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Abstract

In a recent article, Demichelis and Polemarchalis (2007) highlighted
the role played by the frequency of trade on the degree of indetermi-
nacy of equilibrium in economies of overlapping generations. Assum-
ing that time has a finite starting point and extends into the infinite
future, they prove that the degree of indeterminacy increases with the
number of periods in the life-span of individuals, which is assumed to
be certain. We show that this result does not hold when individual
longevity is uncertain. We build a discrete time model that uniformly
converges to a standard continuous time overlapping-generation model
when the frequency of trade is infinite. Deriving the equilibrium prices,
we demonstrate that the degree of indeterminacy is independent of the
frequency of trade and is always equal to one.
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1 Introduction

The indeterminacy of the competitive equilibrium in economies of overlap-

ping generations is a crucial issue for the design of monetary and fiscal poli-

cies. In an economy populated with individuals living for two periods and

trading one commodity, it is well known that indeterminacy is of degree one:

only the level of prices is indeterminate while the inflation rate is determinate.

Increasing the number of traded goods increases the degree of indeterminacy

in a truncated economy (see the nice exposition proposed by Geanakoplos

and Polemarchakis, 1991). However, as claimed by Kehoe and Levine (1984),

this property does not generalize to a model with many individuals and gen-

eral preferences. Then, Kehoe et al. (1991) prove the uniqueness of the

equilibrium near the steady state if dated consumption goods are gross sub-

stitutes at all price ratios close to the steady state. Uniqueness means that

the number of stable eigenvalues exactly equals the number of initial condi-

tions describing the distribution of financial assets among generations at the

initial date of the economy.

In recent articles, Demichelis (2002) and Demichelis and Polemarchalis

(2007) reassessed the role played by the number of generations in the de-

terminacy issue by focussing on the number of periods in the life-span, or

equivalently on the frequency of trade among generations. In the interesting

case such that time has a finite starting point and extends into the infinite

future, they prove its influence on the degree of indeterminacy. Indeed, the

algebra shows that the number of eigenvalues whose modulus is lower than

one monotonously increases with the frequency of trade. However, according
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to the authors, despite the fact that the equilibrium equation in prices is

linear, this counting of equations and unknowns does not necessarily imply

an increase in the degree of indeterminacy. Using the convergence property

of their discrete time model to its continuous time counterpart, they claim

that the indeterminacies that appear in discrete time vanish in continuous

time as solutions are time-shifts of a single path. Indeterminacies are hence

a by-product of the discretization of the economy.

In this paper, we study the same economy except for the assumption on

the individuals’ longevity which is not anymore certain. We build a dis-

crete time model similar to Farmer, Nourry and Venditti (2011) and that

converges, when the frequency of trade is infinite, to the pure exchange

economies’ extensions of the Blanchard (1985) continuous time model. It

is indeed known since Weil (1989) that the degree of indeterminacy is one in

such a framework. The derivation of the equilibrium prices in the discrete

time model allows us to claim that the degree of indeterminacy is indepen-

dent of the frequency of trade. Moreover, the equilibrium is time-shifts of a

single path. We are aware (see d’Albis and Augereau-Véron, 2011) that using

a Poisson process to describe the survival function eases a lot the computa-

tion of the model and think that generalizing our results to realistic mortality

patterns is a promising avenue of research.

The paper is organized as follows: in Section 2.1, the discrete time model

is presented and the exact solution for the price dynamics is given. In section

2.2, we show that the equilibrium in discrete time uniformly converges to its

continuous time counterpart. Proofs are gathered in Section 3.
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2 The economy

The model closely follows Demichelis and Polemarchakis (2007) except for

individual longevity that is uncertain. The economy is stationary, the distri-

bution of the fundamentals being invariant with calendar time, and there is

one commodity available at each date, which can not be stored or produced.

2.1 Discrete time

Discrete time has a finite starting point and extends into the infinite future:

0, (1/n) , ..., (t/n) , ...

where t ∈ N and n ∈ [1,+∞). The unit of time is given by 1/n, which will

be used for comparisons of equilibrium paths.

The duration of life is uncertain. As in Blanchard (1985), it is supposed to

follow a Poisson process. Thus, as of time τ/n, an individual has a probability

to be alive at time t/n equal to (1− λ/n)(t−τ), with λ ∈ (0, 1). λ/n is the

hazard rate of death which depends on the length of a period. Consequently,

life expectancy at any age is a constant independent of n. It writes:

∞X

s=1

s

n

λ

n

µ
1− λ

n

¶s−1
=
1

λ
. (1)

Despite life uncertainty, the model is similar to Demichelis and Polemarchakis

(2007): increasing n increases the (expected) frequency of trade without

modifying the (expected) duration of life.

