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Abstract

Parenthood postponement is a key demographic trend of the last three
decades. In order to rationalize that stylized fact, we extend the canon-
ical model by Barro and Becker (1989) to include two - instead of one -
reproduction periods. We examine how the cost structure of early and
late children in terms of time and goods affects the optimal fertility tim-
ing. Then, focusing a stationary equilibrium with stationary population,
we provide two alternative explanations for the observed postponement
of births: (1) a fall of the direct cost of late children (thanks to medical
advances); (2) a rise in hourly productivity, which increases the (relative)
opportunity costs of early children in comparison to late children.
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1 Introduction

As this is well-known among demographers, human fertility has exhibited a
globally decreasing pattern during the last century. At the world’s level, the
total fertility rate (TFR) has decreased from about 5.2 children per women
in 1900 to about 2.7 children per women in 2000.! Another well documented
stylized fact concerns not the number, but the timing of births: there has been,
over the last three decades, a global tendency towards the postponement of
parenthood. That stylized fact is illustrated by Figure 1, which shows the rise
in the mean age at motherhood in several advanced economies, over 1985-2005.
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Figure 1: Mean age at motherhood (years),
1985-2005.

Another way to illustrate the postponement of births consists of decomposing
the total fertility rate into the average number of children per women in the early
part of the reproduction period (i.e. between ages 15 and 34 years), and the
average number of children per women in the late part of the reproduction
period (i.e. between ages 35 and 49 years).> As shown on Figure 2, whereas the
total fertility rate has remained relatively constant over the period 1985-2005,
late fertility has significantly increased over time. For instance, whereas children
born from a mother older than 35 years amounted to only 7.5 percents of US
births in 1985, that proportion jumped to about 14 percents in 2005.

Can economic models of fertility, such as the Barro Becker (1989) framework,
provide some plausible explanation or rationalization of that stylized fact?* At
first glance, the answer seems to be negative, since that model includes, as
most dynamic models with endogenous fertility, a unique reproduction period.
However, that model can be extended, so as to introduce several reproduction
periods, instead of a single one.

IThe total fertility rate measures the average number of children a woman has on her
lifecycle, while assuming that she survives during the entire reproduction period, and faces
age-specific fertility rates during the whole reproduction period. The data are from Lee (2003).

2Data source: United Nations Population Division/DESA (2012).

3Data source: United Nations Population Division/DESA (2012).

40n the empirical side, see the studies by Schultz (1985), Heckman and Walker (1990)
Ermisch and Ogawa (1994), Joshi (2002).
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Figure 2: Decomposition of the total fertility
rate (before and after 35 years), 1985-2005.

The goal of this paper is precisely to provide such an extension of the Barro
Becker (1989) model. For that purpose, we keep the fundamental structure of
the Barro Becker model: overlapping generations, physical capital accumulation,
dynastic altruism, but we add one reproduction period, in such a way as to be
able to examine whether the observed postponement of births can or cannot
be rationalized by an economy ¢ la Barro and Becker. Given that we are
here only interested in the timing of fertility, we will, when discussing how to
rationalize the postponement of births, assume that the total fertility rate equals
the replacement level, and study the lifecycle distribution of births.?

Anticipating on our results, we first show that, at the temporary equilibrium,
the cost structure of early and late children, in terms of goods and time, is a key
determinant of the optimal fertility profile. If late children are more costly than
early children during their childhood, and if early children are no longer time-
consuming once adult, the optimal fertility profile only involves early children.
If, however, early children are, once adult, still time-consuming for their par-
ents, that additional opportunity cost provides some incentive for postponing
fertility. Then, focusing on a stationary equilibrium with stationary population
size, we show that improvements in total factor productivity tend, under gen-
eral conditions, to shift steady-state optimal fertility profiles towards more late
births. Hence the extended Barro Becker model proposes two explanations for
the postponement of births: either a change in the direct cost of early and late
children, or, alternatively, a rise in total factor productivity.

In sum, the extended Barro Becker model is shown to be able to rationalize
the observed postponement of births. As such, that model complements all
static frameworks studying the optimal timing of births (Happel et al 1984,
Cigno and Ermisch 1989, Gustaffson 2001), as well as dynamic frameworks also
focusing on lifecycle fertility patterns, but using alternative assumptions, such

5That stationary population assumption, which allows us to focus only on the birth timing
problem, is actually quite plausible given the finiteness of the Earth. One could hardly imagine
an ever growing population living on a fixed space.



as D’Albis et al (2010) and Pestieau and Ponthiere (2011).5

The rest of the paper is organized as follows. Section 2 presents the model.
Section 3 studies lifecycle fertility at the temporary equilibrium. Section 4 exam-
ines the timing of births at a stationary equilibrium with stationary population.
Empirical material on total factor productivity and fertility timing in the U.S.
and the OECD is studied in Section 5. Section 6 concludes.

2 The model

Let us consider a three-period OLG model. The three periods are: childhood,
young adulthood and old adulthood. Agents work the entire time-period in
young adulthood and old adulthood. Reproduction is monosexual. Agents can
have children either at the beginning of young adulthood (i.e. second period),
or at the beginning of old adulthood (i.e. third period). The number of early
children for a young adult at time ¢ is denoted by n;, while the number of late
children for a young adult at time ¢ is denoted by my1.

