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Traditional indices of bi-dimensional inequality and polarization were developed for cardinal variables and cannot be used to quantify dispersion in ordinal measures of socioeconomic status and health. This paper develops two approaches to the measurement of inequality and bi-polarization using only ordinal information. An empirical illustration is given for 24 European Union countries in 2004-2006 and 2011. Results suggest that inequalities and bi-polarization in income and health are especially large in Estonia and Portugal, and that inequalities have significantly increased in recent years in Austria, Belgium, Finland, Germany, and the Netherlands, whereas bi-polarization significantly decreased in France, Portugal, and the UK.

Introduction

Evaluation of policy reform in the health sector sometimes requires assessment of effects on the dispersion of health -its inequality or polarization -within a population. However, the traditional approach to measuring dispersion requires cardinality of the variable whose dispersion is studied, while the most widely used comprehensive health measure -self-assessed health -is ordinal. This measure is generated by asking respondents to evaluate their health, in general, in response categories ranging from "1: very good" to "5: very poor," in the World Health Organization recommended version, and from "1: excellent" to "5: poor" in the US version. 1 Self-rating has several advantages.

First, it offers a summary of an individual's general state of health. Second, a person's own appraisal of his or her health is a very good predictor of future mortality and morbidity. The correlation between self-assessed health and mortality remains strong even when controlling for other health variables and for socio-economic status (Idler E. L. & Benyamini Y., 1997).

Because self-assessed health is ordinal rather than cardinal, some dispersion measures, like the Gini coefficient, cannot be applied to it. In a seminal paper, [START_REF] Blair | Measures of variation for ordinal data as functions of the cumulative distribution[END_REF] suggested developing specific dispersion measures for ordinal variables, using the cumulative distribution function of the variable of interest. Some studies followed this suggestion and derived uni-dimensional inequality and bi-polarization measures for health [START_REF] Abul Naga | Inequality measurement for ordered response health data[END_REF][START_REF] Apouey | Measuring health polarization with self-assessed health data[END_REF][START_REF] Kobus | Inequality decomposition by population subgroups for ordinal data[END_REF][START_REF] Lazar | On the cardinal measurement of health inequality when only ordinal information is available on individual health status[END_REF].

These univariate measures of dispersion in health alone are arguably less relevant than a bivariate approach that would consider dispersion in a socioeconomic dimension (like income) as well as in health. In this paper, we present indices of inequality and bi-polarization in income and health, which can be used when only ordinal information on individuals' income and health is available. Typically, income is ordinal when it is given in brackets. The distribution of the exact amount of income between the brackets is unknown and thus it seems natural to assume that the income variable is ordinal.

We develop two approaches to quantify inequality and bi-polarization in income and health. The difference between the two approaches lies in the definition of the absence of inequality and bipolarization. In the first approach, we make the hypothesis that there is no inequality and bipolarization when the actual share of individuals reporting a health category h and an income category y is equal to the product of the marginal shares of individuals in health category h and of individuals in income category y. This approach implies that inequality and bi-polarization will be minimal when health and income are independent. In the second approach, we assume that there is no inequality and bi-polarization when all individuals report the exact same health and income categories.

Previous literature

Dispersion in health when health is a cardinal variable

One approach to quantifying dispersion in self-assessed health consists of two steps. In the first stage, the ordinal self-rated health is transformed into a cardinal variable. Each individual is assigned a cardinal health score depending on his/her answer to the self-assessed health question and his/her observable characteristics [START_REF] Groot | Adaptation and scale of reference bias in self-assessments of quality of life[END_REF][START_REF] Van Doorslaer | Inequalities in self-reported health: validation of a new approach to measurement[END_REF]. The underlying assumption is that it is possible to consistently transform the ordinal self-assessed health variable into a cardinal variable. In the second stage, an index of dispersion is computed on the basis of this cardinal health variable.

One strand of this literature quantifies total dispersion in health, irrespective of the socioeconomic characteristics of the individuals [START_REF] Wolfson | On measuring inequalities in health[END_REF]. A second strand only looks at a subset of dispersion and quantifies the health dispersion that occurs across the distribution of a socioeconomic variable. Socioeconomic inequality in health is generally assessed using the concentration index [START_REF] Kakwani | Socioeconomic inequalities in health: measurement, computation, and statistical inference[END_REF][START_REF] Van Doorslaer | Explaining the differences in income-related health inequalities across European countries[END_REF][START_REF] Van Doorslaer | Inequalities in self-reported health: validation of a new approach to measurement[END_REF], whereas social bi-polarization in health can be quantified using the index developed by [START_REF] Apouey | On measuring and explaining socioeconomic polarization in health with an application to French data[END_REF].

