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ABSTRACT

The classical theory of transport equilibrium iséa on the Wardrop’s first principle that
describes a Nash User Equilibrium (UE), where irdriger can unilaterally change routes to
improve his/her travel times. A growing number obeomic laboratory experiments aiming
at testing Nash-Wardrop equilibrium have shown that Pure Strategy Nash Equilibrium
(PSNE) is not able to explain the observed strategpices well. In addition even though
Mixed Strategy Nash Equilibrium (MSNE) has beemidto fit better the observed aggregate
choices, it does not explain the variance in ctowell. This study analyses choices made by
users in three different experiments involving teigéc interactions in endogenous congestion
to evaluate equilibrium prediction. We compare puedictions of the PSNE, MSNE and
Stochastic User Equilibrium (SUE). In SUE, the aled variations in choices are assumed
to be due to perception errors. The study propesesethod to iteratively estimate SUE
models on choice data with strategic interactidxraong the three sets of experimental data
the SUE approach was found to accurately prediet aherage choices, as well as the
variances in choices. The fact that the SUE modas found to accurately predict variances
in choices, suggests its applicability for transmmuilibrium models that attempt to evaluate
reliability in transportation systems. This findirggfundamental in the effort to determining a
behaviourally consistent paradigm to model equiliiorin transport networks. The study also
finds that Fechner error which is the inverse & fitale parameter in the SUE model is
affected by the group sizes and the complexityhefdost function. In fact, the larger group
sizes and complexity of cost functions increased variability in choices. Finally, from an
experimental design standpoint we show that itoispossible to estimate a noise parameter
associate to Fechner error in the case when theashare equally probable.



1. INTRODUCTION

Transportation planning models have hinged on k&sical theories of transport equilibrium
that are based on Wardrop's principles (Wardro®2L9which is essentially a Nash
equilibrium in which all users minimize their trdvast and have no incentives to change
their chosen routes. Due to the extensive reliamtdransportation planning models for
allocation of billions of dollars (euros) of funds transportation improvements, it has
become critical to evaluate theories that undénkése models. Over the past several decades,
other transportation equilibrium models such as $techastic User Equilibrium model
(Daganzo and Sheffi, 1977) and Mixed Strategy Naghilibrium model (Bell, 2000) have
been proposed. Stochastic User Equilibrium is & sbé traffic flows where no user may
lower their perceived travel time by unilaterallganging their current route, where in the
perceived travel time may be associated with randonors. In Mixed Strategy Nash
Equilibrium, the user is unable to reduce theiremtpd trip cost by changing their strategies,
which are the user’s path choice probabilities.

In recent year, several agencies have increaseddbas on improving travel time reliability
in networks. Variability of link travel time in aetwork can be attributed to variability in
traffic demand (Hanson and Huff, 1988; Pas and 8&ynti995; Axhausen et al., 2002;
Stopher et al., 2008), capacity or supply (Brildrak, 2005; Wu et al. 2010), route choice
behaviour (Mirchandani and Soroush, 1987; Uchidhlada, 1993; Lo and Tung, 2000; Bell,
200Q Liu et al., 2002; Yin and leda, 2005) and departune choice behaviour (Noland et al.
1998; Noland and Polak 2002). The variability daedeparture time and route choices is
associated to coordination errors due to strategaractions which also contribute to the
observed variability in travel time. Therefore,fra modelling standpoint it is important for
models to be able to accurately predict variabilitytravel costs, associated to choice
behaviour under strategic interactions.

The increased reliance on equilibrium models indpmrtation to make expensive decisions
leads to the fundamental question: Which equiliioritheory is behaviourally consistent?
Unfortunately, field data does not provide enoughtml to test these equilibrium theories. A
key feature of these equilibrium theories are tin@tegic interactions, however, most models
estimated using field data (Hensher, 2001; Fosgef6; Frejinger and Bierlaire, 2007;
Hensher, 2010) consider travel times as exogenagishn, without considering strategic
interactions. The strategic interaction resultshnices that are a consequence of feedback of
the impact of the choice probabilities on path gosthich is how Stochastic User Equilibrium
(SUE) is modelled in transport networks. Therefarés critical to understand the effects of
these strategic interactions on the ultimate chiodels that are used in modelling traffic.

