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Abstract. Sand is a proper instance for the study of natural algorith-
mic phenomena. Idealized square/cubic sand grains moving according to
“simple” local toppling rules may exhibit surprisingly “complex” global
behaviors. In this paper we explore the language made by words corre-
sponding to fixed points reached by iterating a toppling rule starting from
a finite stack of sand grains in one dimension. Using arguments from lin-
ear algebra, we give a constructive proof that for all decreasing sandpile
rules the language of fixed points is accepted by a finite (Muller) au-
tomaton. The analysis is completed with a combinatorial study of cases
where the emergence of precise regular patterns is formally proven. It
extends earlier works presented in [I5JI6JI7], and asks how far can we
understand and explain emergence following this track?

Keywords: sandpile models, fixed points, emergence.

1 Introduction

In the spirit of Chazelle’s natural algorithms [3], we propose a study of sandpile
models via the tools of theoretical computer science. Sandpiles configurations
are words over the alphabet N, where each letter is a number of stacked sand
grains. The dynamics is described by local rules letting grains move from col-
umn to column. Historically, discrete sandpile models were first introduced by
the physicists Bak, Tang and Wiesenfeld, as a paradigmatic example of self-
organized critical systems in which instabilities are described by power laws [2].
The combinatorial study of one-dimensional models has been initiated by Goles
in [9], and subsequently continued as a case where simple rules lead to surpris-
ingly complex, yet tractable, mathematical problems on term rewriting systems.
A particular focus has been given to the dynamics starting from a finite pile of
sand grains (which is equivalent to adding them one by one, as they would fall
in an hourglass), and to the structure of the language £ made of fixed point
configurations reached at the end of the stabilization process [BI6I7ITT].

* This work was partially supported by IXXI (Complex System Institute, Lyon), ANR
projects Dynamite and QuasiCool (ANR~12-JS02-011-01), Modmad Federation of U.
St-Etienne, FONDECYT Grant 3140527 (DIM, Universidad de Chile), and Ntcleo
Milenio Informacién y Coordinacién en Redes (ACGO).



The model. Let Z? denote the set of integer

sequence which are ultimately null (a sequence

h = (ho,h1,ha,...) is ultimately null if there >G+q
existe a positive integer ¢ such that, for j > 1,

we have h; = 0). We note by A the morphism

ZN — Z% such that for any h € ZY and any

el f : Jo I

1€ N, Ah; = h;—h; 1. Notice that A is bijective. Fig. 1 The rule (23 1) can be
We say that h; is the number of grains and Ah; applied if al}d only lf Ah.i = 5.
is slope of h in column i. The set C is the subset F9r convenience, right is the
of sequences of Z;\c' which are non increasing. direction of grains fall.

Definition 1. A decreasing sandpile model is a DDS defined by:

— Configurations. The set of configurations is the subset C of Z?,

— Transition rule. 4 p-tuple R = (g1,92,...,9p) with g1 = --- = g, > 0.
From a configuration h, a transition at i leads to the
configuration ', denoted h - h' when:

o b =h; —G with G = 2?:1 9j;
. h;+j:hi+j+gj for1<j<np.

To lighten them, almost all notations do not mention the rule R = (g1,...,9p),
as it does not change during the evolution. Since configurations must be non-
increasing, the rule can be applied at column i if and only if Ah; > G + ¢4
(see Figure [1]). Note that the rule application at ¢ (which we also call fire at 7)
conserves the total number of sand grains. We also denote h — h’ when the fired
column is not given, and —* its reflexo-transitive closure. When Ah; > G + g1,
we say that column ¢ is unstable. A configuration is stable, or a fized point, if a
it has no unstable column. Let Cs be the set of stable configurations.

CS={h€C|V’LENO<AhZ<G+gl}

We denote 0¥ the infinite sequence of 0. The models are non-deterministic: the
rule is applied once at each time step. An example of successive applications for
the rule (2, 1), ending in a fixed point, is given below,:

h=(26,04) >(23,2,1,0) > (20,4,2,0°) > (17,6,3,0°) > (14,8, 4, 0°)
5 (11,10,5,09) 5 (11,7,7,1,09) > (11,7,4,3,1,0%).

Since A is a bijection on ZY¥, a configuration  can be encoded by Ah, or A2h.
The sequence Ah of slopes is a more local (spatially uniform) representation of
configurations. for the fixed point of the example above, Ah = (4,3,1,2,1,0%).
When not specified, the sequence of slopes is the default manner to give a con-
figuration throughout the paper.

Let C(h) = {h'|c —* R’} denote the set of configurations reachable from h.
We focus on the case when h = (N, 0%) i.e. configurations with a finite number
N e N of grains stacked on column 0, and no grains elsewhere. The set C((V, 0¥))
is simply denoted by C(N).

The following theorem is obtained from diamond property plus termination
(see for example [I] and [12]).



Theorem 1. C(h) endowed with — has a graded lattice structure. Moreover, for
any column i and any h' € C(h), the number of firings of i during a sequence of
transitions form h to h' does not depend of the chosen sequence of transitions.

In particular, even though decreasing sandpile models are non-deterministic,
a unique fixed point, denoted by w(h), is reached from any finite configuration
h. The goal of this study is to understand the structure of 7(N) = w((N,0¥)).
Configurations h’' of C(h) admit another representation called shot sequence. It
is the sequence v = (v;);en Where v; is the number of times column 4 has been
fired, from h to h’. The shot sequence of the stable configuration on our example
is v = (5,1,1,0%). Of course Av or A%v can also encode a configuration of C(c).
Surprisingly, the encoding A%v plays a fundamental role in the study of fixed
points.

Remark 1. The classical one-dimensional sandpile rule is the 1-tuple (1), and the
Kadanoff sandpile rule with parameter p is the p-tuple (1,1,...,1). Important
simplifications arise when the rule is a 1-tuple (g1), and a result similar to [910]
is obtained with the same technics (by grouping grains in little stacks of ¢y
units). Consequently, in the present work, we focus on the case p > 1.

The contribution. For a given decreasing sandpile rule R, we are interested
in the language (of sequences of slopes) of fixed points reached from initial con-
figurations of the form (N, 0v).