At date t/n = τ/n, (τ + 1) /n, ..., the consumption of the individual is

x (τ , t;n) and his endowment is e (t;n), a non-negative amount. Moreover,
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across the life-span, the expected flow of endowments is:

∞X

s=0

µ
1− λ

n

¶s

e (τ + s;n) = 1. (2)

This normalization is necessary to keep the endowment distribution indepen-

dent from changes in the unit of time. Following d’Albis and Augeraud-Véron

(2009), a distinction is made between cohorts born before and after the initial

date of the economy. For any individual belonging to a cohort born at time

τ/n with τ = 1, 2, ..., the intertemporal utility function is:

u =
∞X

s=0

µ
1− δ

n

¶sµ
1− λ

n

¶s

ln (x (τ , τ + s;n)) , (3)

where δ/n ∈ (0, 1) stands for the discount factor. Individuals have access

to a competitive consumption-loan market and, as in Yaari (1965), to a

competitive annuity market. The intertemporal budget constraint writes:

∞X

s=0

µ
1− λ

n

¶s

p (τ + s;n)x (τ , τ + s;n) ≤ w (τ ;n) . (4)

where w (τ ;n) is the human wealth:

w (τ ;n) =
∞X

s=0

µ
1− λ

n

¶s

p (τ + s;n) e (τ + s;n) . (5)

The optimal consumption path is (see Lemma 1 in Section 3):

x (τ , τ + s;n) =

£
1−

¡
1− λ

n

¢ ¡
1− δ

n

¢¤ ¡
1− δ

n

¢s

p (τ + s;n)
w (τ ;n) . (6)

Conversely, for individual belonging to cohorts born before the initial date

of the economy and which is still alive, the utility function at time 0 is:

u =
∞X

s=0

µ
1− δ

n

¶sµ
1− λ

n

¶s

ln (x (τ, s;n)) . (7)
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At the same date, the intertemporal budget constraint writes:
∞X

s=0

µ
1− λ

n

¶s

p (s;n)x (τ , s;n) ≤ p (0;n) a (τ , 0;n) + w (0;n) , (8)

where a (τ , 0;n) denotes the initial amount of financial wealth, whose dis-

tribution among the population is given and whose aggregate value is zero.

The optimal consumption path is:

x (τ , s;n) =

£
1−

¡
1− λ

n

¢ ¡
1− δ

n

¢¤ ¡
1− δ

n

¢s

p (s;n)
[p (0;n) a (τ , 0;n) + w (0;n)] .

(9)

Each individual belongs to a large cohort of identical individuals. There-

fore even though each individual’s life-span is stochastic, there is no aggregate

uncertainty. The law of large numbers applies, and thus, the size of each co-

hort is decreasing at rate λ/n. Then, at time t/n, the size of the cohort born

at time τ/n is (γ/n)N (τ ;n) (1− λ/n)(t−τ) where γ/n > 0 is the birth rate

for the unit of time 1/n and N (τ ;n) is the size of the population at time

τ/n. Since a new cohort is born at each date, N (t;n) satisfies:

N (t;n) =
tX

τ=−∞

γ

n
N (τ ;n)

µ
1− λ

n

¶(t−τ)

. (10)

Assume, as in Demichelis and Polemarchakis (2007), that the population is

stationary and normalized to 1 for computing the birth rate such that: γ = λ.

The aggregate endowment, e (t;n), is supposed to be constant and using (2),

is equal to:

e (t;n) =
λ

n
. (11)

At the equilibrium, aggregate demand equals aggregate endowment if and

only if
tX

τ=−∞

µ
1− λ

n

¶(t−τ)

x (τ , t;n) = 1, (12)
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is satisfied. Substituting (6), (9) and (11) in (12) yields the equilibrium

equation for prices:

p (t;n) =

∙µ
1− δ

n

¶µ
1− λ

n

¶¸t ∙
1−

µ
1− λ

n

¶µ
1− δ

n

¶¸

×

⎡
⎢⎢⎣

∞X

i=0

µ
1− λ

n

¶i

p (i;n) +
tX

τ=1

λ
n

∞P

i=0

¡
1− λ

n

¢i
p (τ + i;n)

£¡
1− δ

n

¢ ¡
1− λ

n

¢¤τ

⎤
⎥⎥⎦(13)

Note that initial conditions a (τ , 0;n) vanish at the equilibrium since aggre-

gate assets equal zero. Changing the order of summation yields an equation

similar to Demichelis and Polemarchakis (2007):

p (t;n) = p (0;n) +
∞X

i=1

c (i, t) p (i;n) , (14)

where:

c (i, t) =

¡
1− λ

n

¢i
"

1 + λ
n

min{i,t}P

τ=1

¡
1− λ

n

¢−2τ ¡
1− δ

n

¢−τ

#

£¡
1− δ

n

¢ ¡
1− λ

n

¢¤−t £
1−

¡
1− λ

n

¢ ¡
1− δ

n

¢¤−1 . (15)

Since the price dynamics is linear, it can be solved explicitly.