Following Barro and Becker (1989), we assume that parents are altruistic
towards young family members. Parents’ utility depends on own consumption
at young adulthood (denoted by ¢;) and at old adulthood (denoted by di11),
and on the number and the utility of younger family members. The utility of
an agent who is a young adult at time ¢ is represented by the utility function:

Ui = v(ct) + po(dit1) + a (Nipg1, Ne) NepaUpa (1)

where v(-) is the utility from consumption, g is a time-preference factor, and
the weighting function a(-) represents the weight assigned by a young adult
belonging to the adult cohort at period ¢, of size Ny, to the welfare of each
family member belonging to the adult cohort ¢ + 1, of size N;;1. The number
of young adults at time ¢ + 1, N¢y1, includes his own children, whose number
is Niny, as well as the late children of his parents, i.e. his young brothers and
sisters, whose number is N;_1m;. Thus the number of family members who are
young adults at time ¢ > 0 is denoted by Nyy1 = Nyny + N,_1m;.” That number
of descendants can also be rewritten as:

Ni_1m m
N1 = Ny (nt + t]\;t> = N; (nt + t) = Nigi11 (2)
t gt

where g;11 = Njﬁftl is the (adult) cohort growth factor, equal to n; + %.

The family weighting function a(-) has the following form:

(07

1—e pte
Nt NtJrl

a(Nit1, Ny) = (3)

6D’Albis et al (2010) focus on optimal lifecycle fertility in a continuous time OLG model,
under the assumption of a decreasing relationship between the total number of children and
the timing of births. Pestieau and Ponthiere (2011) focus on the optimal fertility timing in an
OLG model @ la Samuelson (1976), and examine whether the Serendipity Theorem still holds
in a broader demographic environment with several reproduction periods instead of one.

"We assume, to avoid any period without births, that N_; = Ng = 1, and that m_; = 0.



where 0 < a < 1 and 0 < € < 1. That functional form is a generalization of the
one in Barro and Becker (1989), where g;y1 = n; (as m; = 0).® Note also that
substituting for a(N¢11, N¢) in expression (1) yields:

Uy = v(ct) + Bo(drgr) + a (ge1)' " Upg (4)

That expression generalizes the utility function used in Barro and Becker (1989),
where all children are born from young parents (i.e. gi11 = n;), yielding:

Us = v(ct) + Bo(degr) + a (ng) '~ Uppr (5)

In the Barro Becker setting, the unique fertility rate n; serves as the investment
rate in the future. Here, in our framework with two reproduction periods, that
investment rate in the future equals g1 = ny + %.

Substituting repeatedly for a cohort’s utility in the utility function of the
dynastic head, we obtain the following dynastic utility function:

Up =Y o (N))' "% [u(er) + Bo(dita)] (6)
t=0

That expression collapses to Barro and Becker’s standard dynastic utility func-

tion when old adulthood does not matter (8 = 0) and when there are no births
t—1

in third period, i.e. m; = 0 for all ¢, in which case Ny = N;_1n;_1 = H ng.?

s=0
The dynastic head treats equally the welfare of two descendants born at the

same point in time, even though one is related to him through a lower number
of family ties than the other. The underlying intuition is that, even though
there may be differences, in the short-term, between grand children and grand-
grand-grand children, those differences appear minor once the dynasty includes
a sufficiently large number of generations.

The elasticity of v (-) with respect to consumption is assumed to be constant:

v(e) =¢f (7)

where o < 1. That assumption is also made in Barro Becker (1989).

8Indeed, in Barro-Becker, we have Niy1 = n¢Ng, so that a() = af [Ntl_sanf] =

€

a/N¢n§, implying a (-) Ney1 = agtl_:f = an%7 . Here that formula is generalized, to ob-

tain a () Nit1 = agtl_;f even when g¢41 # ng as a consequence of my > 0.

9Note that the above dynastic utility function keeps the standard properties of the one
derived by Barro and Becker (1989). If one had used, instead of expression (1), another utility
function, such as, for instance:

Uy = v(er) + Bo(dit1) + a(ne)neUpr1 + a(mig1)met1Usy2

with a(-) concave in its argument, one would not have been able to derive a dynastic utility
function with the same simple form as expression (6). Indeed, the altruistic weighting function
is non linear, so that a (non1) + a(m1) # a(noni1 + m1), implying that the dynastic utility
function can hardly be reduced to an infinite sum of lifetime welfare terms weighted by the
(concavified) size of the different successive cohorts, as in Barro Becker (1989) and in (6).



Each adult earns a wage w; on time supplied to the market, in young adult-
hood and old adulthood. Since we define an adult’s total time available per
period to be 1 unit, w; and w4 denote the total labour income in, respec-
tively, young adulthood and old adulthood, in the case of no children.

Following Barro and Becker (1989), we assume that a child costs, during his
childhood, a fraction b of the time unit of parents, so that parents having n;
children can only work during a period 1 — bn; at young adulthood. Similarly,
parents who have my, 1 late children can only work a fraction 1— Bmy of their
second working period. It is widely documented that a late child is more costly
than an early child, so that we have: B > b.10

However, the duration of coexistence of the parent with a child is longer
with an early child than with a late child, and this may induce some additional
time costs at older adulthood. We represent those extra time costs by the
fraction h > 0. The intuition is that early children are not only "enjoyed"
longer than late children, but they also require some time once they are young
adults. The source of asymmetry in comparison with late children is that late
children become adults when their parents are retired, unlike early children,
who become adults when their parents are still working. This difference creates
an asymmetry in the lifetime opportunity costs of early and late children.

Within the Barro-Becker (1989) setting, there is only one adult life-period.
As a consequence, there is no savings: the only way to transfer resources over
time is through bequests to children, each adult parent giving, in the last period
of his life, a bequest to his children. Here, on the contrary, adulthood includes
two periods, during which the agents works and can have children. The intro-
duction of an additional life-period tends to complicate the analysis. Hence, we
will make here three assumptions, which insure analytical solvability:

e Young individuals can save resources for the future.!!

e All children, whatever these are born from young or old parents, receive
their bequests at the same point in their lifetime, that is, at the beginning
of young adulthood (i.e. the majority age).'?

e All children who live in the same time period receive exactly the same
bequest from their parents, whatever those parents are young or old.?

Under those assumptions, a young adult at time ¢, whatever he is born from

100n the cost differential between early and late children, see Gustafsson (2001).