Dispersion in health when health is an ordinal variable [START_REF] Allison | Measuring health inequality using qualitative data[END_REF] made it clear that the two-step procedure -transforming the ordinal health variable into a cardinal variable and then quantifying health dispersion using a dispersion index for cardinal variables -is fundamentally flawed. Small variations in the scale that is used to transform the ordinal health variable into a cardinal one may reverse the ordering of the distributions that are compared. [START_REF] Allison | Measuring health inequality using qualitative data[END_REF] provide an example of a reversal using the variance, whereas [START_REF] Lazar | On the cardinal measurement of health inequality when only ordinal information is available on individual health status[END_REF] provide a second example using the coefficient of variation.

To overcome this limitation, several authors have developed dispersion measures for ordinal health variables that are scale invariant or independent [START_REF] Abul Naga | Inequality measurement for ordered response health data[END_REF][START_REF] Apouey | Measuring health polarization with self-assessed health data[END_REF][START_REF] Lazar | On the cardinal measurement of health inequality when only ordinal information is available on individual health status[END_REF]. These authors adopt a univariate approach and quantify overall health dispersion within a population, irrespective of the income levels of the individuals.

The next step is to develop tools to quantify multi-dimensional dispersion in several ordinal variables.

This seems critical to describe the evolution of dispersion in the many dimensions of well-being (health, socioeconomic status, life satisfaction, education, among other). The literature on the measurement of bi-or multi-dimensional dispersion for ordinal variables is small. Silber and Yalonetsky (2011) present several measures of multi-dimensional dispersion that can be used when the variable of interest is ordinal and the other variables are nominal/unordered. As far as we know, there is only one paper that examines bi-dimensional inequality in two ordinal variables [START_REF] Kobus | Multidimensional inequality for ordinal data[END_REF].

Our approach

Our paper also focuses on the measurement of dispersion in two ordinal variables, namely income and health. Our approach is different from that of [START_REF] Kobus | Multidimensional inequality for ordinal data[END_REF] in two respects. First, our definitions of minimal and maximal dispersion are different. She assumes that dispersion in income and health is minimal when all individuals are in the same income and health category, and that it is maximal when three criteria are met: first, bi-polarization in income is maximal, second, bi-polarization in health is maximal, and third, the medial correlation coefficient between income and health equals 1. In the case where there are three income and health categories, this implies that dispersion is maximal when half of the individuals report the highest health level and the poorest income level, and the other half report the poorest health level and the highest income level. In contrast, in our first approach, we assume that inequality and bi-polarization are minimal when the actual share of individuals reporting a certain combination of income and health levels is equal to the expected share of individuals reporting that combination given the marginal distributions of income and health. In our second approach, we use the same definition of minimal bi-polarization as Kobus ( 2012), but we consider that bi-polarization in income and health is maximal when half individuals report the lowest income and health levels, whereas the second half report the highest income and health levels. A second difference between our approach and that of [START_REF] Kobus | Multidimensional inequality for ordinal data[END_REF] is that we examine the measurement of both inequality and bi-polarization in ordinal variables, whereas [START_REF] Kobus | Multidimensional inequality for ordinal data[END_REF] focuses on only one type of dispersion measures.

Preliminaries

In what follows, we consider two ordinal variable, health and income. We denote H and Y the numbers of health and income categories. Category 1 corresponds to the lowest health and income categories, and categories H and Y to the highest health and income levels. We denote ) (h m and ) ( y m the median categories of the two variables.

We consider a matrix of probabilities p and a matrix of cumulative distribution functions F . p is a Y H  -dimensional matrix with element y h p , indicating the share of the population who reports being in health category h and income category y . By definition, the sum of the elements of matrix p equals 1.

. h p denotes the share of the whole population having health level h, y p . is the share of the population belonging to income class y. y h F , is the share of individuals who are in a health category smaller than or equal to h and in an income category smaller than or equal to y :
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Two approaches to measuring bi-dimensional inequality and bi-polarization in income and health

In this subsection, we briefly present our two approaches regarding inequality and bi-polarization in income and health. The goal here is to give some intuition about different ways of conceiving of inequality and bi-polarization in a bi-dimensional context.

The first conception assumes that the marginal distribution of income and health is given, and does not quantify dispersion in these marginal distributions. It also assumes that there is no inequality and bi-polarization if conditional on their income category, individuals have the same probability of reporting a certain health category, and conditional on their health category, individuals have the same probability of reporting a certain income category. The probability matrix for the case of no inequality and bi-polarization corresponds then to the product of the margins In our second approach, we quantify overall dispersion in income and health. In contrast with the first approach, we do not assume that the absence of association between income and health means an absence of dispersion. In addition, we consider that there is no inequality and bi-polarization in income and health if there is both perfect equality in income and perfect equality in health. In that case, all individuals report exactly the same income and the same health level. 
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This definition is very similar to the definition of maximal inequality in a uni-dimensional context: indeed, uni-dimensional inequality in income is assumed to be maximal when all individuals except one have no income and one individual has all the available income. In the bi-dimensional context, all individuals except one have the poorest health and income status, and one individual has both excellent health and the highest possible income.

