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Abstract

Kimball (1990) established that income risk increases the marginal propensity to
consume if and only if absolute prudence is decreasing. We characterize decreasing and
increasing multivariate prudence and we show that a multidimensional risk increases
the marginal propensity to consume if and only if a matrix-measure of multivariate
prudence decreases with wealth, in the sense that its derivative is negative-definite.

1 Introduction

A substantial amount of research has been devoted to understanding the effect of uncer-
tainty on consumption and saving decisions. In a numerical exercise, Zeldes (1989) showed
that the presence of uncertainty has a strong positive effect on the level and on the slope
of the consumption function (i.e. the marginal propensity to consume (MPC)). Kimball
(1990a,b) established formally the necessary and sufficient condition for the introduction of
uncertainty to increase the MPC. He showed that consumption exhibits "excess sensitivity"
in the presence of risk if prudence is decreasing in income, where prudence is measured by
the index p (z) = _v”,:/(/g). Therefore, while p (x) measures the strength of the precautionary
saving motive, p’ (x) captures the response of the MPC to risk’.

Kimball’s result pertains to the case in which utility is a function of a single attribute,
income. Yet, most consumers face multiple sources of risk. For example, a consumer may
select his saving and consumption without having full knowledge of future prices or his future
health status. While a number of recent papers have evaluated precautionary saving motives
in the presence of multiple risks (e.g. Courbage and Rey (2007), Menegatti (2009), Denuit,
Eeckhoudt, and Menegatti (2011)), the effect of a multidimensional risk on the marginal
propensity to consume has not been established. The objective of this note is to fill this gap
in the literature.

Our analysis complements the results of Jouini, Napp, and Nocetti (2012) -JNN-, who
characterize comparative multivariate prudence by making use of a matrix-measure P (z)

ICarroll and Kimball (1996) later established conditions for uncertainty to induce a concave consumption
function (i.e. for the MPC to decrease with wealth).



that captures the intensity of the precautionary saving motive. We use P (z) to define
decreasing, constant, and increasing multivariate prudence, and we show that the MPC is
higher in the presence of a multidimensional risk if and only if P (x) is decreasing in wealth
xg, in the sense that —%Pw(x) is positive-definite.

2 Preliminaries on multivariate prudence

We begin by revisiting the model and the results of JNN. The consumer lives two periods,
derives utility from (n+1) attributes, and is endowed with (n+1)-dimensional, increasing and
concave first and second period utility functions v and v. The first attribute is the income.
Many interpretations are possible for the other variables, including a vector of market prices,
non-traded commodities (e.g. health status), or social attributes (e.g. social recognition).
We let y = (yo, ..., yn) and x = (xy, ..., x,) denote the initial endowments of the individual in
the (n+1) attributes respectively at the first and second period.

In the first period, the individual saves an amount s of income. Assuming that current
monetary investments only have monetary consequences, this saving enables the individual
to obtain pys of income at the second period?. For simplicity of notation, we introduce the
function w = %Pm which represents the second period marginal utility of saving, and we
also introduce the vector § = (1,0, ...,0).

Under certainty, the consumption/saving problem is

I?E%Xh (s) =u (Yo — S, Y1,y Yn) + U (To + PoS, T1, eey Tpy) - (1)
The solution s*satisfies h' (s*) = —ug (y — s*) + w (z + s*py0) = 0.

Consider now the case with multivariate risk. There is noise € = (e, ..., €,) affecting
the vector = of second period consumption, where E [¢] = 0. We denote by = = x + € the
vector of second period noisy consumption and by V¢ = [0;;] with o;; = cov (€;,€;), the
(n+1) x (n+1) variance-covariance matrix of €. The consumption/saving problem becomes

rglea]é([—[ (8) =u (yO — S, Y1, >yn) +E [U (g() + IOOS>§17 7§n>] (2)
The solution is denoted by § and is characterized by H' (3) = ug (y — 89) = E [w (T + 5py0)] -

An individual is multivariate prudent if § > s* for all (z,z). Equivalently, an individual
is multivariate prudent if the equivalent precautionary premium W (x, €, w) is non-negative,
where W (z,€,w) is defined by

Elw@)] =w(x— Y (z,e,w)d). (3)

It corresponds to the certain reduction of second period income that has the same upward
effect on the optimal level of first period saving as the introduction of the additional risk.