' The introduction of savings allows us to characterize the agent’s intertemporal budget
constraint even if he has no children early in life.

120ne can interpret this as parental will to give an equal chance to all children, early and
late. On the analytical side, that assumption helps a lot. If children received their bequests
at the time of the death of their parent, then their lifetime budget constraint would differ,
depending on whether they are born from young or old parents (see below).

13 According to that assumption, only the timing of life determines the bequest one receives,
and not the age of parents. The underlying idea is that, from the point of view of the dynastic
head, a late child and an early grand child are similar, since they are alive at the same point
in time, and, thus, equally "distant" from the dynastic head.



young or old parents, faces the budget constraint:
U}t(l — bnt) + (1 + Tt)kt = Ct + St + ner + ntkt+1 (8)

where (1+4r;)k; is the bequest received by the young adult from his parent, s; is
savings, e; is the cost of an early child in terms of resources, b is the fraction of
time dedicated to the rearing of each early child, and n.k;41 are the resources he
saves to provide a bequest to his early children. The amount n:k;41 is invested
in the production process, and then given, with interests, to the children born
at t once these are adults. Thus each of those children receives: (14 r4y1)kit1.
At the next period, the adult agent faces the budget constraint:

Wep1 (1 — Bmygr — hng) + s¢(1+ri41) = dipr + mup1 Erpr + mypikers (9)

where E;.; is the cost of a late child in terms of resources, B is the fraction
of time dedicated to each late child, and h is the fraction of time dedicated to
early children once adults. Given that the cost of a late child is generally larger
than the cost of an early child, the assumption E; > e, is reasonable.!* The
amount myy1kyo constitutes the resources that the parent saves to provide a
bequest to his late children. The amount m;1k;42 is invested in the production
process, and then given, with interests, to the children born at ¢t + 1 once these
are adults. Each of those late children receives: (1 + r449)ki1o.

Substituting for savings in the young age budget constraint yields the indi-
vidual’s intertemporal budget constraint:

wt+1(1 — Bmt+1 — hnt)

wt(l—bnt)—l— ]_—I—’]" +(1+Tt)kt
t+1
d E k
= ¢ +niep + ntkt+1 —+ t+1 + mt+11+t:1 + Mmiy1Kt42 (10)
t+1

That intertemporal budget constraint is the same for all agents, whatever these
are born from young or old parents. That result would not prevail if children
received their bequests at the death of their parents.!?

Substituting repeatedly for k; in the intertemporal budget constraint, we
obtain the following dynastic budget constraint:

o] oo
k() + Z ZtNt(l — bnt)wt + Z ZtNt_l(l — Bmt - hnt_l)wt
t=0 t=1

o0 d o0 o0
= Z 2t (NtCt + Ntm) + Z 2z Nyngey + Z zer 1 Nymy 1 By {11)
t=0 14741 t=0 t=0

140n the cost differential between early and late children, see Gustaffson (2001).

I51f children received their bequest at the death of their parent, the overall budget con-
straints of agents born at the same point in time would differ, depending on whether they
are born from young or from old parents. Individuals born from old parents receiving the
bequests earlier in their lifecycle, they benefit, thanks to a larger opportunity set for savings,
from more resources on the lifetime, ceteris paribus, than individuals born from young adults,
who need to wait more to get the bequest. See the Appendix on this.



t
where z; = H a 4}7,3). That constraint states that the present value of all
=0

resources (LHS) must be equal to the present value of all expenditures. In com-
parison with the standard Barro-Becker setting, the LHS and the RHS differ by
the presence of third-period consumption on the RHS, and, also, by the defini-

mt—th—Q)

tion of the number of descendants, Ny, equal here to N;_1 (n;—1 + N,

3 Temporary equilibrium

The optimization problem faced by the dynastic head consists of maximizing
utility Uy subject to the dynastic budget constraint, subject to the initial assets
ko, and subject to the initial young adult cohort size Ny = 1. Through that
maximization problem, each agent takes as given the path of wage rates w; and
of interest rates r;, and selects a path for consumption at the young age and old
age for all descendants, cg, c1, co, ... and dy, do, d3, ..., bequests per young adult,
ki, ko, ... and age-specific fertility rates, ng,n1,na, ... and mi, ma, ms, ...t
The dynastic head’s problem can be written as follows:

max N Z o (Nt)lie [v(ce) + Bo(disr)]

ctydy,my,my, —0

oo o]
s.t. I{JO + Z ZtNt(l — bnt)wt + Z ZtNt_l(l — Bmt - hnt_l)wt
t=0 t=1

o o0 o0

d

= E 2 (NtCt JrNtitH ) + E 2 Nyniey + E g1 Nymy 1 By
t=0 L7 t=0 t=0

First-order condition for optimal consumption of a young adult at time ¢ is:
ol (N)' S ocf ™! = Az Ny

where A is the Lagrange multiplier associated with the dynastic budget con-
straint. The FOC for optimal old-age consumption at period ¢ + 1 is:

_ Az N,
t(NI'¢ Bodonl = 22T
o’ (Ng) Bo 141 1+ 71
Combining those two FOCs yields:
din )7 _ 1 1
o =1 +r1)B (12)

Combining the FOC for optimal consumption of a young adult at t+ 1 with the
FOC for optimal consumption of a young adult at ¢, we have:

Ct 1o 1 my c 1
I R Y (7 N (13)
Ci41 e gt 14+ ri

16Note that, since the objective function is time-consistent, the paths chosen by the dynastic
head will also be chosen by any other following descendants facing the same problem.




Thus the intergenerational consumption profile is increasing in the parameter

«, and decreasing in the cohort growth factor g, = NJ:CI and in the interest rate.

