q) are equals when the price
q is a arbitrage free price. Indeed, the matrix W (p, q) is simply built from V (p)
by replacing the first row by the transpose of −q. Then, since the no-arbitrage
condition implies that q is a positive linear combination of the rows of V (p), we
easily conclude.

As already noticed in Magill and Quinzii [4] and in Angeloni and Cornet
[1], this result is no more true if the number of dates is strictly larger than
2. Let us give an example with a maximal rank return matrix. Let a financial
structure with three dates, each non-terminal node has two immediate successors
so that D = {ξ0, ξ1, ξ2, ξ11, ξ12, ξ21, ξ22}. At each non-terminal node, two assets
are issued, hence J = 6. The return matrix V is constant and equal to

V =



0 0 0 0 0 0
1 2 0 0 0 0
1 1 0 0 0 0
2 1 1 0 0 0
1 1 1 1 0 0
1 1 0 0 1 0
1 1 0 0 0 1


One remarks that the rank of the matrix V is 6. We now consider the asset

price q = (7, 7, 2, 1, 1, 1). q is a arbitrage free price since tW (q)λ = 0 with
λ = (1, 1, 1, 1, 1, 1, 1) ∈ R7

++. Hence the full-return matrix is
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3 ON THE RANKS OF THE RETURN MATRICES 7

W (q) =



−7 −7 0 0 0 0
1 2 −2 −1 0 0
1 1 0 0 −1 −1
2 1 1 0 0 0
1 1 1 1 0 0
1 1 0 0 1 0
1 1 0 0 0 1


The rank of W (q) is 5 since the dimension of the kernel of W (q) is 1. So,

even if the rank of V is maximal, then for the arbitrage free price q, the financial
market is incomplete in the sense that the rank of the full return matrix is strictly
lower than #D− 1. Then the rank of V is no more sufficient to determine if the
market is complete or not and the completeness may depend on the asset price
which is endogenously chosen by the market.

Our next example exhibits a converse paradox. Indeed the return matrix V
is not of maximal rank but the market is complete for a well chosen arbitrage
free price q. The date-event tree is the same as in the previous example and the
number of assets as well as the dates of issuance are also identical. But now the
return matrix is

V =



0 0 0 0 0 0
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
0 1 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1


One easily check that the rank of V is 5 strictly smaller than the maximal

rank which is 6. Let q =
(

5
2 ,

5
2 , 1, 2, 2, 1

)
. The price q is arbitrage free since

tW (q)λ = 0 with λ = (1, 1/2, 1/2, 1/2, 1, 1, 1/2). The full return matrix is then:

W (q) =



− 5
2 − 5

2 0 0 0 0
1 1 −1 −2 0 0
1 1 0 0 −2 −1
1 0 1 0 0 0
0 1 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1


But the rank of W (q) is 6, that is the maximal rank and then the market is

complete.

The discrepancy of the ranks between the return matrix and the full return
matrix is not only a problem to determine what is a complete market for a
multi-period economy but, as shown in an example of Magill-Quinzii [4], it also
leads to the non-existence of equilibrium even with a nominal asset structure
where the return matrix V does not depend on the spot price p.
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3 ON THE RANKS OF THE RETURN MATRICES 8

In Magill-Quinzii [4] and in Angeloni-Cornet [1], it is shown that the dis-
crepancy of the ranks cannot happen when there are only short-lived assets,
that is the payoff of an asset j issued at node ξ is zero except at the immediate
successor of ξ.

3.1 Equality between ranks of payoff matrices

The main purpose of this section is to provide a sufficient condition compatible
with long term assets under which the rank of the return matrix is equal to the
rank of the full return matrix for every arbitrage free asset price.

We first introduce some additional notations. For all ξ ∈ D \ DT , J (ξ) is
the set of assets issued at the node ξ, that is J (ξ) = {j ∈ J | ξ (j) = ξ} and
J (D−(ξ)) is the set of assets issued at a predecessor of ξ, that is J (D−(ξ)) =
{j ∈ J | ξ (j) < ξ}. For all t ∈ {0, . . . , T − 1}, we denote by Jt the set of assets
issued at date t, that is, Jt = {j ∈ J | ξ (j) ∈ Dt}.

Let (τ1, . . . , τk) such that 0 ≤ τ1 < τ2 < . . . < τk ≤ T − 1 be the dates at
which there is at least the issuance of one asset, that is Jτκ

6= ∅. For κ = 1, . . . , k,
let De

τκ
be the set of nodes at date τκ at which there is the issuance of at least

one asset. De = ∪k
κ=1De

τκ
is the set of nodes at which there is the issuance of at

least one asset. We remark that⋃
τ∈{0,...,T−1}

Jτ =
⋃

κ∈{1,...,k}

Jτκ
= J , J =

∑
κ∈{1,...,k}

#Jτκ

and for all τ ∈ {τ1, . . . , τk} ,
⋃

ξ∈Dτ
J (ξ) = Jτ .

In the remainder of this section, we consider a fixed spot price p so that we
remove it as an argument of V for the sake of simpler notations.

We now state our assumption on the payoff matrix and its consequence on
the rank of the matrix V and W (q).

Assumption (R). ∀κ ∈ {2, . . . , k}, ∀ξ ∈ De
τκ

,

Vect
(
V
J (D−(ξ))

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
= {0} .

This assumption means that the returns of the assets issued at a node ξ are
not redundant with the returns of the assets issued at a predecessor node of ξ.
So, the issuance of additional assets at ξ are a true financial innovation since the
payoffs in the successors of ξ cannot be replicated by the payoffs of a portfolio
built with the assets issued before ξ.

In the following lemma, we show that if Assumption (R) holds true for
the financial structure F , it is also true for any financial substructure F ′ of F
obtained by considering only a subset J ′ of the set of asset J .

Lemma 1. Let

F =
(
J , (Zi)i∈I (ξ(j))j∈J , V

)
F ′ =

(
J ′, (Z ′

i)i∈I (ξ(j))j∈J ′ , V
′
)

two financial structures such as J ′ ⊂ J . If Assumption R holds true for the
structure F then it holds also true for the structure F ′.
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3 ON THE RANKS OF THE RETURN MATRICES 9

Proof. The proof of Lemma 1 is given in Appendix.

Remark 1. The converse of Lemma 1 is not true. Let us consider an econ-
omy with three periods such as: D = {ξ0, ξ1, ξ2, ξ11, ξ12, ξ21, ξ22}. There are three
assets issued at nodes 0, 1 and 2. The return matrix is:

V =



0 0 0
0 0 0
0 0 0
0 0 0
0 1 0
1 0 1
0 0 0


One remark that Assumption (R) is not satisfied for V whereas it holds true

for the reduced financial structure where we keep only the two first assets and
for which the return matrix is

V =



0 0
0 0
0 0
0 0
0 1
1 0
0 0


The next proposition provides some sufficient conditions under which As-

sumption (R) holds true.

Proposition 1. The return matrix V satisfies Assumption (R) if one of the
following condition is satisfied:

(i) For all j ∈ J , asset j is a short term asset in the sense that V j
ξ′ = 0 if

ξ′ /∈ ξ+.

(ii) All assets are issued at the same date τ1.

(iii) For all ξ ∈ De, D+(ξ) ∩ De = ∅, which means that if an asset is issued at
node ξ, then no assets is issued at a successor of ξ.