Recently, methods from experimental economics anegoused to test key theoretical aspects
in transportation through controlled laboratory exments. The key feature of experimental



economics is the use of monetary incentives totereantrolled environments, specifically
these monetary incentives are high enough to intheetilities and mitigate the impact of an
individual’s innate characteristics on the utdityn this study we use several transport
experiments, where individuals make choices withtsgic interactions and their monetary
payoffs are affected by endogenous congestion. eftrer strategic interactions and
equilibrium play a role in their choices.

Most of these laboratory experiments have impleetentarious versions of “congestion
games” (Rosenthal, 1973), that consists of nhon-emijye games in which a player's strategy
is to choose a subset of resources, and the utiligach player only depends on the number
of players choosing the same or some overlappirgjesty. For instance, several studies
(Ramadurai and Ukkusuri, 2007; Ziegelmeyer et241Q8; Daniel et al., 2009) conducted lab
experiments to evaluate equilibrium predictionseldasn a discrete version of a bottleneck
model (Vickrey, 1969; Arnott, De Palma and Linds&993). Differently, Morgan et al.,
(2009), Rapoport et al., (2009), Hartman, (2009) Benant-Boemont and Hammiche (2012)
try to observe within the lab some paradoxes tlatidc be produced by Wardrop-Nash
equilibrium when users have to choose among ro(Besess Paradox) or among modes
(Pigou-Knight-Downs Paradox, Downs-Thomson ParddoxAnderson et al. (2008)
conducted an experimental study on a Market Enayn& (MEG) to represent the traffic
coordination problem, with an aim to observe howngamstion charges and real-time
information given to participants might improve ieffncy of the system. In this vein,
Denant-Boemont and Fortat (2013) studied the effécton-linear cost functions, which are
similar to the Bureau of Public Roads (BPR) funttion the equilibrium properties, the data
from which is used in this study to evaluate theawt of realistic cost functions. In addition,
experimental economics has also been used to ghedynpact of, drivers’ risk aversion and
subjective beliefs of risk on crash propensity (Det al., 2014) as well as route choice (Dixit
et al., 2013). Most of these studies provide stremglence for a Mixed Strategy Nash
Equilibrium (MSNE) in predicting the observed aggate choices. However, MSNE has been
found to underestimate the variances in choices.

An interesting dimension of behaviour in experinamfames is that even small changes in
the parameters of a game, that should not thealigtichange the equilibrium, can have
dramatic effects on the observed level of efficierme coordination among players (See
Goeree and Holt, 2005). This study attempts to uatal the performance of different

equilibrium theories, particularly: Pure StrategwasN Equilibrium, Mixed Strategy Nash

Equilibrium?® and Stochastic User Equilibrium.

This study shows that the Pure Strategy Nash (WpjdEquilibrium (hereafter called PSNE)
is not able to explain the observed choices walladdition, though Mixed Strategy Nash
Equilibrium (hereafter denoted as MSNE) was found eplain better mean choices,
however, they do not explain the variance in ctmiddne Stochastic User Equilibrium (SUE)

! This is a significant feature of experimental emmics that was outlined in the seminal work on bethValue
Theory by Smith (1976, 1982)

2 For a clear review of these paradoxes, see, emptttand Small (1994).

3 In this paper we only deal with symmetric mixettgy Nash equilibrium.



was found to fit the data the most accurately. Afm studying the performance of the
various equilibrium theories compared to the obs@rdata, this paper presents a method to
estimate the choice model for a SUE, and underdtandmpact of group size as well as the
complexity of the cost function on tlseale parameter (inverse of the Fechner error) of the
SUE model.

Our paper is organized as follows. The next secdsodedicated to the experimental data.
Section 3, provides a more detailed presentatiothemethod used to estimate the stochastic
user equilibrium. Section 4 presents the resultschvis followed by the conclusion.

2. EXPERIMENTAL DATA

This study utilizes data collected from two diffiereexperiments with an aim of studying

choices with strategic interaction under endogeromngestion, where subjects should either
choose a mode between a public and private onbéetween entering a mode/route and
staying out. The first dataset was collected as$ plathe experiments to study the Downs-
Thomson paradox (Denant-Boemont and Hammiche, 284 2)e outcome of a choice game
between modes. As part of the Downs-Thomson’s sttwdy treatments were administered

with different capacities for the options. The setset of dataset was collected to study trip
making with non-linear and linear cost structuras, well as with different group sizes

(Denant-Boemont and Fortat, 2013). We provide naatails on the experimental setup and
data in the following sections.

