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1 Introduction

The existence of endogenous fluctuations under gross tuhbbility is a well
established fact in overlapping generations (OLG) modelgarticular, a large
proportion of the literature considers that endogenousuatons occur through
sunspot equilibria and are driven by changes in expectwtabout fundamentals.
As shown by Woodford [19], the existence of sunspot equdilsra consequence
of local indeterminacy of the equilibrium under perfecesight, i.e. the existence
of a continuum of equilibrium paths converging towards aeeady state from the
same initial value of the state variable.

In a seminal contribution, Reichlin [15] shows how the cdstence of dy-
namic dficiency,i.e., Pareto-optimal equilibrium paths, and local indeterrayna
in OLG models is an important question in terms of stabil@atolicies. If
sunspot fluctuations occur under dynarmgfiéciency a public policy can simulta-
neously stabilize the economy and reach the Pareto optiesdg state. On the
contrary, when local indeterminacy occurs under dynanegiciency stabiliza-
tion policies targeting the steady state leave room for avelfosses. As shown
by Reichlin [15], locally indeterminate dynamicallyfieient equilibria occurs in
aggregate OLG models, but only throughout flip bifurcatiand period-two cy-
cles. This feature generates fluctuations that are far ta iwlg@nerally observed.
Indeed, in presence of period-two cycles, the main varsabte characterized by
unrealistic negative auto-correlations. Dufoattal. [8] show on the contrary
that when a Hopf bifurcation instead occurs, persistentremmdmonotonous con-
vergence to the steady-state with positive auto-cormglatprovide empirically
plausible endogenous fluctuations.

In Galor [10] type two-sector OLG modetsyith one pure consumption good
and one pure investment good, the occurrence of endogenaisaiions and
local indeterminacy is based upon a capital intensive aopsion good. The
factor allocation across sectors generates oscillatibtteeacapital accumulation
path which can propagate in the economy through the saviagavior of the
agents. Nourry and Venditti [13] have proved that local ted®inacy is likely to
occur under dynamicficiency, but again throughout a flip bifurcatién.

1See also Venditti [18].
2The sectoral technologies need to be close enough to Lé@nigtions. See also Drugean



However, when heterogeneous sectors are introduced, senption of a
unique consumption good is a strong simplification likelygenerate singular
properties. In a multisector framework is introduced, itjiste common to con-
sider many consumption goods as Benhabib and Nishimuraof2ar optimal
growth infinite-horizon model. In such a case, the existesfcadditional sub-
stitution mechanisms between thé&dient consumption goods suggests that new
rooms for the occurrence of endogenous business cycled beulbtained. Kalra
[12] and Nourry and Venditti [14] consider a two-sector miadewhich the first
sector produces a pure consumption good (non-durable)thendecond sector
produces a mixed good which can be either consumed or usegiasl ¢durable).
They show that local indeterminacy can now occur throughotteirrence of a
Hopf bifurcation.

Nevertheless this last approach has two major flaws.

First it considers a structure of the life cycle consumptidrich is symmetric,
meaning that agents’ tastes concerning their consumptiodlb are invariant.
As a result they basically consume the same amount of dugaiolés throughout
their life. This is in contradiction with the recent studyfedrnandez-Villaverde
and Krueger [9]. Using a Consumer Expenditure Survey dagatimate life cycle
profile, they show that consumption expendituregediqualitatively among age,
retired agents consuming relatively less durable goodsh $atterns highlight
that consumption expenditures evolve over time and thusldhi@ave an impact
on the model dynamics through saving behaviors.

Secondly, Nourry and Venditti [14] consider that the bifatron parameter is also
the parameter allowing the normalization of the steadystas a consequence, it
is almost impossible to show the existence of a non-emptgfqsrameters lead-
ing to an indeterminatefiécient steady state characterized by a Hopf bifurcation.

