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1Département de Mathématiques, UQAM, C.P. 8888, Succ. Centre-ville,
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We prove that every compact complex surface with odd first Betti number admits a

locally conformally symplectic 2-form which tames the underlying almost complex

structure.

1 Introduction

It is a well-known result [11, 30, 42, 46] that a compact complex surface S = (M, J) admits

a Kähler metric if and only if its first Betti number b1(M) is even. A cornerstone for the

proof of this result is the fact, proved independently in [18, Lemme II.3; 21, p. 185] (see

also [42, p. 143, Proposition 1.6] for the case of a K3 surface), that b1(M) is even if and

only if M admits a symplectic form ω which tames J, in the sense that the (1,1) part

of ω is positive-definite. This and the methods of proof in [11, 30] inspired the so-called

“tamed to compatible” conjecture in symplectic geometry, which asks whether an almost

complex structure on M which is tamed by a symplectic form admits a compatible sym-

plectic form; see [15, 43].

A natural extension of the theory of Kähler manifolds to the non-Kählerian com-

plex case can be obtained through the notion of locally conformally Kähler metrics,
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2 V. Apostolov and G. Dloussky

introduced and studied in foundational work by F. Tricerri and I. Vaisman; see for exam-

ple, [14, 38] for an overview. Recall that a locally conformally Kähler (or lcK) metric on

a complex manifold X = (M, J) is defined by a positive-definite (1,1)-form F satisfying

dF = θ ∧ F for a closed 1-form θ . The 1-form θ is uniquely determined and is referred

to as the Lee form of F . The corresponding Hermitian metric g(·, ·)= F (·, J·) defines a

conformal class c on M. Changing the Hermitian metric g̃ = e f g within c amounts to

transforming the Lee form by θ̃ = θ + df , so that the de Rham class [θ ] is an invariant of

the conformal class c.

Of particular interest is the case of compact complex surfaces, where recent

works [6, 9, 10, 19] showed that lcK metric exists for all known examples of compact

complex surfaces with odd first Betti number, with the exception of the complex surfaces

obtained by blowing-up points of certain Inoue surfaces with zero second Betti number,

described in [6]. However, a general existence result is still to come.

In this paper we study, on a compact complex surface S = (M, J) with odd first

Betti number, the problem of existence of locally conformally symplectic forms ω which

tame J, that is, 2-forms ω satisfying dω= θ ∧ ω for a closed 1-form θ (called Lee form

of ω), and such that the (1,1)-part of ω is positive-definite. This is, in general, a weaker

condition than the existence of lcK metrics, which turns out to be related to the the-

ory of bihermitian conformal structures [2, 40] in the case when the ω-conjugate of J

determines another integrable almost-complex structure Jω on M, see [1].

We establish the following general existence result, which we believe is an

important step towards the resolution of the existence problems for both lcK and

bihermitian conformal structures on a non-Kähler complex surface, and which answers

in the positive (in the case of complex surfaces) a question raised in [38, Open Problem 1].

Theorem 1.1. Any compact complex surface S = (M, J) with odd first Betti number

admits a locally conformally symplectic form ω which tames J. �

The above theorem is derived from another existence result concerning a confor-

mal class of Hermitian metrics on S = (M, J), which can be regarded as a twisted version

of Gauduchon’s celebrated theorem [17], and can be stated as follows. Let a∈ H1
dR(M) be

a de Rham cohomology class and α ∈ a a closed 1-form in a. Denote by dα := d− α ∧ .
the twisted differential operator defining the Lichnerowicz–Novikov complex, and let

dc
α := JdJ−1.

Theorem 1.2. Let S = (M, J) be a compact complex surface with odd first Betti number,

and c a conformal class of Hermitian metrics on S. Then, there exists a non-zero de
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Locally Conformally Symplectic Structures 3

Rham class a∈ H1
dR(M) such that for any metric g ∈ c, there exists a representative α ∈ a

such that the fundamental 2-form F of g satisfies

dαdc
αF = 0. �

The de Rham class a appearing in Theorem 1.2 determines, via the exponential

map

H1
dR(S,C)

exp
↪→ H1(S,C∗)−→ Pic0(S), (1)

a flat holomorphic line bundle La, and we derive Theorem 1.1 from Theorem 1.2 by show-

ing that, when H2(S,La)= {0}, S also admits a locally conformally symplectic form with

a Lee form α. The proofs of Theorems 1.1 and 1.2 are presented in Section 2, whereas the

necessary analytical tools are collected in Appendix.

In the light of the “tamed to compatible” conjecture mentioned above, it is nat-

ural to compare the existence on S of lcK metrics and of locally conformally symplectic

forms taming J, through the corresponding de Rham classes of their Lee forms. We

thus introduce in Section 3 the subset C(S) (respectively, T (S)) in H1
dR(M) of classes a for

which there exists an lcK metric on S with Lee form θ ∈ a (respectively, for which there

exists a locally conformally symplectic form which tames J, with Lee form in a). We

obviously have the inclusion C(S)⊆ T (S), and one may ask (see also [38; 9, Remark 9]).

Problem 1.3. Let S = (M, J) be a compact complex surface with odd first Betti number.

Determine the set T (S)⊂ H1
dR(M) of classes a for which there exists a locally confor-

mally symplectic form ω which tames J and has a Lee form θ ∈ a. Is T (S) strictly bigger

than C(S)? �

Our initial motivation to study the above problem came from the theory of

bihermitian conformal structures developed in [1], where the existence of the latter was

reduced to answering the question of whether certain classes a∈ H1
dR(M) belong to T (S)

and C(S).
A number of partial results concerning Problem 1.3 are obtained in Section 4,

where we specialize to the case of a compact complex surface with first Betti number

equal to 1.

In the last Section 5 of the paper, we consider some examples of non-Kähler com-

plex surfaces in the Kodaira class VII (i.e. satisfying H0(S,K�
S)= {0} for all �≥ 1, where

KS stands for the canonical line bundle of S, see [5]), for which a complete answer to the

above problem can be given. It is known that, in this case, the first Betti number equals 1
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4 V. Apostolov and G. Dloussky

(see e.g. [5]), and that the degree with respect to some Gauduchon metric on S of the holo-

morphic line bundles determined via (1) induces an orientation on H1
dR(S)∼= (R,>), which

turns out to be independent of the choice of a Gauduchon metric (see [45, Remark 2.4]

or Lemma 4.1). Thus, for any compact complex surface in the Kodaira class VII, one

can naturally identify H1
dR(S) with the oriented real line (−∞,+∞). In this notation, a

combination of Propositions 5.1 and 5.2 gives the following theorem.

Theorem 1.4. Let S be a compact complex surface with a minimal model S0.

(i) If S0 is a Hopf surface, then T (S)= C(S)= (−∞,0).

(ii) If S is an Inoue surface of the type S+
N,p,q,r;u with u∈ C \ R, then C(S)= ∅ and

T (S)= {a0}.
(iii) If S is an Inoue surface of the type S+

N,p,q,r;u with u∈ R, then C(S)= T (S)= {a0},

where a0 ∈ H1
dR(S) denotes the de Rham class for which the holomorphic line bundle

determined by (1) is isomorphic to the anti-canonical line bundle K∗
S. �

2 Existence of Locally Conformally Symplectic Forms Taming the Complex

Structure

Throughout the paper, we shall use the following convention.

Convention 2.1. Let α be a closed 1-form on M, representing a de Rham class a= [α].

We denote by Lα the trivial real line bundle over M, endowed with a (non-trivial) flat

connection ∇αs := ds − α ⊗ s, where s is a smooth section of L. Similarly, ∇α induces a

holomorphic structure on the complex bundle Lα := Lα ⊗ C. Writing α|Ui = dfi on an open

covering U = (Ui) of M, s0 := (Ui, e fi ) defines a nowhere vanishing smooth parallel (respec-

tively, holomorphic) section of Lα (respectively, Lα). In terms of (1), Lα represents the iso-

morphism class of flat holomorphic line bundles determined by the deRham class a= [α].