Similarly, for old-age consumption, we have:

d \'"7 1 me-1\° 1
( , ) T a <nt1 - t 1) (14)
dii1 « gt—1 1+7re0

Regarding the optimal demography, we know from the FOC for consumption
that the optimal cohort growth factor g1 satisfies the condition:

a(l +7r1) (Cct )1012 (15)

t+1

gt+1 =

The optimal cohort growth factor is increasing in parental altruism, and in the
interest rate, but decreasing in the parameter . If the interest rate is constant,
and if the intergenerational consumption path is also invariant over time, the
optimal cohort growth factor is also constant over time. But beyond those
properties, that condition does not, on its own, suffice to characterize, for any
period, a unique optimal fertility profile (n;, m;), since various fertility profiles
(n¢, my) can bring the optimal cohort growth factor gi11, as long as (ng, my) is
such that n; + % = g;+1. Hence, to characterize the optimal fertility path, it
is necessary to focus on the FOCs for optimal age-specific fertility.

Keeping in mind that the number of persons born at period ¢ can be written

as Ny = Ny_19;: = Ny (nt_l + %), the FOCs for the optimal n; and

my are, respectively:

- ; __ONyi14y
> (1 =) (Nigayy) 5%;” [v(ct+145) + Bu(ditasj)]
7=0

- ONit14j ditoyj
= )\ Z Zt+1+j57;1+] |:Ct+1+j + 1+t;r2+]:| + Az Nibw; + )\thNthth
=0 t t+2+j
ONii14

o0
+1+4
+AzgNiey + A E Zt+1+jaTnt+1+j6t+1+j
: t
j=0

oo
ONy 1 s
+1+j
A ziriri M By
t

= on
o0
ONit14j
= Zt+1+j87ntj(1 = bnep1ej)Wit14j
=0
oo
8Nt+2+:
= Ztﬂﬂ‘th(l — Bmyyot — hngpyj)wiroy (16)
=0



Zatﬂﬂ 1—&)(Ney14)~ 6# [vlctt145) + Bu(diios))]

AN

0
.- ON, d
.
= )\E Zt41+j t+t+j [Ct+1+j+t+ﬂ + Azt Ni—1Bwy

1 ;
= + T2
ONit14j
J
FA2z Ni_1 By + A E zt+1+jwnt+l+jet+l+j
§=0 ‘
ONii14j
J
Az o, MiiBreg
=0 K
o0
ONii14j
J
A 2y 5.7(1 = bnps 1)) Wit
i=0 i
t+2+j
—A Z Zt+2+j (1= Bmusayj — hnegis)Wesayg (17)
myg

Those two FOCs are almost identical, except that these depend on how
respectively n; and m; influence the number of individuals born at all subsequent
periods ¢t + 1,t + 2,.... Although that effect is complex - since any change
in fertility is followed by changes in the number of descendants at all next

generations -, the relationship Ny = N;_19; = Ny (nt_l + %ﬁt’?) can

help us to quantify the relative levels of the derivatives 6N5#” and aj\g;ll_” .

Lemma 1 The partial derivatives of the number of descendants with respect to
early and late fertility satisfy the following equation, for allt, j > 0:

ONiy14j _ Ni ONegayy  ONpay

8nt Ntf 1 amt gt amt

Proof. See the Appendix. =

Thus whether the marginal effect of a change in early fertility on the total
number of descendants is superior or inferior to the marginal effect of a change
in late fertility depends on whether the population is growing or not, that is, on
whether g; exceeds 1 or not. Substituting for this in the FOC for optimal m,

10



and simplifying yields:

S ONpi1+4;
D0 0 I = &) (Nera) ™ TG [0(eurneg) + B (desns)]

AN

0
= dN, digoti
— )\Zztﬂﬂ t+1+4j5 [Ct+1+j+t+2ﬂ + Az N; Bw;

= L+ 7eyo4

ONiy14j
+Azt N By + A Z Zt+1+j%nt+1+jet+l+j
t

Jj=0

o0
ONit14j
J
+A E 241+ Mt 145 B 14

=0 87’Lt
ONpi14j
—A Z Zt41+j Tj(l = Ny 145)Wes14j
i=0 i
ONiioyj
—-A Z Zt+2+jaTtJ(1 — Bmijoqj — hnggi45)Witay; (18)
=0

That FOC can then be compared with the FOC for optimal n;. Several cases
can arise, depending on the relative levels of early and late children in terms of
time and goods.

Let us start with the simplest case. If there is perfect equality of all costs,
ie. b= DB, e, = E; and h = 0, then the two FOCs are exactly identical. Thus,
in that special case, the optimal early fertility rate n; and late fertility rate
are determined jointly, by the same condition. The dynastic head’s planning
problem is thus underdetermined.

If, on the contrary, there is perfect equality of all costs, except that the
early children still recommend some time at the adult age, i.e. A > 0. Then,
it follows that the marginal welfare loss from increasing early fertility rate is
always larger, ceteris paribus, than the marginal welfare loss from increasing
the late fertility rate, since the RHS of the FOC for optimal n; always exceeds
the one for optimal m;. We thus have the corner solution: n; = 0, m; > 0.

Alternatively, if there is no time costs of early children at the adult age
(h = 0), but if late children have a larger cost, either in time or in goods, i.e.
b< Bande < F; or b < B and e; < E;, the marginal welfare loss from
increasing early fertility is always smaller, ceteris paribus, than the marginal
welfare loss from increasing late fertility, since the RHS of the FOC for optimal
my always exceeds the one for optimal n;. Hence, we have: n; > 0 and m; = 0.

Finally, when none of those conditions are satisfied, the two FOCs are satis-
fied simultaneously, and we have the interior optimum for the fertility profile as
a whole: n; > 0 and m; > 0. The following proposition summarizes our results.

Proposition 1 e [fb< B ande < E; orb < B and e; < Fy, as well as
h =0, the optimal fertility profile involves ny > 0 and my = 0.