JNN propose P* = [—TU—;] as a matrix-measure of local multivariate prudence and

show that it unambiguously captures the intensity of the precautionary saving motive in a

2JNN evaluate a more general model in which current monetary investments have multidimensional
consequences in the second period. In this paper, we consider the more standard model (e.g. Courbage and
Rey (2007), Menegatti (2009), Denuit et al. (2011)) in which second period consequences are unidimensional.



multivariate setting for both small and large multidimensional risks. Indeed, they obtain
that the precautionary premium is nonnegative (i.e. ¥ (z,e,w) > 0, for all (x,¢)) if and
only if the matrix-measure of multivariate prudence P" (z) is positive semidefinite for all
x. When comparing two agents, they obtain that Agent A is more prudent than Agent
B, (i.e., ¥ (z,6,wa) > V(x,e,wp) for all (x,€)) if and only if (P4 — P*8) (x) is positive
semidefinite for all x.

3 Decreasing, constant, and increasing multivariate pru-
dence in the ;' attribute

Pratt (1964) established the intuitive fact that decreasing absolute risk aversion implies that
the risk premium is decreasing in wealth. Kimball (1990b) mapped this result to the case
of precautionary saving, establishing that decreasing absolute prudence, as measured by
the univariate function that he proposed, implies that the precautionary saving premium is
decreasing in wealth.

We obtain the following result

Proposition 1 The following conditions are equivalent:

1. The precautionary premium is a decreasing (resp. constant, increasing) function in

. .o OV (z,2, 9Y(z,¢, Y (ze,
attribute j, i.e. % < 0 (resp. g;]e w —, (8‘7;: w S 0).

2. The matriz —%Pw(x) is positive-definite (resp. null, negative-definite).

Proof The precautionary premium is a decreasing function of z; if and only if we have
U(z, e w) > V(i + dew) for all d € D; with
D; = {(do,--- ,dy):d; =0,i# j, and d; > 0}. Let us introduce v, the utility function
defined by v4(z) = v(x+d) and let us define wy by wg (xg, 1, ..., ) = pog—;’z (0, T1y ooy Tp) -
We clearly have wq(x) = w(z + d) and we check that U(x + d, e, w) = ¥(z,e, wy). We have
then the following characterization. The precautionary premium is a decreasing function
of z; if and only if we have ¥(z,e,w) > ¥(z,e,wy) for all d € D;. From Proposition 3
in JNN, this is equivalent to the statement that P“(z) — P"(z) is positive semi-definite
for all d € D;. Remark that P"4(x) = P“(x + d) and that P"(x) — P"(x + d) is positive
semi-definite for all d € D, if and only if —%PW(I) is positive semi-definite. m

We retrieve the fact that the precautionary saving premium is decreasing (with respect
to attribute j) if and only if the matrix measure of multivariate prudence is decreasing
(with respect to attribute j) in the sense that its derivative (with respect to attribute j) is
negative-definite.

4 Multivariate prudence and the MPC

We are now ready to present our main result. The consumption function is defined by
c(x,€) = argmaxu(c, Yi, ..., Yn) + E [0(Zo + po(yo — €), T1,y .oy Tn)]

3



where (Yo, Y1, ---, Yn) is kept fixed. The marginal propensity to consume out of wealth is given
by 88_3360 and we want to compare aa—afo(:x, €) with aa—;)(:v, 0); that is to say, we want to analyze
the impact of the multidimensional risk € on the marginal propensity to consume out of
wealth. In the next, the inverse of ¢ (more precisely, the inverse of the function o — ¢(z, €))

is denoted by g(c; x1, ..., Zn, €, - .., €,). By definition, it satisfies
gle(z,é);xq,. .., 2y, €0, ...,E,) = Tp.
For a given function w and a given X , we also define the compensating precautionary
premium V*( X, e w) by

w(zg, ..., x,) = Ew(To+ ¥ (z,e,w),T1,...,T,)].