In what follows, we shall tacitly identify the real flat bundles Lα and Lβ (respectively, the

flat holomorphic line bundles Lα and Lβ ) associated to different representatives α, β ∈ a

and (slightly abusively) denote by La (respectively, La) either of them. �

Let L = La be the flat real line bundle over M determined by α ∈ a, a∈ H1
dR(M)

via the Convention 2.1, and denote by L∗ = L−a its dual. The differential operator

dα = d− α ∧ . defines the Lichnerowicz–Novikov complex

· · · dα→Ωk−1(M)
dα→Ωk(M)

dα→ · · · (2)
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Locally Conformally Symplectic Structures 5

which is isomorphic to the de Rham complex of differential forms with values in L∗

· · · dL∗→Ωk−1(M, L∗)
dL∗→Ωk(M, L∗)

dL∗→ · · · . (3)

In particular, we have an isomorphism between the cohomology groups

Hk
α (M)� Hk

dL∗ (M, L∗).

Considering the Dolbeault cohomology groups of S with values in the flat holomorphic

line bundle L∗, we have

dL∗ = ∂L∗ + ∂̄L∗ , and dα = ∂α + ∂̄α

with

∂α = ∂ − α1,0 ∧ and ∂̄α = ∂̄ − α0,1∧,

giving rise to the isomorphisms

H p,q
∂̄α
(S)� H p,q

∂̄L∗ (S,L
∗). (4)

Definition 2.2. Let X = (M, J) be a complex manifold. We shall say that a differentiable

2-form ω is a locally conformally symplectic form taming J if there exists a closed dif-

ferentiable 1-form α such that dαω= 0, and the (1,1)-part ω1,1 of ω is positive definite.

If, furthermore, ω is of type (1,1), it defines a locally conformally Kähler structure on X.

The 1-form α is called the Lee form α of ω. �

Remark 2.3. In terms of the isomorphism between (2) and (3), if we write α|Ui = dfi

on an open covering U = (Ui) of M, then ωi |Ui
:= e− fiω defines a dL∗-closed 2-form with

values in L∗, whose (1,1)-part is positive definite (for the latter we use the fact that

L∗ = L−a is defined by the co-cycle (e fj− fi ,Uij = Ui ∩ U j) which consists of positive con-

stant real functions). Similarly, if ω is a locally conformally symplectic form tam-

ing J with dαω= 0, then ω̃= e fω is a locally conformally symplectic form taming J

which satisfies dα̃ω̃= 0 with α̃= α + df . It follows that the existence of a locally con-

formally symplectic form taming J with Lee form α merely depends upon the de Rham

class a= [α]. �

Our first observation is the following lemma.
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6 V. Apostolov and G. Dloussky

Lemma 2.4. Let ω be a locally conformally symplectic form on X = (M, J) with Lee form

α. Denote by F :=ω1,1 the (1,1)-part of ω. Then,

dαdc
αF = 0,

where dc
α = Jdα J−1 = i(∂̄α − ∂α). �

Proof. Write

ω= F + ω2,0 + ω0,2

where ω2,0 and ω0,2 denote the (2,0) and (0,2)-part of ω, respectively. As dα = ∂α + ∂̄α, one

has

dαω= 0 ⇐⇒
⎧⎨
⎩∂αF + ∂̄αω

2,0 = 0,

∂̄αF + ∂αω
0,2 = 0,

hence 2i∂α∂̄αF = dαdc
αF = 0. �

Lemma 2.5. Let S = (M, J) be a complex surface and g be a Hermitian metric with fun-

damental 2-form F (·, ·)= g(J·, ·). Then,

dαdc
αF = 0 ⇐⇒ δ(θ − α)+ g(θ − α, α)= 0,

where δ is the co-differential with respect to g and θ = JδF is the Lee form of g. �

Proof. Using dF = θ ∧ F (which, as F is a self-dual 2-form with respect to g, is equiva-

lent to the relation θ = JδF ), one gets

dαdc
αF = [d(J(θ − α))+ (θ − α) ∧ J(θ − α)] ∧ F .

As F is self-dual, that is, ∗F = F , where ∗ stands for the Hodge operator with respect to

g, dαdc
αF = 0 is equivalent to

0 = g(d(J(θ − α))+ (θ − α) ∧ J(θ − α), F )=
4∑

i=1

(Dei (J(θ − α))(Jei))+ |θ − α|2g

=
4∑

i=1

((Dei J)(θ − α)(Jei)+ (Dei (θ − α))(ei))+ |θ − α|2g

= (θ − α)

(
J

4∑
i=1

(Dei J)(ei)

)
− δ(θ − α)+ |θ − α|2g

= −g(θ, θ − α)− δ(θ − α)+ g(θ − α, θ − α)= −δ(θ − α)− g(θ − α, α),
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Locally Conformally Symplectic Structures 7

where D is the Riemannian connection of g, {ei, i = 1, . . . ,4} is any J-adapted orthonor-

mal frame, and for passing from the third line to the fourth we have used the fact

that Dei J is skew-symmetric with respect to g and anti-commutes with J, whereas

for passing from the fourth line to the fifth, we have used the identity θ(X)= (δF )

(−J X)= −∑4
i=1 g(J(Dei J)(ei), X). �

Remark 2.6. In the light of Remark 2.3, it is easily seen that the condition

δ(θ − α)+ g(θ − α, α)= 0 (5)

is also conformally invariant. More precisely, it is straightforward to check that if

g̃ = e f g and α̃ = α + df , then (5) is satisfied for (g, α) if and only if it is satisfied for (g̃, α̃).

�

Recall the fundamental result of Gauduchon [17] which affirms that if X = (M, J)

is an m-dimensional compact complex manifold endowed with a Hermitian metric g,

then there exists (a unique up to scale) conformal metric g̃ = e f g whose fundamental

form F̃ satisfies ddcF̃ m−1 = 0, or equivalently, for which δ̃Jδ̃ F̃ = 0. Such Hermitian metric

is referred to as Gauduchon metric. By Lemma 2.5 and Remark 2.6, we then obtain

Proposition 2.7. Let S = (M, J) be a compact complex surface, a∈ H1
dR(M) be a de Rham

class, and c = [g] be a conformal class of Hermitian metrics on M, with g a Gauduchon

metric in c. Then the following conditions are equivalent:

(i) for any g̃ ∈ c, the fundamental 2-form F̃ satisfies dα̃dc
α̃
F̃ = 0 for some α̃ ∈ a;

(ii) there exists a positive smooth function ψ on M which satisfies the equation

Lg,a(ψ)=Δg(ψ)− g(θg − 2ag
h,dψ)+ g(θg − ag

h,a
g
h)ψ = 0, (6)

where Δg is the Riemannian Laplace operator of g, θg is the corresponding

co-closed Lee form, and ag
h is the harmonic representative for a with respect

to g. �

Proof. By Remark 2.6, if, for some metric g̃ ∈ c, the corresponding fundamental form F̃

satisfies dα̃dc
α̃
F̃ = 0, for any other metric g = e− f g̃ in c, the fundamental 2-form F satisfies

dαdc
αF = 0 with α= α̃ − df . It follows that the condition (i) is equivalent to the existence

of a 1-form α ∈ a such that the fundamental 2-form of a Gauduchon metric g ∈ c satisfies
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8 V. Apostolov and G. Dloussky

dαdc
αF = 0. Writing α = ag

h − dlogψ with ψ > 0, Lemma 2.5 reads

0 = δ(θg − α)+ g(θg − α, α)= −δα + g(θg − α, α)

= −δ(ag
h − dlogψ)+ g(θg − ag

h + dlogψ,ag
h − dlogψ)

=Δg(logψ)− g(θg − 2ag
h,dlogψ)+ g(θg − ag

h,a
g
h)− g(dlogψ,dlogψ)

= 1

ψ
(Δgψ − g(θg − 2ag

h,dψ)+ g(θg − ag
h,a

g
h)ψ), (7)

and the claim follows. �

The following elementary observation regarding the linear operator Lg,a will be

used throughout.

Lemma 2.8. For any everywhere positive smooth function ψ on M

∫
M

Lg,a(ψ)

ψ
vg =

∫
M

g(θg,ag
h)−

∫
M

(
||ag

h||2g + 1

ψ2
||dψ ||2g

)
vg. (8)

In particular, if (6) admits a positive solution with respect to some a �= 0 ∈ H1
dR(M), then

∫
M

g(θg,ag
h)vg =

∫
M

g(θg
h ,a

g
h)vg =

∫
M

(
||ag

h||2g + 1

ψ2
||dψ ||2g

)
vg > 0. (9)

�

Proof. The equality (8) follows by integration by parts and using that g is Gauduchon,

that is, δθg = 0; the inequality (9) is an immediate consequence. �

The general theory for the existence of positive solutions of the elliptic linear

second-order PDE Lg,a(ψ)= 0 is reviewed in Appendix to this paper. We recollect below

the following variational characterization.