Lz = {m(N),N €N} = (U C(N)) A C,.

NeN

Experiments suggest that words from these languages all present regular repeti-
tions of short patterns. Interestingly, when p > 1 those regular repetitions do not
cover the entire non null part of the fixed point, but emerge from the dynamics:
all the grains are initial stacked on column 0, and their toppling towards a sta-
ble configuration lets the regularities appear only on the right of some relatively
small but asymptotically infinite position. Figure 2] presents some computer sim-
ulations, which lead yo the following conjecture.

Conjecture 1. For any rule R = (g1, ...,9p), there exists words w;, w., we, wy,
wy and wys, each of length at most p, such that if A = 7(N) then there exists an
integer n in Olog(N) such that (Ah;)isn = W} (We + we + €) W (wWy + wy) 09,
where * denotes finite repetitions, + the or, and € the empty word.

There also exists words u;, u, on the alphabet {0, 1}, each of length at most
p, such that if v is the shot sequence of w(NN), then there exists an integer n’ in
Olog(N) such that (A%v;)isn = uf (04 €) uf 0.

Remark that the length O(log V) of the irregular left part is negligible com-
pared to the length ©(v/N) of the non null part of the sequences (given a de-
creasing rule, it is not hard to notice that this part is in @(+v/N) because the
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Rule (4,1,1) and m(4000):

Deltah =( 8 6, 6, 2, 8 9, 7, 9, 5,_9, 9, 9, 9, 9, 9, 9, 9, 9,
_9_ 9, 9, 9 3 7, 8_9, 9, 9, 9, 9, 3, 1, 0%)
Delta”2 v = ( 188, 84, -59, 7, 9, -3, 1, 1, 1, 1, 1, 1, 1, 1 1, 1, 1, 1

i, 1, 1, o, 1, 1, 1, 1, 1, 1, 1, 0%

Rule (3,2,1,1) and w(3800):

Delta h = ( 3, 8, 2, 6, 6, 9,
9, 5, 2, 8,

Delta”2 v = ( 332, -24, 39, -62, 29, -4,
0, 0, 1, o, 1, 0,

3, 8, 9
4, 9, 5, 9, 5,
4 3
1 1

» 4,

, 0, 1, 0, 1,
» 0, h

®)

Fig. 2: Examples of fixed points with the regularly repeated pattern highlighted.

fixed point is a rectangular triangle of area N and bounded slope (by stability
from above and from below since there are no plateau of length greater than
p + 1)). Thus the conjecture gives a nearly exhaustive characterization of fixed
points. Also remark that the first part of the conjecture is a (spectacular but
direct) consequence of the second part. Thus, in the study, we will focus in the
second part.

For the Kadanoff sandpile models, this conjecture has been proven in [T5JT6/17].
In the present paper we generalize in a large way the result about fixed points on
Kadanoff sandpiles (note that Kadanoff sandpiles already generalizes the clas-
sical one-dimensional model of [9I10]). We treat the extreme cases: when g; is
sufficiently large to command the evolution (Theorem , and when ¢ is suffi-
ciently small (Theorem .

First, the language L is investigated via arguments of linear algebra linked
to static constraints obtained from the definition of a fixed point (Section .
By static constraints, we mean constraints telling that the configuration is sta-
ble, but nothing (or very few) about its creation process. This step gives an
automaton whose set of accepting words contains L. Then, we use a dynamic
and recursive construction of fixed points to refine the result. More precisely, the
fixed point (N + 1) is obtained from (V) by adding a single grain on column
0 and performing all the possible firings until stability is reached (this process
is called the (N + 1)*" avalanche). Using combinatorial arguments, we formally
prove the emergence of regular patterns on fixed points, when the rule verifies
arithmetic properties (Section .

Notice that those two steps informally correspond to the hybrid nature of
sand. The algebraic part considers it as a (quasi) continuous fluid, while the
combinatorial one considers it as a set of discrete atoms. To achieve this general-
ization, we made major improvements of the developments around the Kadanoff
model. The first one is the use of stronger algebraic theorems about matrix
norms, to ensure a convergence of the algebraic part. The second one is the in-
troduction of the encoding A?v of configurations, which is very useful to describe
fixed points and avalanches, and allows to easily consider these two notions si-
multaneously. For the Kadanoff model, the automaton is quite simple (and so
is the second step), thus the tools we introduce in the present work were not
explicitly defined and used previously [I5UT6YI7].



Finally, we discuss the results and conjecture their generalization to all de-
creasing sandpile models (Section . We strongly conjecture that our approach
can succeed for any decreasing sandpile model. But, currently, we do not have a
general proof, even if we are able to prove the conjectures for numerous particular
rules.

2 Static study of the fixed points

Equivalent representations. Decreasing sandpile models can also be seen as
chip-firing games (basically with a vertex for each column and a chip content
corresponding to the slope) with a sink, what Dhar calls abelian sandpile models
in [4]. The same notion of equivalence class applies. We define it on the set Z?

of alll ultimately null configurations For all h, h' € Z?, we have h = h' if and
only if A’ can be reached from h by a sequence of firings and anti-firings (the
reverse of a firing) on column indices in N (configurations may have columns
with negative sand content). It is reflexive, symmetric and transitive, hence an
equivalence relation. The equivalence class of a configuration h is denoted [h].
Let
m(h) =[h]nCs and Ly =[] I(N).
NeN
The developments of this section will give clues on the language L% . Note
that m(N) € II(N), hence Lr € L), therefore the conclusions of Section
will apply to our main language of interest. The arguments are based on static
equations, talking about the final stability of the configurations of IT(N). The
main static relation we exploit is simple to notice. Let us canonically extend
the definition of shot sequence to the configurations of [N]. This representation
is obviously linked to the sequence of heights, by the equality below, which
simply expresses the grain balance on column ¢ after firings and anti-firings, in
a decreasing sandpile rule R = (g1, ..., gp) with p > 1.