(iv) For all (ξ, ξ′) ∈ (De)2, if ξ < ξ′, then V
J (ξ)

D+(ξ′) = 0, which means that if
an asset j is issued at node ξ and another one at a successor ξ′, then the
return of j at the successors of ξ′ are equal to 0.

The proof of this proposition is left to the reader. It is a consequence of the

fact that either J (D−(ξ)) is an empty set or Vect(V
J (D−(ξ))

D+(ξ) ) = {0}.

Now, we state the main result of this section:

Proposition 2. If the return matrix V satisfies Assumption (R), then for all
arbitrage free price q, rankV = rankW (q).
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3 ON THE RANKS OF THE RETURN MATRICES 10

Condition (i) of Proposition 1 shows that Proposition 2 is a generalization
of Proposition 5.2. b) and c) in Angeloni-Cornet [1] and of Magill-Quinzii [4]
where only short-term assets are considered.

Remark 2. For the following financial structure, Assumption (R) does not
hold true and yet, for any (arbitrage free or not) price of assets q, rankV =
rankW (q). So Assumption (R) is sufficient but not necessary. Let us consider
the date-event tree D = {ξ0, ξ1, ξ2, ξ11, ξ12, ξ21, ξ22}. Three assets are issued, two
at ξ0 and one at ξ1. For all non-arbitrage price q = (q1, q2, q3), the return matrix
and the full return matrix are:

V =



0 0 0
1 0 0
0 1 0
1 0 1
0 1 1
0 0 0
0 0 0


and W (q) =



−q1 −q2 0
1 0 −q3
0 1 0
1 0 1
0 1 1
0 0 0
0 0 0


One easily checks rankV = rankW (q) = 3 whatever is the asset price q.

Remark 3. In Magill and Quinzii [4], it is assumed that a long-term asset is
re-traded at each nodes after its issuance node. In Angeloni and Cornet [1], it
is shown that a financial structure with re-trading is equivalent to a financial
without re-trading by considering that a re-trade is equivalent to the issuance of
a new asset.

We remark that if the financial structure has long-term assets with re-trading,
then Assumption (R) is not satisfied by the equivalent financial structure with-
out re-trading. Let us give an example. Let us consider the date-event tree
D = {ξ0, ξ1, ξ2, ξ11, ξ12, ξ21, ξ22}. Two assets are issued at ξ0 with dividend pro-
cesses

V 1 = (0, (0, 0) , (1, 0, 1, 0)) V 2 = (0, (0, 0) , (0, 1, 0, 1))

If these two assets are re-traded at each non-terminal node successor of ξ0,
for all arbitrage free price q = (q1 (ξ0) , q2 (ξ0) , q1 (ξ1) , q2 (ξ1) , q1 (ξ2) , q2 (ξ2)),
the full payoff matrix is:

WMQ(q) =



−q1(ξ0) −q2(ξ0) 0 0 0 0
q1(ξ1) q2(ξ1) −q1(ξ1) −q2(ξ1) 0 0
q1(ξ2) q2(ξ2) 0 0 −q1(ξ2) −q2(ξ2)

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


But if, following the methodology of Angeloni-Cornet [1], we consider an

equivalent financial structure with 6 assets without retrading, we obtain the fol-
lowing full payoff matrix with q̃ = (q̃1, q̃2, q̃11, q̃12, q̃21, q̃22),
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3 ON THE RANKS OF THE RETURN MATRICES 11

WAC(q̃) =



−q̃1 −q̃2 0 0 0 0
0 0 −q̃11 −q̃12 0 0
0 0 0 0 −q̃21 −q̃22
1 0 1 0 0 0
0 1 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1


We remark that the two financial structures are equivalent when q = q̃

since, by performing elementary operations on the columns of WAC(q), we ob-
tain WMQ(q). Assumption (R) is not satisfied because the returns on assets
issued at nodes ξ1 and ξ2 are redundant with the return of assets issued to node
ξ0. As already remarked in Magill-Quinzii [4], the rank of the full payoff matrix
WMQ(q) depends on the asset price vector q.

Proof of Proposition 2

For all ξ ∈ De, we denote by n(ξ) the number of assets issued at this node and
by rk(ξ) the rank of V J (ξ)

D . We also simplify the notation by defining V J (ξ) :=
V
J (ξ)

D and WJ (ξ)(q) := W
J (ξ)
D (q). We assume without any loss of generality

that the columns of V are ranked in such a way that the rk(ξ) first columns of
V J (ξ) are linearly independent.

Step 1: For all ξ ∈ De, rankWJ (ξ)(q) = rk (ξ).

If rk(ξ) = n(ξ), rankWJ (ξ)(q) = n(ξ). Indeed, since rk(ξ) = n(ξ), there
exists a regular n(ξ) square sub-matrix of V J (ξ). Since WJ (ξ)(q) is obtained
from V J (ξ) by replacing a zero row by the row of asset prices issued at ξ, the
regular n(ξ) square sub-matrix is also a sub-matrix of WJ (ξ)(q), hence the rank
of WJ (ξ)(q) is higher or equal to n(ξ). But, since n(ξ) is the number of columns
of WJ (ξ)(q), then its rank is lower or equal to n(ξ) so that we obtain the desired
result2.

If rk(ξ) < n(ξ), let us consider λ = (λξ)ξ∈D ∈ RD
++ such that tW (q)λ = 0.

Such λ exists since q is a arbitrage free price.

Let {j1, . . . , jrk(ξ), jrk(ξ)+1, . . . , jn(ξ)} be the assets issued at date ξ with
(V j`)rk(ξ)

`=1 linearly independent. By the same argument as above, (W j`(q))rk(ξ)
`=1

are also linearly independent. Hence the rank of WJ (ξ)(q) is larger or equal
to rk(ξ). Let us now prove that the rank of WJ (ξ)(q) is not strictly larger
than rk(ξ). It suffices to prove that for all ν = rk(ξ) + 1, . . . , n(ξ), W jν (q) ∈
Vect((W j`(q))rk(ξ)

`=1 ).

Since the rank of V J (ξ) is rk(ξ), V jν is a linear combination of (V j`)rk(ξ)
`=1 ,

hence there exists (α`)
rk(ξ)
`=1 such that

∑rk(ξ)
`=1 α`V

j` = V jν . Since tW (q)λ = 0,
λξqjν

=
∑

ξ′>ξ λξ′V
jν

ξ′ . Hence λξqjν
is equal to∑

ξ′>ξ

[
λξ′
∑rk(ξ)

`=1 α`V
j`

ξ′

]
=
∑rk(ξ)

`=1

[
α`

∑
ξ′>ξ λξ′V

j`

ξ′

]
=
∑rk(ξ)

`=1 [α`λξqj`
] = λξ

∑rk(ξ)
`=1 α`qj`

2Note that we do not use the fact that the asset price is an arbitrage free price in this part
of the proof.
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3 ON THE RANKS OF THE RETURN MATRICES 12

Hence qjν
=
∑rk(ξ)

`=1 α`qj`
, which together with

∑rk(ξ)
`=1 α`V

j` = V jν imply that∑rk(ξ)
`=1 α`W

j`(q) = W jν (q). So W jν (q) ∈ Vect((W j`(q))rk(ξ)
`=1 ).

For κ = 1, . . . , k, we let rkκ =
∑

ξ∈De
τκ

rk (ξ).

