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A remark on arbitrage free prices in multi-period economy

Bernard Cornet* and Abhishek Ranjan'

April 2, 2012

Abstract

We study the convexity property of the set of arbitrage-free prices for a multi-period
financial exchange economy. We provide sufficient conditions for the set of arbitrage-
free prices to be a convex cone, which includes 2-date model. Further we show that
a financial exchange economy with the set of arbitrage-free prices neither convex nor
cone can be equivalent to a financial exchange economy with the convex cone set of
arbitrage-free prices.

Keywords: Financial exchange economy, arbitrage-free prices, equivalent financial
structure

JEL Classification: C02, D53

1 Introduction

This paper is to show that the 2-date model is not sufficient to capture the time evolution
of realistic models, as there are many properties which holds in 2 — date model but not
in multi-period model. In this paper, we discuss the convexity of the set of arbitrage-free
prices as many literature concerning the financial asset uses this concept. Some of the
recent literature in 2-date economy shows the existence of equilibrium using the fact that
the set of arbitrage-free prices is a convex cone. Unfortunately, this is not true in multi-
period economy making the existence of equilibrium difficult in a financial structure with
3 or more dates.

We propose an alternative approach to work in a financial exchange economy with more
than 2-dates. We call two financial structure to be equivalent if they have the same
consumption equilibrium i.e. (x;,p)iez the list of consumption and commodity prices
are same in the equilibria of the two exchange economy. Since, we know that utility of
every individual 7 depends only on the consumption part and financial structure only helps

in transferring the wealth across time and state, and hence we search for an equivalent
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financial structure with the set of arbitrage-free prices as a convex cone, and find an
equilibrium in the equivalent financial structure.

In Section 2, we describe the financial exchange model in T period and study convexity of
arbitrage-free prices. In this section we also define the financial structure and the notion of
arbitrage-free prices for the given financial structure. In Section 3, we study the properties
for the set of arbitrage-free prices to be a convex cone, and also discuss the case when the set
of arbitrage-free prices are neither convex nor a cone through examples and propositions.
In this section, we also define equivalent financial structure, and give certain conditions
under which the financial structures are equivalent. We also show the main result of the
paper that, two financial structure can be equivalent even if one has convex cone set of
arbitrage-free prices whereas other does not. We illustrate certain examples of the financial

structures satisfying these results. We have left few proofs for the Appendix 4.

2 The model

2.1 Time and uncertainty in a multi-period model

We consider a multi-period financial exchange economy with (7' + 1) dates, t € T :=
{0,---,T}. The stochastic structure of the model is described by a finite-tree D of length
T and we shall essentially use the same notation as in Debreu (1) and Martine and Quinzii
(6) (we refer to Debreu (1) and Martine and Quinzii (0) for an equivalent presentation with
the information partition). The set D; denotes the set of states (also called date-events)
that may occur at date ¢ and the family (D;);c7 defines a partition of the set D.

At each date t # T, there is a priori uncertainty about which state will prevail in the next
date. There is a unique non-stochastic event occuring at date ¢ = 0, which is denoted 0,
so Dy = {0}. Every state £ # 0 has a unique immediate predecessor denoted {~. For each
¢ €D, we define ¢+ = {£ € D : £ = £} as the set of the immediate successors of &, and
we notice that the set £ is nonempty if and only if £ € D\ Dr.

Moreover, we define the set of the successors (not necessarily immediate) of £ as

D+(£) = {fl €D: 3(§17§2a"' >§k)>€k :gl_agk—l :éu];? 751 252_75261_}

We also use the notation & > & (resp. & > &) if & € DT(&) (resp. & € DT (&) U {£}).

2.2 The financial structure

We consider a financial asset structure F with 7 = {1,--- , J} assets and every asset j € J
is characterized by the couple (¢7,V7) € D x RP, where &/ is the emission node of asset j
and V7 € RP is its payoff. We will adopt the convention that 1% , the payoff of asset j at
node &, is defined for every £ and Vg = 0 if & ¢ DT (¢J). The financial asset structure F
can be summarized as F = (7, (&, V7)jeq).
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We will also denote F = (J, (W(-));es) where the total payoff mapping W7(:) : R — RP
is defined by W(¢) = VI — ¢/1", and we define W(:) := [W'(-),...,W’(-)], thus a
mapping from R’ to RP.

2.3 Arbitrage-free notion

We say that (F,q) is arbitrage-free if and only if there exist no portfolio z € R’ such that
Wr(q)z > 0, or equivalently:
Wr(@R’ NRE = {0}.