Finally, bi-polarization is maximal if half of the individuals are in the poorest health and income cell, whereas the other half is in the highest health and income cell so that 

F

This is similar to the definition of maximal bi-polarization in the univariate context: uni-dimensional bi-polarization in health is maximal if half individuals report the poorest health status whereas the other half reports the highest health status [START_REF] Apouey | Measuring health polarization with self-assessed health data[END_REF].

General properties of the measures

In what follows, we present the continuity and scale independence properties that are satisfied by our indices.

Property of continuity: The inequality and bi-polarization indices are continuous in p (or F).

The property of continuity guarantees that small errors in the values taken by the variables will not lead to big variations in the indices proposed. Let D be a bivariate dispersion (i.e. inequality or bi-polarization) index.

Property of scale independence
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The property means that changing the numerical values of the scales has no influence on the value of the dispersion index.

All the inequality and bi-polarization measures presented in the next two sections satisfy the continuity and the scale independence properties.

A first approach to measuring inequality and bi-polarization in income and health: defining conditional indices

Property of minimal inequality and bi-polarization: There is no inequality and bi-polarization if the actual distribution of income and health is identical to the expected distribution (product of the margins).

All the inequality and bi-polarization indices presented in this section satisfy this property, which implies that the measures will be zero if there is no association between income and health.

Measures of inequality

In what follows, we present a theoretical derivation of a number of dispersion indices. A numerical example can be found in Appendix A. We consider the H by Y matrix p of population shares, whose rows and columns correspond respectively to the various health and income categories. Using Theil's approach to the measurement of inequality, we may derive the following measure of health inequality within income category y:  . Using the concept of G-matrix3 (Silber, 1989) 3) by the weights of the income classes y. We should however remember that in defining such an overall within groups Gini inequality index, the sum of the weights will not be equal to 1, because each weight will in fact be equal to 2 . ) ( y p , in the same way as in the traditional within groups Gini index, the weights are equal to the product of the population and income shares. We therefore end up with
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Note that the last expression on the right hand side of (4) shows clearly that one compares "a priori" shares which are equal to the product 

A graphical illustration of the bivariate approach to health inequality

In Figure 1 p will be common to all these individuals so that the order of ranking of the individuals will be a function of the ratios

) /( ) ( . 1 , h h p p
. Then we do the same for income class 2 and continue with the other classes until we end up with income class Y. We obtain a "within income classes inequality curve" (dotted curve in Figure 1) that is made of Y sections, one for each income class. Clearly the slope of this curve is not always non-decreasing. It is non-decreasing within each income class but the curve reaches the diagonal each time we end with an income class.

If now we want to derive the curve that corresponds to expression (5) (dashed curve in Figure 1), we will have to rank both sets of shares (the cumulative shares An illustration of the difference between the two approaches is given in Figure 1 where the index G I is equal to twice the area lying between the dotted curve and the diagonal, while the index G I ~ is equal to twice the area lying between the dashed curve and the diagonal. The area lying between these two curves may then be considered as a measure of the degree of overlap between the various income classes in terms of the gaps between the "expected" and "actual" shares.

[Insert Figure 1 If however, for a given income class, there is an inverse relationship between the ratios ) / ( . , y y h p p and the level of health of the individuals, the index we propose to compute in this section will be a kind of Pseudo-Gini. 4 It will be negative and equal in absolute value to the Gini index measuring the inequality given by y G . In such a case the curve will lie above the diagonal (in the range of the corresponding income class) and its slope will be decreasing. 5In the more general case we may observe a curve (the solid curve in Figure 1) that can cross one or several times the diagonal but it will still be an increasing curve. If the sum of the areas lying below the diagonal is close to the sum of the areas lying above the diagonal, this Pseudo-Gini will be close to zero. This kind of relative concentration curve was previously suggested to measure the income elasticity of the consumption of a specific good (Kakwani, 1980) and more recently spatial segregation [START_REF] Dawkins | The spatial pattern of black-white segregation in US metropolitan areas: An exploratory analysis[END_REF].

In our case, one may observe that if this curve lies mostly below (resp. above) the diagonal, it means that cases where the actual number of individuals in a given cell is higher than the expected number will be observed mainly among individuals with a high (resp. low) level of health.

The overall measure of "health concentration" in the population, taking such a bivariate approach, would then be equal of the sum of the areas defined for each income class, these areas taking the sign defined previously. If the overall measure of "health concentration" is positive, this would mean that on average it is more common to see a positive link between health and income among richer people than among poorer people. If, however, we find that it is more common to observe an individual with a low health level among people with an income lower than the median income and individuals with a high health level among people with an income higher than the median income, then the overall measure of concentration may well be close to zero (despite the fact that we clearly have a positive correlation between income and health). We may therefore want to derive a better measure of such a correlation.