Proposition 1. The equilibrium prices satisfy:

p (t;n) = p (0;n)

µ
1− δ

n

¶t

. (16)

Proof. See Section 3.

Proposition 1 shows that, despite having a finite starting point for time, the

equilibrium prices are featured by a balanced-growth path, which growth

rate is determinate and given by −δ/n. More importantly, since the initial

prices p (0;n) are unknown, the degree of indeterminacy is 1: there is a one
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parameter family of solutions but all paths can be obtained from another

one by a time-shift. The frequency of trade does not modify the degree of

indeterminacy; it simply affects the constant rate of inflation.

2.2 Continuous time

The continuous time version of the model presented above is similar to Buiter

(1988) and Weil (1989). This section derives the equilibrium prices and

demonstrates the uniform convergence of the equilibrium computed in dis-

crete time to its continuous time counterpart.

Time has a finite starting point:

0 ≤ t < +∞.

An individual born at time τ has a probability to be alive at time t equal to

e−λ(t−τ), where λ > 0 is the hazard rate. Consequently, life expectancy at any

age is 1/λ. Consumption at age t− τ is denoted x (τ , t) and the endowment

received at date t is e (t). An individual born at time τ > 0 maximizes:
Z ∞

τ

e−(λ+δ)(s−τ) lnx (τ , s) ds, (17)

subject to
Z ∞

τ

e−λ(s−τ)p (s)x (τ , s) ds ≤ w (τ) , (18)

where p (s) denotes the price at time s, δ > 0 denotes the discount rate and

where

w (τ) =

Z ∞

τ

e−λ(s−τ)p (s) e (s) ds. (19)

The optimal consumption path satisfies:

p (t)x (τ , t) = (δ + λ)w (τ) e−δ(t−τ) (20)

8

 
Documents de Travail du Centre d'Economie de la Sorbonne - 2012.42



Conversely, an individual born at time τ ≤ 0 and still alive at time 0, maxi-

mizes:
Z ∞

0

e−(δ+λ)s lnx (τ , s) ds, (21)

subject to
Z ∞

0

e−λsp (s)x (τ , s) ds ≤ p (0) a (s, 0) + w (0) , (22)

where a (s, 0) is given. The optimal consumption path satisfies:

p (t)x (τ , t) = (δ + λ) [p (0) a (s, 0) + w (0)] e−δt. (23)

The population is stationary and the birth rate is λ. The aggregate endow-

ment is constant, and satisfies: e (t) = λ. The condition for the aggregate

demand to equal aggregate endowment is now

Z t

−∞
e−λ(t−τ)x (τ , t) dτ = 1. (24)

Using (20) and (23), this yields the equilibrium equation for prices:

p (t) = (δ + λ) e−(δ+λ)t

Z ∞

0

e−λsp (s) ds

+(δ + λ)λ

Z t

0

e−(δ+λ)(t−τ)

µZ ∞

τ

e−λ(s−τ)p (s) ds

¶
dτ, (25)

or equivalently:

p (t) =

Z ∞

0

p (s)ϕ (t, s) ds, (26)

where

ϕ (t, s) = (δ + λ) e−(δ+λ)te−λs

µ
1 + λ

e(2λ+δ)min{s,t} − 1
(2λ+ δ)

¶
.

Proposition 2. The equilibrium prices satisfy

p (t) = p (0) e−δt. (27)

9
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Proof. See Section 3.

Proposition 3. As n→∞, p (t;n) converges uniformly to p (t).

Proof. See Section 3.

As in Demichelis and Polemarchakis (2007), the discrete time model con-

verges to the continuous time one when the frequency of trade is infinite and

the degree of indeterminacy of the equilibrium is still 1.

3 Proofs

Lemma 1. For all s = 0, 1, ..., the optimal individual consumption is (6) if

τ ∈ N+ and (9) if τ ∈ Z−.