2.1. Downs-Thomson Experiment

In the Downs-Thomson experiment individuals wengegia choice between using a public
mode (Public Transit) or a private vehicle (Roa)participanti (i=1,...,N) has to make a

choiced’ between the option X (Road) and Y (Public Transitat isé' indicates the choice
variable, and will be X if the subject decidesdke a private vehicle and use the road, or else
it will be Y.

The individual payoff for a user choosing road is:
my = ky 1300, —my) if §'=X
Whereas the individual payoff of using public trains
Tz = kg + 12(cy + m3) if 6i=Y

Whereci and ¢z are respectively the capacities of road and pubdinsit; y andny, are
respectively the number of users choosing road @udic transit,71, 7z, k1and kz are
positive parameters witta>7z and k1> kz. All these parameters are known by all te
players (i.e. the total number of transport uséms)my + s =N and alscrs + ¢z <N |

A Pure Strategy Nash Equilibrium occurs when thgoffss on the two options are equal, i.e.
when



_ [(k]1 — k2 —72(N +¢z) + r1c1)

T
! L T and mz = N —m,

There is also a Symmetric Mixed-Strategy Nash éajiuim, obtained by equating expected
payoffs Ei-Ez) for Road and Public Transit and by considerinagt,tfior a given user, the
number of entrants on Road is given®y =»:(W —1)+ 1 andpz: =1 - .. Solving for
Pa we get:

E,(p..N)=E:(1 - p;:.N)
ky+1lcs — PN -1)—1D=ks+1ca+ (1 —p1)V -1))

The parameters used for the Downs-Thomson expetimesn well as the theoretical

predictions for entry rates at Pure Strategy NaghlBbriums (PSNE) and probability to enter
on road at MSNE (Mixed-Strategy Nash Equilibriuraje reported in Table 1. As presented
in the table, there were 2 experimental treatmeoisisting of two different capacity levels

for road (LOW withcs =3 or HIGH with £1=6). The original aim of this experiment was to
observe theoretical predictions of the Downs-ThamBaradox in the Lab, i.e., increase in
capacity (HIGH treatment) results in decrease ersipayoff.

Table 1: Parameters for the Downs-Thomson’s experients with various treatments

Low High
Capacity Capacity
Treatment Treatment

ky 6 6

ks 0 0

o 1 1

T2 0.25 0.25
€y 3 6

Ca 1 1
PSNE m= 6 m=10
MSNE p1=0.47 p1=0.77

The experimental sessions were held in LABEX-EMniies, between January and April
2008, using the ZTREE platform (Fischbacher, 200g average duration of a session was
1.5 hours with an average payoff of 15 euros. Fgivan experimental session, a group of 14
subjects participated in this experiment. The expent involved 8 sessions with a total of
112 subjects. Each session had a total of 40 ro@t@dsounds with a low capacity treatment



and 20 rounds with high capacity treatment.

2.2. Snowball Experiment

The snowball experiment was setup to study UseiliBgum (UE) predictions on whether
people choose to make trips or not, and its seitgitio different (realistic or un realistic)
cost functions. The experimental treatments westgded by modelling Market (transport
network) Entry Games (hereafter referred to as ME& Selten and Gith, 1982; Gary-
Bobo, 1990). In this game, a participarfi=1,...,N) chooses between entering the transport

network (6 = 1) or staying out§* =0 ). The experiment involved two treatments with
regard to specification of the cost function, onstdunction was linear (and identical to the
one implemented by Anderson et al., 2008), and fnene on is referred to as linear market
entry games or Linear MEG for short. The seconceargent involved a realistic quadratic

cost function that is similar to the BPR travel g¢irffunction, which will be referred to as

guadratic market entry game or quadratic MEG farshrurther, there were two additional

treatments with regard to group size one with 1Ztigpants and the other with 24

participants.

The payoff functiorcorresponding to thénear MEG studied by Anderson et al. (2008)

. 0.5 if6l=o0
at)= .
m. (&) {IZI.E—FIZI.S(B—m] if 5i=1
WhereT: is the payoff for a Linear MEGS! is the decision to make the tri@f(= 1) or not

(5’- =0) andm are the total participants choosing to make tipe wherem <N | N being
the total number of participants. The PSNE forlthear MEG would be whem=7 or m=8.
The MSNE is calculated by equating the expectediisyf the option of making the trip

EL(6' = 1) or stayingEL(" = 0), where users attribute a probabiligs.{ for individuals to
choose making a trip, i.e.