11



e [fb= B, e, = FE; and h > 0, the optimal fertility profile involves ny = 0
and my > 0.

e Ifb= DB, e; = E; and h =0, the optimal fertility profile is indeterminate.
e Otherwise, the optimal fertility profile involves ny > 0 and my > 0.

Proof. See the above FOCs. m

In sum, various fertility profiles (ns,m;) can constitute the solution to the
dynastic head’s optimization problem, depending on the structure of early and
late children costs in terms of goods and in terms of time. Therefore, the
evolution of children cost structure is likely to have had a significant impact on
the timing of births. One can think, for instance, that recent medical advances,
such as the development of assisted reproductive technologies, have strongly
reduced the cost of late children, leading to the observed postponement of births.
However, as we shall now see, that kind of "cost-based explanation" is not the
unique possible one. Other explanations can account for the postponement of
births, without relying on external changes in children costs structure.

4 Births postponement: theory

In order to identify other potential determinants of the change in the timing of
births, let us first make some additional assumptions, concerning the production
process, from which wages w; and interest rates r; are determined. In this paper,
we assume, like Barro and Becker (1989), a closed economy, where the wages
and interest rates depend on the level of the stock of productive capital.

4.1 Production

Production takes place via a standard one-sector production function that ex-
hibits constant returns to scale:

Y: = F (K¢, Lt) (19)

where Y; is total output, K; is total capital, and L; is total labour. As Barro
Becker (1989), we assume no depreciation of physical capital.
The total labour at period ¢ can be written as:

Lt = (1 — b’)’Lt)Nt + (1 — Bmt — hntfl)Ntfl
1—Bmy — hng_
= N, |[1— b+ m; fet (20)
t

The total capital stock at period t can be written as:

N,
Ky = (Ni—ing—1 + Ne—omy_1) ke + Ne—15—1 = Niky + gftstfl (21)
¢
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where the first term of the RHS coincides with the bequest received by indi-
viduals who are young adults at time ¢, whereas the second term is the savings
from young adults at the previous period.

In intensive terms, we can denote the capital per worker k; as:

K, bt o

(1—bny)Ny + (1 — Bmy — hng—1)Ne—1 1 — by + 1_&";#

(22)

Rt

Given constant returns to scale, we can rewrite the production process as:

Y;

=0 b)) N, + (1= By — hig ) Np1 F (kg,1) = () (23)

with, as usual, f'(k) > 0, f (k) <O0.
Factors are assumed to be paid at their marginal productivities:
re = f(ke) (24)
fe) = ke f' (k1) (25)

Wy

The interest rate is decreasing in k¢, while the wage rate is increasing in k.

4.2 Long-run fertility timing

The dynamics of our economy is quite complex, because there are not one, but
three demographic variables: early fertility rate n; (like in Barro-Becker), but,
also, late fertility rate m;, and the cohort growth factor g: = n;_1 + 7;1:—:11.

Hence, to facilitate our analysis of the change in fertility timing, we will here
assume that there exists a unique stable stationary equilibrium with a station-
ary population. That assumption can be justified on the ground of analytical
tractability, but, also, on the ground that an ever increasing or decreasing pop-
ulation is hardly plausible on a finite Earth. Moreover, in the light of Pestieau
and Ponthiere (2011), it appears that, when the cohort growth factor g differs
from unity, stationary equilibria can, under some fertility profiles, turn out to be
unstable, making steady-state analysis irrelevant. Thus imposing a stationary
population protects us against the possibility of unstable stationary equilibria,
but without preventing the study of the optimal fertility timing.'”

When there exists a stationary equilibrium, we know, since:

1
1—-0] =
C.
a(l+rigq) (thrl) ]

170n the existence and stability of a stationary equilibrium with exogenous age-specific
fertility rates n and m, see Pestieau and Ponthiere (2011). It is shown there that, although
there exists, under mild conditions, a stationary equilibrium in an OLG model with two
reproduction periods, the stability of that equilibrium requires n > 0. When n = 0, the
economy exhibits cyclical dynamics around a stationary equilibrium, except when g equals 1,
in which case there is a stable stationary equilibrium.

gt+1 =

13



that the cohort growth rate g; must be constant over time, and equal to:

1
e

9" = la(l+r(x"))] (26)

Note that, for a given, constant, cohort growth factor g* = 1, there exist
various possible fertility profiles (n, m). Indeed, any pair (n*, m*) such that:

n* + vn*2 + dm*
2

1=

is compatible with the stationary equilibrium with stationary cohort size.

To study the optimal fertility profile, let us go back to the conditions de-
scribing the optimal levels of n* and m*, and substitute for steady-state wages,
interest rate, and child costs. Making those substitutions in the two FOCs and
substituting for the Lagrange multiplier in the first FOC by means of the other
FOC, we obtain the optimality condition:

hw*

1+r*

e* +bw* + = E* + Bw* (27)
That condition is necessary for the two FOCs to be satisfied, that is, for an
interior optimal fertility profile with n* > 0, m* > 0. It states that the marginal
cost from an early child (LHS), in terms of goods (1st term) or in time (2nd
and 3rd terms), must be exactly equal to the marginal cost from a late child
(RHS), in terms of goods (1st term) and time (2nd term). On its basis, we can
characterize the steady-state fertility profile.

Proposition 2 Consider an economy with a unique stable stationary equilib-
rium and a stationary population.

(i) if Bw* + E* > e* 4+ bw* + lhf;f* , we have n* =1, m* = 0;

(i) if Bw* + E* = e* + bw* + lh_i”:* , we have n* >0, m* > 0;

(iii) if Bw* + E* < e* + bw* + 1}:_%1, we have n* =0, m* = 1.