Step 2: ∀κ ∈ {1, . . . , k} , rankV Jτκ =
∑

ξ∈De
τκ

rk(ξ) = rkκ and rankWJτκ (q) =∑
ξ∈De

τκ
rankWJ (ξ)(q) = rkκ

If #De
τκ

= 1, this coincides with what is proved in Step 1. If #De
τκ
> 1, let

ξ ∈ De
τκ

. Then ∑
{ξ′∈De

τκ
\{ξ}}

Vect
(
V J (ξ′)

)⋂Vect
(
V J (ξ)

)
= {0}

Indeed, the return of the asset j ∈ J (ξ) can be non zero only on the subtree
D+ (ξ), whereas for the asset j ∈ J (ξ′) for ξ′ ∈ De

τκ
\ {ξ}, the returns on

the subtree D+ (ξ) are identically equal to 0. This implies that the subspaces(
Vect

(
V J (ξ′)

))
ξ′∈De

τκ

are in direct sum so, using Step 1, we get the following

formula for the dimensions:

dim Vect
(
V Jτκ

)
=
∑

ξ∈De
τκ

dim Vect
(
V J (ξ)

)
=
∑

ξ∈De
τκ

rk (ξ) = rkκ

For the matrix W (q), the proof is the same as above if we remark that the
full return of an asset j ∈ J (ξ) can be non zero only on the subtree ξ ∪D+ (ξ).
Hence if ξ and ξ′ are two different issuance nodes in De

τκ
, there is no node ξ′′

such that the coordinates of a column vectors of the matrix WJ (ξ)(q) and of
a column vector of the matrix WJ (ξ′)(q) are both non zero. Hence we get the
following formula from which the result is a direct consequence of Step 1: ∑

{ξ′∈De
τκ
\{ξ}}

Vect
(
WJ (ξ′)(q)

)⋂Vect
(
WJ (ξ)(q)

)
= {0}

Step 3. rankV =
∑k

κ=1 rankV Jτκ =
∑k

κ=1 rkκ and rankV = rankW (q) =∑k
κ=1 rankWJτκ (q).

We first remark that Vect (V ) = +k
κ=1Vect

(
V Jτκ

)
which implies using Step

2 that rankV ≤
∑

κ∈{1,...,k} rankV Jτκ =
∑k

κ=1 rkκ.

We remark that if k = 1, then the result is obvious. If k > 1, we will prove
that the rank of V is equal to

∑k
κ=1 rkκ by showing that a family of column

vectors of V of cardinal
∑k

κ=1 rkκ is linearly independent.

For all ξ ∈ De, let J ′(ξ) ⊂ J (ξ) such that #J ′(ξ) = rk(ξ) and the family
(V j

ξ )j∈J ′(ξ) is linearly independent. For all κ = 1, . . . , k, J ′
κ = ∪ξ∈De

τκ
J ′(ξ) and

J ′ = ∪k
κ=1J ′

κ. We now prove that the family (V j)j∈J ′ is linearly independent.
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3 ON THE RANKS OF THE RETURN MATRICES 13

Let (αj) ∈ RJ ′
such that

∑
j∈J ′ αjV

j = 0. We work by backward induction
on κ from k to 1.

For all ξ ∈ De
τk

,
∑

j∈J ′ αjV
j

D+(ξ) = 0. Since τκ < τk for all κ = 1, . . . , k − 1,

for all j such that ξ(j) /∈ D−(ξ) ∪ {ξ}, V j
D+(ξ) = 0. So, one gets∑

j∈J ′(ξ)

αjV
j

D+(ξ) +
∑

ξ′∈D−(ξ)

∑
j∈J ′(ξ′)

αjV
j

D+(ξ) = 0

From Assumption (R),

Vect
(
V
J (D−(ξ))

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
= {0} .

From the above equality,∑
j∈J ′(ξ)

αjV
j

D+(ξ) ∈ Vect
(
V
J (D−(ξ))

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)

hence
∑

j∈J ′(ξ) αjV
j

D+(ξ) = 0.

By construction, the family (V j
ξ )j∈J ′) is linearly independent and for all

ξ′ /∈ D+ (ξ), V j
ξ′ = 0, so the family (V j

D+(ξ))j∈J ′(ξ) is linearly independent.
Hence, from above, one deduces that αj = 0 for all j ∈ J ′ (ξ). Since this is true
for all ξ ∈ De

τk
, one gets αj = 0 for all j ∈ J ′

k.

If k = 2, we are done since we have prove in Step 2 that the subspaces(
Vect

(
V J (ξ)

))
ξ∈De

τ1
are in direct sum, so the family

(
V j
)
j∈J ′

1
is linearly inde-

pendent, hence for all j ∈ J ′
1, αj = 0.

If k > 2, we do again the same argument as above. Indeed, since we have
proved that for all j ∈ J ′

k, αj = 0, for all ξ ∈ De
τk−1

,
∑

j∈J ′ αjV
j

D+(ξ) = 0 implies∑
j∈J ′(ξ)

αjV
j

D+(ξ) +
∑

ξ′∈D−(ξ)

∑
j∈J ′(ξ′)

αjV
j

D+(ξ) = 0.

Using again Assumption (R), one then deduces that for all j ∈ J ′
k−1, αj = 0.

Consequently, after a finite number of steps, we show that all αj are equal
to 0, which implies that the family (V j)j∈J ′ is linearly independent.

For the second part concerning the matrix W (q) the proof is identical since
for all ξ ∈ De, the family (W j(q))j∈J ′(ξ) is linearly independent and for all
j ∈ J ′(ξ) ∪

(
∪ξ′∈D−(ξ)J

′(ξ′)
)
, V j

D+(ξ) = W j
D+(ξ)(q). �

Remark 4. If the price q exhibits an arbitrage, then even under Assumption
(R), the rank of V and the rank of W (q) may be different. With a three dates
economy where D = {ξ0, ξ1, ξ2, ξ11, ξ12, ξ21, ξ22}, two assets issued at ξ0 and one
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3 ON THE RANKS OF THE RETURN MATRICES 14

asset issued at ξ1, the asset price q =
(
1, 3

2 , 1
)
, then

V =



0 0 0
1 2 0
1 2 0
1 2 0
0 0 1
1 2 0
0 0 0


and W (q) =



−1 − 3
2 0

1 2 −1
1 2 0
1 2 0
0 0 1
1 2 0
0 0 0


We note that rankV = 2 < rankW (q) = 3. Nevertheless, the following result
shows that if the payoff vectors are not redundant at each node, then the equality
of ranks holds true even with an arbitrage price.

Proposition 3. Let us assume that V satisfies Assumption (R).

1) For all price q ∈ RJ , rankV ≤ rankW (q).

2) Furthermore, if for all ξ ∈ De, rankV J (ξ) = n (ξ), the number of assets
issued at this node, then rankV = rankW (q) for all price q ∈ RJ .

Proof. 1) The proof is just an adaptation of the proof of Proposition 2. In the
first step, since the price q is not supposed to be a non-arbitrage price, we get
rankWJ (ξ)(q) ≥ rk(ξ) instead of an equality. For the two next steps, the proofs
never uses the fact that q is a non-arbitrage price, so we can replicate them to
obtain rankW (q) ≥

∑
ξ∈De rk(ξ) = rankV .

2) If rk(ξ) = n(ξ) for all ξ, then
∑

ξ∈De rk(ξ) is the cardinal of J , which is the
number of column of the matrix W (q). So rankW (q) ≤

∑
ξ∈De rk(ξ) = rankV .

�

If the assets issued at each node are linearly independent, then we can also
obtain the equality of the rank under a slightly weaker assumption than As-
sumption (R) where we only deal with the returns at the immediate successors
of a node ξ instead of looking at the whole returns for all successors.