[Insert Figure 1 here]

Measures of bi-polarization

Assume now that the areas defined previously and corresponding to the indices y G given in (3) are attributed the following signs. For individuals belonging to an income class which is below the median income, the area will be positive, for a given income class, if it is above the diagonal and negative otherwise, while for individuals belonging to an income class above the median income, the area will be given a positive sign if it is below the diagonal and a negative sign otherwise. The sum of the income class specific areas, assuming the correct sign (as it was just defined) has been attributed to each area, will be a measure of the degree of bi-polarization of the distribution of health. 6 It is indeed easy to check that if for income classes below the median income the areas are mostly above the diagonal and for those income classes above the median income, the areas are mostly below the diagonal (the case of the solid curve in Figure 1), we would have here a clear case of bi-polarization, individuals with a high income having usually a high health level and individuals with a low income a low health level. The sum of the areas would then have a positive sign.

If, on the contrary, for income classes below the median income, the areas defined previously are mostly below the diagonal while for those income classes above the median income, the areas are mostly above the diagonal, it would mean that individuals with a low income have a high level of health and those with a high income a low health level. The sum of the areas would then be clearly negative, another extreme case of bi-polarization, one corresponding to a negative correlation between health and income.

Finally it is possible that, attributing again to each area the sign defined previously, we end up with a sum of areas whose value would be close to zero. This would indicate that there is no clear correlation between income and health. A zero value for the sum of areas would also be obtained when for each income class the expected number of individuals at each health level is equal to the actual number. This would mean that the conditional probabilities (the probability of having a given health level h, given the income class to which the individual belongs) would be the same whatever the income class -the distributions of health levels would be the same for each income class.

A simple numerical illustration of all the concepts which have just been defined is given in Appendix A.

A second approach to measuring inequality and bi-polarization in income and health: overall indices

In this section, we quantify overall bi-polarization in the joint distribution of health and income. This approach differs from that presented in the previous section, because it quantifies the dispersion in the marginal distributions in income and health, and makes a different assumption regarding minimal bipolarization.

) (F B

denotes the overall bi-polarization in health and income associated with the matrix of joint cumulative probabilities F Properties Property of minimal bi-polarization: The bi-polarization index is minimal and equals zero when all individuals report the same income and health category.

Property of maximal bi-polarization: The bi-polarization index is maximum and equals one when half of the individuals report the smallest income and health status whereas the other half of the individuals report the greatest income and health status.

Definition of a bi-polarization decreasing transfer: Let 1 p and 2 p be any two matrices (with the same dimensions) representing the probability distributions, and let 1 F and 2 F be the corresponding matrices representing the cumulative distribution functions. 2

F is derived from 1 F using a bi- polarization decreasing transfer if

 1
F and 2 F have the same median health and income categories.

 In the cells (h,y) for which F is derived from 1 F using this type of transfers, 2
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F exhibits less bi-polarization than 1 F :
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This property implies that overall bi-polarization decreases when a greater proportion of people is concentrated around the median health and income categories, rather than segregated in the two poles of "healthy and wealthy people" (bottom right of the pand F-matrices) on the one hand and "unhealthy and poor people" (upper left of the matrices) on the other hand. For instance, let us consider a health variable with five categories and an income variable with five categories as well: 

F

The median health category is 3 and the median income category is also 3. We consider a transfer of people from a cell below the medians to another cell below the medians that is "closer" to the medians: for instance, a transfer of a .05 share of the population from cell (1,1) to cell (2,2). Similarly, we also consider a transfer of people from a cell above the medians to another cell above the medians that is "closer" to the medians: for instance, a transfer of a .025 share of the population from cell (5,4) to cell (4,4). The new matrices are as follows: 

F

The new distribution of health and income is more concentrated around the median health and income categories. According to the property, bi-polarization for F 2 is smaller than bi-polarization for F 1 .

Measures of overall bi-polarization

We generalize the existing measures of bi-polarization for ordinal data in the uni-dimensional approach to the bi-dimensional perspective.

First, we extend the univariate measure of Abul Naga and Yalcin (2007), [START_REF] Apouey | Measuring health polarization with self-assessed health data[END_REF], and [START_REF] Reardon | Measures of ordinal segregation[END_REF] to the bivariate case. Our overall index is a function of the absolute distance between the observed cumulative probabilities F , whose elements are y h F , , and the maximal bi-polarization F-matrix, whose elements equal 0.5:
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Second, we consider an extension to the bivariate case of an index proposed by [START_REF] Reardon | Measures of ordinal segregation[END_REF]:

      H h Y y y h y h F F HY B 1 1 , , 2 ) 1 ( 4 1 1
It is easy to prove that the overall bi-polarization indices and satisfy the continuity, scale independence, minimal bi-polarization, maximal bi-polarization, and bi-polarization decreasing transfer properties.

Empirical illustration

In this section, we provide an empirical illustration of the use of the indices developed above, focusing on dispersion in income and health in 2004-2006 and 2011, in 24 European countries. The goal of the surveys is to collect timely and comparable data on income, poverty, social exclusion, and living conditions, across European countries. Each EU-SILC surveys is based on a nationally representative probability sample of the population residing in private households and aged 16 years old or over in the respective target country.