In this paper, we extend the formulation of Nourry and Vemfi#] by consid-
ering heterogenous intratemporal preferences among trezlp# life. This gives
us an additional degree of freedom which allows to show thstexxce of éi-
cient endogenous fluctuations through a Hopf bifurcatidghefshare of the pure
consumption (non-durable) good in the utility of young agea low enough, or
equivalently if the share of the mixed (durable) good in thiétyl of young is
large enough. Since this condition is now compatible witlargé share of the

al. [7).



durable good in the utility of old agents, our results areime with the empiri-
cal evidence provided by Fernandez-Villaverde and Kru¢gjer\We also prove
that a fiscal policy based on transfers and taxes could samedtusly stabilize the
economy, and reach thdfieient steady state. Finally, a numerical illustration is
provided and shows that there exists a non empty set of pé&eesifer which local
indeterminacy under dynamidfeiency occurs through a Hopf bifurcation.

The paper is organized as follows: Section 2 presents thehaod proves the
existence of anfécient steady state. Section 3 contains our main resultsen th
occurrence of éicient endogenous fluctuations through Hopf bifurcatiorcti®a
4 depicts a stabilization policy. Section 5 illustrates theoretical result of the
previous section by a numerical example. Concluding remark in Section 6
and the proofs are gathered in a final Appendix.

2 The model

2.1 Technology

Consider a competitive economy in which there are two sectore representative
firm for each sector and each firm producing one final good.isnetonomy there
exist two goods: one consumption godst and one consumable capital gogd
which can be either consumed or invested. The consumptiod gotaken as a
numeraire. Each sector uses two factors, capitand labor;, both factors are
mobile between sectors. Depreciation of capital is conephdthin one periott
Kii1 = Y; — Z whereKy,, is the total amount of capital in periad- 1 andz; is the
consumption share of the consumable capital good in périddonstant returns
to scale technology is used for each sectr: = FO(K?,L?), Y, = F1((KL LY)
with K? + Kt < K;, andL? + L} < Ly, and satisfy the following properties:

Assumption 1L The production function F: R, — R,, is C?, increasing, con-

cave, homogeneous of degree one and satisfy the Inada iomsdsiuch that for

3In a two-periods OLG model, full depreciation of capitalistified by the fact that one period

is about thirty years.



anyy > 0, F1(0,x) = Fi(x,0) = o0, Fl(c0, x) = Fl(x, ) = 0, where je {0, 1.

The optimal allocation of factors between sectors is definetthe social produc-
tion functionT (K, Y;, Ly):

T (Ko, Yo L) = max{Yor | Yo < FH(KE L), KO+ KE <Ky LY+ LE< L (q)
KL
Under Assumption 1, the functioh (K, Y;, L;) is homogeneous of degree one,
concave and twice continuouslyfidirentiablé. Denotingr, the rental rate of
capital, p; the price of the consumable capital good amdthe wage rate, all
in terms of the price of the consumption good, using the emektheorem the
following relationships hold:

r(Ke, Yo, L) = T1 (K, Vg, Ly)
P(Ki, Vi, L) = =To (K, Vi, L) (2)
W (K, Y, L) = Ta (K, Yi, L)

The relative capital intensity flerence is derived from the factor-price frontier
1 1 0
b=5 (- 15) ®

The sign ofb is positive (resp. negative) if and only if the consumptiaod is
labor (resp. capital) intensive. The Stolper—SamueIémcEg—L and the Rybczyn-
ski e[fectg—\K’ are determined respectively by the factor-price frontieat the full
employment condition.

F=w=b" (4)
Under a consumption good labor intensive, ile.> 0, the Stolper-Samuelson
effect states that an increase of the relative price decrdasesrital rate of capital
and raises the wage rate whereas the Rybczyrddtespecifies that an increase
of the capital-labor ratio decreases the production of tiressamption good and
increases the production of the consumable capital goodhé&more, from the
GDP functionT (K, Y;, L) + ptY: = WLt + 1:K;, we get the share of capital in the
economy:

_ riK
s(Ki, Yo, L) = sviiyonw ®)

4See Benhabib and Nishimura [2].