E(6*=1Lpr)=EL(6'=01-p;)

0.5+ 03B —p,(N-1)-1)=105

In the quadratic MEG, the payoff functieorresponds to:
iffi=0

i 0.5 .
HQ[ﬁ)Z[a}j—&f@)‘ if 61 =1

Where,™@ is the payoff for a quadratic ME@’ is the decision to make the trifﬁjf(= 1)or

not (5f =0) andm are the total participants choosing to make time wherem<N. N is the
total number of participants. A Pure Strategy N&sjuilibrium for the quadratic MEG is



reached whem=7 or m=8*. The Mixed Strategy Nash Equilibrium is calculatgdequating

the expected payoffgc{ﬁi =1) of the options, where users attribute a probgbfkie) for
individuals who choose to make a trip, i.e.

Eg(8' = 1.pg) = Eg(8' = 0,1 — pp)

45 — +(pE(N_81] — 1) =0.5

Under Mixed Strategy Nash Equilibrium, for lineaEK8 as well as for quadratic MEG, the
probability to enter on road is respectively 0.64N=12 and 0.3 foN=24.

The sessions for these experiments were conduobted June to November 2010 in the
LABEX, University of Rennes 1. There were 3@@rticipants The average payoff was
around 15 euros, for an average towration of 1.5 hours. All sessionswere
computerizedusing the ZTREE softwar@-ischbacher2007). Participantswere invited

to sessions by using ORSEE software (Greid@94).

The various treatments and experiments are sumedhiiz Table 2.The effects of the
complexity of the cost function and number of satgeon the choices in equilibrium were
inferred from the treatment effects.

Table 2: Experimental Treatments

Treatment Experiment Type Cost Function | Group Size Pl\; l:;l?;::s
Quadratic MEG12 | Market Entry Game Non-linear 12 120
Quadratic MEG24 | Market Entry Game Non-linear 24 240
Linear MEG12 Market Entry Game Linear 12 120
Linear MEG24 | Market Entry Game Linear 24 240
DT_Cap3 Down-Thomson /capacity 3 Linear 14 112
DT_Cap6 Down-Thomson /capacity ¢ Linear 14 112

3. ESTIMATION OF CHOICE MODEL FOR STOCHASTIC USER E QUILIBRIUM

A Stochastic User Equilibrium (SUE) is an equiltbm in which travellers take the route or
mode with the lowest perceived costs (Daganzo dweffiS19779. When the random error
term of the perceived costs for the alternativeisfies a Gumbel (Normal) distribution, then

4 As the capacity (denominator of Equation 13, wh&B) is an integer, there are many PSNE comjeatitith
m=8 or m=7 (Erev and Rapoport, 1998).

5 In many ways, SUE is very similar to the Quantasponse Equilibrium approach (see Mc Kelvey anttéal
1995, 1998; Goeree et al., 2008).



the choice probability can be described as a Iggdbit) model. In this paper, we use a logit
model, where the number of choices for an alteveat{f:) in a choice set may be written
as:

—8¢;

EfEIe '

Where,D is the total demand: is the cost of alternativiewhich is a function ofi. ¢ is a
scale parameter, which predicts completely randetabiour (probability of 0.5), if =0
and deterministic behaviour # = ® . It is important to point out here that this scale

parametel® can be interpreted as the reciprocal of Fechmer ¢i ) in the Fechner error
specification (Andersen et al. 2010).
ci
e B
fi=——=—D NiE] [2]
i
Lige *

Due to the psychological interpretations of Feclereor (further discussed in Andersen et al.
2010), we use the equivalent Fechner error fornauriahn our study.

Variability in travel time is an important considéon in mode or route choice models, and as
aptly characterized by Watling (2006)

“Classical stochastic user equilibrium (SUE) methods allow the mean travel times to be
differentially perceived across the population, yet in a conventional application neither the
UE or SUE approach recognises the travel timesto be inherently variable.”

This issue raised by Watling (2006) can be easith@ssed by replacing the cc&t)(with the
expected cos(Elc:D) on the path and assuming that people behave stazisin their
choices with a Fechner Error Specification.