Proposition 2.9. The PDE (6) has a positive solution ψ if and only if

λa(g) := sup
u∈C∞(M),u>0

{
min

M

Lg,a(u)

u

}
= 0. (10)

Furthermore, λa(g) is a finite number that varies analytically with respect to linear vari-

ations gt = (1 − t)g + tg̃ of Gauduchon metrics, or linear variations at = ta of de Rham

classes. �
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Locally Conformally Symplectic Structures 9

Proof of Theorem 1.2. By Propositions 2.7 and 2.9, it is enough to fix a Gauduchon met-

ric g ∈ c and show that λa(g)= 0 for a suitable choice of a �= 0. Let θg
h denote the harmonic

part of the Lee form of g. It is well known (see e.g. [3, Proposition 1] or Proposition 3.5)

that [θg
h ] �= 0 under the assumption that the first Betti number is odd. We let at = t

2 [θg
h ]

with t> 0 and denote by at
h = t

2θ
g
h the harmonic representative of at with respect to g. We

are going to show that λat(g) < 0 when t ≥ 2 and λat(g) > 0 for t close to 0; by the second

part of Proposition 2.9, this would imply that λat(g)= 0 for some t ∈ (0,2).
Let ut > 0 be the eigenfunction of Lg,at , corresponding to the principal eigenvalue

λ(t) := λat(g), normalized by
∫

M u2
t vg = 1 (see Theorem A.1). By Lemma 2.8 we have

λ(t)volg(M)=
∫

M

Lg,at(ut)

ut
vg = −

∫
M

1

u2
t
||dut||2gvg +

∫
M

g(θg
h − at

h,a
t
h)vg

= −
∫

M

1

u2
t
||dut||2gvg + t(2 − t)

4

∫
M

||θg
h ||2gvg. (11)

Taking t ≥ 2 in (11) yields λ(t)≤ 0. We are going to show that λ(t) > 0 for positive t close

to 0. Indeed, as for each t λ(t) is a simple eigenvalue (see Theorem A.1), by the Kato–

Rellich theory [26, 41] (see Theorem A.3), λ(t) and ut vary analytically with respect to t.

As Lg,0 does not have a zero-order term, by the Hopf maximum principle (see e.g. [4,

III, Section 8, 3.71]) λ(0)= 0 and u0 = 1/volg(M). It thus follows that the function t �→∫
M

‖dut||2g
u2

t
vg has a global minimum 0 at t = 0, so differentiating (11) at t = 0 we get

λ′(0)volg(M)= 1

2

∫
M

||θg
h ||2gvg > 0. �

In order to obtain a converse of Lemma 2.4, we first note the following lemma.

Lemma 2.10. Let L be a flat holomorphic line bundle over a compact complex surface

S, such that H0(S,L)= H2(S,L)= {0}. Then, H2,1
∂̄L∗ (S,L

∗)= {0}. �

Proof. As H2,1
∂̄L∗ (S,L

∗)∼= H1(S,KS ⊗ L∗), by Serre duality

dim H2,1
∂̄L∗ (S,L

∗)= h1(S,KS ⊗ L∗)= h1(L).

Using the vanishing of the cohomology groups from the hypothesis of the lemma and

the Riemann–Roch formula, one concludes dim H2,1
∂̄L∗ (S,L

∗)= 0. �
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10 V. Apostolov and G. Dloussky

Let La be the flat holomorphic line bundle corresponding to a= [α]; see Conven-

tion 2.1. Its degree with respect to the Gauduchon metric g is defined to be [18]

degg(La)= 1

2π

∫
M
ρLa ∧ F,

where 1
2π ρLa is a pluriharmonic representative of the first Chern class of La. Writing

α|Ui = dfi on an open covering U = (Ui) of M, La is the topologically trivial complex line

bundle over M with s0 = (Ui, e fi ) being a nowhere vanishing smooth section, whereas

h|Ui = e−2 fi (·, ·) introduces a Hermitian metric on La with h(s0, s0)= 1. It follows that

ρ = − 1
2 ddc log e−2 fi = −dcα is the curvature of the Chern connection of (La,h), so that

degg(La)= − 1

2π

∫
M

dcα ∧ F = − 1

2π

∫
M

g(dcα, F )vg

= − 1

2π

∫
M

g(θg, α)vg = − 1

2π

∫
M

g(θg
h ,a

g
h)vg, (12)

where for the last line we have used that dα = 0, δθg = 0. It then follows from Proposi-

tion 2.7, the inequality (9) of Lemma 2.8 and the properties of the degree (see e.g. [18]).

Lemma 2.11. Let g be a Gauduchon Hermitian metric on a compact complex surface S,

whose fundamental 2-form F satisfies dαdc
αF = 0 for some closed but not exact 1-form

α. Then, the flat holomorphic line bundle La determined by a= [α] ∈ H1
dR(M) via (1) and

Convention 2.1 satisfies

degg(La)= −1

2

∫
M

(
||ag

h||2g + 1

ψ2
||dψ ||2g

)
vg < 0,

so that H0(S,L�a)= {0} for all �≥ 1. �

We thus obtain the following

Proposition 2.12. Let g be a Gauduchon Hermitian metric on a compact complex sur-

face S, whose fundamental 2-form F satisfies dαdc
αF = 0 for some closed but not exact

1-form α. If the holomorphic flat bundle La corresponding to the deRham class a= [α]

via (1) and Convention 2.1 satisfies H2(S,La)= {0}, then there exists a locally conformally

symplectic 2-form ω on S with Lee form α and whose (1,1)-part is F . �

Proof. As H0(S,La)= {0} by Lemma 2.11, the hypothesis H2(S,La)= {0}, Lemma 2.10

and the isomorphism (4) imply H2,1
∂̄L∗

a

(S,L∗
a)

∼= H2,1
∂̄α
(S)= {0}. As ∂̄α∂αF = i

2 dαdc
αF = 0, it fol-

lows that

∂αF + ∂̄αβ = 0,

 by guest on N
ovem

ber 10, 2015
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


Locally Conformally Symplectic Structures 11

for a (2,0)-form β. Letting

ω= F + β + β̄,

one has

dαω= (∂α + ∂̄α)(F + β + β̄)= ∂αF + ∂̄αβ + ∂̄αF + ∂αβ̄ = 0,

which completes the proof. �

Proof of Theorem 1.1. Let S = (M, J) be a compact complex surface with odd first Betti

number b1(M). If the Kodaira dimension of S is non-negative, it follows from [6, 47] that

S admits a locally conformally Kähler metric. We therefore suppose that the Kodaira

dimension of S is negative, that is, S belongs to class VII of the Kodaira list; see for

example, [5]. Denote by S0 the minimal model of S.

We first suppose that the second Betti number of S0 is greater than or equal to

1, that is, S0 is in the Kodaira class VII+
0 (for which a complete classification is still to

come). In this case, Theorem 1.1 follows from Theorem 1.2, Proposition 2.12, and the

following vanishing result. �

Lemma 2.13. Let S be a compact complex surface with b1(S)= 1 and negative Kodaira

dimension. Suppose that the second Betti number of its minimal model S0 is > 0. Then,

for any topologically trivial line bundle L ∈ Pic0(S), we have

H2(S,L)= 0. �

Proof. By Serre duality, we have to show that, for any L ∈ Pic0(S), H0(S,KS ⊗ L)= 0.

Suppose that there exists a non-trivial section σ ∈ H0(S,KS ⊗ L). The line bundle KS ⊗ L
is not trivial as otherwise K−1

S must be flat, and therefore 0 = c2
1(S)= −b2(S)= −c2(S)

(see [5]), which is a contradiction. It follows that σ must vanish along an effective divisor

D with [D] =KS ⊗ L. Therefore, in H2(S,Z),

0 = (KS + L − D) · KS =K2
S − KS · D. (13)

We show the assertion by induction on the number p of blowing ups.