We use countries for which information on health and income is available in 2011. Our analysis sample is thus made of Austria, Belgium, Bulgaria, Cyprus, Denmark, Estonia, Finland, France, Germany, Greece, Hungary, Iceland, Italy, Lithuania, Luxembourg, the Netherlands, Norway, Portugal, Romania, Slovakia, Slovenia, Spain, Sweden, and the UK.

We use data for the years 2004-2006 and 2011, which are respectively the first and the most recently available waves. Focusing on these years enables us to get a precise picture of the recent evolution of dispersion in health and income in Europe. As explained above, the first year of data is either 2004, or 2005, or 2006, depending on countries.

The health variable is ordinal self-reported health with five categories: "very bad," "bad," "fair," "good," and "very good." Income is also ordinal, since it is given in quintiles. It is computed on the basis of the total equalized disposable income during the year preceding the interview, i.e. total disposable household income divided by the household equalized size, using the modified OECD equivalence scale. This scale gives a weight of 1.0 to the first adult, 0.5 to any other household member aged 14 and over, and 0.3 to each child below age 14.

Note that this section is intended as merely illustrative, as the underlying income variable is continuous rather than ordinal, and the continuous income measure could be obtained if we were to use the original EU-SILC data instead of the published tables. In addition, our income variable is a particular onequintiles. Consequently, the sample is evenly distributed across categories of income.

This implies that in the second approach, our bi-polarization measures are necessarily bounded away from the minimum and maximum.

An interesting feature of the EU-SILC datasets compared to other datasets that are generally used to study inequalities in Europe (such as SHARE or the ESPS) is that they contain information on Eastern European countries. This enables us to get a global picture of income/health inequalities in Europe.

Figure 2 gives the distribution of self-assessed health in the sample. We observe that for both waves the median health category is "Good" in most countries. However there are some exceptions. First, Greece appears as a healthier country than its neighbours, since for both waves the median health category is "Very good." In contrast, Lithuania and Portugal systematically report poorer health than the rest of Europe. The median health category of these countries is "Fair" for both waves. Finally, Estonia and Hungary may have experienced an improvement of the general health status of the population, since the median health category increased from " Fair" in 2004-2006to "Good" in 2011. Some other countries also show some signs of an improvement in health. In particular, this is the case in Germany, Portugal, Sweden, Spain, and the UK, since the proportion of individuals in the two top health categories increased whereas those in the three lowest health categories decreased.

In Bulgaria and France, the shares of individuals in the middle categories ("Fair" and "Good") increased between 2004-2006 and 2011, whereas the shares of individuals in the extreme categories ("Very bad," "Bad," and "Very good") decreased. This means that there is a decrease in (unidimensional) bi-polarization in health over time, since the distribution of health was more concentrated around the median health category in 2011.

[Insert Figure 2 here]

In what follows, we present two tables giving the indices of the bi-polarization and inequality indices developed in the paper.

To derive the inequality and bi-polarization indices based on the first approach, we build for each country and year two matrices whose rows correspond to health and whose columns correspond to income: the first matrix contains the actual shares, whereas the second matrix contains the expected shares. These matrices enable us to draw the "within income classes inequality curve" and the "distributional change curve" and to compute the indices.

We present in Figure 3 a graphical representation of the "within income classes inequality curve" and of the "distributional change curve" for Estonia in 2011. We focus on that country because it has the largest level of inequality and bi-polarization in our analysis sample, which makes the graphical illustration very clear. The curves include five sections, corresponding to the five income quintiles.

Note that the two curves are confounded for the top income quintile. The solid curve lies above the diagonal for low-income groups, whereas it is above the diagonal for high-income groups. This implies that poor people are less healthy than expected, whereas rich people are healthier than expected.

[Insert Figure 3 here] Table 1 contains the inequality and bi-polarization indices derived from the first approach. The technique that we use to compute the confidence intervals for the indices is presented in Appendix B.

Inequality and bi-polarization indices are significantly greater than zero in all countries, in both 2004-2006 and 2011.

[Insert Table 1 here] Our results do not necessarily imply that policies should try to reduce dispersion in health, since not all dispersion can and should be avoided. It would be worth understanding the reasons why dispersion arises in Europe. In particular, future research could investigate a decomposition of the indices by factors, to identify the reasons underlying inequality and bi-polarization. Following the literature on inequality of opportunities in health, these factors could be classified as either circumstances or efforts variables [START_REF] Dias | Inequality of opportunity in health: evidence from a UK cohort study[END_REF][START_REF] Trannoy | Inequality of opportunities in health in France: a first pass[END_REF]. If our finding on the positive levels of inequality and bi-polarization reflect differences in circumstances between individuals, this would mean that there are opportunities for reducing inequalities and bi-polarization in health in Europe.

We now turn to the comparison of the levels of dispersion between countries. Note that caution is required when doing this comparison exercise, since differential health reporting might render the indices not comparable between countries (Bago d'Uva, O 'Donnell, and Van Doorslaer, 2008).