Corollary 1. Let us assume that:

1) ∀ξ ∈ De, rankV J (ξ)
ξ+ = n (ξ)

and

2) Vect
(
V
J (D−(ξ))
ξ+

)⋂
Vect

(
V
J (ξ)
ξ+

)
= {0} .

Then

rankV = rankW (q).

Proof. We show that the assumptions of Proposition 3 are satisfied. First, we
remark that V J (ξ)

ξ+ is a sub-matrix of V J (ξ), so n(ξ) = rankV J (ξ)
ξ+ ≤ rankV J (ξ).

On the other hand, rankV J (ξ) ≤ n(ξ) since the number of column of V J (ξ) is
n(ξ). Hence n(ξ) = rankV J (ξ).

We now prove that Assumption (R) is satisfied. Let κ ∈ {2, . . . , k}, ξ ∈ De
τκ

and y ∈ RD+(ξ) \ {0} such that

y ∈ Vect
(
V
J (D−(ξ))

D+(ξ)

)
∩Vect

(
V
J (ξ)

D+(ξ)

)
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3 ON THE RANKS OF THE RETURN MATRICES 15

Then, there exists (aj) ∈ RJ (ξ) such that y =
∑

j∈J (ξ) ajV
j

D+(ξ) and there

exists (bj) ∈ RJ (D−(ξ)) such that y =
∑

j∈J (D−(ξ)) bjV
j

D+(ξ). Restricting the

above equality to the coordinates in ξ+, one gets yξ+ =
∑

j∈J (ξ) ajV
j
ξ+ =∑

j∈J (D−(ξ)) bjV
j
ξ+ . From our second assumption, this implies that yξ+ = 0.

From the first assumption, since the vectors (V j
ξ+)j∈J (ξ) are of maximal rank

hence linearly independent, this implies that aj = 0 for all j ∈ J (ξ). Hence,

y = 0, which proves that Vect
(
V
J (D−(ξ))

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
= {0}. Conse-

quently Assumption (R) is satisfied. �

3.2 Equality between the kernel of matrix of payoffs

In this subsection we prove a stronger result on the relationship between the pay-
off matrices. Proposition 4 states the equality of kerrnels for the payoff matrices
under Assumption (R). Although Proposition 2 is a consequence of Proposition
4, the proof of Proposition 4 is based upon the proof of Proposition 2.

Proposition 4. If the payoff matrix V satisfies Assumption (R), then for all
arbitrage free price q ∈ RJ , KerV = KerW (q)3.

Proof of Proposition 4. Let q be an arbitrage free price and let λ = (λξ) ∈
RD

++ such that tW (q)λ = 0. From Proposition 2, rankV = rankW (q) and this
implies that dim KerV = dim KerW (q). So, to get the equality of the kernels, it
remains to show KerV ⊂ KerW (q).

Let z = (zj)j∈J ∈ RJ be an element of the kernel of the payoff matrice V .
So,

∑
j∈J zjV

j = 0 which is equivalent to: for all ξ ∈ D,
∑

j∈J zjV
j
ξ = 0. Let

us show that z ∈ KerW (q). We work by backward induction on κ ∈ {1, ..., k}.
For all ξ ∈ De

τk
,
∑

j∈J zjV
j = 0 implies that

∑
j∈J zjV

j
D+(ξ) = 0. For all j

such that ξ(j) /∈ D−(ξ), V j
D+(ξ) = 0. So we deduce that∑

j∈J (ξ)

zjV
j

D+(ξ) +
∑

ξ′∈D−(ξ)

∑
j∈J (ξ′)

zjV
j

D+(ξ) = 0

From Assumption (R), Vect
(
V
J (D−(ξ))

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
= {0} . From the

above equality,
∑

j∈J (ξ) zjV
j

D+(ξ) belongs to Vect
(
V
J (D−(ξ))

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
,

hence
∑

j∈J (ξ) zjV
j

D+(ξ) = 0.

Moreover, by the fact that V j
ξ′ = 0 for all ξ′ /∈ D+(ξ), one deduces that∑

j∈J (ξ) zjV
j = 0.

For all j ∈ J (ξ) and for all η ∈ D \ {ξ}, V j
η = W j

η (q). At the node ξ,∑
j∈J (ξ) zjW

j
ξ (q) = −

∑
j∈J (ξ) zjqj . But qj = (1/λξ)

∑
ξ′∈D+(ξ) λξ′V

j
ξ′ . Hence,

3Let A be a linear map from Rn to Rp. We denote its kernel by KerA := {z ∈ Rn|Az = 0}.
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∑
j∈J (ξ) zjqj = (1/λξ)

∑
j∈J (ξ) zj

[∑
ξ′∈D+(ξ) λξ′V

j
ξ′

]
= (1/λξ)

∑
ξ′∈D+(ξ) λξ′

[∑
j∈J (ξ) zjV

j
ξ′

]
= 0

So, we have proved that
∑

j∈J (ξ) zjW
j(q) = 0, and since it holds true for all

ξ ∈ De
τk

,
∑

ξ∈De
τk

∑
j∈J (ξ) zjW

j(q) = 0.

It remains to get that
∑

κ∈{1,...,k−1}
∑

ξ∈De
τκ

∑
j∈J (ξ) zjW

j(q) = 0. But we
can do again the same argument for the nodes ξ ∈ De

τk−1
since for all j ∈

∪k−1
κ=1De

τκ
, V j

D+(ξ) = 0 if ξ(j) /∈ D−(ξ). Hence, we proved that
∑

j∈J zjW
j(q) = 0

that is z ∈ KerW (q). �

Remark 5. If Assumption (R) is not satisfied, we may not have the conclusion
of the Proposition 4. Let us consider a stochastic economy with T = 2 and three
nodes, namely D = {0, 1, 2}, and two assets j1, j2, where j1 is issued at node 0
and pays −1 a node 1, 1 at node 2, j2 is issued at node 1 and pays 1 at node 2.
Consider the asset price q = (0, 1); then the payoff matrices are

V =

 0 0
−1 0
1 1

 , W (q) =

 0 0
−1 −1
1 1


Take z = (1,−1) we have z ∈ KerW (q) and z /∈ KerV

The following corollary is a generalization of Proposition 2.

Corollary 2. Let F =
(
J , (Zi)i∈I (ξ(j))j∈J , V

)
be a financial structure such

that Assumption (R) is satisfied and let G be a linear subspace of RJ . Then for
all arbitrage free price q, dim [W (q)G] = dim(V G).

If G = RJ , the conclusion is the same as the one of Proposition 2. The proof
of Corollary 2 is deduced from Proposition 4 and the following lemma, the proof
of which is given in Appendix.

Lemma 2. Let E and F be two vector spaces and ϕ and ψ be two linear maps
from E to F then Kerϕ = Kerψ if and only if for all linear subspace G of E,
dimϕ(G) = dimψ(G).