2.2 Preferences

Consider an infinite-horizon discrete time economy thabisytated by overlap-
ping generations who live for two periods: young and old. &tteperiod, a new
generatiorl; is born. The population is constant over time and normaliaexhe.
In the first period, young agents inelastically supply oni¢ ainabor and receive
an income. They assign this income between sagirgnd the consumption of
the composite goo;. The composite goo@; is defined by a Cobb-Douglas
composition of a consumption goodd,, and a consumption good d,;:

b L0
Ct = CoiCry (6)

where 0< 6. < 1 is the share of the consumption good 0 in the composite good
C.. In the second period, old agents are retired. The returmang, R, 1¢;, give
their income which they spend entirely in the consumptiothefcomposite good
Di;1. D1 is determined by a Cobb-Douglas composition of a consumgjomd

0, dot+1, and a consumption good d .1

_ 1-64
Dt = do,t+1d1,t+1 (7)

where 0< 64 < 1 is the share of the consumption good 0 in the composite good
Di,1. An agent born in period t has preferences defined over copisomof the
composite goo€; andDy,;. Intertemporal preferences of agents are described by
the following CES utility function

D =t (D
(. 22) - fe (2

e
-1

T] 8)

whereé is the discount factory is the elasticity of intertemporal substitution in
consumption andl is a scaling constant parameter. Let us detingresp.nq 1)
the price of the composite godg (resp. Di,1). An agent born in period has
to solve the optimal composition of the composite go6dandDy,; which are
derived from the following static optimizations:

Oc ~1-6 —
Crorz’?l)t({coftcl’t | meiCr = Cot + PiCay) 9)

SAll the conclusion of this paper can be obtained with a gdreenacave and homothetic utility

functionU (Ct, %)



0 16
max {do"hldlﬂdl | mat+1Dre1 = doger + pt+1d1,t+1} (20)

dot+1,01,t41
The first order conditions gives:
_ 1-0c _
Cot = 0cetCy, Cot = %, Ter = (1?[%) O, (11)
(1-64)7q.1+1D 1-6a g
dogs1 = Oama 1 Dest, diger = =555, M = (ft_—;t) 6,7 12)

Contrary to Nourry and Venditti [14], we assume that yound alil agents allo-
cate their consumption fiierently between the non-durable and durable consump-
tion goods, i.ef; # 84. As shown by Fernandez-Villaverde and Krueger [9], the
consumption of durable goods fall when agent are retiredrdier to satisfy this
empirical evidence, and sinég anddy are the shares of the non-durable good in
the consumption of young and old agents, we assume in thefrést paper that

0. < 64. Under perfect foresighty andR;,; are considered as given. A young
agent born at period t solves the following dynamic program:

D
max{U (Q, t+1) | We = 716Gt + ¢, Mg +1Dir1 = Rt+1¢t} (13)

Ct,.Dt+1 F

Solving the first order condition gives:

_ Reta7cy — W
ﬂc’tct =@ ( Imgte1 ) W = 1+67(Rt+17fc,t )7_1 € (O’ 1) (14)
r”d,t+1

Wherea(R‘+1"°") is the propensity to consume of young agent. Similarly using

Iyt
R

(13), the saving function ige = 1 - o (T=2"). In the following, we assume that
the saving function is increasing with respect to the grass of returrR, ;.

Assumption 2 y > 1.

This assumption states that the substitutifiiect following an increase in the
gross rate of returR,, is greater than the incoméect.

2.3 Dynamic equilibrium

Let us introducek, = K;/L; the capital-labor ratio at time t angd = Y;/L; the
output-labor ratio at time t. The dynamics of the economyadsatibed by the

6



evolution of the capital stock and the market clearing coodfor the consumable
capital good:

_ owikeyt) Jq Or (Ke+1,Yt+1) —

ket plkeyt) {1 @ [Fp(k(,yt)"c P(ke+1,Yer1)' ]} 0 (15)
(keyr) (ke.yt)

Qckt+1 “ Vi + (1 - Hd) kt :J(kt’);,tt) + (1 - 90) V;;I(kt,)):tl) =0 (16)

1-6g ofd
(1-64)""d Hd

with a constant tern® = R

follows:

The set of admissible paths is defined as

w = {(ko W) € B2 [k <k, yi < F* (i 1)) (17)

where the maximum admissible value of capkés solution ofk — F* (k, 1) = 0.
A perfect-foresight competitive equilibrium, defined asegence of allocations
{ki, Yi}ro o, Satisfies the two dlierences equations (15)-(16) for every period t, with

the pair(ko, Yo) given.