For all ¢ > p we have hy = —Gv; + g1 vi—1 + g2 Vi—a + - + gpVi—p. (1)

In this section, we will basically make use of Equation and the constraint
that the configurations in IT(N) are stable, non-increasing, and ultimately null.
From this we will first construct a recurrence equation describing the fixed point
from left to right: given (Av;);<j<i+p we will express (Av;)iy1<j<itp+1. Then
arguments of linear algebra will be employed in order to prove a convergence re-
sult on iterations of this system: columns on the right of a position in O(log N)
have strong regularity properties. The results will eventually be expressed as an
automaton (depending on R) recognizing the sequence of slopes of any configu-
ration in IT(N). Talking about the language £/, is not a goal in itself, but a way
to express the fact the the arguments we exploit in this section are quite gen-
eral: using static arguments we set up restrictions on the language of sequences
of slopes for any configuration in IT(N).

Section [3] will present a different and complementary kind of arguments,
linked to the dynamic of the model, that will allow to refine the results to



get a precise characterization of Lz when the rule R verifies some arithmetic
properties.

The perturbed weighted mean system. Equation can be expressed in
terms of Ah and Aw, leading to the recurrence relation

1 Ah;

Av; = a (glAvi_l + ggAUi_z + -+ gpAvi_p> — o (2)

In matricidal form, it gives a system from ZP to ZP that we call perturbed weighted
mean system:

Ah;
AV; = MAViy = —5°K (3)
with
A’l)i,p+1 0 1 0 0
AV; = : M = K=|:
Avi_l 0 0 1 0
A’Ui %D 9pr1 e ‘% 1

It is composed of two parts. First a linear map M : RP — RP that

— shifts all the values one row upward;

— for the last component, computes the mean of AV;_; weighted by (g1, - - -, gp)-
Second a discrete perturbation AC};" subtracted to the last component, so that
Av; € Z. Intuitively, iterating the system, i.e., computing the weighted mean and
subtracting a bounded perturbation ((Ah;)ien € Cs) will quickly tend to output
values which are close to each other. In other words, the sequence (AV;);zp—1
will tend to uniform vectors. This is what we are about to prove. For convenience,
let m; = é(gp, ..., 91)AV; denote the weighted mean of AV;, and m; (resp. m;)
the minimal (resp. maximal) value of AV;.

As a starting point of the system, we define AV_; = t(%,o,...,o, —p),

emulating the fact that column 0 receives N units of sand grains. Now Equa-
tion and the perturbed weighted mean system hold for all ¢ € N. For the
configurations of IT(NN) we have

N < <N
S x
G+rg 0@

(4)

because from the initial configuration we have to perform at least the left bound
number of firings (less and the configuration cannot be stable), and at most the
right bound number of firings (more and it is not possible to get a non-increasing
and ultimately null configuration).

Regarding the discrete perturbation AC’;“, for all configurations of the set
I1(N) we have a relation for stability (left) and a relation for integrity (right).

Ahs
C?z<1+g§1<2 and Ah;; 1 =Gm; mod G. (5)

0<



Note that consequently, for a given m; there are at most two possible values of
Ah; that match these two constraints, and only one when m; > G + ¢;. This
will be a key point in the construction of automata at the end of this section.

For the convergence of (AV;);en towards uniform vectors, we first prove that
it converges in O(log N) iterations to vectors of bounded amplitude.

Lemma 1. There exists a constant « and a ng € O(log N) s.t. m; —m; < « for
all i > ng.

Proof (sketch). Equation implies that m_; — m_; is in @(N). In order to
prove that iterations of the perturbed weighted mean system tend to uniform
vector, that is, each value will become closer and closer to the mean value, we take
M; = *(ms,...,m;) € RP and study the sequence (Z;);en Where Z; = AV; — M;,
which converges to 0, = *(0,...,0) € ZP. From Equation we get a relation
of the form
Ah;
G

where O is a contracting map: its spectral radius is strictly smaller than 1 (proved
with a classical result due to Enestrom and Kakeya, see for example [§]). As a
consequence, we can isolate the contracting map and the sum of perturbations,
1 & ;
_ Ontl1 - S n—i
Zy=0""Z_; + G;Ahzo L.

Zi=0Z; 4 — L

The left part of the sum tends exponentially to 0, (see for example [13] for a
discussion on contracting maps), and the right part is upper bounded by some
constant o — 1. Since the norm of Z; is in the order of m; —m,, the norm of Z_;
is in O(N) and there exists an iteration ng in O(log N) such that the left term
is strictly smaller that 1, leading to the result. O

Secondly, it converges, at least linearly in the amplitude, to a sequence which
is non-increasing and where two consecutive values are equal or differ by one.

Lemma 2. There exists d in O(; —m;), such that for all k = i + d, we have
@

Avp — Avgyq € {0, 1}. Moreover, Avg1 = Avy, — 1 only if my —m; < &
Proof (sketch). The core argument of this proof is that, when m; # m;, the
weighted mean m; is strictly between m; and m,. The perturbation (bounded
by Equation ) subtracted to it then always leads to an integer Av;,1 which
is strictly below m; and greater or equal to m; — 1. As a consequence, the result
holds if the sequence (Avg)g>i+4 is non-increasing. In order to prove this, we can
first notice that while Av;1; is above or equal to m, it is still strictly below m;
so AV, tend linearly to uniform vectors. When it happens that Av;11 = m; — 1,
the values embedded in AV; must already be very close to each other, in order
for the mean m; to be just a little bit above m;, so that the perturbation (strictly
smaller than 2 from Equation ) subtracted to it can lead to a Awv;,1 strictly
below m;. In this case, a careful look at the constraints on the closeness of the
values embedded in AV} allows to conclude. O



The combination of Lemmas [I] and [2] gives the expected result, which we
will express in term of the second derivative of the shot sequence. Let A?V; =
t(szi_pH, ..., A%v;_1). Note that A%V; can be computed from AV;, and so
can the difference m; — m;, with the function m defined as

m(qu, ..., qp-1) = Z p—j9k = Z_: |f]p—j< Z gk)

1<j<k<p j=1 k=j+1

Property 1. — For the product order, if U < U’ then m(U) < m(U’).

— If Av; = m; then m(A%V;) = G (m; — m;).