E[ci]
s % p Viel 3]
p Ll

Ligre *

As mentioned earlier, in order to maintain conadimple two link network with one origin
destination pair was used in the experiment. Tiepkcity of the experiment provided
laboratory control and helped the experimentersdagonfounding effects of the complexity
of choice in networks (which result in combinatbri;zumber of paths), the effect of
overlapping paths (which would result in violatioh 1.1.A). The confounding effects are
interesting and important questions, however ticasmf this paper is a fundamental one, i.e.,
what type of equilibrium best explains choices md@gyenous congestion, and how is the
Fechner error (or the scale factor) affected bylékiel of demand (number of participant) and
the complexity of the cost function. In lieu ofghall the experiments analysed are a binary
choice problem with strategic interaction and ermghmgis congestion. Which reduces
Equation 3 to:



E]e(e)
P, = e * ViEl [4]
_E[c () _E[c,(F,-‘]]
£ H +e H

In this particular case, since the expected castsufi alternative depends on the number of
people choosing an alternative due to the stratatpcactions, the expected costs are function
of the probability of participants choosing thdaeahative, which is shown in Equation 4.

This particular study uses methods from experime@aanomics, and as discussed earlier due
to Induced Value Theory (Smith, 1976, 1982) thétiets are values induced through known
monetary incentives, however, the Fechner Erros¢ate parameter) is unknown and needs
to be estimated. This is done by exploiting the StdEdition that the choice probabilities
(P:) used in calculating the expected co&tl{(P:)]) are the same as that estimated by the
logit model in Equation 4.

As mentioned in the introduction, most models eated using field data (Hensher, 2001;

Fosgerau 2006; Frejinger and Bierlaire, 2007; HensR010) consider travel times as

exogenously given, without considering strategteractions, and therefore have not needed
to rely on meeting the above mentioned SUE condit®ased on our extensive literature

search in the transportation field, the model estiiom proposed here is the first of its kind.

In the congestion games discussed in this studgijceb are binary and the perceived
expected travel costst= (Emi, Eny) are:

Em, = f(N.P) [5]

Em, = giN,1-P) [6]

a

Where,N is the total number of participants aRdhe probability of choosing option one, and
1-P being the probability of choosing the other optioandg are expected cost functions for
the respective choices.

As discussed earlier, SUE allows for subjects tkem@omebehavioural errors associated to
perception. The notion of error is one that usew@-degenerate probability link function

between the latent indeXE™ and the probability of picking a specific optiombhich also
converges to or Pure Nash Equilibrium. We emplay éfror specification originally due to
Fechner and popularized by Hey and Orme (1994) €&hior specification posits the latent
index

.E"]Tl —_ ETTE
: 117

VEmr =

Where,u is a structural “noise parameter” used to allomscerrors from the perspective of
the deterministic Expected Utility Theory (EUT) nebdAs x—0 this specification collapses
to the deterministic choice EUT model, where theioh is strictly determined by the



Expected Utilities of the two options. Thereforeuas0 at equilibrium there should be strict

equality betweerf ™. andEmz, which is the condition for PSNE. But asgets larger the
choice essentially becomes random. Thusn be viewed as a parameter that flattens out the
link functions, as it gets larger. As discussedi&arthis noise parameter is the inverse of the
scale parameter used in logit models (Ben-Akiva Btatikawa, 1990; Bradley and Daly,
1994).

By varying the shape of the link function, one @aragine subjects that are more (or less)
sensitive to a given difference in the latent in@éx™ ).

P = @(VEm) [8]

Assuming that®? is a logistic distribution implies th& can be represented by a Logit
formulation, which is the same as Equation 4 foaby choice with strategic interaction:

Em,-ET,
L)
Em,-Em,

(

)

P 1:e K [9]

Replacing Equation 5 and Equation 6 we get

FNP-gW1-Py
e U
I NP-g W 1-P
P 1+ e z [10]

The likelihood of the observed responses, conditi@m the assumption of risk neutrality,

depends on the estimates #f given the above statistical specification and dhserved
choices. The “statistical specification” here ird#g assuming some functional form for the
Cumulative Density Function (CDF). The conditiolag-likelihood is then

InL(y; yiX) = 3,i% [[Ing(VEn) X I(y,i=1)+1n [(1 — @(VET))1 xI(y,i= —1))]1
[11]

Wherel (+) is the indicator function,iy=1(-1) denotes that subjacthose one option or the
other, andX is a vector of different experiments and treatrment

It is also a simple matter to generalize the Maxmimlukelihood (ML) analysis to allow the
core parameteit to be a linear function of dummy variables forleagperimental treatment.