Having this limitation in mind, we rank the countries according to the values of the inequality and bipolarization indices given in the table. We find that Cyprus, Estonia, and Portugal exhibit a great level of inequality and bi-polarization, in both waves of the data. The very large level of inequality in Estonia in 2004 and 2011 is in line with the substantial level of inequalities in mortality in that country at the end of the 1980s, that was followed by a "tremendous rise of inequalities in mortality" between 1989 and 2000 [START_REF] Mackenbach | Health inequalities: Europe in profile. An independent expert report commissioned by the UK presidency of the EU[END_REF]. Our result for Portugal is consistent with the previous literature, that shows that among 13 European countries, Portugal is the most unequal [START_REF] Van Doorslaer | Explaining the differences in income-related health inequalities across European countries[END_REF]. In contrast, we observe that Iceland and Italy have low levels of health/income dispersion. Our data also suggest that in 2005 the Netherlands had a relatively small level of inequality and bi-polarization, which is consistent with the literature [START_REF] Van Doorslaer | Explaining the differences in income-related health inequalities across European countries[END_REF]. However, the level of dispersion increased significantly between 2005 and 2011, so that the Netherlands have today a European average level of inequality and bi-polarization.

Looking more closely at the evolution of dispersion over time, we observe that inequality and bipolarization remained stable in most countries between 2004-2006 and 2011. However, some countries went through important changes. There is strong evidence that inequality and bi-polarization decreased over time in France, Greece, Lithuania, and the UK. In contrast, inequality and bipolarization rose in Austria, Belgium, Finland, Germany, and the Netherlands.

We then turn to the results for our second approach, which is based on a different definition of minimal dispersion. 

Conclusion

This paper develops original methods to quantify the level of inequality in socioeconomic status and health, when both variables are ordinal. We present two distinct approaches, that are embedded in different definitions of minimal inequality and bi-polarization. The empirical illustration is based on data from the EU-SILC surveys for 24 countries between 2004-2006 and 2011.

Our study suggests several routes for future research. A first avenue could be to provide an axiomatic derivation of bivariate indices, in order to derive the family of dispersion measures that have the most interesting properties. Second, one could develop a decomposition technique for bivariate indices enabling researchers to decompose the total observed income/health disparity into the contribution of several factors. By extension, one could also identify the factors that explain the changes in the level of disparity over time. This is all the more relevant as we find that inequality increased in Austria, Belgium, Finland, Germany, and the Netherlands (see the first four columns of Table 1), and that bipolarization decreased in France, Portugal, and the UK (see the last two columns of Table 1 andTable 2), over the past decade. A first factor that could explain the rise of inequalities and that could be tested is access to health care services. Indeed, the financial crisis, that started in Europe in 2007, put a strain on health-care systems in some countries. Another relevant factor that could potentially explain the rise in inequality in Germany in particular is the ageing of the population. Indeed, income/health inequality tend to be larger among older generations in that country [START_REF] Van Kippersluis | Health and income across the life cycle and generations in Europe[END_REF].

Acknowledgements: The authors would like to thank Owen O'Donnell for his helpful comments on this article.

Measuring distributional change

But we can also compute an alternative measure. Let us again plot first the cumulative expected and actual shares for the lower income level, but we would rank both sets of cumulative shares by increasing health level. If the higher the actual health level, the higher the ratio of actual over expected shares, then we would get the previous graph.

We could then give an alternative interpretation to this graph and say that it measures the "distributional change" obtained when comparing actual and expected shares. Since by construction this curve will be completely below the diagonal (and have in fact a non-decreasing slope) we could consider this distributional change as positive since the higher the health level, the higher the ratio of the actual over the expected shares.

If on the contrary, when ranking the cumulative shares, within income class 1, by increasing health level, we find that the lower the health level, the higher the ratio of actual over expected shares, we could consider this distributional change as negative, because, as was just stressed, it indicates that within income class 1, individuals with a low health level are in greater numbers than we would have a priori expected.

Naturally such a distributional curve (for income class 1) can be partly above, partly below the diagonal (especially when we consider more than 3 health levels) and in computing the total distributional change we will have to give a positive sign to any area below the diagonal and a negative sign to any area above the diagonal. However, it turns out that a simple algorithm that takes into account this sign constraint can be implemented to compute the sum of these signed areas. We just have to define a row vector ̃ of the expected shares and a column vector ̃ of the actual shares, both shares being ranked by decreasing health level, and compute the product ̃ ̃ It then turns out that for income level 1 ̃ ̃ and it is easy to find that α = ̃ ̃ 0.05125

We can similarly compute the corresponding product ̃ ̃ for income level 2 and find out that

̃ ̃
and it is easy to find that, for income level 2, ̃ ̃ .