2.4 An dficient normalized steady state
A steady staték, y;) = (k*, y") is defined by:

k- e {1 - a| 2t | <o (18)

p(k=.y") Ip(ke y*) et
* % k*, " k*a
Ock” =y + (1 - 00) kS + (1 60) 50 = 0 (19)

In two-sector OLG model, any steady state depends on botbuogption and
production characteristics. Any variation of the elasyiaf intertemporal substi-
tution in consumptiory induces a change in the stationary capital-labor ratio and
thus involves a modification of all the previously definedrelsaand elasticities
evaluated at the steady state. In the following, we consadeet of economies
parametrized by. In order to guarantee that the steady state remains ueglter
wheny varies, the steady stafk’, y*) is normalized by using two scaling param-
eters(I, 0y).

Remark 1. Nourry and Venditti [13] assume th& = 64 = 6 in (19). As a

result the existence of a normalized steady state (NSSaraugted by two scaling



parameterqT’, 8). However,d is also used as a bifurcation parameter. Such a
dual role significantly complicates the analysis of the omce of endogenous
fluctuations. In our model, we introduce a heterogeneityhi@ intratemporal
preferencegd. # 64) which allows to disentangle the dual role®fd, is taken as

a scaling parameter whilé, is a bifurcation parameter.

Let us define = % the output-capital ratio, the inverserafepresents the share of
the consumable capital good which is invested. From (18)staling parameter
64 lies between 0 and 1 iflies betweery andv, withy < v:

1ol — _ 1-(1-9ab
Ta V= o9 (20)

X:

Then, the following Proposition holds:

Proposition 1. Under Assumptions 1-%*, y*) is a normalized steady state if and
only if T =T (k*,y*,y) > 0andfy = 64 (k*,y") € (0, 1).

Proof: See Appendix 7.1. ]
In the rest of the paper we made the following Assumption @eoto guaran-
tee the existence of NSS.

Assumption 3 T' =T (k*,y*,y) andéy = 64 (k*, y*).

In our model, the Golden-Rule level of capital, denokeds characterized from
the total stationary consumpti@+ D = T (k,y) + p[y — k]. DenotingR(k,y) =
—T1(ky) /T2 (ky), k satisfies as usud(k,§j) = R = 1. Let us deriveR the
stationary gross rate of return at the NSS:

TS (21)

If R> 1, the steady staig", y*) is lower than the Golden-Rule level, i.e. the equi-
librium is dynamically #icient. From Drugeon et al. [7], the following Lemma
holds:

R=

Lemma 1. Under Assumptions 1-3, let = 11%255 An intertemporal competitive
equilibrium converging towards a normalized steady staidyinamically gicient

if @ € (e, 1) and dynamically ingicient ife € (0, o).

8



Lemma 1 asserts that under-accumulation of capital occhenwabor income of
agents is less than capital income, s& % A young agent does not have enough
labor income to save a fficient amount. On the contrary, over-accumulation of
capital occurs if the labor income of agents is higher thanctpital income, i.e.

S < % A young agent have enough labor income to saveficgent amount.
However, over-accumulation of capital can be avoided pledithe share of con-
sumption of young agents is high enough, e> @. In the rest of the paper, the

following Assumption is made:

Assumption 4 @ € (e, 1), s€ (3.3) and b< 0.