The model is extended by specifyiny= #a + X  whereita is a fixed parameter and B is a
vector of effects associated with each charactenstthe variable vectoK. In effect, the

unconditional model would assuriie= Ha for all the treatments. This extension signifitant
enhances the richness of structural ML estimatparticularly for responses pooled over
different subjects and treatments.

10



Based on Equation 10, it can be concluded thaisstaily computingP is a fixed point
problem of the typ&=H(P), whereH could be any function. The probabili®is a solution
of a SUE (Equations 10), which should coincide wiitl choice probability given by the logit
formula (Equation 10), wher# needs to be estimated using maximum likelihooduétqn
11). Such a fixed-point problem is usually solvestatively, using estimates from previous
iteration, as inputs for the next, until convergems achieved. To solve thif, is estimated
iteratively using Equation 11. To utilize Equatibh in the iterative estimation process, it is
rewritten as:

InLuy(+1); v.X) = 2= ([ln@(VEr(P,i)) X I(y =1) + In [{1 - @(VEr(P,i))) I xI{w=—-1)]11
[12]

As shown in Equation 12¢i+1 is estimated based on probabiliti8s calculated in the
previous iteration. The newi+s is then used to estimate the new probabilitiesichvis
shown in Equation 13

(f(N‘Pi}_g[N’l_Pi}]
e ;

p. _ '”'f-l-i
o (f (N:PI-M(NJ—PI-J]
1+ e it
[13]

The estimated probabilities are used as inputhiénniext iteration for functionsandg to
estimate the noise parameter).(These Fechner estimates are then used to gentat
probabilities for the next iteration. We solve #itgove series of equations from 12-13 till the
probability estimates for successive iterationsveoge to be the same.

In the next section, we implement this and studygarformance of the SUE. In addition, we
investigate the impact of the different experimemtsthe noise parameter. The next section
describes the experiments and the data used foyseia

4. RESULTS

This section presents the results of the SUE estgnand attempt to explain the scale and the
signs of the noise parameter estimated for theouarexperimental treatments. Finally, the
study compares the observed equilibrium choice airitities with those estimated from the
SUE, as well as with the theoretical prediction®8NE and MSNE.

4.1 Estimates of Stochastic User Equilibrium

Table 3 presents the estimates of the noise paear@dt In fact, the fixed-point problem
described in Equation 9 was solved relatively glyicksing a starting value of 0.5 for each of
the probabilities. The probabilities and estimaibthe Fechner coefficient converged in two
iterations.

Table 3: Estimates of Noise parameter

11



Experimental Treatment Coeff. 1t Std. Err. z P>|z]

Quadratic MEG12 0.946 0.065 14.554|  0.00(
(N=12, Quadratic MEG)
Quadratic MEG24

) .22 234 13.774 )
(N=24, Quadratic MEG) 3.223 0.23 3 0.00(
Linear MEG12
(N=12, Linear MEG) 0.149 0.012 12.417 0.00(¢
Linear MEG24 0.928 0.08 6.739 0.000

(N=24, Linear MEG)
DT_Cap3

(Capacity=3, Down-Thomson)
DT_Cap6

(Capacity=6, Down-Thomson)

Degenerate case with multiple solutions.

0.908 0.042 21.619 0.00(¢

An important aspect to note in Table 3 is the pmhsi of multiple solutions in the case of
DT_Cap3. Reconsidering Equation 8 Eims = Emz then the choice probabilitie®) are 0.5

for any value o# , and therefor& is not identifiable. On the contrary,&ft. # Emz, thenP

is 0.5 as# 7 @ _ Therefore, conducting experiments where choicbdailities for options
are equi-probable is problematic from an estimastend point, and therefore should be
avoided in an experimental design setup.

Devetag and Ortmann (2007) in a seminal reviewoafrdination games and experiments in
game theory found that group size and the compl@fithe game plays an important role in
co-ordinating to equilibrium. The result for theliemtes ofu presented in Table 3 provides
more evidence with respect to the findings by Dagetnd Ortmann (2007).