The set of arbitrage-free prices is denoted by Q .

From the characterization theorem of no-arbitrage as in Angeloni and Cornet (1), we recall
that ¢ is arbitrage-free for the financial structure F if there exist A € RP*+ satisfying
WZE(g)A =0, that is for all j € J, A~ W}(q) =X\ [VjT — ¢’1¢] = 0, and we denote Qr or
() as the set of arbitrage-free prices q of F.

For every A € RP*+ and j € 7, we define

Gr(N) = (1/(ME))VE(p) - X and gz(N) = (¢ (), - -, ¢ (N),
and we notice that for every A € RP++,
WL (gr(A\)A =0, i.e, X - Wh(gr())) = 0 for all j.

3 Convexity results and the equivalent financial structure

In this section, we study the important properties of convexity and conity for the set of
arbitrage-free prices in the financial exchange economy. The set of arbitrage-free prices
may neither be convex nor a cone in a multi-period financial exchange economy unlike
2-date economy where the set of arbitrage-free prices is always a convex cone. We have
shown several examples where the set of arbitrage-free prices is neither convex nor a cone.
Later, we define the concept of equivalent financial structure to study the financial exchange
economy with the set of arbitrage-free prices neither convex nor a cone and show that this
financial exchange economy may be equivalent to a financial exchange economy with the

convex cone set of arbitrage-free prices.

3.1 A convexity result

We show certain results for the set of arbitrage-free prices to be a convex cone. We recall
that Vg is defined as the payoff of the j% asset at node & and &’ is the node at which asset

j is issued.

'Note that W(-) satisfies 3¢/ € D, Wg =0if&< fj,WEjj = —¢’, and Wg = constant if £ > &7.
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Proposition 1. The set of arbitrage-free prices Qr is a convex cone if the financial struc-
ture F satisfies nggkz = 0 whenever & # £F3,

Now we recall that an asset is called short lived asset if it has non-zero payoff only at the
immediate successors of the node at which it is issued 4.e the financial asset j is said to be
short lived if V/ = 0 for all € ¢ (67)F

Corollary 1. If the financial structure F has only short lived assets, then the set of

arbitrage-free prices Qr is a convexr cone.

We notice that all assets in a financial structure F with 2 dates will be short lived asset.

Hence we can deduce corollary 1 to the following corollary:

Corollary 2. The set of arbitrage-free prices Qr for a financial structure F with 2 dates
s always a convexr cone.

Now we give the proof of proposition 1.

Proof. We first prove that Qr is cone, that is, for all ¢ € Qr and « € (0,00), ag € Qr.
Since ¢ € QF, there exists A € REJF satisfying

= > MOV, VieJ.

geD+(¢9)
Now we define X € Rf . as follows :
1 if¢£€=0,
N(€) = ;‘((é) N(&7)  if there exist j satisfying VEJ £ 0,
a2 N (€7)  otherwise.

AN
‘We notice that
N(ag = > N(¢ WE, Vjied.
geD+(¢9)

Hence, ag € Qr, implies Q r is a cone.

We now prove that Qr is convex. Since Q) r is a cone, It suffices to prove that ¢ +r € Qr,
whenever ¢,r in Qr. Indeed, let ¢ € QF, 7 € Qr, then there exist y € R£+, v E Rf+
such that

; (&) <, ; v(€) - :
¢ = Z K .Vgandrjz Z .Vg, ViedJ.
echr(en 1) ecorien V&)

Therefore, ¢/ + 17 = de D+ 53)(75((?) + V”((é))wg

2Recall that Véj is the payoff of asset j at node &
3¢J is the emission node of asset j
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Now we define A\ € Rf . as follows :

1 if ¢ =0,

;((fj))) A(&7)  if there exist j satisfying ng # 0,

V’zg_)) JA(E™) otherwise.

AE) = § (48
(
(uie)

— —

+
+

=

Clearly ¢ 4+ 1/ = deDﬂ&j) %Vg

Hence ¢ + r € Qr, implies @ r is convex. O

Now when we Consider a financial structure F with only one asset issued at time ¢ = 0
with payoff V9 and price ¢°, and the rest of the assets are issued at future times. Let’s
denote the reduced financial structure(the financial structure starting tomorrow) by " and
the total payoff matrix for the reduced financial structure is W’(q), then the total payoff
matrix for F is given by

W(q, q) :=

_qO 0
Ve W) |
Proposition 2. If the set of arbitrage-free prices Q. for the reduced financial structure

F'is a convex cone, and either V° >0 or VY < 0, then the set of arbitrage-free prices Qr
for the financial structure F is also a convex cone.