- m(0,0,...,0,0,1) =go+g3+---+9gp; m(0,0,...,0,1,0) = g3+ + gp;
m(1,0,...,0,0,0) =gp; m(L,1,...,1,1,1) =g2+2g35+---+ (p—1) gp.

Proposition 1. There exists a column ny in O(log N), such that
for all i = ny we have A%v; € {0,1}.
Moreover, A%v; = 1 only if m(A?V;) < g1, and
for all i = ny we have Ahiy1 = m(A*V;) + A%v; G.

Proof. First part is a straight combination of Lemmas [1| and [2| For the middle
part, when Awv is non-increasing we always have Av; = m; and Property
applies. For the last part, from Relation we have Ah; 1 = G (m; — Aviq1).
When i > n; the first part states that A%v; equals 0 of 1 (recall that m; = Av;),
and in both cases the conclusion is reached by applying Property O

Remark 2. To avoid confusion, remark that A2v; is not the last component of
A?V;, but the last component of A2V, ;.

The automaton. Proposition [1| gives restrictions on the language £/ . Let us
now express these restrictions in the framework of automata theory. Given a
decreasing sandpile rule, its recurrence automaton will be a Muller automaton
(a kind of Biichi automaton with stronger accepting condition, see [14] for a
definition) recognizing a subset of Cs which includes L% (asymptotically).

States of the automata correspond to vectors A%V € {0,1}P~1, and transi-
tions to iterations of the perturbed weighted mean system. Depending on the
value of m(A?V;), Proposition [1] tells that there is one or two out-going tran-
sitions from a state. We label a transition with the value of Ah;q given by
Proposition I We consider the whole set of states as potential initial states, and
0P~! as the unique entry in the acceptance table of Muller automata, i.e., runs
must end in an infinite loop on the state 0P~!, corresponding to the fact that all
words of £, are ultimately null (by definition).

Definition 2. Given a decreasing sandpile rule R, let Ar be its recurrence au-
tomaton, which is the Muller automaton whose set of states is {0,1}P~%, alphabet
is N, set of initial states is {0, 1}P~1, acceptance table is ({0P~1}), and there ex-
ists a transition (q1,...,qp—1) —>r (¢1s--- s qp—1) if and only if



- (qll’ ) q;)—2> = (qQa s 7Qp—1);
— either ¢, 1 =0

or g, 1 =1 andm(q) <g1;
—a=m(q) + ¢,,G.

001 «——— 7
./9\ o Fig. 3: Recurrence automata Ap for
101 010 —— 100 —— 000 S0 R= (3,2,1,1), where irrelevant states
~_ 13

are shaded. Note that it is in accordance
with the example from Figure @

01— 110 < 111

An example of recurrence automaton is given on Figure[3] Theorem [rephrases
Proposition |1 in order to characterize L.

Theorem 2. Let L(ARr) denotes the language of infinite words recognized by
Ag. For all Ah € II(N), there exists a column ng in O(log N) such that

(Ahi)iZnQ € L(AR) .

Theorem [2] is equally valid if we simplify recurrence automata to their ulti-
mately relevant states, i.e., those belonging to a directed cycle (note that 0P~*
is always an ultimately relevant state with a loop labelled with slope value 0).
Let A% denote these simplified automata. Languages £(A%) contain suffixes of
the languages we are interested in. It is not tight enough to fit Lz, not even ex-
actly L%, but can nevertheless be considered as an important progress compared
to Cs. Furthermore, the developments so far are only based on static relations
coming from the model definition. Finally, let us recall that w(m(N)) € O(v/N)
for all rule and number of grains N, therefore £(A%) contains prefixes of L7
that asymptotically account for the whole fixed points. Note that this is not an
equality: A%, recognizes other words.

3 Dynamic study of the fixed points

Avalanches. This section complements the developments around Lz presented
so far (p > 1), with arguments linked the dynamics of decreasing sandpile models.
It is based on the fact that for a given rule, 7(0), 7 (1), 7(2),...,7(N) must all
belong to L(A%) (starting from some index ng in O(log N)). Let us present
the notion of avalanche, and two cases where combinatorial arguments allow to
characterize asymptotically (A2v;);en (hence (Ah;)ien, see Section when ¢ is
above some upper threshold or below some lower threshold (note that the second
case includes Kadanoff sandpile models).

Let ¢!© denote the configuration obtained from ¢ by adding one grain on
column 0. If ¢ ... B¢ then ¢!\ ... 540 This is in particular true for
¢ = (N,0¥) and ¢ = w(N), thus fixed points can inductively be computed with

T(N +1) = n(x(N)*),
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by, from 7(0) = (0¥), repeating N times the addition of one grain followed by
the stabilization process. We will now use this point of view. Let the (N + 1)
avalanche be the sequence (a;);>0 where a; denotes the number of times that
column 7 has been fired in the stabilization process from 7(N)*® to 7(N +1). Let
plain h,v (resp. primed h’,v") denote representations of 7w(N) (resp. m(N + 1)),

(U§ —vi)iz0 = (a;)i=0 and (AQ ; - AQ”i)iZO = (Azai)BO' (6)
Avalanches are studied in [I5], which is generalized as follows.

Theorem 3. 1. For each integer i = 1, we have a; € {0,1}.

2. Ifaj =aj11=...=ajp—1 =0 for some jeN, then ap =0 for all k > j.

3. If Ahjyr + grp1 < G+ g1 for some j € N and all 0 < r < p—1, then integer
j satisfies condition [q above.

Proof (sketch). Arguments similar to [I5], telescoping sum for third point. o

First, note that Proposition [I| and Equation @ imply that there exists ns €
O(log N) such that (A2%a;)i=n, € {—1,0, 1}, hence there is no factor 010 or 101
in (a;)i=n,. A simple case by case study of what does the value of A%a; implies
on a;, a;+1 and a;4+2 shows that, up to a one unit shift, the patterns 1(—1)
and (—1)1 of (A%a;)i>n, are delimiters of the intervals of 0 and 1 in (a;)isn,-
Moreover, the length of intervals of 0 in (a;)i>n, i at most p — 1 (except the
ultimate 0*). Basic considerations of this type lead to the following proposition
(* is the Kleene star denoting finite repetitions).