It is evident from Table 3, that there is a sigrdfit difference between the small and large
group size on the noise parameter. It is obserhiatl ih the case of quadratic and linear
market entry game is greater in the case when the number of paantgis greater, i.e, the
coefficient for quadraticMEG12 is less thanquadraticMEG24, and the coefficient of
linearMEG12 is less thaminear MEG24. This implies that the behavioural noise paramgter

is larger when group size is higher. This is peshdpe to greater effort needed by the
participants to coordinate, and identified by Dageaind Ortmann (2007). However, it is
encouraging to see that this phenomenon is wetlcag by the SUE model.

Systematic differences were also found betweemtiaelratic and linear market entry games.
For a given group size the linear market entry gamere found to have smaller values.of
(i.e. coefficients forquadraticMEG12 > linearMEG12; quadraticMEG24 > linear MEG24),
indicating that the behavioural noise parameigias larger when the costs are quadratic for
a given group size. Again, this could be attributedhe coordination problems when cost
functions are more complex in a non-linear caseamspared to the linear case that would
require more effort.

12



The fact that the complexities of the cost fundgicaand demand levels impact the noise
parameter indicates that the variance in choicesatiected by these factors, and neglecting
these effects would provide biased estimates ofliogce probabilities, and need to be further
explored with field data.

4.2 Comparison of Equilibrium Theory

Based on the estimated model presented in Tabkae3probabilities for the SUE were
estimated using Equation 9. In the case of the drinflEG and Quadratic MEG the
probability of choosing to make the trip was cadtetl, while in the Down-Thomson paradox
experiments the probabilities of choosing to take toad were calculated. The estimated
probabilities were used to determine the variamzkethe expected number of subject making
choices. The expected number was simply the prodiuthe number of subjects and the
probability of making the choiceNp). The standard deviation in number of subjectsingak

the choice was calculated ¥&P(L — P) (see Rapoport, 1995).

The probabilities, expected numbers and varian@s walculated based on the observed data
in the experiments. These observed values aremiegsa Table 4 with the SUE estimates as
well as the theoretical predictions for the PSNH MENE.

As observed in previous studies (Daniel et al., %2®apoportet al., 2009; Morgan et al.,
2009; Steinet al., 2007; Selten et al., 2007 ; Ziegelmeyer et 2008; Hartmann, 2006;
Denant-Boemont and Hammiche, 201Ratta and Razzolini, 2010) the observed
experimental data did not fit the predictions foe PSNE well. Critically, the Pure Strategy
Nash Equilibrium did not predict any variance irgeggate choices that were observed in the
data. The Mixed Strategy Nash Equilibrium concegifgrmed much better and its
theoretically predicted equilibrium as well asvegiances were much closer to the observed
data. The predictions of the estimated SUE wera &atter compared to MSNE, especially
in the cases when group size is large under thdrgtia Market Entry Game experiment as
well as for the Downs-Thomson experiment wherertiael capacity was set equal to six.

Table 4: Comparison of observed equilibrium with PSIE, MSNE and SUE

Twelve Twenty Four
(# observations = 200*) (# observations =100*
Linear MEG Prob|Expected| Stdev| Prob |Expected Stdev
HObserved 0.66( 7.89 1.71( 0.37 8.61 2.0b

HPure Strategy Nash (Wardrop) Equilibrium | 0-00| 8.00 | 0.00 | 0.00 | 8.00 | 0.00

Mixed Strategy Nash Equilibrium 0.64| 764 | 166 | 030| 7.30 |224

Stochastic User Equilibrium 0.66| 7.89 | 164|036 | 861 |235
Twelve Twenty Four

(# observations = 400*) (# observations =200*

Ouadratic MEG Prob|Expected| Stdev| Prob [Expected StdeVv
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HObserved 0.64| 7.69 1.71] 0.37 8.91 24|b

HPure Strategy Nash (Wardrop) Equilibrium | 0-00| 8.00 | 0.00 | 0.00 | 8.00 | 0.00

Mixed Strategy Nash Equilibrium 0.64| 7.68 | 166 | 030 7.30 |225
Stochastic User Equilibrium 0.64| 768 | 166 | 037 8.90 |23/
Capacity=3 Capacity=6
(# observations = 160*) (# observations = 160*
Downs-Thomson Prob|Expected| Stdev| Prob |Expected Stdev
HObserved 0.50| 7.00 2.03| 0.73 10.25( 1.58

HPure Strategy Nash (Wardrop) Equilibrium | 0:00{  6.00 | 0.00 | 0.00 | 10.00 | 0.00

Mixed Strategy Nash Equilibrium 0.47( 651 | 187 0.77| 10,78 | 1.59

Stochastic User Equilibrium 0.50f 7.00 | 1.87| 0.73| 10.25 | 1.66
*The numbers relate to equilibrium observations atthe aggregate level.