Proof. Suppose q()\) € Qr, then W T(q(A))\ = 0, where A = (Ao, \') > 0.

WT(g(A\)A = 0 implies W' (g(X'))N = 0 and Vi N — goAo = 0.

Therefore Qr = { (0, a(N')) | W' (¢(N)XN =0, g = 42 and A > 0}.

Clearly ,when Vg > O(resp. Vo < 0), then VI \ > 0(resp. VA < 0), hence go > 0 (resp. go < 0).

Therefore Qr = R4 x Qz (resp. R_ X Q#/) is a convex cone. O

3.2 Examples of non-convexity

We will show that the set of arbitrage-free prices for a multi-period financial structure
with long lived assets may be neither convex nor a cone. Here we illustrate an example in

support of this statement :

Consider a financial structure F with 3 dates and 2 assets. First asset is issued at time
t = 0 and has payoff 1 and -1 at ¢t = 1 and t = 2, respectively. Second asset is issued at
t = 1 and has payoff of 1 at t = 2. We notice that the set of arbitrage-free prices Qr is
[(—00,0) x (1,00)] U[(0,00) x (0,1)]. And clearly @ is neither convex nor a cone.

We show a more general result as a proposition :
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Proposition 3. Consider the financial structure F with 3 dates, 2 assets, the first one

issued at t = 0 and the second one at t = 1 with payoff matriz

—ql 0
W(g):=1| a —¢
b 1

The set Q of arbitrage-free prices of F is a convex cone if and only if ab > 0.

The set of arbitrage-free prices in terms of a and b can be defined as

R__ xRy ifa<0and b<0
R x (0,—9)] U [Ryy x (—=%,00)] U{(0,-%)} ifa<Oandb>0
[Ro_ X (—=%,00,)] U [Ryg x (0,-9)]U{0,—%} ifa>0andb<0
Riy xRy ifa>0and b>0

Q(aa b) =

Here we show the graph of the set of arbitrage-free prices(detailed proof is in Appendix).

a§0,b§0 CLZOabZO
Figure 1

Proposition 4. Consider the financial structure F with 8 dates, 3 assets, first and second

assets issued at t = 0 and third one at t = 1 with payoff matrix

-¢" - 0
W(q) := a c  —q¢* | withad —bc # 0.
b d 1

Then the set of arbitrage-free price of F is neither convex nor a cone.
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Proof. From the characterization theorem of arbitrage-free prices, ¢ € @ if and only if
there exists A = (1, A1, A2) > 0 such that

q' = al + b, 2 =i+ dNe, and M\i¢® = No.

From above equations (using ad — be # 0), we get
Q= {(ql, ¢, q3) | qg(dqlquQ) = ag’—cq’, (dqlqu2)(aq2—cq1) > 0, and (aq2fcq1)(adfbc) > 0}.

Suppose that @ is a cone and ¢ = (¢!, ¢, ¢®) € Q, then ¢*(d¢' —bg?) = aq® —cq'. Since Q is
a cone, aq = (aql, aq?, aq3) € @ for all & > 0. Taking o = %, we get % = 1, acontradiction.

Hence, @ is not a cone.

Now we take ¢ = (¢', ¢, ¢®) € Q and by simple calculations, we get
¢'(dg’ + ) = ¢*(bg’ + a),

Since ad — bc # 0, implies either b £ 0 or d # 0, and without loss of generality we can
assume b # 0. We let ¢! =1, ¢2 = ¢ — % and ¢ = bg® + a and we notice that the set
Q ={(d%d")d%= bi;%l, b# 0, and bc — ad # 0} is not convex.

Hence, ) is not convex. O

3.3 Equivalent financial structure

In this part, we compare the financial equilibria associated to different financial structures.
Here the non-financial primitives of the economy are summarized by the exchange economy

&= ((XU Pia ei)iEI)

which remains fixed, and only the financial part is changing. Economies with the same
non-financial primitives £ and different financial parts will be denoted (£, F), (&€, F).

Definition 1. Let F, F' be two financial structures, we say that the total payoff matrices
Wx(p,-) and Wz (p,-) are equivalent at a given commodity price p € RE, denoted Wx(-) ~,

Wr () if

YA ERY ., Wr(gr(\) = Wr(gr(N)).