4 Existence of equilibrium

4.1 The stochastic exchange economy

At each node ξ ∈ D, there is a spot market on which a finite set H = {1, . . . ,H}
of divisible and physical goods are exchanged. We assume that each good is
perishable, that is, its life does not have more than one date. In this model, a
commodity is a pair (hξ) of a physical good h ∈ H and the node ξ ∈ D at which
the good is available. Then the commodity space is RL, where L = H × D. An
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4 EXISTENCE OF EQUILIBRIUM 17

element x ∈ RL is called a consumption, that is to say x = (x (ξ))ξ∈D ∈ RL,
where x (ξ) = (x (hξ))h∈H ∈ RH for each ξ ∈ D.
We denote by p = (p (ξ))ξ∈D ∈ RL the vector of spot prices and p (ξ) =
(p (hξ))h∈H ∈ RH is called the spot price at node ξ. The spot price p (hξ) is
the price at the node ξ for immediate delivery of one unit of the physical good
h. Thus the value of a consumption x (ξ) at node ξ ∈ D (measured in unit
account of the node ξ) is

p (ξ) •H x (ξ) =
∑
h∈H

p (hξ)x (hξ) .

Each agent i ∈ I has a consumption set Xi ⊂ RL, which consists of all possible
consumptions. An allocation is an element x ∈

∏
i∈I Xi and we denote by xi

the consumption of agent i, which is the projection of x on Xi.

The tastes of each consumer i ∈ I are represented by a strict preference
correspondence Pi :

∏
j∈I X

j −→ Xi, where Pi (x) defines the set of consump-
tions that are strictly preferred to xi for agent i, given the consumption xj

for the other consumers j 6= i. Pi represents the consumer tastes, but also his
behavior with respect to time and uncertainty, especially his impatience and at-
titude toward risk. If consumer preferences are represented by utility functions
ui : Xi −→ R for each i ∈ I, the strict preference correspondence is defined by
Pi (x) = {x̄i ∈ Xi|ui (x̄i) > ui (xi)}.

Finally, for each node ξ ∈ D, every consumer i ∈ I has a node endowment
ei (ξ) ∈ RH (contingent on the fact that ξ prevails) and we denote by ei =
(ei (ξ))ξ∈D ∈ RL the endowments for the whole set of nodes. The exchange
economy Σ can be summarized by

Σ =
[
D,H, I, (Xi, Pi, ei)i∈I

]
.

4.2 Financial equilibrium

We now consider a financial exchange economy, which is defined as the couple of
an exchange economy Σ and a financial structure F . It can thus be summarized
by

(Σ,F) :=
[
D,H, I,

(
Xi, P

i, ei

)
i∈I ,J , (Zi)i∈I , (ξ (j))j∈J , V

]
.

Given the price (p, q) ∈ RL ×RJ , the budget set of consumer i ∈ I is Bi
F (p, q)

defined by4:

{(xi, zi) ∈ Xi × Zi : ∀ξ ∈ D, p (ξ) •H [xi (ξ)− ei (ξ)] ≤ [W (p, q) zi] (ξ)}

or
{(xi, zi) ∈ Xi × Zi : p � (xi − ei) ≤W (p, q) zi} .

We now introduce the equilibrium notion:
4For x = (x (ξ))ξ∈D , p = (p (ξ))ξ∈D in RL = RH×D (with x (ξ) , p (ξ) in RH) we let p � x =

(p (ξ) •H x (ξ))ξ∈D ∈ RD.
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4 EXISTENCE OF EQUILIBRIUM 18

Definition 1. An equilibrium (resp. account clearing equilibrium) of the fi-
nancial exchange economy (Σ,F) is a list of strategies and prices (x̄, z̄, p̄, q̄) ∈(
RL)I ×∏i∈I Zi × RL\ {0} × RJ such that

(a) for every i ∈ I, (x̄i, z̄i) maximizes the preferences P i in the budget set
Bi
F (p̄, q̄), in the sense that

(x̄i, z̄i) ∈ Bi
F (p̄, q̄) and

[
P i(x̄)× Zi

]⋂
Bi
F (p̄, q̄) = ∅;

(b)
∑

i∈I x̄i =
∑

i∈I e
i (Commodity market clearing condition);

(c)
∑

i∈I z̄i = 0 (resp.
∑

i∈IW (q̄)z̄i = 0 ) [Portfolio (resp. account) clearing
condition)].

An accounts clearing equilibrium only requires that the payoffs (or accounts)
of the financial markets are cleared, that is

∑
i∈IW (q̄)z̄i = 0, which is weaker

than the portfolio clearing condition:
∑

i∈I z̄i = 0. Every equilibrium of the
economy (Σ,F) is an accounts clearing equilibrium of (Σ,F). The converse
relationship between the two equilibrium notions is given in the next Corollary
deduced from Proposition 1 of Cornet-Gopalan [3].

Corollary 3. Let (x̄, z̄, p̄, q̄) be an account clearing equilibrium of (Σ,F) satis-
fying one of the following conditions: (i) ∪i∈IZi is a vector space, or (ii) As-
sumption (R) is satisfied and KerV ⊂ ∪i∈IZi, then there exists an equilibrium
(x̄, ẑ, p̄, q̄) of (Σ,F) which difffers only in terms of the portfolio profile.

4.3 No-arbitrage and financial equilibrium

Angeloni-Cornet[1] noted that when portfolios may be constrained, the con-
cept of no-arbitrage has to be suitably modified. In particular, we shall make a
distinction between the definitions of arbitrage-free portfolio and arbitrage-free
financial structure.

Definition 2. Given the financial structure F = (J , (Zi)i∈I , (ξ (j))j∈J , V ),
the portfolio z̄i ∈ Zi is said with no arbitrage opportunities or to be arbitrage-
free for agent i ∈ I at the price (p, q) ∈ RL ×RJ if there is no portfolio zi ∈ Zi

such that W (p, q) zi > W (p, q) (z̄i), that is, [W (p, q) zi] (ξ) ≥ [W (p, q) (z̄i)] (ξ),
for every ξ ∈ D, with at least one strict inequality,or, equivalently, if:

W (p, q) (Zi − z̄i) ∩ RD
+ = {0} .

The financial structure is said to be arbitrage-free at (p, q) if there exists no
portfolio (zi) ∈

∏
i∈I Zi such that W (p, q)

(∑
i∈I zi

)
> 0, or, equivalently, if:

W (p, q)

(∑
i∈I

Zi

)
∩ RD

+ = {0} .

Let the financial structure F be arbitrage-free at (p, q), and let (z̄i) ∈∏
i∈I Zi such that

∑
i∈I z̄i = 0. Then, for every i ∈ I, z̄i is arbitrage-free
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4 EXISTENCE OF EQUILIBRIUM 19

at (p, q). The converse is true, for example, when some agent’s portfolio set is
unconstrained, that is, when Zi = RJ for some i ∈ I.

We recall that equilibrium portfolios are arbitrage-free under the following
non-satiation assumption:

Assumption NS

(i) (Non-Saturation at Every Node.) For every x̄ ∈
∏

i∈I Xi if
∑

i∈I x̄i =∑
i∈I ei, then, for every i ∈ I, for every ξ ∈ D, there exists xi ∈ Xi

such that, for each ξ′ 6= ξ, xi(ξ′) = x̄i(ξ′) and xi ∈ P i (x̄);

(ii) if xi ∈ P i (x̄), then ]x̄i, xi] ⊂ P i (x̄).

Proposition 5. Under Assumption (NS), if (x̄, z̄, p̄, q̄) is an equilibrium of the
economy (Σ,F), then z̄i is no-arbitrage at price (p̄, q̄) for every i ∈ I.

The proof is given in Angeloni-Cornet [1] as well as the following character-
ization.