A z-test was carried out between the predictionMIS8NE and SUE with the experimentally
observed data for the various experiments. The PSMEt included since it does not predict
any variances in choices. The green shaded celisate no significant statistical difference
between observed data and the theory. The pink mdiaates statistically significant
different at a 95% confidence level. The yellowddvdhcell for DT_cap6 indicates that there
is a significant difference at an 85% confidenasleThe p-values for the z-test are shown in
Table 5. It is observed that the SUE model is ablpredict the observed data much better
than MSNE.

When attempting to understand uncertainty in tcaffiis important to recognize which route
choice models (PSNE, MSNE or SUE) replicate stiatégffic interactions realistically.
Therefore, it is critical to point out that thoutjie absolute differences between the observed
and those predicted by PSNE and MSNE might be shiedke differences are statistically
significant. However, SUE predicts the observedtsgic choices well.

Table 5: p-values for thez-test between observed data with MSNE and SUE

quadraticMEG12| quadraticMEG24 linearMEG12 linearMBG| DT_Cap3| DT_Capf
MSNE 0.000 0.000 0.771 0.000 0.006 0.141
SUE 1.000 1.000 0.771 0.932 1.000 0.952

5. CONCLUSION

The aim of this paper was to assess the predichiéties of well-known behavioural
equilibrium theories using data collected from expental games. An important finding of
this study is that explicitly accounting for behmwal errors through Stochastic User
Equilibrium can significantly improve equilibriunrgdictions. In particular, stochastic traffic
equilibrium was found to more accurately predics@ived mean choices as well as the
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variances in the accompanying the equilibrium. Baea various experimental data, the
predictions associated to Stochastic User Equilibrivere found to perform better than the
Pure Nash Strategy equilibrium or Mixed StrategysiN&quilibrium predictions. This has
important implications for transportation networlodels that want to evaluate impact of
route choice behaviour on the reliability of netiw@irchandani and Soroush, 1987; Uchida
and leda, 1993; Lo and Tung, 2000; Bell, 200 et al., 2002; Yin and leda, 2005). In this
study, the SUE model was found to accurately ptethe variability in route choice
behaviour.

From an experimental design standpoint having fbitibas that are equal between different
alternatives, results in multiple solutions for theise parameter associated to the Fechner
error. Therefore it is not possible to estimateHiénce, to analyse impact of experimental
treatments on the noise parameter and Fechner griocritical to design experiments where
the choice probabilities are not equal betweeredbfit alternatives.

Additionally, this study outlines a method to esitsna SUE, where we allow the coefficient
identified for noise parametet)(to be heterogeneous. The coefficient for theenpsrameter
() provides insights into factors that cause behaaioerrors. Especially, in game theoretic
equilibrium models, co-ordination plays an impottaole in determining the equilibrium.
Based on this study, evidence was found that laggaup sizes and higher amount of effort
result in larger behavioural errors and more naisygisions due to lesser coordination. This
results in different equilibriums than those préelic by pure and mixed Strategy Nash
equilibriums concepts.

Critically, the impact of group size and complexafythe cost function on the noise parameter
may have implications on transferability of demanddels. Based on this finding, it seems
that as the total demand increases or complexitthefcost function increases the noise
parameter would increase, which implies that ttadirsg factor would decrease. This suggests
a need for a theory for effect of group size anmglexity of cost on the noise parameter. The
impact of the effect of the complexity of the pdylinction on the Fechner noise parameter
also indicates the need to use realistic payofttions in experiments to ensure a certain
degree of external validity.

Finally, there is further research required withren@ontrolled experiments to tease out
effects of context sensitivity, risk or loss aversi probability weighting and beliefs on the
noise parameteru) and providing better equilibrium predictions. Aora significant
evaluation is needed with respect to larger netevarkd with overlapping routes.
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