*
Proposition 2. (A2%a;);>n, is suffiz of a sequence in (0* 1(-1)0* (—1)1) 0v.

We will have two main arguments: the stopping condition of Theorem |3} and
the compatibility between 7(N) and (N + 1) (Proposition [I] and Theorem [2)).
For 1 <i<p—1,let E; € {0,1}?~! have all null components except the i*%.

Case g1 > m(1,1,...,1). In this case two transitions are possible from any
state in the automaton i.e., Theorem [2| gives no constraint other than A%v; e
{0,1} for all ¢ = ny. Nevertheless we show that, on the right of column ns, the
avalanche process fires a set of consecutive columns and stops.

Lemma 3. If 3k € N such that A%v,, 41 =0, then a; =0 for j > no +k + 1.

Proof (sketch). The goal is to reach the stopping condition of Theorem [3| From
the hypothesis, Ah,, k11 = m(A?Vy,1x) + A%, 4. G < m(1,...,1) < g;. For
2 < r < pwehave A*V,, ki1 < H(1,..0,1) — Epr1—y and m(Epy1—r) =
Gr + gr41+ -+ -+ gp. Since m is a linear map, Ay, ypr +9r < m(1,...,1)+ g1+
g2 + -+ gr < g1 + G and from Theorem [3| the avalanche stops (item . ]

Theorem 4. (a;)izn, € 1¥ 0% and (A%v;)i>n, € 1% (0 + €) 1% 0.

Proof (sketch). The result is proven by induction on N, the base case is obvious.
For the induction, we have (A20;)izn, € 1¥ (0+¢) 1¥ 0“. From Propositionand
Equation @ we have either (A%a;)i>n, = 0¥, or (A%a;)isn, = 0F71 (=1)10%,
otherwise it contradicts Proposition [I] In both cases the statement holds. o
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Case m(E,) < g1 < m(E, 1) with r + 1 < 2. Note that it is always true
that m(E1) = g, < g1. In this case, we will prove two preliminary lemmas and

a description of (A2v;);=y, similar to Theorem
Lemma 4. In (A%v;)i>n, two 1 are separated by at least p —r — 1 values 0.

Proof (sketch). In terms of the automaton Ag, while the state ¢ ends with
strictly less than p — r — 1 values 0, there is only one transition (adding a new 0
at the end of q) because m(q) > g1 (the minimal case for m is ¢ = 0" 10P~"=2 =
E,.1). The result follows by induction. O

The next Lemma tells that p — r values 0 in A%v stop the avalanche.
Lemma 5. If A%v; =1 and A%vj4p_ = 0 for j > na+p, then (a;)isj12 = 0.

Proof (sketch). The goal is again to reach the stopping condition of Theorem
From Lemma [4 the hypothesis, and because m(E,_1) + g1 = G, we have
Ahj+2 +0g1 = m(A2‘/}+1) + g1 < m(Ep_1) + m(E,»_l) + g1 < G+ g1. It follows
from similar arguments that Ahj iy + gr—1 < G + gr—1 for 2 < k < p + 1, thus
Theorem |3| (item [3]) applies. o

Theorem 5. (a;)izn,+p € 1¥0% and (A%v;)isny,+p 5 suffiz of an element in
(Op—r—l 1)* (O + 6) (Op—r—l 1)* ov.

Proof (sketch). The result is proven by induction on N. The base case is obvious,
and the induction is obtained from Equation @, and the constraints given by
Proposition [T} Lemma ] and Lemma o

4 Conclusions and perspectives

This paper has explored the languages of sequence of slopes for fixed points of
decreasing sandpile models, L. After a general development based on linear
algebra, in two cases, Theorems [d] and [5] give precise asymptotic characteriza-
tions of A2?v, which apply to the sequences of slopes (via Proposition . We
conjecture that a similar characterization holds for any decreasing sandpile rule
(see Conjecture |1)).

Note that for the two cases we solved, we have w; = w, (from the la-
beling of recurrence automata and Theorem , but this is not always the
case. For example, we strongly conjecture that for the rule (6,1,1,1,1), the
sequence A%v is asymptotically of the form (0011)* (0 + €) (01)¥" and a subse-
quent avalanche leads to (1100)% =10 (01)¥"*2 when the central part was 0, and
to (1100)*:*+1 (01)¥>=2 when the central part was e. Hence w; and w, may differ.

The proof technic works in several stages, that may highlight the fact that
sandpiles are at the edge between discrete and continuous systems. Lemmal[T] uses
arguments of linear algebra corresponding to a rough continuous nature, while
Lemma [2] and Section [3] refine the study with precise combinatorial arguments
corresponding to discrete dynamical phenomena.

The structure of avalanches is also an interesting point of view. We propose
the following conjecture, satisfied for the cases treated completely in Section [3]
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Conjecture 2. For any decreasing sandpile rule R and any positive integer N,
there exists n in O(log N) such that the N'* avalanche verifies (a;)i>n, € 1% 0.

According to the conjectures above, fixed points and avalanches are charac-

terized on the right of some column n in O(log N) compared to their width in
Q(W ) i.e., asymptotically completely. Though its relative size tends to be null,
the unknown part between 0 and n is not bounded. The conjectures mean that
as we add grains one by one, they trigger avalanches that let grains create and
maintain regular patterns, after a transitional phase of unbounded length. Let
us finish on a question: should this process be called self-organized emergence?
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A Muller automata

Muller automata where introduced in [T4]. They are very close to Biichi automata
and make us of the concepts of automata and runs.

Definition 3. An automaton is a 4-tuple (Q, X, —,S), where
— Q is a set of states;
— X is an alphabel;
— S is a set of initial states;
— —>C Qx X xQ is a set of transitions, and (q,a,q') € — is denoted ¢ — ¢'.

An automaton describes a dynamic that is captured by runs.

Definition 4. For an automaton A = (Q, X, —,8) and an infinite input word
we XY arun of A on w is an infinite sequence of states p € Q¥ starting at
some po € S and such that for all i € N we have p; — piy1.

The definition of Muller automata adds an accepting condition for the recog-
nition of infinite words.