Proof. For τ ∈ N+, the individual maximizes (3) subject to (4). The La-

grangian writes:

L =
∞X

s=0

µ
1− δ

n

¶sµ
1− λ

n

¶s

ln (x (τ , τ + s;n)) + μw (τ ;n)

−μ
∞X

s=0

µ
1− λ

n

¶s

p (τ + s;n)x (τ , τ + s;n) . (28)

For for all s = 0, 1, ..., the first order conditions on x (τ , τ + s;n) write:

¡
1− δ

n

¢s

x (τ , τ + s;n)
− μp (τ + s;n) = 0. (29)

Replace (29) in (4) to compute:

μ =

∞P

s=0

¡
1− λ

n

¢s ¡
1− δ

n

¢s

w (τ ;n)
, (30)

and (30) in (29) to obtain (6). For τ ∈ Z−, the individual maximizes (7)

10
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subject to (8). The Lagrangian writes:

L =
∞X

s=0

µ
1− δ

n

¶sµ
1− λ

n

¶s

ln (x (τ , s;n)) + μ [p (0;n) a (τ , 0;n) + w (0;n)]

−μ
∞X

s=0

µ
1− λ

n

¶s

p (s;n)x (τ , s;n) . (31)

For for all s = 0, 1, ..., the first order conditions on x (τ , τ + s;n) write:
¡
1− δ

n

¢s

x (τ , s;n)
− μp (s;n) = 0. (32)

Replace (32) in (8) to compute:

μ =

∞P

s=0

¡
1− λ

n

¢s ¡
1− δ

n

¢s

p (0;n) a (τ , 0;n) + w (0;n)
, (33)

and (33) in (32) to obtain (9). ¤

Proof of Proposition 1. Equation (13) can be rewritten as a second order

difference equation that can be solved explicitly. From (13), one indeed has

p (t+ 1;n) =

µ
1− δ

n

¶µ
1− λ

n

¶
p (t;n) (34)

+

∙
1−

µ
1− λ

n

¶µ
1− δ

n

¶¸
λ

n

∞X

i=0

µ
1− λ

n

¶i

p (t+ 1 + i;n) ,

and finally

p (t+ 2;n) =

µ
2− δ

n

¶
p (t+ 1;n)−

µ
1− δ

n

¶
p (t;n) . (35)

The solutions of the characteristic polynomial of (35) are: 1 and
¡
1− δ

n

¢
.

Denote the increase in prices with q (t;n) = p (t+ 1;n)−p (t;n) and conclude

that q (t;n) =
¡
1− δ

n

¢t
q (0;n) and hence that:

p (t;n) =
1−

¡
1− δ

n

¢t

δ
n

q (0;n) + p (0;n) . (36)

11
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Replace (36) in (13) to obtain after tedious computations:

q (0;n) + p (0;n)
δ

n
= 0. (37)

Replacing (37) in (36) yields (16). ¤

Proof of Proposition 2. The proof is similar to the one of proposition 1. Dif-

ferentiating (25) twice with respect to time yields to

d2p (t)

dt2
= −δ

dp (t)

dt
. (38)

Define q (t) = dp (t) /dt and conclude that q (t) = q (0) e−δt and that

p (t) = q (0)
1− e−δt

δ
+ p (0) . (39)

Replacing (39) in (25) yields

q (0) + δp (0) = 0. (40)

Use (39) and (40) to obtain (27). ¤

Proof of Proposition 3. The proof proceed showing that (13) converges to

(25) when n→ +∞. Using
¡
1− x

n

¢y ∼ e−
xy
n rewrites (13) as follows:

p (t;n) ∼ e−(δ+λ) t
n (λ+ δ)

×

⎡
⎢⎢⎣
1

n

∞X

i=0

e−λ i
np (i;n) +

1

n

tX

τ=1

λ
n
eλ

τ
n

∞P

i=0

e−λ( τ+i
n )p (τ + i;n)

e−(δ+λ) τ
n

⎤
⎥⎥⎦ .(41)

Now using 1
n

P∞
s=0 f

¡
a+ s

n

¢
∼
R∞
a

f (s) ds, it follows that:

p (t;n) ∼ e−(δ+λ) t
n (λ+ δ)

×

"Z ∞

0

e−λip (i) di+ λ

Z t
n

0

e(δ+λ)τ

Z ∞

τ

e−λ(i−τ)p (i) didτ

#

.(42)

12
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Let t0 = t/n, and thus:

p (t;n) ∼ e−(δ+λ)t0 (λ+ δ)

×

"Z ∞

0

e−λip (i) di+ λ

Z t0

0

e(δ+λ)τ

Z ∞

τ

e−λ(i−τ)p (i) didτ

#

.(43)

Conclude that limn→+∞ p (t;n) = p (t) where p (t) is given by (25). ¤
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