Assumption 4 states that we consider dynamicdliigient paths, that we restrain
the share of capital in the econonsyin order to get positive value far and
that we concentrate on a capital intensive consumption gagd. Cecchi and
Garcia-Penalosa [5] show that over the period 1960-20@2; D countries were
characterized by a share of capital between 0.35 and 0.5awnitverage level of
0.36. Using national accounting data on the main developadtdes, Takahashi
et al. [17] show that over the last three decades the aggregasumption good
sector is more capital intensive than the capital good s&cto

3 Efficient endogenous fluctuations

This section discusses the existence fiitent endogenous fluctuations derived
from changes in expectations about fundamentals. In otingethe existence

of local indeterminacy occurs if the two characteristictsoassociated with the
linearization of the dynamical system (15)-(16) aroundtbemalized steady state
have a modulus less than one. Moreover, a Hopf bifurcationrsaf there exists
some value ofy for which these roots are complex conjugate and cross tte uni
circle in the complex plane. To pursue the analysis, theieiysof the rental rate

of capital is introduced

T11(k*y*)k*
Erk = ‘_}rll(k*frl) (22)

6See also Baxter [1].



Drugeon [6] points out that the elasticity of the rental rafteapital is negatively
linked to the elasticities of capital-labor substitution.

_ (orpy)(pyK1Poo+yokHiery) _ (12} w(yo+py)

with o, o1 the sectoral elasticities of input substitution. Let usatertwo criti-
cal bounds orv which appears to be important for the stability propertiethe
normalized steady statk*, y*):

Vo= T V1= Tty (24)
Then the following Lemma applies:

Lemma 2. Under Assumptions 1-3, the characteristic polynomialafirced by

PA) = 22 - AT + 2 where:

shafcy )

1+a(y—1)srk{[1—b(v—g)] 2y Zry‘;gﬂ% }+8rk b(vl—v+ Ty

_ 25
- [1—b(v—1_/)] a(y—1)bbcer ( )
_ S{l—b[v—vo——gc‘y(_ya_l) }
7 = (1—S)b9ca(71—1) (26)
Proof: See Appendix 7.2. ]

Nourry and Venditti [14] assume symmetric preferences therlife cycle
with 6, = 64 = 6. They show the possibility offecient endogenous fluctuations
through Hopf bifurcation whed is low enough. But the structure of their model
appears in contradiction with the empirical evidence ohadez-Villaverde and
Krueger [9]. Although these authors show that old agentswore less durable
goods than young agents, the assumpfios 64 = 6 implies a symmetric con-
sumption behavior across the two periods of life. In our edésl framework, we
then focus on the case where the share of the pure consunfptiardurable)
good is larger for old agents than for young agents,d.e< 64. Put ditferently,
we consider that young agents consume more durable goausithagents. We
then obtain the following Proposition:

“Indeed, whem is close to 1, only fiicient endogenous fluctuations through a flip bifurcation

can occur. The Hopf bifurcation is ruled out. See also Noang Venditti [13].
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Proposition 2. Under Assumptions 1-4, there exigs< 04 (K*,y*) < 1, vo > ¥ >

S

1L, b<b<0 &k >g, >0andy” >y >y” > 1such thatife € (3, ),

0. < O, v € (V,v), b € (b, b) and ey € (e, &), the gficient steady state is
locally indeterminate when € (y”,y"), undergoes a transcritical bifurcation
wheny = 9”8, and undergoes a Hopf bifurcation when= y*. Moreover, there
generically exist locally indeterminate (resp. saddlenpstable) period-2 cycles
wheny € (" —¢,y”) (resp.y € (y*,y” +€)) withe > 0, i.e., when the bifurcation
is super- (resp. sub-) critical, and locally indetermindtesp. locally unstable)
quasi-periodic cycles whepe (", v + ¢) (resp.y € (" — ,y")) withe > 0,

i.e., when the bifurcation is super- (resp. sub-) critical.

Proof: See Appendix 7.3. ]

Remark 2. Whether the bifurcation is super- or sub-critical is dnivBy the sign
of some cogcient computed from the second- and third-order approxiomstto
two difference equations (15)-(16). This property determines kdrehe bifur-
cation leads to the occurrence of locally indeterminate nstable (resp. saddle
point stable) quasi-periodic (resp. period-2) cycles nier bifurcation value.
Contrary to the formulation of Nourry and Venditti [14] widymmetric prefer-

ences over the life cycle, under dynamii@ency a large share of the consump-
tion of young agent, does not ruled out self-fulfilling fluations. The intuition of