Definition 5. A Muller automaton is a pair (A, T), where A = (Q, X6, Qin)
is an automaton and T = {Q1,Qa, ..., Qk) is an acceptance table with Q; < Q
forie{1,2,... k}.

The Muller automata accepts (or recognizes) an input w € X% if there is a
run p of A on w such that {g€ Q | 3n : p, = q} = F; for some i.

The accepting condition is quite strong: for a word to be accepted, there
must exist a run p and an entry F; of the acceptance table, such that the set of
states visited infinitely often by p is exactly F;.

B Complete proofs

Proof (Lemma . From Equation , we have that m_1 —m_, is in O(N).
We introduce the matrix

1 0 9p Gp—1 --- 91
D= _ . . .

0 1 9p Gp—1 --- 91

Ql=

For each vector U of RP, DU is obtained from U by subtracting to each
component the weighted average & (gp, . ..,91) U. Hence D is the matrix of the
projection on the hyperplane formed by vectors U such that (gp,...,91) U =0,
according to the direction of the vector 1,,.

Let Z; = D AV; and M; = m; 1,, i.e., M; is the uniform vector with all its
components equal to m; = é (gps---»91) AV;. We have M; = AV, — Z,.

To prove the lemma, it suffices to show an ng in O(log N) such that || Z,, || <
5 for some constant a. We have
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Ah;
G

Ah;

DK.
G

Zi:DAVi=D<MAVi1— K>=DMAVZ»1—

Since AV; = Z; + M;, and DMM; = DM; = 0,, we have the recurrence
equation

DK =DM Z; 4 — DK,
G e

Z; =DM (Zifl + Mifl) —

from which we get the expression

1 & ;
Zn = (DM)"™' Z_y + = > Ah; (DM)" ™' DK.
¢ =
There exists a matrix norm (see e.g. [E. Isaacson and H. Keller. Analysis of
Numerical Methods. Wiley, 1966]) such that for each x € R, for each pair A, B
of matrices, and each vector U, we have |A + B|| < |A4| + | B, |zA] = |=| | A,
[AB[ < [A[IB], [AU]w < [A[U]<-
We can deduce that

n 1 S n—i
1Zulleo < DM | Z-1 )0 + el D Al | DM | DK os,
i=0

from which, since for each integer 4 it holds that Ah; < G + g1, we get

n G+ g1 u ;
| Znlloo < IDM** | Z 1]l + e (Z IDM[ ) | DK |-
=0

We now have to study DM. We recall that, for each (complex) square matrix
A, the spectrum of A, denoted by Sp(A), denotes the set of eigenvalues of A,
and the spectral radius of A, denoted by A, is the maximum among the moduli
of values of Sp(A).

Fact 1 For each eigenvalue A of Sp(M)\{1}, we have & < |\ < 951 < 1.
Moreover, we have
Sp(DM)\{0} = Sp(M)\{1}.

Let us postpone for a moment the demonstration of the fact above. The fact
is used to obtain, as a direct corollary, that

p(DM) < 1.

For any ¢ > 0 and any matrix A, the matrix norm satisfying the conditions
above can be chosen in such a way that |A| < p(A4) +e€ (see e.g. [E. Isaacson and
H. Keller. Analysis of Numerical Methods. Wiley, 1966] Th. 3, p. 12). Applied
with A = DM and € such that p(DM) + € < 1, we get |[DM| < 1. Thus



15

n G+
1Zuloo < IDMI™ | Z-oe + e | D oo

(1 —[DM])
Since |[DM|| < 1 and |Z_1]« is in O(N), there exists ng in O(log(N))
such that [|[DM|"*!|Z_1|, < 1, therefore we get the result with § = 1 +
o

G+
aazromm 1PK -

Proof (Fact . In order to prove Fact |1} let us first concentrate on the matrix
M, which is a companion matrix of characteristic polynomial

2
+
=
=
&
I
Q-
i~}
L
+ —
{ndle
S
d
N———
8
o

=& (%
We use a classical result due to Enestrom and Kakeya (see for example []]): if
P(z) = X0 arz® is a (real) polynomial with all oy, > 0, then the moduli of
every root A verifies

. Qg QX
min < A€ max .
0<k<n—1 ( Qg1 0<k<n—1 ( Qg1

Applied to R(x), we get

. —k—1 —k—1
min {1—%}“}<|)\|< max {1—%’“}
0<k<p—1 , 0<k<p—1 ,

<P 2ii—0 Ip—i =P 2ii—0 Ip—i

hence the moduli of every root is at least é and at most %, because Definition
[[] specifies g1 = g2 = -+~ = g, > 0. This is the first part of the fact.

For the second part, take a non null value A of Sp(DM) with an associ-
ated proper vector Uy. Since DM1, = 0,, the vectors Uy and 1, are linearly
independent. We have

1
/\U)\ ZDMU)\ IMU)\f <G (gp,...,gl)(MUA)> 1p.

Let 1 = & (gp, -, 91) (MU,). It follows that MUy = AUx+pu 1, and M1, =
1,, thus

M((1=NUx —p1,) = (L= NAUx + #L,) — p1, = M(L = A\ Ux — u1,).

Thus, for A # 1, the vector (1 — A) Uy — p1, is non null, from the linear
independence of Uy and 1,, and is a proper vector of M for the eigenvalue \.

For A = 1, imagine that there exists a vector Uy = *(u1,ua,...,u,) such that
DMU; = U;. Since U; is in the image of DM, we have é (gps---,91) U1 = 0.
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Therefore MU; = '(ug,...,up,0). Thus, if we assume that DMU;, = Uy, we
necessarily have, looking at the last component,

U =DMU, = MU; +up1p,

which gives, for 1 < ¢ < p, that u; = uj41 + up. Thus Uy = “(puy, (p —

D up, ..., up), and (gp,---,91) U1 = up((gps--- 1) *(p,p — 1,...,1)) = 0. The
value (gp, ..., 1) *(p,p—1,...,1) is positive. Thus u, = 0, and therefore U; = 0,,
which proves that 1 is not an eigenvalue of DM and finishes the proof. ]

Proof (Lemma @) We recall Relation of the perturbed weighted mean sys-
tem,

Ahip
G

This proof strongly relies on the fact that the weighted mean is between the
extremal values it is computed from,

Avipr =m; —

m .