If p= 0, the surface is minimal and by [34, p. 399], an irreducible curve C of D is

either

• a rational curve such that C 2 ≤ −2, and therefore, by the adjunction formula,

0 = π(C )= 1 + KS·C+C 2

2 and KS · C ≥ 0, or
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12 V. Apostolov and G. Dloussky

• an elliptic or a rational curve C with a double point. By the same formula,

KS · C + C 2 = 0, hence KS · C ≥ 0,

We deduce that, for any effective divisor D, KS · D ≥ 0. Moreover, as b2(S)= −c1(S)2 =
−K2

S > 0, we have a contradiction in (13).

If p≥ 1, there is an exceptional curve of the first kind E and let Bx : S → Š be the

blowing down of E to a point x ∈ Š. Let Ǔ be a ball centred at x and U = Bx
−1(Ǔ ) be a sim-

ply connected neighborhood of E . The line bundle L is holomorphically trivial on U and,

therefore, the coherent sheaf Ľ= (Bx)∗L is in fact a topologically trivial line bundle on Š.

As (Bx)∗KS =KŠ, any non-trivial section σ ∈ H0(S,KS ⊗ L) gives, via the biholomorphism

Bx : S \ E ∼= Š \ {x} a non-trivial section σ̌ ∈ H0(Š \ {x}, ǨŠ ⊗ Ľ). By Hartogs’ theorem, this

section extends to Š. As b2(Š)≥ b2(S0) > 0, by the induction hypothesis σ̌ = 0, which is a

contradiction.

Let us now consider the case when b2(S0)= 0. According to [8, 33, 44], S0 is either

an Inoue surface (see [24]) or a Hopf surface (see [25]). The arguments in [47, 48] can be

used without any change to show that the blow-up S of S0 admits a locally conformally

symplectic form taming J if S0 does. We thus consider the case S = S0.

The Inoue surfaces with second Betti number equal to zero are classified by

Inoue [24] who shows that they do not admit curves. Thus, if S is such a surface, the

condition H2(S,L)∼= H0(S,KS ⊗ L∗)= {0} is equivalent to L �=KS, where KS denotes the

canonical bundle of S. Let g be a Gauduchon metric whose fundamental 2-form F sat-

isfies dαdc
αF = 0 for a 1-form α with a= [α] �= 0, given by Theorem 1.2. The corresponding

line bundle L=La has negative degree with respect to g by (12), whereas it is shown

in [45, Remark 4.2] that the degree of KS is positive with respect to any Gauduchon

metric. Thus, L �=KS, showing that H2(S,L)= {0}, and therefore S admits a locally con-

formally symplectic 2-form taming J with Lee form α by Proposition 2.12.

If S is a Hopf surface, Lemma 2.13 generally fails, so we cannot directly use

Theorem 1.2 in this case. However, according to [6, 19], S admits an lcK metric. �

3 Cohomological Invariants of a non-Kähler Complex Manifold

An important and well-studied invariant associated to a compact complex manifold

X = (M, J)which admits Kähler metrics is its Kähler cone, K(X), defined to be the subset

of classes Ω ∈ H1,1
dR (X,R) for which there exists a Kähler metric on X whose fundamental

2-form belongs to Ω. A characterization of K(X) in terms of the intersection form of the

cohomology ring of X, the Hodge structure, and homology of analytic cycles has been

obtained by Buchdahl [11, 12] and Lamari [30, 31] when X is a compact complex surface,
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Locally Conformally Symplectic Structures 13

and Demailly–Paun [13] in general. These results imply in particular that the classes in

H1,1
dR (X) which contain symplectic forms taming J coincide with K(X).

In order to introduce similarly designed cohomological invariants in the non-

Kähler lcK case, one can consider the sets (see [9, 38]) as follows.

Definition 3.1. Let X = (M, J) be a compact complex manifold. We introduce the follow-

ing subsets of H1
dR(M):

• The subset of classes of Lee forms of lcK metrics:

C(X)= {[α] | ∃F ∈Ω1,1(X), F > 0, dαF = 0}.

• The subset of classes of Lee forms of locally conformally symplectic forms

taming J:

T (X)= {[α] | ∃ω ∈Ω2(X), ω1,1 > 0, dαω= 0}.

• The subset of classes of the harmonic parts of the Lee forms of Gauduchon

metrics

G(X)= {[θg
h ] | ∃F ∈Ω1,1(X), F > 0, ddcF m−1 = 0, dθ F m−1 = 0},

where θg
h denotes the harmonic part of θ with respect to the Riemannian met-

ric g(·, ·)= F (·, J·). �

Remark 3.2. It follows from the definition that

C(X)⊆ T (X), C(X)⊆ G(X),

G(X) is connected while T (X) is invariant under small deformations of X. Using similar

techniques as in [20], one can show that a∈ T (X) is an interior point, provided that

H3
dL∗ (M, L∗)= {0}, where L = La is the real flat line bundle determined by a. �

We now consider the blow-up X̂ of X at a point x and denote by BxX̂ → X the

blow-down map which is a biholomorphism between X̂ \ E → X \ {x}, where E ∼= CP m−1

is the exceptional divisor. The following lemma is well-known.

Lemma 3.3. Let Bx : X̂ → X be the blow-down map which contracts a divisor E ∼=
CP m−1 ⊂ X̂ with normal bundle NE

∼=O(−1) to a point x ∈ X. For any a∈ H1
dR(X) with

generator α ∈ a, denote by α̂= B∗
x(α). Then B∗

x : Hk
α (X)→ Hk

α̂
(X̂) is surjective for any posi-

tive k �= 2(m − 1), and is injective for any positive k �= 2m − 1. �
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14 V. Apostolov and G. Dloussky

Proof. As Hk
α (X) does not depend on the choice of α ∈ a (see the discussion in Section 2),

we can choose α such that it identically vanishes on a open ball U centred at x. It follows

that α̂ = B∗
x(α) vanishes on Û = B−1

x (U ).

We will first prove that B∗
x : Hk

α (X)→ Hk
α̂
(X̂) is surjective. With our choice for α,

any dα̂-closed k-form ϕ̂ on X̂ is closed over Û . As Hk
dR(Û )∼= Hk

dR(CP m−1)= {0} for k �= 2

(m − 1), we can write ϕ̂|Û = d(ξ̂|Û ). Multiplying ξ̂|Û by the pull-back via Bx of a bump

function centred at x and support in U , we can assume that ξ̂ is globally defined on X̂

and φ̂ = ϕ̂ − dα̂ ξ̂ is another form representing [ϕ̂] ∈ Hk
α̂
(X̂), which vanishes identically on a

tubular neighborhood of E . Then, the diffeomorphism (B−1
x ) : X̂ \ E → X \ {x} allows one

to define a smooth k-form φ = (B−1
x )∗(φ̂) on X with dαφ = 0 and B∗

x(φ)= φ̂.

We now prove that B∗
x : Hk

α (X)→ Hk
α̂
(X̂) is injective. Suppose that ϕ is a dα-closed

k-form on X, such that ϕ̂ = B∗
x(ϕ)= dα̂ ξ̂ . As Hk

dR(U )= {0}, we can modify ϕ with a dα-exact

form (as we did above with ϕ̂) and assume without loss that ϕ|U ≡ 0. It follows that the

(k − 1)-form ξ̂ satisfies dξ̂|Û ≡ 0. If k= 1, ξ̂ is a smooth function on X̂, which is constant

on Û and, therefore, is the pull-back to X̂ of a smooth function ξ on X (which is constant

on U ). It follows that ϕ = dαξ . If k> 1, Hk−1
dR (Û )∼= Hk−1(CP m−1)= {0}, so we conclude that

ξ̂|Û is exact, that is, ξ̂Û = dη̂Û . Multiplying η̂ by a bump-function, we obtain that ξ̂ − dα̂ η̂ is

identically zero in a neighborhood of E , so that it descends to X to define a (k − 1)-form

ξ with dαξ = ϕ. �

We recall the following result established in [47, 48]. The argument in [48] applies

without change to the case of locally conformally symplectic structures taming J.

Proposition 3.4. Let X̂ be the blow-up of X at a point x. Then

(a) if a∈ T (X), then â= B∗
x(a) ∈ T (X̂);

(b) a∈ C(X) if and only if â= B∗
x(a) ∈ C(X̂). �

When X = S is a compact complex surface, the following result is well known.