Proof. See the Appendix. m

Proposition 2 allows us to propose a first explanation for the observed post-
ponement of births. In the early stages of history, late children were extremely
costly. Hence, the large levels of B and F push the economy towards case
(i). However, as medical science has developed, the costs of late children have
decreased substantially, pushing the economy towards case (ii), with interior
optimal early and late fertility rates. But that stage may not be the end of the
story: as the costs of late parenthood become closer and closer to those of early
parenthood (i.e. B — b and E — e), the existence of a positive time cost for
early children who become adults (i.e. A > 0) may push the economy towards
case (iii), with a corner solution n* = 0 and m* = 1.

In sum, Proposition 2 proposes a cost-based explanation to the observed
postponement of births. Over time, the structure of child costs would have

14



evolved, with, as a consequence, a shift from early fertility to late fertility. Note
that, whereas the shift from stage (i) (no late births) to stage (ii) (mixed fertility)
as a result of medical advances reducing late children costs E could have been
anticipated a priori, the shift from stage (ii) to stage (iii) is less trivial. That
shift relies on the fact that children are durable consumption goods, who also
involve a durable opportunity cost. Thus the model has the virtue to highlight
the key role played by that durable time costs of children for the optimal fertility
timing issue.

Although attractive, that explanation is not the unique possible one. Actu-
ally, we can also propose another explanation, which relies not on the structure
of child costs, but on the evolution of the production process. To explore that
explanation further, let us impose a particular functional form on the production
process, i.e. the standard Cobb-Douglas production function:

Y = AKJL} " (28)

where A > 0 is a productivity parameter, while 7 is the elasticity of output with
respect to capital. In intensive terms, the production process can be written as:

yr = Ak (29)

Hence, at the stationary equilibrium with stationary population, the steady-
state capital level is:

1
aAn | T-n
* = 30
= (30)
from which we can deduce that the wages and interest rates are:

n 1 o 12’7
(1= T AT—7 31
o= (- aiars | 2] (31)

11—«

o= 32
- — (32)

Substituting for wages and interest rates in the conditions of Proposition 2
allows us to study the impact of productivity shocks (through A) or changes
in capital intensity (through n) on the optimal timing of births. The impact
of factors affecting the wage and the interest levels on the timing of fertility is
particularly worth being studied in the case where B —b—ah < 0, that is, when
the total (discounted) proportion of labour time dedicated to early children
along the whole career exceeds the total time dedicated to late children.

Corollary 1 Consider an economy with Cobb-Douglas production technology,
with a unique stable stationary equilibrium and a stationary population. Assume
e—FE<0and B—b—ah<0.

(i) if (1 — 77)771%”141%” [1%] < ﬁ, then n* =1, m* = 0;

[e%

(i) if (1 —n)nT7 AT [L]f = 5L then n* > 0, m* > 0;

11—«
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n

(i) if (1 — n)nﬁAﬁ [ﬁ] s ﬁ, then n* =0, m* = 1;

Proof. See the Appendix. m

In the light of Corollary 1, we are able to propose a second explanation for
the observed postponement of fertility. That alternative explanation relies on
the changes in the characteristics of the production process. Indeed, we have,
ceteris partbus: - -

w w
9A > 0; an <0

Thus, when the economy benefits from a positive total factor productivity
(TFP) shock, the wage, which is the LHS of the condition in Corollary 1, goes
up. As a consequence, case (i) becomes less likely, and cases (ii) or (iii) more
likely. If there is also a rise in the elasticity of output with respect to capital
71, the LHS of the condition goes down, which counteracts the change induced
by the rise in TFP. But in periods of strong technological progress with quasi
constant elasticity 7, there has to be a shift from early births towards late births.

In sum, beyond a change in the structure of children costs in terms of goods
(i.e. a fall of E), one can also rationalize the observed tendency towards later
fertility on the mere basis of a rise in TFP. A rise in TFP increases the op-
portunity cost of early children more than the one of late children, since the
former, once adult, still consume some working time of their parents, contrary
to late children, who only become adults when their parents are retired. Hence,
provided other things remain equal (including children costs in terms of goods,
e and F), the timing of births is modified in the direction of later fertility. This
constitutes an alternative explanation of the postponement of births.!®

5 Births postponement: back to the data

Let us now turn back to empirical facts, to investigate whether the productivity-
based explanation of the observed postponement of births is compatible with
the data. For that purpose, we will proceed in two stages, and focus first on
cross section data for OECD countries, and, then, on time series for the U.S.

5.1 TFP and fertility timing in the OECD

A first, simple way to check the plausibility of the TFP-based explanation of
the postponement of births consists of investigating whether economies with the
largest TEFP are also characterized by later births in the lifecycle. Naturally,
such a correlation is only a clue supporting the above explanation provided the

18That result is a comparative statics result, where A is the unique changing parameter. If,
alternatively, one assumes that children costs e and E vary with TFP, then additional effects
have to be taken into account before drawing conclusions on the net effect of TFP growth on
fertility timing. But given that the effect of changes in children costs in terms of goods was
discussed above, we focus here on the pure effect of a rise in TFP, under fixed e and E.

16



economies under study are close to each others on all relevant dimensions (i.e.
same structural parameters in our model except TFP parameter A).

For that purpose, we use the study by Aiyar and Dalgaard (2005), which
provides estimates of TFP for 20 advanced economies over 1980-1990. The
specificity of Aiyar and Dalgaard is to use two distinct methodologies for TFP
estimations: besides the standard estimation method based on data on stocks
of inputs (which they call the "primal" approach), they also develop an alter-
native method, based on factor price data (called the "dual" approach).!? On
the fertility side, we rely here on age-specific fertility from the United Nations
Population Division World Fertility Data 2008, which provides estimates of age-
specific (period) fertility rates around the world, on the period 1970-2006.%°

Figure 3 plots 19 economies in the space (TFP rank, m/TFR rank) for 1990,
using the primal TFP estimates approach.?! Countries in the bottom-left corner
are characterized by higher TFP and later births, relative to other countries.
The trend line suggests that there exists a positive relationship between the
ranks in terms of TFP and in terms of late motherhood. Highly productive
economies, such as France, Italy and the Netherlands, are also characterized by
a larger share of late births. On the contrary, less productive economies, such
as Japan and South Korea, are also characterized by less late motherhood.

m/TFR rank m/TFR rank
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Figure 3: TFP rank (primal) and Figure 4: TFP rank (dual) and
m/TFR rank, 1990. m/TRF rank, 1990.