Furthermore, when m; # m;, this inequality is strict.
The difficult part is to show that the sequence (Avg)k>i+q is non-increasing.
The proof is divided in two stages.

Fact 2 There exists d < (m; —m; + 1) p, such that AV;iq4 is a uniform vector,
or Aviygyr < my g

Proof (Fact @) We prove that if the first case does not hold, then the second
does. Assume that for each d’ < (7n; —m; + 1) p, AV 44 is not a uniform vector.
In this case the mean m; ¢ is always strictly between m;, , and M s. We
have M a0 > Miyar = Avipar41, thus the sequence (Mita)o<ar<(m,—m,+1)p 19
non-increasing. Moreover for d' < (m; — m;) p, every p iterations the maximal
value has strictly decreased: M4 > My 4p, because the newly computed
value (from the mean minus the discrete perturbation) is always strictly below
and after p iterations we have only “newly competed values” so the maximal
among them is strictly smaller. That is, we have mM; o = Mitq4p + 1 and,
by induction, M,y (m;—m,) < Mi — (M; —m;) = m;. The non-uniformity also
implies that m;, , g, ) < m;. This last inequality is sufficient to conclude: in
particular, there exists d”, with p (; — m;) —p < d” < p(m; — m;) such that
Av;pgr < m; < Av;, which forces that there exists d with 0 < d < d” such that
Avipgrr < My g =]

Fact 3 The sequence (Avg)ksitd 18 non-increasing.

Proof (. Fact@. We first need the following preliminary inequality:

g

G

for each integer j > 0, mj 11 < my + = (Avjy1 —m;).
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Indeed,
1 p
mji1 =g kZlgk Avjiog
P
=& 2k —gr—1+gr-1) Avjio_k + g1 Avjp
k=2
e P
=& | 2k —gr—1)Avjrok + X g1 Avjio_k + g1 Avjpy
k=2 k=2
1 P p—1
=a <Z 9k — gk—l)AUj+2—k + > 9w AUj+1+k’ + 01 A’Uj+1) .
k=2 k=1

We have g, — g1 < gk — grk—1 < 0 and 0 < m; < vj42-, thus
(9p — 1) m; < (g — gr—1) Avjro—-

-1
Moreover, >, g Avjy1-p + gp Avji1—p = Gmy. Thus

9p—91 g A g1
mjp1 < 258m; + (my — & Avjea—p) + G Avj
—_ 91 g
= L (Avj11 —m;) + E(my; — Avjpip).

which gives the inequality announced since m; < Avji1_p. In particular we get
mjy1 < my when Avj g < m;, and mj < mj — 9—1 when Av; 1 < m;

Now we will prove by induction on k that, for each j such that i + d <j <k,
we have Av; > Avjyq.

For initialization, this si true for £ = i + d. Now assume that the property
is true for an integer k, with k > ¢ + d. This implies that the finite sequence
(m;)it+d<j<k+1 is non-increasing and, for each j such that i +d < j <k +1, we
have Av; = m;.

If AV, 1 is a uniform vector, then Avg,o < mypy1 = Avgy1 and we are done.
Otherwise let &’ be the largest integer such that ¥’ < k and Avgp > Avgrgq
(notice that k' exists and is larger or equal to k — p + 2 because AVyy; is
not a uniform vector). Since % < 1+ % (Relation ), we have my —
1-%Z < Aver On the other hand, from the preliminary inequality we get
M1 < My — & %. Consequently

Mir 1 < Mgy — gal < Avpra1 + 1+ % + — 961 = Avpr4q + 1,
which gives my11 < Avirg1 + 1. Thus, since (m;)i1a<j<k+1 1S non increasing,
we have

Avpro S mypryy < Augryy +1= Aoy +1

which gives Avgyo < Avgyq, since Avgyo and Avg,q are integer values. This
finishes the induction. O
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To finish the proof of Lemma[2] we have

Avkﬂ>mk—1—g—é>mk—2>mk—2:Avk—2
which gives Avgy1 = Avg — 1, by integrity. O

Proof (Lemma @ From the hypothesis, we have
Ahpyibr1 = M(A Vi, 1) + A0, 01 G <m(1,1,....,1) < g1.
We have A%V, 1k4r—1 < (1,1,....,1) — Epi1—p, which gives
Ahpy i rr = M(A Vgt kr 1)+ A%, 1 ksr1 G <m(1, 1, e, D) =m(Epy 1) +G.
Notice that m(Epi1-r) = ¢r + gr41 + ... + gp. As a consequence
Ahpyikgr <m(L, 1., 1) =(gr+grs1+...+gp)+G = m(1,1, ..., 1)+g1+g2....+ gr_1.

Thus
Ahpyiior + 9o <m(L,1,..1) + g1 +92... + 9 <91 + G

which, by Theorem [3| (item [3), ensures that a; = 0 for j = no + k + 1. ]

Proof (Theorem . The proof proceeds by induction on N. For N = 0, the
result is obvious. Now assume that the result is true for N > 0. By induction
hypothesis, the sequence (A%v;);>n, is element of 1* (0+¢) 1% 0. If (A2%a;)isn, =
0“, then (A%0))i>n, = (A%0;)isn,, and the result is trivial. Otherwise (A2a;)i>n,
contains at least a value equal to 1. We have three alternatives. The key point
is that a pattern (—1)1 in A%a must occur on a pattern 10 in AZ%v.

— If (A%0;)in, = 1% 0% for an integer k, then the last 1 of (A2%a;);>n, must be

in a position greater than k, since, otherwise, a value 2 appears in (A2v])i>n,
by addition. Moreover the last -1 of (AQai)Z;n? must be in a position at most
k since, otherwise, a value -1 appears in (A%v));>,, by addition (Equation
(6)). Since the last -1 of (A2a;);>n, just precedes the last 1 of (A%a;)izn,,
the last 1 of (A2a;);>n, is in position k + 1 and the last -1 of (A%a;);>p, is
in position k.
If (A%a;)isn, = 0571 (=1)1 0¥, then, by addition, (A%v});>,,1¥71 01 0%, and
we are done. Otherwise, we study the position of the penultimate -1 of
(A%a;)i=n,- Since this -1 is just preceded by a 1, the only non contradictory
possibility is that -1 is in first position i.e., A%a,, = —1. Thus A%a,, 1 = 1,
which forces that A%v,, 1 = 0, since szgz_l = A%v,, 1+A4A%,, 1 <1.As
a consequence, from Lemma A?q; = 0 for j > no, which is a contradiction
and finishes the proof of this case.