Theorem 1. Let F =
(
J , (Zi)i∈I , (ξ (j))j∈J , V

)
, let (p, q) ∈ RL×RJ , for i ∈

I, let zi ∈ Zi, assume that Zi is convex and consider the following statements:

(i) There exists λi =
(
λiξ)

)
ξ∈D ∈ RD

++ such that tW (p, q)λi ∈ NZi
(zi)5, or,

equivalently, there exists η ∈ NZi
(zi) such that for every j ∈ J ,

λi
ξ(j)qj =

∑
ξ>ξ(j)

λi
ξV

j
ξ (p)− ηj .

(ii) The portfolio zi is arbitrage free for agent i ∈ I at price (p, q).

The implication [(i) ⇒ (ii)] always holds and the converse is true under the
additional assumption that Zi is a polyhedral6 set.

4.4 Existence of equilibrium

We introduce the following assumptions on the consumers and the financial
structure. They are borrowed from Angeloni-Cornet [1] and Cornet-Gopalan
[3]. In the following ZF is the linear space spanned by ∪i∈IZi. Since we only
consider nominal assets, V does not depend on the spot price p.

Assumption (C) (Consumption Side) For all i ∈ I and all x̄ ∈
∏

i∈I Xi,

(i) Xi is a closed, convex and bounded below subset of RL;

5we recall that NZi
(zi) is the normal cone to Zi at zi, which is defined as NZi

(zi) =˘
η ∈ RJ : η •J zi ≥ η •J z′i, ∀z′i ∈ Zi

¯
.

6A subset C ⊂ Rn is said to be polyhedral if it is the intersection of finitely many closed
half-spaces, namely C = {x ∈ Rn : Ax ≤ b}, where A is a real (m× n)-matrix , and b ∈ Rm.
Note that polyhedral sets are always closed and convex and that the empty set and the whole
space Rn are both polyhedral.
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4 EXISTENCE OF EQUILIBRIUM 20

(ii) the preference correspondence P i, from
∏

i∈I Xi to Xi, is lower semicon-
tinuous7 and P i(x̄) is convex;

(iii) for every xi ∈ P i(x̄) for every x′i ∈ Xi, x′i 6= xi, [x′i, xi[ ∩ P i (x̄) 6= ∅8;

(iv) (Irreflexivity) x̄ /∈ P i(x̄);

(v) (Non-Saturation of Preferences at Every Node) if
∑

i∈I x̄i =
∑

i∈I ei, for
every i ∈ I, for every ξ ∈ D, there exists xi ∈ Xi such that, for each
ξ′ 6= ξ, xi(ξ′) = x̄i(ξ′) and xi ∈ P i (x̄);

(vi) (Strong Survival Assumption) ei ∈ intXi.

Note that these assumptions on P i are satisfied when agents’ preferences
are represented by a continuous, strongly monotone and quasi-concave utility
function.

Assumption (F) (Financial Side)

(i) for every i ∈ I, Zi is a closed, convex subset of RJ containing 0;

(ii) there exists i0 ∈ I such that 0 ∈ riZF (Zi0)
9.

Note that we slightly weaken the assumption of Angeloni-Cornet [1] since we
consider the linear space ZF instead of RJ for the relative interior. Nevertheless,
Assumption (F) is stronger than the corresponding one in Cornet-Gopalan [3]
(Assumption (FA)), which is that the closed cone spanned by ∪i∈IW (q)(Zi) is
a linear space. Indeed, if 0 ∈ riZF (Zi0), then the cone spanned by W (q)(Zi0)
is equal to W (q)(ZF ), which is a linear space and since Zi ⊂ ZF for all i,
W (q)(Zi) ⊂ W (q)(ZF ). Hence, ∪i∈IW (q)(Zi) = W (q)(ZF ), which is a linear
space.

In the following, we will consider the linear subspace G of ZF defined by:

G = {u ∈ ZF | ∀v ∈ ZF ∩KerV, u •J v = 0}

Note that G ∩ KerV = {0} and for all u ∈ ZF , projG(u) − u ∈ KerV , where
projG is the orthogonal projection from Z on G. Our main existence result is
the following:

Proposition 6. (a) Let

(Σ,F) :=
[
D,H, I,

(
Xi, P

i, ei

)
i∈I ,J , (Zi)i∈I , (ξ (j))j∈J , V

]
be a financial economy with nominal assets satisfying Assumptions (C),
(R), (F) and such that for all i ∈ I, the orthogonal projection of Zi on G
is closed. Then, for any given λ ∈ RD

++, there exists an accounts clearing
equilibrium (x̄, z̄, p̄, q̄) of (Σ,F).

7A correspondence φ : X −→ Y is said lower semicontinuous at x0 ∈ X if, for every
open set V ⊂ Y such that V ∩ φ(x0) is nonempty, there exists a neighborhood U of x0 in
X such that, for all x ∈ U , V ∩ φ(x) is nonempty. The correspondence φ is said to be lower
semicotinuous if it is lower semicontinuous at each point of X.

8This is satisfied, in particular, when P i (x̄) is open in Xi ( for its relative topology ).
9Let Z a nonempty subset of RJ and let H a subspace of RJ such that Z ⊂ H. We call

relative interior of Z with respect to H denoted riH(Z) the set {z ∈ RJ | ∃r > 0; B(z, r)∩H ⊂
Z}.
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4 EXISTENCE OF EQUILIBRIUM 21

(b) If moreover, ∪i∈IZi = ZF or KerV ⊂ ∪i∈IZi there exists an equilibrium
(x̄, z̄, p̄, q̄) of (Σ,F).

Remark 6. If for all i, Zi is polyhedral, then the orthogonal projection on G
is closed, so the existence result holds true for polyhedral portfolio sets under
Assumptions (C), (R) and (F). When Zi is not polyhedral, the projection on
G is closed when the intersection of the asymptotic cone of Zi with the kernel of
V is included in the lineality space of Zi (see Theorem 9.1 in Rockafellar [5]).

If ZF ∩ KerV = {0}, then G = ZF , so, the orthogonal projection of Zi

on G is Zi itself and it is already assumed to be closed in Assumption (F). In
particular, ZF ∩KerV = {0} if V is one to one or equivalently if rankV = #J .

The proof of our existence result is based upon Theorem 3.1 of Angeloni-
Cornet [1]. To state this theorem, we need to introduce the set B(λ) of admissible
consumptions and portfolios for a given state price λ ∈ RD

++, that is, the set of
consumption-portfolio pair (x, z) ∈

∏
i∈I Xi ×

∏
i∈I Zi such that there exists a

commodity-asset price pair (p, q) ∈ B̄L(0, 1)× RJ satisfying:
tW (p, q)λ ∈ B̄J (0, 1) ,
(xi, zi) ∈ Bi

F (p, q)∀i ∈ I,∑
i∈I xi =

∑
i∈I ei,∑

i∈I zi = 0

The existence result requires that the set B (λ) is bounded. In [1], it is proved
that this holds true if the assets are all short-term and rankV = #J or, if there
are long-term assets, that rankW (p, q) = #J for all (p, q, η) ∈ BL(0, 1)×RJ ×
BJ(0, 1) such that tW (p, q)λ = η. Note that B(λ) may be not bounded under
the assumptions of Proposition 6. Let us consider

(Σ,F) :=
[
D,H, I,

(
Xi, P

i, ei

)
i∈I ,J , (Zi)i∈I , (ξ (j))j∈J , V

]
a financial exchange economy with 3 nodes without uncertainty, satisfying as-
sumptions C with Xi = R3, I = 2, H is a singleton, Zi = R3 and such that for
every asset price q = (q1, q2, q3) the full payoff matrix is:

W (q) =

 −q1 0 0
1 −q2 −q3
2 1 2


Let (zn

i ) be a sequence of elements of R3 such that

zn
1 =

 1
−2n
n

 and zn
2 =

 −1
2n
−n


Let us consider the arbitrage free price q =

(
2, 1

2 , 1
)
. The spot price is p =

(1, 1, 1). Let e1 = (3, 3, 3) = e2 and x̂1 = (2, 4, 5) and x̂2 = (4, 2, 1). Clearly,
for all n, (x̂, zn) ∈ B (λ) for λ =

(
1, 1, 1

2

)
since for all n ∈ N, t [W (p, q) zn

1 ] =
(−1, 1, 2) and t [W (p, q) zn

1 ] = (1,−1,−2). Hence B(λ) is not bounded since
(zn) is not bounded.
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Our contribution is to obtain an existence result with long-term assets with
assumptions only on the fundamentals of the economy, namely the payoff matrix
V and the portfolio sets Zi, regardless of the arbitrage free price. Note that in
Cornet-Gopalan [3], Assumption (FA) depends on the asset price q, which is
an endogenous variable.

The proof of Proposition 6 is divided into three steps. We first prove that the
set B(λ) is bounded under an additional condition that for all i, Zi ⊂ G, where
G is a linear subspace of ZF satisfying G ∩KerV = {0} (Proposition 7). Then,
we deduce the existence of an equilibrium under this additional assumption
from Theorem 3.1 of Angeloni-Cornet [1] with a slight adaptation of the proof
to deal with the space ZF instead of RJ . Finally, we show how to deduce an
equilibrium of the original economy from an equilibrium where the portfolio
sets are the projection of the initial portfolio sets on the subspace G of ZF
(Proposition 8).

Proposition 7. Let

(Σ,F) :=
[
D,H, I,

(
Xi, P

i, ei

)
i∈I ,J , (Zi)i∈I , (ξ(j))j∈J , V

]
s be a financial economy satisfying for all i ∈ I, Xi is bounded below, F consists
of nominal assets and satisfies Assumptions (R) and (F). If moreover for all
i ∈ I, Zi is included in a linear subspace G such that G ∩ KerV = {0}, then,
for any given λ ∈ RD

++, B (λ) is bounded.

The proof of Proposition 7 is in Appendix.

Proof of Proposition 6 when for all i ∈ I, Zi is included in a linear subspace
G such that G ∩KerV = {0}.

Thanks to Proposition 7, all assumptions of Theorem 3.1 of Angeloni-Cornet
[1] are satisfied but the fact that 0 ∈ riZF (Zi0) instead of 0 ∈ intZi0 . To complete
the proof, we now show how to adapt the proof of Angeloni-Cornet to this
slightly more general condition.

In the preliminary definitions, η is chosen in ZF instead of RJ . In Step 2 of
the proof of Claim 4.1, if η 6= 0, we obtain 0 < max{η •J zi0 | zi0 ∈ Zi0} since
Zi0 is included in ZF , η ∈ ZF and 0 ∈ riZF (Zi0), so rη ∈ Zi0 for r > 0 small
enough. In Claim 4.3 of Sub-sub-section 4.1.3, the argument holds true since
z̄i ∈ ZF for all i and so, (1/‖

∑
i∈I z̄i‖)

∑
i∈I z̄i belongs to ZF . In Sub-sub-

section 4.2.2, to show that 0 ∈ riZF (Zi0r) in the truncated economy, it suffices
to remark that there exists r′ > 0 such that BJ (0, r′) ∩ ZF ⊂ Zi0 , hence,
BJ (0,min{r, r′}) ∩ ZF ⊂ Zi0r, which means that 0 belongs to the relative
interior of Zi0r with respect to ZF . �

To complete the proof of Proposition 6 in the general case, we consider the
subspace G defined before the statement of Proposition 6 and we recall that
G ∩KerV = {0}. We consider the financial economy

(Σ,F ′) =
[
D,H, I,

(
Xi, P

i, ei

)
i∈I ,J , (Z

′
i)i∈I , (ξ(j))j∈J , V

]
with Z ′

i = projG(Zi) for every i ∈ I. Since 0 ∈ riZF (Zi0), 0 ∈ riG(Z ′
i0

). Further-
more, since Z ′

i ⊂ G for all i, one deduces that the linear space Z ′ spanned by the
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sets (Z ′
i) is equal to G, that is ZF ′ = G. Hence, (Σ,F ′) satisfies all assumptions

of Proposition 6 and Z ′
i ⊂ G for all i and G ∩ KerV = {0}. The end of the

proof of Proposition 6 is a consequence of the following proposition, the proof
of which is in Appendix.

Proposition 8. Let (Σ,F) be the financial economy of the Proposition 6. Let
(Σ,F ′) =

[
D,H, I,

(
Xi, P

i, ei

)
i∈I ,J , (Z

′
i)i∈I , (ξ(j))j∈J , V

]
be the financial

economy such that Z ′
i = projG(Zi) for every i ∈ I. If (x̄, z̄′, p̄, q̄) is an equi-

librium of financial economy (Σ,F ′) associated to the state price λ, then there
exists z̄ such that (x̄, z̄, p̄, q̄) is an accounts clearing equilibrium of the financial
economy (Σ,F).

5 Appendix

Proof of lemma 1. Let us denote by k [resp. k′ ] the number of dates where
there are issuance of at least one asset for the financial structure F [resp. F ′].
It is clear that k′ ≤ k.

By Assumption (R), we have: for all κ ∈ {2, . . . , k} and for all ξ ∈ De
τκ

,

Vect
(
V
J (D−(ξ)

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
= {0} .

Since J ′ ⊂ J , Vect
(
V
J ′((D−(ξ))

D+(ξ)

)
⊂ Vect

(
V
J ((D−(ξ))

D+(ξ)

)
and Vect

(
V
J ′(ξ)

D+(ξ)

)
⊂

Vect
(
V
J (ξ)

D+(ξ)

)
. So,

Vect
(
V
J ′(ξ−)

D+(ξ)

)
∩Vect

(
V
J ′(ξ)

D+(ξ)

)
⊂ Vect

(
V
J (D−(ξ)

D+(ξ)

)⋂
Vect

(
V
J (ξ)

D+(ξ)

)
= {0} .

hence the financial structure F ′ satisfies Assumption (R). �

Proof of lemma 2. We first show that the equality of the kernels implies the
equality of dimensions of the images. Let G be a linear subspace of E and let
ϕG (resp. ψG) be the restriction of ϕ (resp. ψ) at G. We have ϕ(G) = ImϕG

10

and dim ImϕG = dimG − dim (KerϕG). As Kerϕ = Kerψ we have KerϕG =
(Kerϕ) ∩G = (Kerψ) ∩G = KerψG hence dimϕ(G) = dimψ(G).

Let us show the converse implication. If Kerϕ 6= Kerψ, then there exists
u ∈ Kerϕ such that u /∈ Kerψ or there exists u ∈ Kerψ such that u /∈ Kerϕ. In
the first case, with G = Kerϕ, we have ϕ(G) = {0} 6= ψ(G), hence dimϕ(G) =
0 < dimψ(G). In the second case, we obtain the same inequality with G = Kerψ.
So the equality of the dimension of ϕ(G) and ψ(G) for all linear subspace G
implies the equality of kernels. �

The following lemma will facilitate the proof of Proposition 7.
10Let γ be a linear map from E to F . We denote its image by Imγ :=

{y ∈ F | ∃z ∈ E; y = γ(z)}.