The compensating precautionary premium is the additional amount of income that in-
duces the consumer to save the same amount in the presence of the multidimensional risk €
as in the absence of it. The following Proposition establishes the link between changes in the
equivalent and compensating precautionary premia and the effect of the multidimensional
risk on the MPC.

Proposition 2 The following conditions are equivalent

1. The equivalent precautionary premium V(x, e, w) is decreasing (resp. constant, increas-
ing) with respect to xy.

2. The compensating precautionary premium V*(x,e,w) is decreasing (resp. constant,
increasing) with respect to x.

3. The marginal propensity to consume out of wealth is higher (resp. the same, lower) in
the presence of the multidimensional risk é.

Proof (1) & (2) : When X and € are given and when ¥(z, €, w) is decreasing in xg, the
function xg — x¢o — VU(z, €, w) is increasing and we denote by f(zo;x1,...,%n,€p,- .., Ey) its
inverse. By definition of W(x, e, w) we have then

w(X) =Ew(f(xe; 1, Tn, €0y, n) + €0, L1, Tn)]

and we have then that f(zo;x1,...,2Zn,€0,...,6n) = o + ¥ (x,€,w). Since ¥(z,e,w) is
decreasing in zg, rg — ¥(x, €, w) increases faster than z¢ and f(zo;x1,...,%n,€0,.-.,En)
increases in xy at a slower rate than zy which gives that U*(z, e, w) decreases in zo. It is
easy to check that a similar argument gives that ¥*(x, e, w) increases in xo when ¥(z, €, w)
increases in xg.

(2) < (3): By definition of g, we have

ou ~ - - - -
a—yo(c, Yty oy Yn) = Elw(g(c;z1, ... 0, €0, - €n) + €0+ po(Yo — €), 1, oy Tn)] (4)

and since the left term does not depend on € we have
ou

@(Ca Y1, ayn> - U}(g(C, T1,... 7'1'77,707 s 70) + pO(yO - C)vxla wrn)
0



By definition of U*(z, €, w) we have

w(g(e;xy, ..o x0,0,...,0) + po(yo — €), 21, ..., Tp)
= Flw(g(crr,...,zn,0,...,0) + po(yo — ¢) + €0 + U (z, €, w), T1, ..., Tp)]

with x = (g(¢; 1, ..., 20,0,...,0) + po(yo — €), T1, ..., Tp) -
We have then

Elw(g(c;zy, ..., xn, €0, 6n) + €0+ po(yo — €), T1, ey T)]
= Flw(g(cgrr,...,zn,0,...,0) + €+ po(yo — ¢) + V' (z,€,w), T1, ..., Tp)]

and since w is decreasing in xy this gives
. * Py J— . = =
g(c;xy, . 20,0,...,0) + U (2,6, w) = g(c; 21, ..., T, €0y -+ -y En)-

Differentiating this equation with respect to ¢ gives

0 - -
a—z(c;xl,...,xn,eo,...,en) (5)
0
= a—z(c;xl,...,a:n,o,...,O)
0 ov*
+(8_LZ(C7 L1y 7‘7:71707 cee 7O> - pO)a_xO<x7€7w>'