The overall distributional change DC will then be expressed as

Measuring bi-polarization

If however our goal is to look at the bi-polarization of the inequality of opportunities, assuming two income levels of equal population size, we should give a positive sign to any area above the diagonal 
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  and a single one. In total, there are Y H  such matrices.Inequality is maximal if all individuals except one are in the lowest health and income cell, whereas one individual is in the highest health and income cell. We suppose that there are n individuals, so the individual in the greatest income and health categories represent a share

  Definition of health and income scales: Each health and income category can be attributed a

∑

  share in the whole population (whatever the income category is) of individuals having health level h, y p . the share in the whole population (whatever the health level) of individuals belonging to income class y, and y h p , the share in the whole population of individuals belonging to income class y and having health level h. The intuitive idea is that a priori the probability for people belonging to income class y of having health level h should be identical to the share in the whole population of individuals with health level h ( . h p ). It turns out however that a posteriori this probability is different and equal to can then be extended to a measure T of overall inequality in income and health for the whole population: 2 possible to measure health inequality on the basis of the Gini index. Here again we first measure health inequality within a given income class by comparing the distribution of the "actual shares" each income class y with what could be considered as the "expected shares"

I

  vectors (of length H) on both sides of the G-matrix in (3) are ranked by decreasing values of health inequality for the whole population, we weight the indices given in (

  the margins (and hence assumes independence between health and income) with "a posteriori" shares y h p , ( ) which correspond to the actual shares of cells (h,y) in the total population. It should be stressed here that in computing G I we consider first the lowest income class, then the second lowest, etc... since the elements of the row vector ))...]as a whole, where the elements of the row vector )the difference between the indices G I and G I ~ the following graphical interpretation is given.

  onset with all the H by Y cells (and not, as we did previously, working first with the shares corresponding to the first (poorest) income class and ranking them by increasing ratios the same successively for all the other income classes.

G

  here]Measures of social "pro-poorness" in healthIn expression (3) we estimated a within income group y Gini index y first expression on the R.H.S. of (3)). This comparison of expected and actual shares was based on the use of the G-matrix, the operator we have been using to compute the Gini index. Moreover the elements of the row vector )the first expression on the R.H.S. of (3) were both classified assume now that, within each income class, we classify these elements (of the vectors )health level h. It can then be shown that what we would compute would be another kind of relative concentration ratio, one that would measure the level of the individuals. If these ratios grow in a monotonic way with the level of health then we will get in fact, for each income class, the Gini indices y G ratios we previously derived (see expression (3)). The corresponding curve obtained for a given income class by plotting points corresponding on the horizontal axis to the cumulative shares )sets of shares being ranked by increasing health level, would be identical to that depicting the inequality measured by y G .

  the cells where both health and income are greater than the median health and income categories.Property of bi-polarization decreasing transfers: If 2

  Our data come from the EU -Statistics on Income and Living Condition (EU-SILC) surveys, whose summary statistics are available from the Eurostat website.7 The EU-SILC project was launched in 2003 on the basis of a "gentleman's agreement" in six member states of the European Union, as well as in Norway. The starting date for the EU-SILC instrument (under the framework regulation) was 2004 for the EU-15 (with the exception of Germany, the Netherlands and the United Kingdom, which had derogations until 2005), as well as for Estonia, Norway and Iceland. The 10 new member states with the exception of Estonia started in 2005. Bulgaria started in 2006.

Fig. 1 :Fig. 2 :

 12 Fig. 1: Two inequality curves and one distributional change curve

  we then derive the following measure

	G of health inequality within income class y with									
		y																													
	G	y		[...(	h p	.	)...]'	G	[...(	h p	,	y	/	. p	y	)..]		1 (	/	. p	y	)[...(	h p	.	)...]'	G	[...(	h p	,	y	)...]

  , we put respectively on the horizontal and vertical axes the cumulative values of the

	expected shares	(	p	h	.	)(	. p	y	)	and the cumulative value of the actual shares	) p , starting with income ( , y h
	class 1 and ranking both sets of shares by increasing ratios	(	p	h	,	y	)	/(	p	h	.	)(	. p	y	)	, that is, by increasing
	ratios	(	p	h	1 ,	)	/(	p	h	.	)(	1 . p	)	. Since we start by working only with the individuals belonging to the first
	income class, 1 .						

Table 2

 2 

	contains the bi-polarization indices	and	for 2004-2006 and 2011.
	[Insert Table 2 here]		
	The table shows a significant level of bi-polarization in all countries both in 2004-2006 and 2011.
	The two indices indicate that bi-polarization significantly increased in Denmark between 2004 and
	2011, whereas it significantly decreased in France, Hungary, Portugal, Slovakia, Slovenia, Spain,
	Sweden, and the UK. One index also indicates an increase of bi-polarization in Austria and a decrease
	in Italy.		
	Comparing the results of Table 2 with the last two columns of Table 1, we find that the evolution of
	bi-polarization between 2004-2006 and 2011 are often consistent across tables. For instance, both
	tables show an increase of bi-polarization in Austria and Belgium, and a decrease in Cyprus (these
	changes can be significant or insignificant). Both tables suggest a significant decrease in bi-

polarization in

France, Portugal, and the UK between 2004-2005[START_REF] Silber | Measuring inequality in life chances with ordinal variables[END_REF] 

"Within income classes inequality" and "distributional change" curves for Estonia in 2011
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Table 1 : Conditional indices, for European countries, in 2004-2006 and 2011 (first approach)

 1 

		First year	Within income	Within income	Gini index	Gini index	Bi-	Bi-polarization
		of data	classes Gini index	classes			polarization	index
				Gini index			index
			First year of data	2011	First year of	2011	First year of	2011
					data		data
			(1)	(2)	(3)	(4)	(5)	(6)
	Austria	2004	.014				
			[.011;.016]				

Some questionnaires add "compared to other people your age."