The intuition behind this definition is the following. Financial structures allow agents to
transfer wealth across nodes of the date-event tree and thereby give them the possibility to
enlarge their budget set. The main consequence of this definition is given in the Appendix
and states that, regardless of the standard exchange economy &, consumption equilibria are
the same when agents carry out their financial activities through two different structures
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F and F'.
Now, we define the financial structures F and F’ by their total payoff matrices :

_ql _q2 0 _qll 0
Wg:=| a ¢ —¢ |, W({)=| 1 -—¢?
d 1 0 1

Proposition 5. The financial structures with payoff matrices W (-) and W'(-) are equiva-

lent if ad — bc # 0. Moreover, Q is neither convexr nor a cone and Q' is a convex cone.

The proof is given in Appendix. We need Proposition 6 for the proof, which provides a
range condition that guarantees two financial structures to be equivalent.

Proposition 6. (a) Assume that for every p € (RT)S, Wx(-) ~, Wx/(-), then F <, F'.
(b) Assume that T = 2, then the following three assertions are equivalent

(1) Wr(:) ~p Wri(:),

(i) Wr(0) = Wx(0),

(iii) Vr = Vpr,
where Vr is uniquely defined by Wx(q) = (—q>.

The proof is given in the Appendix.

Now we consider two financial structures F and F' with total payoff matrices W (-) and
W'(), respectively. Both F and F' has some common assets and payoff of common assets
can be represented by A(-), and remaining part is represented by b(-) and b'(-), respectively.
Then W (-) and W(-) can be written as

W= a0 BO [ wO=[ a0 BO .

Claim 3.1. The financial structures F and F' defined by their total payoff matrices W (-)
and W'(-)(as defined above) are equivalent if the financial structures defined by the total
payoff matrices B(+) and B'(-) are equivalent.

Proof. We need to show that for every A > 0, W(qr(\)) = W (gr(N)) if B(ge(N)) =
B (g (V).

Now if we assume B(qg(\)) = B'(gp/(\)), then for every zp, there exists zp/ such that
B(gp(N)zp = B'(gp'(N))zp (and vice versa).

We need to show that for all z = 24 + zp there exists 2’ = 24 + 25, such that W (gr()\))z =
W'(qr/(N)z'(and vice versa). Now we take W(gr(\))z = A(q(N))za + B(g(\))zp =
A(d'(N)za + B(gp'( X))z = W' (gr(X\))2' (and vice versa). O

Documents de Travail du Centre d'Economie de la Sorbonne - 2012.35



3.4 Examples of equivalent financial structures

The first example considers financial structure in which all assets are emitted at the same
date. Moreover it is easy to see that there is no loss of generality to assume that this date
is t = 0. This covers the case of 2 dates for which all assets are emitted at ¢t = 0 but this

covers more examples as the above one is described in 3-dates.

Example 1 (All assets emitted at t = 0). Consider one of the following date-event tree

D:
t=0 t=1 +t=2
or

D .
t=0 t=1

(a) The following three financial structures are equivalent

01 11 -11
(b) The following two financial structures are equivalent

Wl() = 10 N and W4() = 1 0
01 -11
(¢) The following two financial structures are not equivalent

Wi()=110|,and Ws(-)={( 0 0
01 11
This result is a consequence of Proposition 5. The intuition behind is that, for example F

and F’ are equivalent since their payoff matrices V7 and Vz have the same span, that is
In the case of multi-period financial structures the intuition is different as shown by the

following example.

Example 2. Consider the following date-event tree

(a') The following three financial structures are equivalent
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0 -0 -0

Wit)=1{1 - [ Ws()=[1 -], and W3(-) = | —1
01 11 -1 1
(b') The following two financial structures are not equivalent
0 -0
Wi)=1[1 - | andWy(-)=1{ 1
01 -1 1
() The following two financial structures are equivalent
-0 -0
Wity =1 - | anawie) =
01 11

4 Appendix

4.1 Equivalent financial structures

Given commodity and asset prices (p,q) € RE %7 the budget set of consumer 7 is*

Bi(p,q,E, F) ={(zi,zi) € Xs X Z; = p(xi —e;) < Wr(p,q)zi},

where Wx(p, q) denotes the total payoff matrix asociated to F.

We now recall the standard equilibrium notion in this model.