— If (A2%0;)isn, = 1¥01% 0¥, for a pair k, k' of positive integers, then from
Lemma |§| the avalanche stops before column ny + k i.e., a; = 0 for j >
ng + k. Thus, proceeding as is the previous item, we get that the last
1 of (A%a;)i=n, must be in position k + 1, from which we deduce that
(A%a;)i5n, = 0F~1 (=1)10%. Thus, by addition, (A20})isn, = 1¥~101F+1 0%,
and we are done.
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— The case when (A20;)isn, = 01¥ 0, with & > 0 can be treated as the
previous one. We have (A%a;)isn, = 10“. Thus, by addition, (A%v))i>pn, =
1¥+10%, and we are done.

O

Proof (Lemma [{]). Let ¢ = qiga...qp—1 be a state of L(Afg). We prove the
following equivalent statement: if ¢; = 1, then, for 1 < kK < p—1—1r and
j+k <p-—1, we have g;1; = 0. For this purpose, we demonstrate that after ¢
automaton steps, the result holds for each j > p—1 — 1.

For ¢+ = 0, the result is obvious.For the induction, assume that the result
holds for a fixed ¢ > 0. Let q1¢2...¢gp—1 be a state obtained after ¢ + 1 steps,
whose predecessor is the state goq; ... gp—2. Since goqi . .. gp—2 is obtained after
i steps, we can apply the induction hypothesis on goq ...gp—2: if ¢ = 1 and
j=p—2—i,then,for 1l <k <p-—randj+k<p—2wehave gj;, = 0.
If, moreover, q,—1 = 0, then we obviously have the result on ¢iqz...qp—1 for
i + 1. Otherwise g,—1 = 1, which forces that m(qoqi ... ¢gp—2) < g1, since there
is an automaton transition from goq; ... gp—2 to q1g2 ... gp—1. Therefore, for any
J, with 0 < j < p—2, m(Ej+1) < m(qoqi - - - ¢p—2) < g1. Furthermore for any
j with r < j < p— 2 we have ¢; = 0, since m(E;11) = m(E;+1) > ¢1. As a
consequence, there is nothing to prove for j = r. For p — i — 2 < j < r, the
condition is satisfied by induction hypothesis. This gives the result by induction.

m]

Proof (Lemma @ First notice that our conditions and Lemma [4| imply that
A?vj_, =0 for 1 <r < p—r—1, and A?V; contains at most one non null
component. Let ky be the lowest positive integer k£ such that szj+k =1 (with
the classical convention kg = +00 if A?vjyy = 0 for any k¥ > 0). We have
ko =p—r+1 from Lemma 4

The remarks above allow us to apply the criterion of Theorem (3| (item [3)).
Indeed, for j + 2 we have

Ahjio + g1 = m(A%Vi) + g1 < m(Ep_1) + m(Er—1) + g1
Furthermore m(E,_1) + g1 = G and m(E,_1) < m(E,) < g1, thus
Ahjio+ g1 < G+ g1.

More generally, for 2 < k < kg we have
Ahjig+gr—1 = m(A*Vi 1)+ gr1 < m(A*V11) +g1 = Ahira+g1 < G+ar.

Now, for k = kg + 1 we have

Ahjikgs1 + gry = M(A*Vjgry) + G + gy

Remark that m(A?Vig,) = m(Ep_1_g,), thus

M(A*Viiro) + ko = Gp + Gp—1 + -+ + Gy < M(Ep_,) < m(Ep_1) < g1,
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and we can deduce that
Ahjiko+1 + gro < G+ g1

Finally, for kg + 2 < k < p + 1 we have A2vj+k_1 = 0 from Lemma
Moreover, A2Vj+k,1 = Ep1—ptko + Ep—1-1 with m(Ep_1_k4r,) < G and
m(Ep-1-k) + g1 = gp + Gp1 + -+ g1 < m(Epx) < m(Er1) < g1
Hence we can again deduce that

Ahjir + gr—1 < G+ g1.

As a conclusion, from Theorem [3| (item [3) we can claim that (a;)i>;1+2 = 0.
=

Proof (Theorem @ By induction on N. For N = 0, the result is obvious. Now
assume that the result holds for a fixed N > 0. If (a;)i>n,+p = 0%, then the
result is straightforward. Otherwise we have two cases.

— If (A%0;)i>ny+p is a suffix of an element of (0P~"~1 1)* 0¥, then the position
of the last -1 of (a;)i>n,+p (just before the last 1 of (a;)i>n,+p) and the
position of the last 1 of (A%v;);=n,+p are the same. Otherwise, by addition
(Equation @), a value 2 or -1 appears in (A%v});>n,+p, OF two consecutive
1 are separated by p —r — 2 values 0 in (A%v]);=n,+p- The first alternative
is in contradiction with Proposition [I} and the second one with Lemma [4
For the same reasons, the position of the penultimate -1 of (a;);>0) is before
ng + p. This gives the result for N + 1, by addition.

— If (A%0;)i=ny+p is a suffix of an element of (0P~ 1)* 0 (0P~"~1 1)* 0+, then
the position of the last -1 of (@;)i>n,+p and the position of the 1 just before
the p—1r values 0 in (A2vi)i>n2 +p are the same. Otherwise, we have the same
contradictions as in the previous case. Moreover, we know from Lemmal5|that
the last -1 in (@;)i>n,+p cannot be after the position of the 1 just before the
p—r values 0 in (A2vi)i>n2+p. This ensures that the last -1 of (a;)i>n,+p has
not the same position as the last 1 of (A2vi)i>n2+p. Continuing in a similar
way as in the previous case, we get the result for NV + 1.

This proves the lemma by induction. ]
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