Differentiating Equation (4) with respect to yo gives

0%u dg ow , ~
a_y2<c7 Y1, 7yn) - <%(C7 L1y 7xn707 s 70) - IOO) E |:8_I'0(Z>:|

0

with Z = (g(c; 1,y o Ty €0y o) + €0+ Po(Yo — €)y Ty ey Tny) -

Since u is concave and w decreasing, we have %(c; 1,y Tn,0,...,0) — py > 0. If
U*(x,€,w) is decreasing in zy, Equation (5) gives us that
dg ~ - dg
—(C X1, T, €0, -y En) < —(C;X1, ..., Tp,0,...,0).
00( 1 ny €0 n) 80( 1 n )

The impact of the multidimensional risk is then towards a decrease of %. Since ¢ is the
inverse of the consumption function, this means that the impact of the multidimensional
risk is towards an increase of the marginal propensity to consume out of wealth. We have
the opposite impact when U*(z, €, w) is increasing in z,. m

Linking Proposition 2 with Proposition 1 we obtain that a necessary and sufficient condi-
tion for the MPC to be higher in the presence of the multidimensional risk € is that the matrix
measure of multivariate prudence is decreasing in wealth, in the sense that —%P“’(as) is
positive-definite. Importantly, this condition implies that the decrease of the usual measure
of prudence, l;’ofﬂ, is generally neither sufficient nor necessary to establish whether the MPC
is higher or lower in the presence of a risk that is multidimensional. Instead, the necessary
and sufficient condition requires information about preferences towards all the attributes
that enter the utility function.



An Example

To illustrate our results, imagine a world with two tradable goodsa and b. Suppose that
in each of two dates the consumer selects how much to purchase of each good and in the
first period the consumer also selects how much to save s out of his or her date 0 income
2o (in terms of the first good). The date 1 income in terms of good a is denoted by z;.
Let a; and b;, i = 0,1, be the amount consumed of the goods at date ¢, and let ¢; be the
relative price of good b at date 7 in terms of good a. Then, the budget constraint for date
0 is ag + qobg = zop — s and the corresponding constraint for date 1 is a1 + ¢1b1 = 21 + s.
We assume that there is uncertainty over the date 1 income and the date 1 relative price.
In particular, we assume z; = 2y + €, and ¢ = qo + €,, where e, and e, are mean-zero
random variables with a variance-covariance matrix V¢ = [0;;] with o;; = cov (€,,¢€,). We
also assume that the date 1 allocation between the two goods is done after the realization of
the random shocks. Finally, we assume that the period i utility has a power/Cobb-Douglas

() 3
form: u (ai,bi) = Ty with o + ﬁ =1.

To evaluate the effect of the multidimensional risk on saving behavior we can proceed in
two steps:

1) Choose a; and b; to maximize utility at each date, the level s of saving being given.

This yields the lifetime indirect utility function

H(s)=K { [qg (20 — s)} o +F [qlﬁ (z1 4+ s)] 1_7} ,

where K is a constant.
2) Select savings to maximize the indirect utility function. The first order condition for
this problem is

a0 =) T =B ql" ) (5 s) 7

Clearly, this is an example of our more general model with y = (29,q) and =z =
(z1,q1). We readily retrieve that the local compensating precautionary premium equals
U = Ltr [VeP], where the matrix measure of multivariate prudence P is given by

po | A+ B1—7) g’ ]
BA=7a" BAL=yL+BA=]v " 200"]

As a consequence, a positive third derivative of the utility function with respect to income is
not sufficient for a positive precautionary saving motive. Instead, a sufficient condition for P
to be positive semi-definite for all z and ¢, and as a result for multivariate prudence to occur,
is v < 1. Furthermore, the precautionary premium is decreasing in income, and so —B%OP
is positive definite and the MPC is higher in the presence of the multidimensional risk, if
1 <y < % This contrasts sharply with the classical univariate model in which, given
isoelastic preferences, the precautionary premium is unambiguously positive and decreasing
in income.

3The case of labor income uncertainty with endogenous labor supply is a sub-case of this example in
which ¢ = z is the wage rate, b is leisure demand, and a consumption (See Floden, 2006, and Nocetti and
Smith, 2011).
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