Proposition 3.5. On a compact complex surface S = (M, J) the following conditions are

equivalent:

(i) 0 ∈ C(S), that is, S is Kähler;

(ii) 0 ∈ T (S);
(iii) 0 ∈ G(S);
(iv) C(S)= T (S)= G(S)= {0}. �
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Locally Conformally Symplectic Structures 15

Proof. “(i)⇒ (ii)” and “(iv)⇒ (i)” are obvious. In order to prove “(ii)⇒ (iii)”, let ω be

a symplectic 2-form on M which tames J. Letting F =ω1,1 be the positive-definite

(1,1)-part, it defines a Hermitian metric g(·, ·)= F (·, J·) which is Gauduchon (see e.g.

Lemma 2.4 with α = 0). Furthermore, ω is a closed self-dual 2-form with respect to g,

and is therefore co-closed. Writing ω= F + Ψ , where Ψ is of type (2,0)+ (0,2), we get

0 = δω= δF + δΨ = −Jθg − J(δJΨ ),

where J stands for the natural action of the almost-complex structure J on the bundle

of real 2-forms of type (2,0)+ (0,2) by JΨ (X,Y) := −Ψ (J X,Y). This shows that the Lee

form θ of g is co-exact and, therefore, θg
h = 0.

It remains to establish “(iii)⇒ (iv)”. To this end, by [3, Proposition 1], b1(M) is

even and G(S)= {0}. It follows that C(S)= {0} as C(S)⊆ G(S) and C(S) �= ∅ by the charac-

terization of Kähler surfaces [11, 30, 42, 46].

In order to prove T (S)= {0}, we use Lemma 2.4, Proposition 2.7, and Lemma 2.8:

as θg
h = 0 in our case, one gets 0 ≤ − ∫

M ||ag
h||2gvg, showing ag

h = 0. �

Recall the following definition from [36].

Definition 3.6. An lcK metric with potential g on X = (M, J) is an lcK metric such that

the pull-back F̃ of its fundamental 2-form F to the universal covering space X̃ of X is

of the form F̃ = ddc f̃
f̃

, where f̃ > 0 is a positive plurisubharmonic function on X̃ which

satisfies γ ∗ f̃ = ecγ f̃ (cγ ∈ R) for any deck-transform γ ∈ π1(X). �

Examples of lcK metrics with potential include the Vaisman lcK metrics (i.e.

lcK metrics for which the Lee form θ is parallel) or more generally, pluricanonical lcK

metrics, introduced and studied by Kokarev [29], for which the covariant derivative Dθ

of the Lee form is of type (2,0)+ (0,2) with respect to J; see [36, Claim 3.3; 39]. (In [36],

the authors claim that an lcK metric admits a potential if and only if it is pluricanonical,

but a proof is given only in one direction; see [39] for the precise link between the two

notions.) The following observation is taken from [38].

Lemma 3.7. Let X = (M, J) be a compact complex manifold endowed with an lcK metric

with potential, g, and Lee form θ . Then, for any t ≥ 1, tθ is the Lee form of an lcK metric

with potential on X. If, furthermore, g is a pluricanonical lcK metric, then tθ is the Lee

form of a pluricanonical lcK metric for any t> 0. �
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16 V. Apostolov and G. Dloussky

Proof. Writing F̃ = ddc f̃
f̃

on X̃, the pull-back of the Lee form is θ̃ = −df̃
f̃

. For any t ≥ 1 put

F̃t := ddc f̃ t

f̃ t
= t

ddc f̃

f̃
+ t(t − 1)

df̃ ∧ dc f̃

f̃2
.

For t ≥ 1, F̃t defines a positive-definite (1,1)-form satisfying dF̃t = θ̃t ∧ F̃t with θ̃t = −td f̃
f̃

=
tθ̃ . As F̃t is invariant under any deck transformation, it defines an lcK metric with poten-

tial, gt, on X, whose Lee form is θt = tθ .

It is not hard to see that the pluricanonical condition (Dg
Xθ)(Y)= −(Dg

J Xθ)(JY) is

equivalent to

dJθ = −|θ |2gF + θ ∧ Jθ. (14)

This is essentially the formula appearing in [36, p. 724], by noting that there is a sign

error in [36] in deriving the formula for d(Iθ) from the previous one, and an omission of

a factor |θ |2g before g in the formula expressing ∇θ − Dθ ; the precise statement appears

in [39]. For convenience of the reader we supply here a brief argument for (14): it is well

known (see e.g. [27, II, Proposition 4.2]) that when J is integrable

(DX F )(Y, Z)= − 1
2 (dF (X, JY, JZ)− dF (X,Y, Z)).

The lcK condition implies dF = θ ∧ F , which allows one to rewrite the above equality as

DX F = 1
2 (X

� ∧ Jθ + J X� ∧ θ), (15)

where X� denotes the g-dual 1-form to X. Thus, using (15),

(DX Jθ)(Y)= −θ((DX J)(Y))− (DXθ)(JY)

= 1
2 (θ(X)Jθ(Y)− Jθ(X)θ(Y)− |θ |2gF (X,Y))− (DXθ)(JY).

It then follows

dJθ = −|θ |2gF + θ ∧ Jθ + (J Dθ)anti,

where (J Dθ)anti denotes the anti-symmetrization of the (2,0)-tensor (J Dθ)(X,Y) :=
−Dθ(X, JY); as dθ = 0 (i.e. Dθ is symmetric), J Dθanti(X,Y)= −(Dθ)1,1(X, JY) where

Dθ1,1(X,Y) := (DXθ)(Y)+ (DJ Xθ)(JY). Thus, for an lcK metric g, equation (14) is equiv-

alent to Dθ1,1 = 0, that is, to g being pluricanonical.
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Locally Conformally Symplectic Structures 17

Differentiating (14) one more time yields

d|θ |2g ∧ F = 0,

showing that |θ |2g is a constant. Thus

Ft := F + t

|θ |2g
θ ∧ Jθ, t>−1

defines a family of positive-definite (1,1)-forms with dFt = (1 + t)θ ∧ Ft. Clearly, Ft give

rise to a family of lcK metrics which verify the pluricanonical condition (14). �

Remark 3.8. If g is a pluricanonical lcK (non-Kähler) metric on X = (M, J) with Lee form

θ , writing the pull-back metric as g̃ = eϕ̃ g̃K where g̃K is a Kähler metric on the universal

cover X̃ conformal to g̃ (or, equivalently, writing the pull-back θ̃ of the Lee form as θ̃ = dϕ̃)

gives rise to a potential function f̃ := e−ϕ̃ for the fundamental 2-form F̃ of g̃, that is,

F̃ = ddc f̃
f̃

by (14). �

4 Compact Complex Surfaces with b1(S) = 1

We start with the following easy consequence of Proposition 3.5.

Lemma 4.1. Let S = (M, J) be a compact complex surface with b1(M)= 1. For any

a∈ H1
dR(M), denote by La the corresponding flat holomorphic line bundle defined via

(1) and Convention 2.1. Then, the sign of degg(La) does not depend on the choice of a

Gauduchon metric on S and is zero if and only if a= 0. �

Proof. Let g be a Gauduchon metric on S. By (12), degg(La)= 0 for any Gauduchon met-

ric if a= 0. On the other hand, if a �= 0, θg
h =μa(g)a

g
h for a constant μa(g), so that by (12)

again, the sign of degg(La) is equal to the sign of −μa(g). We know by Proposition 3.5

that μa(g) �= 0. As the space of Gauduchon metrics is convex (and therefore connected),

it follows that the sign of μa(g) is non-zero and is independent of g. �

The above lemma suggests the following definition.

Definition 4.2. Let S = (M, J) be a compact complex surface with b1(M)= 1. For a,

b ∈ H1
dR(M) we will say that a> b if

degg(La ⊗ L∗
b)= degg(L(a−b))= degg(La)− degg(Lb) > 0,

for some (and hence any) Gauduchon metric g. �
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18 V. Apostolov and G. Dloussky

We will thus identify the ordered set H1
dR(S)∼= (R,>).