Definition 2. An equilibrium of the financial exchange economy (€, F) is a list (]5, z,q, Z) €
RE x (RM)! x R? x (R such that
(i) for every i, (Z;, z;) mazximizes the preference P; in the budget set Bi(p,q), in the
sense that
(2i, %) € Bi(p.a) and Bi(p.q) N (Pi(@) x Z:) = 0,
(ii) [Market Clearing] > ;7 %i = Y ;crei and Y ;7 % = 0.

A consumption equilibrium of (€,F) is a list (p,z) € RY x (RE)! such that there exist
(7,2) € RY x (R))! and (ﬁ,i,(j, 2) is an equilibrium of (€, F).

We introduce an equivalence relation on the set of all financial structures defined on the
same set of agents Z and the same set of nodes D.

Definition 3. The two financial structures F and F' are said to be equivalent, denoted
F ~ F', if for every standard exchange economy &, the financial exchange economies (€, F)
and (€, F") have the same consumption equilibria.

Also we define the preorder F < F' that mean that, for every standard exchange economy &,
every consumption equilibrium of the financial exchange economy (€, F) is a consumption

equilibrium of (€, F"). So clearly F ~ F' if and only if F < F' and F' <X F.

*For every p = (p(s)).cs, © = (2(5))ses in R*, we denote by pz the vector (p(s) ~m(5))565.

10
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4.2 Proof of Propositions

4.2.1 Proof of Proposition 3

Proof. It is a consequence of following characterization for ab > 0, and we will prove later
for ab = 0.

R__ xRy ifa<0and b<0
R x (0,—9)] U [Ryy x (—=%,00)] U{(0,-%)} ifa<Oandb>0
[Ro_ % (—=%,00,)] U [Ryg x (0,-9)]U{0,—%} ifa>0andb<0
R++XR++ 1fa20andb20

From the Characterization theorem of no arbitrage(1), ¢ € Q(a, b) if and only if there exists
A= (1,X2,A\3) € R} | such that

Q(a7 b) =

q1 = aly + b3 (4.1)
o= A3 (4.2)

Substituting (4.2) in (4.1), we get
¢" = ada + Aag?b = \a(a + ¢°b) (4.3)

From (4.2), we get ¢*> = % > 0, and from (4.3), we have

<0 :>eitherq2<_7“andb>00rq2>_7“andb<0
>0 :>eitherq2>%“andb>00rq2<%aandb<0

Now we consider different subcases for ab > 0.

i) a < 0and b < 0: When a < 0 and b < 0, then we have —7 < 0, and from the above
equations ¢' > 0 will imply ¢? < —% < O(contradiction), hence only possible solution is
g' <0 and ¢% > 0.

ii) a < 0 and b > 0: From the above equations, under the condition b > 0 and —¢ > 0, we
have ¢! < 0 implies 0 < ¢* < —%> g' = 0 implies ¢% = —%, and g' > 0 implies ¢* > —7
iii) a > 0 and b < 0: From the above equations, under the condition b < 0 and —¢ > 0, we
have ¢! < 0 implies ¢* > — %> q' = 0 implies ¢% = —7,and g' > 0 implies 0 < ¢* < -5
iv) a > 0 and b > 0: When a > 0 and b > 0, then we have —% < 0, and from the above
equations ¢! < 0 will imply ¢ < —% < O(contradiction), hence only possible solution is
q' >0 and ¢% > 0.

Now we need to show that @) is convex if ab =10, i.e. a =0 or b = 0.

e b=0: Q is convex from proposition 1.
e a =0: q € Q is arbitrage-free therefore there exists A = (1, A2, A\3) > 0 such that

q' = X3b and Xog? = s,

11
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implies ¢ = % > 0 and ¢! = bA3, hence

R__XR++ ifb<0

R++ X R++ if b> 0.

Thus, @ is a convex cone. O

4.2.2 Proof of Proposition 5

Proof. We choose A\ = (1, A1, A2) > 0 and we get

—(a)\1 + b)\Q) —(C)\l + d)\z) 0 -1
W) =| o IELC o I
b d 1 0 1

Now, we claim that rank W(q(\)) > 2 and rank W’(¢'(\)) = 2. Since ad — be # 0,
clearly rank W(q(\)) > 2 and since A > 0, A1 > 0 and the two columns of W’(¢'()\)) are
independent thus rank W/(¢'(\)) = 2. And we Complete the proof by showing that every
column of W(g(\)) can be written as a linear combination of columns of W’(¢'())). Hence
W(g(\)) = W'(¢'(N)), and therefore they are equivalent(by proposition 6). Indeed,

—(a)\1 +b)\2) -\ 0
a = (a+b§%) 1 +0b —i—f ;
i b | | 0] I
[ —(cA1 + d)Xo) | [ -\ 1 0 |
= (c—|—d§—f) 1 +d —% , and
i d | 0] I
F o 0
A _ A
- - - =

4.2.3 Proof of Proposition 6

We prepare the proof of Proposition 6 with a lemma.