8When the bifurcation parametgrcrosses &’ , one characteristic roots crosses 1. We cannot
a priori differentiate between the transcritical, the pitchfork or theédée-node bifurcation from
the linearized dynamic system (15)-(16). Under Assump8pthe existence of the NSS is al-
ways ensured and a saddle-node bifurcation cannot occuredver, the pitchfork bifurcation
requires non-generic conditions, see Ruelle [16]. In otdesimplify the exposition we focus
on the generic case and we relate the existence of one clistictroot going through 1 to a

transcritical bifurcation.
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this result is quite simple. Starting from an arbitrary diguum, consider another
one in which the agents expect a higher rate of investmeimat teading to some
higher capital stock at time+ 1. This expectation will be self-fulfilling provided
the amount of saving at datds large enough to support the increase of the in-
vestment good output which directly provides the capitatisbf the next period.
When the equilibrium is dynamicallyfigcient, the share of first period consump-
tion is large enough to generate a stationary capital steler than the Golden
Rule and thus prevents the agent from saving enough. At tine siane, when
the share of the pure consumption good in the composite goisdow enough,
the production of the mixed good is consequently increa3éus increase may
then compensate the lack of savings and lead to an increassivél compati-
ble with the expectations. As a result, the initial expeotatan be realized as
an equilibrium, and, under dynamiéfieiency, local indeterminacy together with
fluctuations based on local sunspots are possible. Sucpauigctuations arise
through a Hopf bifurcation. That generates quasi-periogates which coincide
to various period of expansion followed by various periolb@om. Therefore,
the associated macroeconomic volatility corresponds toirgrally plausible en-
dogenous fluctuations.

4  Stabilization policy

The result of the previous section emphasizes that the expneay exhibits ef-
ficient endogenous fluctuations. It raises the question d&hilgation policy
which may simultaneously stabilize the economy and movedtfdibrium to the
optimal steady state which provide an equal level of utilityll generations In
the present section, it is proven that a fiscal policy existden the assumption
that agents and policy-maker do not make forecasting mastaBonsider that the
policy-maker buys goods, levies taxes and makes transfieler bbalanced budget
rule. LetG; be the flows of consumption goods which is bougft,> 0(< 0) the
taxes (transfers) on the income of period of ifec {c, d}, for generatiort. The

9For an example of stabilization policy in aggregate OLG nmiede Reichlin [15], and in Galor

[10] type two-sector OLG model see Nourry and Venditti [13].
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intertemporal maximization problem (13) turns to:

D
cmgl)i {U (Ct, lt:rl) | W + Bet = mciCr + ¢, md141D11 = Ripa +ﬁd,t+1} (27)
t, Ut+

The optimal saving function becomes:
F(Wt+ﬁc,t)(w)y—ﬁd.ulnc.d

t— SRl \
Rt+1H(:,d+l—‘(—RprlzE C’d)

(28)

wherell. 4 = ’;t‘l Consider Proposition 1, the scaling paramétes written as:

T

— kp(k.y) =
L'k y) =R(ky)eq (m[w(Ky)—k(lzfy) pky)] ) (29)

wherer (k,y) = T1(k,y), p(ky) = -T2(ky), w(ky) = T3 (k,y). Let,

Bo., = kp(k y) ROk y) e + T (K y) (0200} ] (B Y
_kt+lpt [Rt+1Hc,d +T (k’ y) (w)y]

(30)

Ber = W(Ky) — W (31)

WheI’ER(k, y) = ;EE{% P|Uggingﬁc,t = Ec,t, ﬁd,t+1 = Ed,t+1, ﬁc,t+1 = ,Bd,t+2 = 0into
(28) gives

rw(k,y)(—m(k’?nc‘d )7

R(K )T g+I

(w)y (32)
It follows that if agents believe the announced policy rahey will expect the
optimal steady state to hold in the future. This expectatioturn drives the
system to the steady state and keeps it there forever.

5 Numerical illustration

In order to show that when dynamiffieiency holds, local indeterminacy and en-
dogenous fluctuations through Hopf bifurcation also holgs provide a numer-
ical illustration. Our aim is to prove the non-emptinessha set of parameters’
values for which the conditions of Proposition 2 holds.