The Theil index is not defined when some probability is equal to zero.

The G-matrix is a square matrix with zeros on the diagonal, -1 above the diagonal, and +1 below.

See Silber (1989) for more details on the concept of Pseudo-Gini.

The area between the diagonal and this curve will be equal to half the absolute value of this Pseudo-Gini.

We borrow here some ideas from[START_REF] Deutsch | On relative bi-polarization and the middle class in Latin America. A look at the first decade of the 21st century[END_REF].

See http://appsso.eurostat.ec.europa.eu/nui/show.do?wai=true&dataset=hlth_silc_10

We use the minimal number of observations (per country) as a proxy for the number of observations (per country). See the Eurostat website: http://epp.eurostat.ec.europa.eu/portal/page/portal/income_social_inclusion_living_conditions/documents/tab/Ta b/EU-SILC%20sample%20size.pdf

Notes. The 95% confidence intervals are in brackets. We indicate with bold letters the countries in which the index has significantly increased over time, and we underline the indices for the countries in which the index has significantly decreased over time.

Appendix A. Numerical example for the first approach to inequality / bi-polarization

Assume two income levels ( and , with the highest income level) and three health levels ( , and , with the highest health level).

Table A1 gives the distribution of the individuals among the six potential cells. A4 gives the ratio of the actual over the expected shares and in parenthesis the rank of each cell, as far as this ratio is concerned (cells ranked by increasing values of the ratios). 

Within income classes Gini curve and within income classes Gini index

For the graphical representation we first plot the cumulative values of the expected and actual shares for the lower income class ( ), on the horizontal and vertical axes, these shares being again ranked by increasing values of the corresponding ratios of the actual over the expected shares. Note that when we complete the plot for this lower income class we will have reached the point (0.5;0.5) on the graph. We then do the same thing for the higher income class (y=2) and end up at the point (1;1).

This graph then represents the inequality of health opportunity within the income classes.

We can then compute the corresponding within income classes Gini index.

The contribution of the within income class 1 inequality of health opportunities will be written as and it is easy to find out that Similarly the contribution of the within income class 2 inequality of health opportunities will be written as and it is easy to find out that

The overall within income classes inequality of health opportunities is then equal to

Gini curve and the Gini index

Here we draw a graph where on the horizontal axis we plot the cumulative values of the expected shares and on the vertical axis the cumulative values of the actual shares but here all the shares are ranked by increasing ratios of the actual over the expected shares.

We can also compute the corresponding Gini index comparing the expected values (row vector) with the actual values (column vector), the shares in this vector being classified this time by decreasing values [START_REF] Silber | Factors components, population subgroups and the computation of the Gini index of inequality[END_REF].

In other words we compute the product e'Ga where e' is a row vector of the expected shares, a column vector of the actual shares and G is the G-matrix, a matrix whose typical cell is equal to 0 if i=j, to -1 if ji and to +1 if ij. Note again that in both e' and a all the shares have to be ranked by decreasing values of the ratios of the actual over the expected shares.

In other words we get

It is then easy to find out that This is then a measure of the overall inequality of health opportunities.

for the lower income level 1 and a positive sign for any area below the diagonal for the higher income class 2, because we would then check whether, among the poor, the lower the health level, the higher the ratio of actual over expected shares and whether, among the rich, on the contrary, the higher the health level, the higher the ratio of actual over expected shares.

In other words a simple measure of bi-polarization B would be written as -and it is then easy to check that in our simple empirical illustration we get

Appendix B. Method to compute the confidence intervals

Assume that there are Y income groups and H health levels. Let us draw with repetition 1,000 balls from this box and call the number of balls of color "hy".

Obviously in general is likely to be different from , although it may happen that, for some "hy", Call now the ratio . We can use these proportions to compute the indices originally computed (inequality, distributional change, bi-polarization…).

Let us repeat 500 to 1,000 times this procedure where we draw 1,000 balls with repetition, the number of balls of color "hy" in the box being as before and compute each time the indices of distributional change, inequality and bi-polarization mentioned previously.

We will then obtain a distribution of each of the indices mentioned previously and can then derive a 5%-95% or a 10%-90% confidence interval for each index. By comparing the confidence interval of an index for a given year with the corresponding confidence interval in another year we can then test whether the index in one year differs significantly from the estimate of the index in another year.