Lemma 1. Under the Non-Satiation Assumption (NS), let (:E,ﬁ, (j) € [[er Xix RL xR,
then the two following conditions are equivalent :

12
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(i) there is z := (z');cr € (R7) such that (z,%2,p,q) is an equilibrium of (€, F);
(ii) (E:,p, (j) satisfies

(a’) for every i, 7 € Bi(F.p,q) and P,(z) N Bi(F,p.q) = 0;

(0) 2icrTi = Xier €i =0

Proof. The implication [(i) = (ii)] is clear from the definition of a financial equilibrium.
We now show the converse implication [(ii) = ()]. Let (Z, p, ) satisfy the above conditions
(a’) and (1), then there exists (2%);c; € (R/)! such that

p(z' — ') < W(p,q)2" for each consumer i.

Summing up these inequalities over 7, and using Condition (b'), one gets 0 < W(p, q) > .cs 2.
But under the Non-Satiation Assumption (NS) there exists no arbitrage oppportunity,
hence we cannot have W (p,q) Y, 2" > 0. Thus W (p,q) >, 2" = 0.

We now choose a particular consumer iq € I, and we define the portfolios (2%);c; by

Z'0 =20 — g z' and z' = 2* for i # ip.
iel

Now we give the proof of proposition 6

Proof. (a) Let (z,p) be a consumption equilibrium for the economy (&, F), then there
exists (Z,q) such that (z,p, z,q) is an equilibrium for the economy (£, F). From LNS, ¢
is arbitrage-free for F, hence there exists A € Rf , such that ¢ = qr(\). We let ¢ =
gr/(A)°. But, for every p € (RY) Wr(p,-) ~ Wr(p,-) thus Wr(p,q) = Wr(p, ar(N)) =
Wz (P, qr (N)) = Wx(p,q) which implies that B;(F1,p,q) = Bi(F2,p,7 ). Consequently,

o Vi, z; € Bi(F,p,q) = Bi(F,p,q) and 0 = P;(z) "\ Bi(F,p,q) = P,(z) N Bi(F,p,7);
® D icrTi = cr€i=0.

From Lemma 1 , we then deduce that there exists z’ such that (z,p, z’, ¢) is an equilibrium
for the economy (&€, F'). Thus, (Z,p) is a consumption equilibrium for the economy (&€, F").

5Here we only need that
Vi€ l, Yg € Qr, 3¢ €R”, Bi(Fi,p.q) = Bi(F . p.q)

Proof of (iz). Let z; € B, (F1,P,q1) then there exists z1 € RY1 such that
p(zi —ei) < Wr (5,721
By assumption there exists g2 such that W, (p,3")z1 € Wx, (5, G") = Wx, (B, §°)
hence there exists z2 such that Wx, (p, 7" )z1 = Wr, (p, §°)22. Thus
plwi —e:) SWr (5,721 = Wry (5, 7°) 22
which shows that z; € B;(F2, P, §2)
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(b) The two assertions (ii) and (iii) are clearly equivalent. Assume now that (éii) holds,
let A € Rf . and let

(V;(qp >)z e Wr(p.ar (V).

Since Vr(p) C Vz(p) (by Assertion (iii)), there exists 2/ € R’ such that Vr(p)z =
Vr1(p)z'. Furthermore, one has

q-z=VEP)A-z2=X-Vr(p)z =X-Vr(p)' =VE(p)A-2' =4 -2,
Consequently,

(i )= (it ) < omtpron

Now we will prove (i) implies (#ii).

We know that Wz (-) ~p Wi (-) if VA € RE., Wr(p,qr(N) = Wr (p, g7 (V).
So, for all z, there exists 2’ such that Wx(p, gr(N\))z = Wx (p, g7 (N\))2, (andviceversa), that is,

(it )= (G2 )7

Which implies that for all z, there exists 2’ such that Vz(p)z = V= (p)2z/, (and vice versa).
Hence, Vr = V. O
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