But while Figure 3 supports a positive relationship between TFP and late
fertility, Figure 4, which relies on the dual TFP estimates, does not exhibit an

19That dual approach relies on the well-known equivalence, under constant returns to scale,
between total output and total factor payments, implying that the growth rate of TFP can be
deduced either from the comparison of output growth with input growth (primal approach),
or from the growth of factor prices (dual approach), provided one knows the share of each
input in the production process.

20Note that the 19 countries under study have total fertility rates that are sometimes close
to the replacement rate (for instance for the US and New Zealand), but sometimes significantly
lower (for instance in Germany and Italy). That difference is somewhat problematic, as the
hypothesis we test concern economies with replacement fertility (see below).

21 Late fertility rate m includes here fertility between ages 35 and 49 years included.
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increasing pattern. The trend line is here (weakly) decreasing, which does not
support the TFP-based explanation of birth timing.

Hence, the observed relationship between TFP and late motherhood does
not seem to be robust to the methodology used for productivity measurement.
When we take the average TFP ranking on the two approaches to productiv-
ity measurement (primal and dual), we obtain a weakly increasing relationship
(Figure 5). But this can hardly be regarded as a strong support for a TFP-based
explanation of the observed fertility timing. The reason is that many countries,
such as Ireland, the Netherlands, Norway and Austria are very close in terms
of productivity, but very distant in terms of fertility timing. Hence TFP differ-
entials cannot be the unique factor driving the timing of births. If one restricts
the sample to countries whose TFR is sufficiently close to the reproduction rate
in 1990 (Figure 6), the positive relationship between TFP and late motherhood
becomes slightly steeper, suggesting that intercountry heterogeneity in terms of
total fertility may have caused some noise in our comparisons.
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Figure 5: TFP rank (average) and Figure 6: TFP rank (average) and
m/TFR rank, 1990. m/TFR rank, 1990 (subsample).

More generally, those simple cross country comparisons could only inform
us on the validity of the TFP-based explanation of birth timing provided all
countries are identical in all other aspects, which is hardly the case. In order
to avoid the difficulties raised by unobserved heterogeneity across countries, the
next subsection will focus on a single country, the United States, and try to
compare late fertility patterns and TFP patterns.

5.2 TFP and fertility timing in the U.S.

In order to assess the TFP-based hypothesis for the U.S., we will rely on TFP
estimates by Fernald (2011), and on age-specific fertility rate from the Human
Fertility Database. Regarding the period under study, we will focus on the
period after 1988, in such a way as to be as close as possible to a period with
replacement fertility (TFR close to 2). As shown on Figure 7, the proportion of
births beyond age 35 has been growing strongly during that period.
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Figure 7: Fertility rate before age 35
and after age 35, and total fertility rate,
US, 1933-2007.

If we plot, in a simple diagram, the annual growth rate of the share of late
fertility in total fertility, against the annual growth rate of TFP, one obtains
an unambiguously increasing relationship, whatever the concept of TFP that is
used. That robust increasing relationship appears on Figure 8, which relies on
TFP estimates for the whole business sector, and on Figures 9 and 10, which
are based on (respectively unadjusted and utilization-adjusted) TFP estimates
for consumption goods (i.e. non-equipment goods).
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Fig. 8: TFP growth  Fig. 9: TFP growth  Fig. 10: TFP growth
(business) and m/TFR (non-eq.) and m/TFR (non-eq., uti-adj.) and
growth. growth. m/TFR growth.

Those simple graphs suggest that, over the period 1988-2007, the higher
the annual TFP growth was, the larger the postponement of births was. This
is exactly in conformity with the TFP-based rationalization outlined from the
extended Barro-Becker framework.

In sum, this section does not have the pretension to show that the TFP-based
explanation is valid, nor that it is better than a cost-based explanation.?? More

22Further empirical assessments will have to be made, while taking into account identifica-
tion difficulties due to unobserved heterogeneity, endogeneity and other potential biases.
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modestly, that section suggests that the extended Barro-Becker model is, at
first glance, not incompatible with the data, since one of its major predications
fits the data. When one reminds that such a qualitative test sometimes suffices
to question the relevancy of a model - such as Doepke’s (2005) rejection of
the Barro-Becker model for the mortality/fertility relationship - the material
provided in this section is at least encouraging for further empirical tests of the
extended Barro-Becker model in the context of changing fertility timing.

6 Conclusions

The postponement of births constitutes a major demographic stylized fact of
our times. The present paper proposed to extend the canonical fertility model
of Barro and Becker (1989), to examine whether standard economic fertility
models can help us to rationalize observed fertility timing tendencies.

For that purpose, we introduced an additional reproduction period in the
Barro-Becker OLG model. That extension allowed us to examine how individ-
uals can, under dynastic altruism, solve the dilemma between early and late
children. Whereas the former are consumed earlier, they are also, in general,
associated with a longer period of coexistence, which may lead to additional
opportunity costs in comparison to later children.

In a first stage, we showed that, at the temporary equilibrium, the optimal
timing of births is strongly dependent on the cost structure of early and late
children, in terms of goods and in terms of time. If late children are more
costly than early children during their childhood, and if early children are no
longer time-consuming once adult, the optimal fertility profile only involves
early children. But if early children who become adults are, to some extent,
still time-consuming for their parents, then there is some room for late children,
especially if medical advances, such as assisted reproductive technologies, have
reduced the direct cost of late children.