Proposition 4.3. Let S = (M, J) be a compact complex surface with b1(M)= 1. Then

G(S)⊆ (−∞,0) and T (S)⊆ (−∞,0). Furthermore, for each a∈ T (S), there exists a class

b ≤ a which belongs to G(S). �

Proof. Let g be Gauduchon metric on S and θg
h be the harmonic part of the correspond-

ing Lee form θg. Applying (12) for a= [θg
h ] (and using Proposition 3.5) yields degg(La)=

− 1
2π

∫
M ||θg

h ||2gvg < 0, thus showing the first inclusion. The second inclusion follows

from Proposition 3.5, and Lemmas 2.4 and 2.11. The inequality
∫

M g(θg
h − ag

h,a
g
h)vg =∫

M(
1
ψ

||dψ ||2g)vg ≥ 0 (see Lemma 2.8) and the fact that a and b = [θg
h ] are both negative (so

that θg
h =μag

h with μ> 0) show degg(La−b)≥ 0, that is, the de Rham class b ≤ a. �

Proposition 4.4. Suppose S = (M, J) is a compact complex surface with b1(M)= 1. If

b ∈ C(S), c ∈ G(S) with b ≤ c, then any a∈ [b, c] ⊂ H1
dR(S), such that the corresponding flat

line bundle La satisfies H2(S,La)= {0}, belongs to T (S). �

Proof. Let g be an lcK metric on S whose closed Lee form θg belongs to b, and suppose

(without loss) that g is a Gauduchon metric: thus, the Lee form of g is harmonic, that is,

θg = bg
h. For any a∈ H1

dR(M), let ag
h denote the harmonic representative of a with respect

to g: thus, writing ag
h =μbg

h for a constant μ, we have a≥ b iff

degg(Lb−a)= − 1

2π

∫
M

g(bg
h,b

g
h − ag

h)vg = (μ− 1)

2π

∫
M

||bg
h||2gvg ≤ 0,

that is, iff μ ∈ [0,1]. Thus, for any a∈ [b, c],

Lg,a(ψ)=Δgψ + (2μ− 1)g(bg
h,dψ)+ (1 − μ)μ||bg

h||2gψ. (16)

We claim that λa(g)≥ 0. Indeed,

λa(g)≥ min
M

Lg,a(1)= (1 − μ)μmin
M

||bg
h||2g ≥ 0.

Similarly, let g̃ be a Gauduchon metric on S for which the de Rham class c = [θ̃ g̃
h ]

of the harmonic part of its the Lee form satisfies c ≥ b. For any a≤ c, we have θ̃ g̃
h = νag̃

h for

a real constant ν ∈ [0,1]. It then follows that
∫

M
g̃(θ̃ g̃ − ag̃

h,a
g̃
h)vg̃ = (ν − 1)

∫
M

||ag̃
h||2g̃vg̃ ≤ 0.

As we saw in the proof of Theorem 1.2, this implies λa(g̃)≤ 0.
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Locally Conformally Symplectic Structures 19

Considering the linear path gt = (1 − t)g + tg̃, t ∈ [0,1] of Gauduchon metrics

and using the continuity of λa(gt) (see Proposition 2.9), one concludes that there

exists a Gauduchon metric g′ on S with λa(g′)= 0. Our claim then follows from

Proposition 2.12. �

5 Examples

In this section, we illustrate the previous discussion on the known compact complex

surfaces S in the Kodaira class VII [5]. Note that in this case, b1(S)= 1.

5.1 Hopf surfaces

These are, by definition, compact complex surfaces with universal covering space C
2 \

{(0,0)}. It is shown by Kodaira [28] that the fundamental group Γ of such a surface is a

finite extension of the infinite cyclic group Z. The list of concrete realizations of Γ as a

group of automorphisms of C
2 can be found in [25], and we summarize this classification

in the following rough form: Γ = H � 〈γ0〉, where 〈γ0〉 denotes the infinite cyclic group

generated by the contraction γ0 of C
2

γ0(z1, z2)= (αz1 + λzm
2 , βz2),

where the complex numbers α, β, λ satisfy 0< |α| ≤ |β|< 1, λ(α − βm)= 0 for an inte-

ger m ∈ N
∗. Furthermore, it follows by the classification in [25] that when λ �= 0, H ⊂

U(1)× U(1) is abelian and commutes with γ0. We denote by Sα,β,λ = C
2 {(0,0)}/〈γ0〉 the

corresponding primary Hopf surface and by Sα,β,λ;H the further quotient by H , called

secondary Hopf surface.

Hopf surfaces with λ= 0 are called diagonal (or, confusingly, of class 1).

Belgun has shown [6, Theorem 1] that any such surface admits a Vaisman lcK metric.

By Lemma 3.7 and Proposition 4.3, in this case we have T (S)= C(S)= (−∞,0).

Hopf surfaces with λ �= 0 are called resonant (also called, even more confusingly,

of class 0). Let Sβm,β,λ;H be a resonant Hopf surface. The analytic family Sλ := Sβm,β,λ;H ,

λ ∈ C has as central fibre the diagonal Hopf surface S0 = Sβm,β,0;H , while for λ �= 0 the

surfaces Sλ are isomorphic (see [19]). As S0 admits a taming conformally symplectic form

with Lee form in any a∈ (−∞,0) so does Sλ, just by continuity using that the taming

condition is open. It follows that T (Sλ)= (−∞,0).

Similarly, as S0 admits a Vaisman metric by [6, 19], it has a Vaisman lcK metric

ga with fundamental 2-form Fa and Lee form in a for any a∈ (−∞,0), by Lemma 3.7.
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(Recall that any Vaisman lcK metric is pluricanonical.) As the corresponding H com-

mutes with γ0 in this case, the potential f̃ for Fa can be chosen to be H-invariant (by

averaging over H ). By the argument in [19] , the f̃ can be deformed to define an H-

invariant potential for an lcK metric on Sλ, for λ small enough, with the same constant

cγ0 (see Definition 3.6). Using the isomorphism C
∗ = H1(S,C∗)∼= Pic0(S) established for

class VII surfaces in [28, I, p. 756], this shows that the induced lcK metrics on Sλ will

have Lee forms in the same de Rham class a. We thus see that C(Sλ)= (−∞,0) too.

Using Proposition 3.4 (and Lemma 3.3 with a= 0 and k= 1), we conclude the

following proposition.

Proposition 5.1. For any compact complex surface S whose minimal model is a Hopf

surface, T (S)= C(S)= (−∞,0). �

5.2 Inoue surfaces with b2 = 0

The Inoue surfaces S0 with second Betti number equal to zero are classified by Inoue [24]

into three types, SM, S−
N;p,q,r , and S+

N;p,q,r;u, where the parameters M, N are matrices with

integer coefficients, p,q, r are integers, and u is a complex number. Any such surface

is the quotient of C × H (where H denotes the upper half-plane in C) under a discrete

subgroup Γ of the group A(2,C) of affine transformations of C
2, leaving C × H invariant.

The specific description of Γ in each case is given in [24], but we shall not make use of

this. The relevant information for the discussion below is the fact, shown by Tricerri [47],

that all Inoue surfaces admit lcK metrics, except the surfaces of the type Su := S+
N;p,q,r;u

for which the complex parameter u is not real. In the latter case, Belgun [6] shows that

there are no lcK metrics at all. Nevertheless, we proved in Theorem 1.1 that Su always

admits timing locally conformally symplectic structures.

Let us now consider in a little more detail the analytic family Su,u∈ C \ R of

Inoue surfaces of the third type. We will show, by using an argument from [6], that in

this case T (Su) is a single point.

It is known [6, p. 35; 22, Theorem 1; 49] that Su = (C × H)/Γu where Γu is a lattice

in the solvable Lie group

Sol′41 =

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

1 a b + i log γ

0 γ c

0 0 1

⎞
⎟⎟⎠ , γ > 0,a,b, c ∈ R

⎫⎪⎪⎬
⎪⎪⎭⊂ GL(3,C).