13



5.1 A CES-Leontief Economy

Let us consider the following sectoral technologies:

4
0 0 10\ _ 0\ 0 _ o\ Po| ro
P2k = i (9 "+ - (1) -
1wl 11 — minl/K: 11
Fi(K% L) = min{<, 1Y)
with n > 0, u € (0,1) andpg > —1. The sectoral elasticity of capital-labor substi-
tution in the consumption good sectortg = Tlpo while the sectoral elasticity of
capital-labor substitution in the consumable capital geector iso; = 0. Then
the social production function is defined as:

T (K Y1) = [t (K = Y) 7 + (1 - ) (L = Y) ] 75 (34)

LetL = 1sothatk = k andY = y*. We derive the stationary propensity to
consume of young agents the share of capital in the economsythe relative
capital intensity diferenceb and the output-capital ratio':

—k* " d
b=1r v = . (35)

_ (=) (A=k)kP0 (L YOt opu(1-yyort - . _ 1=y yott
= (L-p)k#0 Ly o™t S = Tk POty Yot (36)

The numerical example is computed in line with the followiagproach: we
choosed, n, u, po, vy @andv* in their admissible ranges. Substituting these pa-
rameters’ values into (35)-(36), we then compute the vabies, b, s, &« and

04 (k*, y*) and the critical bounds dm &, v* andy.

5.2 Hficient endogenous fluctuations

Let us consider the following set of parametets= 0.998657 = 0.022 6. =
0.125p0 = 3,k* = 045y = 09,v* = 2,y = 2. We get an fficient steady
state witha ~ 0.53 anda =~ 0.03. The corresponding share of capital is
s~ 0.49. We find the share of the consumption good 0 in the compgsddDy, 1,

04 (k*,y*) ~ 0.99, and the relative capital intensityfidirenceb ~ —4.28. We ob-
tain the elasticity of the rental rate of capital ~ 1.68. Then the ficient normal-
ized steady state is locally indeterminate for ang ()/T,y(H), wherey” = 1.69

14



is a Transcritical bifurcation value inducing the existent a second steady state
andy” = 2.55 corresponds to a Hopf bifurcation value leading to qpasiedic
cycle. The associated macroeconomic volatility is contpbatwith empirically
relevant properties of fluctuations, in the sense that thef lHdurcation causes
guasi-periodic cycles where several periods of expansierf@lowed by sev-
eral periods of recession. Proposition 2 is satisfied forlary (—6.99, —4.18),

v* €(1.982.12), g € (0.38,1.68), 6. < 0.98 andy € (1.69, 2.55).

Our findings(co, €1, do, d;) = (0.02 0.3,0.41,0.01) are qualitatively in line
with the empirical evidence provided in Fernandez-Villaeeand Krueger [9]
along which young agents consume more durable goods thagefus while old
agents consume more non durable goods.

6 Concluding Remarks

The main objective of this paper is to study the influence eétugeneous con-
sumption goods on the occurrence dic@ent endogenous fluctuations in two-
sector OLG model. We show thafieient endogenous fluctuations occur through
Hopf bifurcation if the share of the pure consumption in tbenposite good is
low enough for young agent. This condition is in line with tepirical evi-
dence provided in Fernandez-Villaverde and Krueger [9%@ihich old agents
consume less durable goods than young agents. We also hiattve iscal pol-
icy based on transfers and taxes could simultaneousl\iigabie economy and
give an equal level of utility to each generation. Finallg provide a numerical
illustration showing that there exists a non-empty set ohpeeters’ values for
which dficient endogenous fluctuations arise through Hopf bifuocati he asso-
ciated macroeconomic volatility generates several psradeéxpansion, followed
by several periods of recession.