In a second stage, focusing on a stationary equilibrium with stationary pop-
ulation size, we showed that an improvement in TFP tends, in general, to shift
steady-state optimal fertility profile towards more late births. Hence the ex-
tended Barro Becker model proposes not one, but two distinct plausible expla-
nations for the postponement of births: either a change in the direct costs of
early and late children, or, alternatively, a rise in TFP.

Cross country comparisons in the OECD suggest that the empirical testing
of the TFP hypothesis depends significantly on how productivity is measured.
Focusing on the U.S., we showed that there exists a positive correlation between
TFP annual growth and the annual growth of late fertility, in conformity with
what the extended Barro-Becker model suggests. But further empirical investi-
gations will have to be done in the future, to be able to assess the plausibility
of the cost hypothesis and the TFP hypothesis for changes in fertility timing.
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8 Appendix

Bequests timing To illustrate why the mere fact of receiving bequests at
the time of the death of parents would introduce different budget constraints
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within a given cohort, depending on the age of parents, let us derive the in-
tertemporal budget constraint in the two cases. When the bequest is received
at the death of the parent, the budget constraint of a young adult born from a
young parent is:

(1 — bnt)wt =cCt + St + niey

If he receives a bequest k;41 from his parent at his death, his budget constraint
at t 4+ 1 is:

Wi1(1=Bmyp1—hng)+se (141 1)+ (1411 ki1 = depr Mg Bepr (e +myg ) ko
Hence his intertemporal budget constraint is:

w 1—Bm — hn diz1 + M1 B + (ng +m k
1 ( t+1 t)+kt+1 = epbngest t+1 t+1 B 1 + (ny t41) k42

wy(1—bnyg )+
t( t) 1—|—Tt+1 (1+Tt+1)

For an agent born at the same time, but from an old parent, the two budget
constraints are:

we(1—bng) + (1 +r)ks = ¢+ 8¢+ neey
Wir1 (1 — Bmygr —hng) + (L +1r41)s¢ = depr + myp1 B + (e + myg1 ) kego

From which the intertemporal budget constraint is

w 1—Bm — hn d +mip1 B 1+ (ng +m k
i1 ( t+1 t)+(1+7"t)kt — crtngent t+1 t+1 B + (0 t+1)Kit2

w (1—bny )+
ol t) 1+7ri 1+7ri

Thus the intertemporal budget constraint differs for agents born at the same
point in time, from young or old parents. The overall lifetime spending (RHS)
is the same in the two cases, but the lifetime resources (LHS) differs: those born
from older parents benefit from the bequests earlier in their own lifecycle, which
makes them richer if one considers an economy at the steady-state (under r > 0).
As a consequence, the mere passage of time would lead, under those alterna-
tive budget constraints, to an explosion of intracohort heterogeneity, between
children from parents, grand-parents etc. of different ages.

Proof of Lemma 1 In order to compare the derivatives 01\%«7# and

ONti14j o . meNp_1 )
o, > remember that Neyy = Niegepr = Ny (nt + %) Hence we have:

ONis1

= N,
ant ¢
8]Vt-‘rl
= Ni_
amt t—1
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or, in general terms:
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Thus, whether the marginal impact of raising early fertility is larger than
the marginal impact of raising late fertility depends on whether the cohort size
is growing over time or not. If Ny > N;_; or g; > 1, we necessarily have,

everything else being unchanged, that: IR

ONiirgj ONpi1i
oOmy

ONtt14j

Proof of Proposition 2 Note that, in general, we have: = =

Jj+1

t+1
j+1

ON, ON, i ON, . .
Hgt'H“ and t““ = a&tﬂ] 8:1:1 = N; Hgt_,_k. Hence, imposing g; =

k=1

= 1 for all g; leads to % =1, and to Nyy; = 1 for all . Hence, the

ON¢y

FOC for optimal early fertility i 1s at the stationary equilibrium with stationary
population:

3 a1 - 6) [u(c") + Bu(d”)]
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Substituting for A on the basis of the FOC for optimal m*, we obtain

oo oo
E zi+1+j[c*+ﬁ%]+szw*+zt+1hw*+2te*+E Zip14n7e”
o =0 =0
t+1+75 * * - = -
E + _ § : z : § :
« (]‘ 5) [U(C ) + /Bv(d )] -+ zt+1+jm*E*f Zt+1+]‘(17b’n*)w** zt+2+j(1me*7hn*)w*
j=0 j=0 =0

=0
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J
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i=0 i=0 i=0

oo
- E Zeg145 (1=bn*)w*—
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3=0

which can be simplified to:

h
Bw*—i—E*:bw*—i—L—&—e*

1+r*

Proof of Corollary 1 Substituting for wages and interest rate:

_n_ _n_
aAn | T n 1 a [
= (1—-1mAK" =(1—-n)A =(1- -7 AT—n
w (1—=n)As™ = (1—-n) [1a] (L=m)n [1(1}
l—« 11—«
= Ap(r*)T 1= A =
r e e
in the condition:
hw
Bw+FE=e+bw+ ——
147

yields:

n

0 i—n
B(1—n)ym 7 AT [1 fa] +E

o 17, R =y AT (2]
l—«a

n 1
- b(1 — n)nT AT
e+b(1—n)nT=7 AT { e

From which the three cases of Proposition 2 can be expressed as:

B _n_
o if (B—b—ah)|(1—n)nm5ATS [L}’ >e—Ethenn>0,m=0

o if (B—b—ah) (1—n)nﬁAﬁ [L}m =e— Ethenn>0,m>0

11—«

o if (B—b—ah) (1—n)nﬁAﬁ [L]m <e—Ethenn=0,m>0

Assuming that (B —b—ah) < 0 and e — E < 0, those conditions can be
rewritten as the conditions in Corollary 1.
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