The group Sol′41 acts itself simply transitively (and holomorphically) on C × H. This

allows one to identify Su with the quotient Sol′41 , endowed with a (fixed) left-invariant
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integrable almost complex structure J, by the left action of the lattice Γu. In explicit

terms, let

Y =

⎛
⎜⎜⎝

0 1 0

0 0 0

0 0 0

⎞
⎟⎟⎠ Z =

⎛
⎜⎜⎝

0 0 1

0 0 0

0 0 0

⎞
⎟⎟⎠ T =

⎛
⎜⎜⎝

0 0 i

0 1 0

0 0 0

⎞
⎟⎟⎠ U =

⎛
⎜⎜⎝

0 0 0

0 0 1

0 0 0

⎞
⎟⎟⎠

be the generators of the Lie algebra of Sol′41 with

Z central, [Y, T ] = Y, [T,U ] = U, [Y,U ] = Z

and denote with the same letters the induced left-invariant vector fields on Sol′41 . Then

the left-invariant complex structure J on Sol′41 is given by [6, (35)]

JY = −Z , JZ = Y, JT = −U − Z , JU = T − Y.

Furthermore, Sol′41 admits an ad-invariant 1-form α0, defined by α0(T)= 1, α0(U )=
α0(Y)= α0(Z)= 0, which descends to define a closed but not exact 1-form (still denoted

byα0) on Su. As b1(Su)= 1, by Remark 2.3 we can assume without loss that Su admits a

locally conformally symplectic 2-form F which tames J, and whose Lee form equals kα0

for a non-zero real constant k. As Sol′41 has a bi-invariant volume form v [20, Lemma 4]

(which defines a volume form on the quotient Su, still denoted by v), for any left-invariant

vector fields U and V on Sol′41 (which define vector fields on the quotient Su, still denoted

by U and V ), one can consider the average of F over Su:

F0(U,V) :=
∫

Su

F (U,V)v.

It can be shown, as in the proof of [6, Theorem 7], that F0 defines a left-invariant

2-form on (Sol′41 , J) which tames J and satisfies dF0 = kα0 ∧ F0. Evaluating the later

equality over Y, Z , T yields (see also [6, (36)]) F0(Y, Z)= kF (Y, Z); as Y = JZ and the (1,1)-

part of F0 is positive-definite, it follows that k= 1. This shows that T (Su)= {a0} with

a0 = [α0]. It is easy to check (see [20, Sect. 7.1]), using the explicit description of Su of [24]

and the isomorphism C
∗ = H1(S,C∗)∼= Pic0(S) of [28, I, p. 756], that the corresponding

holomorphic line bundle La0 is isomorphic to the anticanonical line bundle K∗
Su

.

Noting finally that the existence of a locally conformally symplectic structure

taming J is an open condition (with respect to J) and that the Inoue surfaces of the type

S−
N,p,q,r,s are quotients of Inoue surfaces of the type S+

N,p,q,r;0 by an involution [24], we

obtain the following
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Proposition 5.2. Let S be an Inoue surface with b2(S)= 0 in one of the types S+
N,p,q,r;u or

S−
N;p,q,r . Then C(S) and T (S) are given as follows:

• C(S)= T (S)= {a0} iff S is of the type S−
N;p,q,r or S+

N,p,q,r;u with u∈ R;

• C(S)= ∅, T (S)= {a0} iff S is of the type S+
N,p,q,r;u with u∈ C \ R,

where La0 =K∗
Su

. �

5.3 Kato surfaces

These are minimal complex surfaces in the Kodaira class VII whose second Betti number

is strictly greater than 0, and which have a global spherical shell (GSS). Conjecturally, any

minimal surface in the class VII should be either a Hopf surface, an Inoue surface, or a

Kato surface. However, this conjecture is still far from being solved.

For Kato complex surfaces, Brunella [9, 10] has shown that C(S) �= ∅ and that

C(S) has −∞ as an accumulation point. Note that any Kato surface S is diffeomorphic

to (S1 × S3)�kCP 2 (where k := b2(S)); see for example, [34]. As S1 × S3, with a complex

structure of a Hopf surface of class 1, admits a Vaisman metric, it follows by [32, 37]

that H3
dL
(S1 × S3, L)= {0} for any non-trivial flat real line bundle L. By Lemma 3.3,

H3
dL
(S, L)= {0} and, therefore, by Remark 3.2, T (S) must be an open subset of (−∞,0).

Similar conclusion holds true for C(S)⊆ T (S), by [20] and Lemma 2.10, together with

the vanishing of H2(S,L) and H0(S,L) established in Lemmas 2.13 and 2.4 and 2.11,

respectively.

Further progress in this case seems to depend on a better understanding of the

subset G(S), as the following result suggests.

Proposition 5.3. Let S be a Kato surface. Then,

G(S)⊆ T (S). �

Proof. Let c ∈ G(S). Brunella shows (see [9, Remark 9]) that there exists an lcK metric

whose Lee form defines a de Rham class b with b< c. By Proposition 4.4 and Lemma 2.13,

any a∈ [b, c] (in particular a= c) belongs to T (S). �
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Appendix A Perron-Type Theorem for Second-Order Strongly Elliptic Linear

Operators on a Compact Riemannian Manifold

We review here some spectral properties of the second-order strongly elliptic linear

operators in the form

L(u)=Δgu+ g(α,du)+ cu,

where g is a Riemannian metric on a compact manifold M, Δg = δgd is the corresponding

Riemannian Laplacian (which we will consequently denote by Δ), α is a given smooth

1-form and c a given smooth function on M. Note that L need not to be self-adjoint in

general, a case where the spectral theory is well-established.

In a local chart U , L takes the form

LU = −
n∑

i, j=1

aij
U (x)

∂2

∂xi∂xj
+
∑
k=1

bk
U (x)

∂

∂xk
+ cU (x),

where aij
U ,b

k
U , cU are smooth real functions such that the symmetric matrix (aij

U ) is uni-

formly positive-definite on U . In this case, the Perron-type Theorem established in [16,

p. 360; 35] states that if Ω ⊂ U is compactly supported domain with smooth bound-

ary, the operator LU taken on smooth functions on Ω̄ with zero boundary value has

real eigenvalue λ0 (called principal eigenvalue) such that, for any other eigenvalue λ,

Re(λ)≥ λ0; furthermore, λ0 is simple and the corresponding eigenspace is generated by

a nowhere vanishing smooth function u0 on Ω.

Recall that, for any strongly elliptic linear operator L : C∞(M)→ C∞(M), the

set of (complex) eigenvalues is discrete, having a limit point only at infinity; see for

example, [7, p. 465] or [4, p. 126]. We want to establish the following adaptation of
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the Perron-type Theorem mentioned above to the case of a compact manifold without

boundary (as we failed to find a reference to this result in the literature).

Theorem A.1. Let L(u)=Δu+ g(α,du)+ cu be a linear strongly elliptic linear differen-

tial operator of order 2 on a compact Riemannian manifold (M, g). Then, there exists a

real eigenvalue λ0 for L which admits a smooth everywhere positive eigenfunction u0.

Furthermore, λ0 satisfies the following properties:

(i) λ0 is of multiplicity one.

(ii) If λ is another eigenvalue, then Re(λ) > λ0.

(iii) λ0 = supu∈A(infx∈M
L(u)

u ), where A= {u∈ C∞(M) | u> 0}. �

Definition A.2. The eigenvalue λ0 is called the principal eigenvalue of L. �

Proof of Theorem A.1. The proof will be divided into four steps, corresponding to the

statements in the Theorem A.1 as follows.

Step 1. We shall establish in this Step the existence of a real eigenvalue λ0 corre-

sponding to an everywhere positive smooth eigenfunction u0. To this end, we shall work

with the Sobolov spaces W2
k (M) corresponding to the norm

‖ f‖k :=
⎡
⎣ ∑

0≤ j≤k

∫
M

|D j f |2vg

⎤
⎦

1/2

,

where |D j f | is the point-wise norm of the jth covariant derivative and vg is the

Riemannian volume form. In what follows, we shall choose k sufficiently large so that

we have a continuous embedding W2
k (M)⊂ C2(M). Because M is compact, we also have

the continuous embeddings

W2
k (M)⊂ W2

l (M),

for any integers 0 ≤ l ≤ k.

We shall assume (without loss) in what follows that the smooth function c ≥ 0

(otherwise we consider the operator L − (infMc)Id instead of L). Then, by the maxi-

mum principle [4, III, Section 8, 3.71] (which in the sequel we shall always apply to

−L and −u), 0 is not an eigenvalue of L, that is, KerL = {0}. It is a standard fact

that L : W2
k+2(M)→ W2

k (M) is then invertible, and L−1 : W2
k (M)→ W2

k+2(M) is bounded.