15



7 Appendix

7.1 Proof of Proposition 1

Let (k*,y*) € (O, E) X (O, R) andIl.q = ©p (k*, y")*%. Solving equation (18) with
respect td" yields to:

LK,Y,7) = Tea (€,y) Rk, y) {HIHQERnl 7 s 0 37)

Solving equation (19) with respect ég yields to:

s vk, y*)-v(K*,
0 (k' y) = 1+ 2t (38)

(k*,y*) is a normalized steady state if and onlyIlif = T'(k*,y*,y) and 6y =
6a (K, y"). |

7.2 Proof of Lemma 2

From (14), one gets:

, _ _aly-Dar
@ = T (39)

Under Assumption 1, the first order conditions of firm’s praféixmization prob-
lemt© (1) yleld toTp = —Tllb, Ty = Tllbz, Ta = -T11a andT32 = Tllab with
a= L—;’ > 0, b as defined by (3) an@l;; < 0. Considelk as given by (22) and
the fact that the homogeneity ®f(K, Y, L) impliesa = (1 -b)k*. .7 andZ are
obtained from the linearization of the twofldirence equations (15)-(16) in the
neighborhood of the normalized steady state. ]

7.3 Proof of Proposition 2

Following Grandmont et al. [11], we study the local dynamioperties by
analysing the trace&Z and the determinar®. This methodology allows to anal-
yse the variation of the trac& and the determinariz by choosing a bifurcation

10See Benhabib and Nishimura [3] and Bosi et al. [4]
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parameter. In this setting, the bifurcation parameter ehas the elasticity of in-
tertemporal substitution in consumptignThen the variation of the trac& and
the determinan in the (7, &) plane will be studied ag evolves continuously
within (1, +c0). The relationship betweefr andZ is given by a half-line\ (.7)
which is characterized from the consideration of its extte® (Figure 1). The
starting point is the pair (ligL.eo 7 = T, liM,5 100 Z = Ps), While the end
point is the pair (lim_, .7 = 7,lim,_,1 2 = 2). A() is obtained from the
two difference equations (15)-(16), by solviggand 2 with respect tax (y — 1):

M) = D + (T — ) (40)

where the slope”, ., and .7, are:

7= sen[1-b(r-vo)][ 1-b(v-v)] 9 = s 7 = [1-b(v-v)]*+6Rb%R (41)

T (1-9{l+enb(vi-v+Rbey))? T T (1-e)(1-9)> T T |1—bi V—Xilb&;

9
Yy
B 3
/N 1 e
o
A(T)
/Q ]X
o) =
g &
NG Jo
[ ]Saddle[ | Source[[ ] Sink

Figure 1: Stability triangle and (.7°) segment.
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Consider thab < 0 ande € (3, 1%;) so thatZ,, > 1, 7, < 0 and#,, (1) > 0.

2> 1-s
Let assume that, < 6. implying thatvy < v4, defined in (24), anl, < b, where:

0

l_) — vi—v bO —

- Ravé.’

_ s 1
¢ = 209’ p— (42)

Note thatd, < 64 (K, y") if v € (z, vo) anda > 0. Undery € (z, vo) andb e (bo, 5)
we get?; = —o andZ,, (-1) = 1+ 7, + Y., < 0, where

h— 1-a

R (43)

Finally, 71 = +oo ifand only if v < v4, b > b andeng > nq with

_ 1
€kl = ~ Rbufov(b-b) (44)

Using the expression o and Z allows to show that whety = 1, .7 > -2 if
and only if:

1+ en([a(y = D] lyer Po(b) + b — v + Rmby)) < 0

(45)

where:
2.5 (b) = 2RE + 20b[L-b(v=y)| +[1-b(v-¥) >0  (46)

and
le (y = D] I9=1= %J)(io_rb) (47)

bOc(a—a
Assume thav = vo — dv with dv > 0 small, it follows that= in (45) is negative.
As aresulty > -2 if and only if:

£ > En = D] A R (48)
Moreover there exisEyx > g, such that7 = 2 wheney = &y. Therefore,
T € (-2,2) as long assi« (grk,ak). Denotedy the value ofdyv such that the
denominator of (48) is equal to zero. The maximal admisaillee ofdy is such
thatdy = min{d#, vo — v}. It follows that wherv € (7, vo) with ¥ = vo—dv, 6 < 6,
be (9, E) andey € (grk,ak), A(T) is between? e (-2,2) whenZ = 1. Result
follows. [ |
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Figure 2: Hopf and transcritical bifurcation.
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