 
Documents de Travail du Centre d'Economie de la Sorbonne - 2011.84



5 APPENDIX 24

Lemma 3. Let A be a compact subset of RN . For all α ∈ A, let W (α) :
RJ −→ RD be a linear mapping and G be a linear supspace of RN such that
KerW (α) ∩G = {0} for all α ∈ A. If the application α 7→W (α) is continuous,
then there exists c > 0 such that:

‖W (α)z‖ ≥ c ‖z‖ for all (z, α) ∈ G×A.

Proof of Lemma 3. By contradiction. Let us assume that, for every n ∈ N,
there exists zn ∈ G and αn ∈ A such that ‖W (αn) zn‖ < 1

n ‖zn‖. Noticing that
zn 6= 0, without any loss of generality we can assume that ((1/‖zn‖)zn)n (which
is in the unit sphere of RN and in the closed linear subspace G) converges to
some element v ∈ G \ {0} and (αn) converges to some element α ∈ A (since
A is compact). By continuity of the map W , taking the limit when n −→ ∞,
we get ‖W (α)v‖ ≤ 0, hence v ∈ KerW (α), a contradiction with the fact that
KerW (α) ∩G = {0}. �

Proof of Proposition 7 For every i ∈ I, λ ∈ RD
++, we let X̂i(λ) and Ẑi(λ) be

the projections of B(λ) on Xi and Zi, respectively, that is:

X̂i(λ) :=

xi ∈ Xi | ∃ (xj)j 6=i ∈
∏
j 6=i

Xj ,∃z ∈
∏
i∈I

Zi, (x, z) ∈ B(λ)


Ẑi(λ) :=

zi ∈ Zi | ∃ (zj)j 6=i ∈
∏
j 6=i

Zj , ∃x ∈
∏
i∈I

Xi, (x, z) ∈ B(λ)

 .

It suffices to prove that X̂i(λ) and Ẑi (λ) are bounded sets for every i to show
that B (λ) is bounded

We first show that for every i ∈ I the set X̂i (λ) is bounded. Indeed, since
the sets Xi are bounded below, there exists xi ∈ RL such that Xi ⊂ {xi}+RL

+. If
xi ∈ X̂i (λ), there exists xj ∈ Xj , for every j 6= i, such that

∑
j∈I xj =

∑
j∈I ej .

Consequently,

x′i ≤ xi = −
∑
j 6=i

xj +
∑
j∈I

ej ≤ −
∑
j 6=i

xj +
∑
j∈I

ej

and so X̂i (λ) is bounded.

We now show that Ẑi (λ) is bounded. Indeed, for every zi ∈ Ẑi (λ), there
exists (zj)j 6=i ∈

∏
j 6=i Zj , x ∈

∏
j∈I Xj , p ∈ B̄L (0, 1), q ∈ RJ such that

tW (q)λ ∈ B̄J (0, 1),
∑

j∈I zj = 0 and (xj , zj) ∈ Bj
F (p, q) for every j ∈ I.

As (xi, zi) ∈ Bi
F (p, q) and (xi, p) ∈ X̂i(λ) × B̄L (0, 1), a compact set, there

exists αi ∈ RD such that

αi ≤ p � (xi − ei) ≤W (q)zi.

Using the fact that
∑

i∈I zi = 0, we also have

W (q)zi = W (q)

−∑
j 6=i

zj

 ≤ −
∑
j 6=i

αj ,

 
Documents de Travail du Centre d'Economie de la Sorbonne - 2011.84



5 APPENDIX 25

hence there exists r > 0 such that W (q)zi ∈ B̄D (0, r).

Since Assumption (R) holds true, KerW (q) = KerV for all arbitrage free
price q ∈ RJ . Hence G ∩ KerW (q) = {0} for all q. Lemma 3 applied to W (q)
for q ∈ A :=

{
q ∈ RJ | tW (q)λ ∈ B̄J (0, 1)

}
, which is a compact subset of RJ ,

implies that there exists c > 0 such that, for every q ∈ A, zi ∈ G, c ‖zi‖ ≤
‖W (q)zi‖ hence

c ‖zi‖ ≤ ‖W (q)zi‖ ≤ r for every zi ∈ Ẑi(λ),

and this shows that the set Ẑi (λ) is bounded. �

Proof of Proposition 8 Let (x̄, z̄′, p̄, q̄) be an equilibrium of the financial
exchange economy (Σ,F ′). For all i ∈ I, let z̄i ∈ Zi such that z̄′i = projG(z̄i). We
show that (x̄, z̄, p̄, q̄) is an account clearing equilibrium of the financial exchange
economy (Σ,F).

Note that the definition of G as a subspace of ZF orthogonal to Z ∩KerV ,
implies that projG(zi) − zi ∈ KerV for all i and for all zi ∈ ZF . Furthermore,
Assumption (R) implies that KerW (q̄) = KerV , so projG(zi)− zi ∈ KerW (q̄).
Note also that the full payoff matrices of the financial structures F and F ′ are
the same.

• ∀i ∈ I, (x̄i, z̄i) ∈ Bi
F (p̄, q̄). Indeed, from the definition of z̄i and the above

remark, we have:

W (q̄)z̄′i = W (q̄) (z̄′i − z̄i) +W (q̄)z̄i = W (q̄)z̄i,

so for all ξ ∈ D,

p̄(ξ) •H [x̄i(ξ)− ei(ξ)] ≤ [W (q̄)z̄′i] (ξ) = [W (q̄)z̄i] (ξ).

• ∀i ∈ I,
[
P i (x̄)× Zi

]⋂
Bi
F (p̄, q̄) = ∅. Let us argue by contradiction. If there

exists i ∈ I and (xi, zi) such that (xi, zi) ∈
[
P i (x̄)× Zi

]⋂
Bi
F (p̄, q̄),

this implies that xi ∈ P i(x̄) and for all ξ ∈ D, p̄ (ξ) •H [xi(ξ)− ei(ξ)] ≤
[W (q̄)zi] (ξ). Let z′i = projG(zi). Note that z′i ∈ Z ′

i. Since z′i−zi ∈ KerV =
KerW (q̄),

W (q̄)zi = W (q̄)(z′i + zi − z′i) = W (q̄)z′i
and this implies that

∀i ∈ I,∀ξ ∈ D, p̄ (ξ) •H [x̄i (ξ)− ei (ξ)] ≤ [W (q̄) z′i] (ξ)

that is (xi, z
′
i) ∈ Bi

F ′ (p̄, q̄). Since (xi, z
′
i) ∈

[
P i (x̄)× Z ′

i

]
, this contradicts

the fact that (x̄, z̄′, p̄, q̄) is an equilibrium of the financial exchange econ-
omy (Σ,F ′).

•
∑

i∈I x̄i =
∑

i∈I e
i, from the market clearing condition at the equilibrium

(x̄, z̄′, p̄, q̄).
∑

i∈I z̄
′
i = 0 from the market clearing condition on the asset

markets. Since
∑

i∈I z̄
′
i = projG(

∑
i∈I z̄i),

W (q̄)(
∑
i∈I

z̄i) = W (q̄)(
∑
i∈I

z̄′i) = 0.

Hence, (x̄, z̄, p̄, q̄) is an account clearing equilibrium of the financial ex-
change economy (Σ,F). �
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