Indeed, as L =Δ+ T with Δ being the self-adjoint Riemannian Laplacian and T of

order ≤ 1, the composition T : W2
k+2(M)→ W2

k+1(M)⊂ W2
k (M) is a compact operator by

the Rellich–Kondrachov theorem (see [7, p. 458]); it follows that Index(L)= Index(Δ)= 0
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by [23, Cor. 19.1.8] and, as Ker L = {0}, L is invertible and bounded (by the standard

L p-estimates, see e.g. [7, p. 463]). Using the compactness of W2
k+1(M)⊂ W2

k (M) again, we

conclude that the composition

A : W2
k (M)

L−1−→ W2
k+2 ⊂ W2

k (M)

is a compact operator. We define the cone

C := {u∈ W2
k (M) | u≥ 0}. (A.1)

By the maximum principle [4, III, Section 8, 3.71] again, we have that A(C )⊂ C and if

w ∈ C with w �≡ 0, then Aw> 0. Using standard elliptic regularity (see e.g. [7, p. 467]), it

will be enough to show that A has a non-trivial eigenfunction w0 ∈ C , corresponding to

a real positive eigenvalue 1/λ0 (we will have then that u0 := λ0 A(w0) is a smooth strictly

positive eigenfunction of L, corresponding to the real positive eigenvalue λ0).

Let us fix a function w ∈ C , w �≡ 0, and let v := Aw. By continuity, there exists μ> 0

such that

μv ≥w

on M. We claim that if the equation

u= λA(u+ εw)

with ε > 0 and λ> 0 has an everywhere positive solution u, then necessarily

λ≤μ. (A.2)

Indeed,

u= λA(u)+ λA(εw) > λA(εw)= λεv ≥
(
λ

μ

)
εw,

hence

u≥ λA(u)≥ λA
(
λε

μ
w

)
= λ2

μ
εv ≥

(
λ

μ

)2

εw.

By induction, for k≥ 1,

u≥
(
λ

μ

)k

εw,

which is possible only if λ≤μ.

We are now going to show that, for any ε > 0, the closed subset of W2
k (M)

Sε := {u∈ C | ∃λ, 0 ≤ λ≤ 2μ, u= λA(u+ εw)}
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is unbounded. To this end, we shall use (A.2) in conjunction with the well-known

Schaefer theorem (see [16, p. 540]), which states that if Ã : W → W is a continuous com-

pact (not necessarily linear) mapping of a Banach space W and C ⊂ W is a convex subset

stable by Ã, then Ã has a fixed point in C provided that the subset

{u∈ C | ∃λ, 0 ≤ λ≤ 1 such that u= λÃ(u)}

is bounded.

In our case, W = W2
k (M),

Ã(u) := 2μ(A(u)+ εv)

which is continuous compact because A is, and C ⊂ W2
k (M) is the convex subset intro-

duced in (A.1). Furthermore, if Sε were bounded, Ã would satisfy the hypothesis of

the Schaefer theorem with respect to C , so Ã would have a fixed point u in C , that is,

u= Ãu= 2μA(u+ εw), which contradicts (A.2).

Since Sε is not bounded, there exists uε ∈ Sε with ‖uε‖k ≥ 1
ε
. Denote by λε (0 ≤ λε ≤

2μ) the corresponding real number such that

uε = λεA(uε + εw).

For any sequence εm → 0 let λm := λεm and um := uεm
‖uεm ‖k

∈ C , so that

um = λm A
(
um + εm

w

‖uεm‖k

)
. (A.3)

Since A is compact, we can take a subsequence if necessary and suppose that (λm) and

(um) are convergent. Let λ0 := limm→∞ λm and u0 := limm→∞ um ≥ 0. Taking limit in (A.3),

we get

u0 = λ0 A(u0)

The condition ‖um‖k = 1 prevents λ0 and u0 from vanishing. Thus, u0 = λ0 A(u0) > 0, and

applying L to the above equality, we obtain L(u0)= λ0u0 with λ0 > 0.

Step 2. We will now prove that the multiplicity of λ0 is one.

As L is a real operator, it is enough to consider a smooth non-identically zero real

valued function uon M, such that Lu= λ0u. Furthermore, replacing uby −u if necessary,

we shall assume that u is somewhere positive. Thus, letting

χ = sup{μ> 0 | u0 − μu≥ 0 on M},

we then have χ > 0, v := u0 − χu≥ 0 on M, and hence Lv= λ0v ≥ 0.
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By the Hopf maximum principle [4, III, Section 8, 3.71], we have that either v > 0

on M or v ≡ 0. By the definition of χ we conclude that v≡ 0.

Step 3. We now show that, for any other (complex) eigenvalue λ of L, Re(λ) > λ0.

Let u �≡ 0 be a complex-valued smooth function on M with Lu= λu and let

v := u/u0. We then have

λu0v= L(u0v)= vL(u0)+ u0L(v)− cu0v − 2g(du0,dv)

= λ0u0v + u0(Δv + g(α − 2dlog u0,dv))= λ0u0v + u0K(v),

where we have set

K(v) :=Δ(v)+ g(α − 2dlog u0,dv).

Dividing the last equality by u0, we have

K(v)= (λ− λ0)v,

and, as K is a real operator,

K(v̄)= (λ̄− λ0)v̄.

It follows

K(|v|2)= K(vv̄)= vK(v̄)+ v̄K(v)− 2g(dv,dv̄)

= 2(Re(λ)− λ0)|v|2 − 2g(dv,dv̄)≤ 2(Re(λ)− λ0)|v|2. (A.4)

Suppose for a contradiction that Re(λ)− λ0 ≤ 0. Then, the Hopf maximum principle

[4, III, Section 8, 3.71] implies |v| = const, and therefore

0 = K(|v|2)≤ 2(Re(λ)− λ0)|v|2

showing that Re(λ)= λ0 (as v= u/u0 �≡ 0). Going back to (A.4) (and using again K(|v|2)= 0),

we have

0 = K(|v|2)= −2g(dv,dv̄)+ 2(Re(λ)− λ0)|v|2 = −2||dv||2g,

that is, v = u/u0 is a constant. As λ �= λ0 by assumption, this is a contradiction.

Step 4. We finally have to prove that

λ0 = sup
u∈A

inf
x∈M

L(u)

u

where A= {u∈ C∞(M) | u> 0}.
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To this end, we will show first that the formal conjugate operator

L∗(u)=Δu− g(α,du)+ (δgα + c)u

of L (with respect to the global L2 product on (M, g)) has the same principal eigenvalue

as L. Indeed, let λ∗
0 be the principal eigenvalue of L∗ and u∗

0 > 0 be an eigenfunction. Then

λ0

∫
M

u0u∗
0vg =

∫
M

L(u0)u
∗
0vg =

∫
M

u0L∗(u∗
0)vg = λ∗

0

∫
M

u0u∗
0vg.

Since u0 > 0 and u∗
0 > 0, it follows that λ0 = λ∗

0.

Now, let

μ := sup
u∈A

inf
x∈M

L(u)

u
.

We clearly have μ≥ infx∈M
L(u0)

u0
= λ0. To establish the converse inequality, let (wm) be a

maximizing sequence in A such that

μ− 1

m
≤ inf

x∈M

L(wm)

wm
≤μ. (A.5)

It then follows

λ0

∫
M
wmu∗

0 vg =
∫

M
wmL∗(u∗

0) vg =
∫

M
L(wm)u

∗
0 vg ≥

(
μ− 1

m

) ∫
M
wnu∗

0vg,

thus showing λ0 ≥μ. �

The following result follows from the general Rellich–Kato theory, see for exam-

ple, [26, II, Section 1.8; IV, Theorem 3.16, and VII, Theorem 1.7] applied to the bounded

operator A constructed in the proof of Theorem A.1, by noting that the principal eigen-

value λ0 of L is simple and can be separated from the remainder of the spectrum.

Theorem A.3. Let L(t) be an analytic family of linear strongly elliptic operators as in

Theorem A.1. For each t, denote by λ0(t) the principal eigenvalue of L(t)with correspond-

ing eigenfunction ut > 0, normalized by
∫

M u2
t vg = 1. Then λ0(t) and ut vary analytically

with respect to t. �
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