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INTRODUCTION  

I THE MAJOR BREAKTHROUGH IN SCIENTIFIC PRACTICE 
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When, though, the little which each one of them who has acquired the 
truth is collected, something of great worth is assembled from this. 
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We ought not to be ashamed of appreciating the truth and of acquiring 
it wherever it comes from, even if it comes from races distant and 
nations different from us. 

(Al -Kind" !"#$"% &'()'("% *+ (On the First Philosophy, 1974, 
pp. 57-58)). 
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There are four kinds of men: men who know and know that they know; ask them. 
Men who know and do not know that they know, they are forgetful; remind them. 
Men who do not know and know that they do not know, they search for guidance; teach them. 
And men who do not know and do not know that they do not know, they are ignorant; shun them. 

 
(Al -Khal"l ibn A1mad al-Far!h"d", in Ibn Qutayba "Uy$n al-akhb!r , 1986, II, p. 142) 

 
 
Knowledge was a major issue in science and philosophy in the twentieth century. Its first 
irruption was in the heated controversy concerning the foundations of mathematics. To justify 
his rejection of the use of the actual infinite in mathematical reasoning, Brouwer has made the 
construction of mathematical objects dependent on the knowing subject. This approach was 
rejected by the mainstream of analytical philosophers who feared a fall into pyschologism. 
Several years later, the question of the progress of scientific knowledge was put forward in 
the thirties by the post-positivist philosophers to fill the vacuum in the philosophy of science 
following the demise of the logical positivism programme. The answers given to these 
questions have deepened the already existing gap between philosophy and the history and 
practice of science. While the positivists argued for a spontaneous, steady and continuous 
growth of scientific knowledge the post-positivists make a strong case for a fundamental 
discontinuity in the development of science which can only be explained by extrascientific 
factors. The political, social and cultural environment, the argument goes on, determine both 
the questions and the terms in which they should be answered. Accordingly, the sociological 
and historical interpretation involves in fact two kinds of discontinuity which are closely 
related: the discontinuity of science as such and the discontinuity of the more inclusive 
political and social context of its development. More precisely it explains the discontinuity of 
the former by the discontinuity of the latter subordinating in effect the history of science to 
the wider political and social history. The underlying idea is that each historical and social 
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context generates scientific and philosophical questions of its own. From this point of view 
the question surrounding the nature of knowledge and its development are entirely new topics 
typical of the twentieth century social context reflecting both the level and the scale of the 
development of science. To the surprise of modern historians of science and philosophy, the 
same kind of questions, which would allegedly be new topics specific to the twentieth century 
concerning the nature of knowledge and its progress, were already raised more than eleven 
centuries earlier in the context of the Arabic tradition which, as we discuss further on, 
developed a trans-cultural and trans-national concept of the unity of science (see the 
contributions of Deborah Black and Jon McGinnis which tackle the issue of the nature of 
knowledge). The neglect of the Arabic tradition in philosophy of science is a major a gap not 
only in the development of science but a fundamental flaw in the writing of its history and 
philosophy caused by the total reduction of epistemology to political and social history of 
science. How has this period of the history of science and philosophy come to be ignored? In 
what circumstances were the questions akin to the nature of knowledge raised in the first 
place? What is the relation between on the one hand the questions of knowledge and its 
growth and on the other hand the unity of science in the Arabic tradition? The answers to 
some of these questions are the aim of the present volume, the first of the series Logic, 
Epistemology and the Unity of Science to be devoted to a so-called non-western tradition. Let 
us first highlight in a kind of overview some landmarks concerning the timing of the 
emergence of the Arabic tradition and its significance for the history of science. 

1. What happened in the ninth century? 

Since the beginning of the history of science in the mid-eighteenth century and its firm 
establishment as an independent discipline in the nineteenth century, the history of science 
has been largely written by western historians. The views of most historians of the nineteenth 
century have succeeded in shaping the standard view, still prevailing today, concerning the 
Arabic tradition. In this respect, the received viewÕs approach was motivated by two main 
concerns: (i) to recover the lost Greek heritage extant only in the Arabic version, and in the 
meantime to find out to what extent Arab scientists and philosophers are proved to be capable 
of correctly understanding sophisticated Greek thought; (ii) to assess the contribution of the 
Arabic tradition to the development of the so-called western science. The focus on the relation 
between the Greek and the Arabic traditions reflects the major concern of this approach which 
consists in examining what has commonly been called the reception of the Greek scientific 
and philosophical works in the Arab world. While it is true that the Arabic tradition was 
developed against the background of Greek scientific and philosophical writings Ñ  a 
phenomenon which is similar in this regard to the fact that Greek philosophy had emerged 
against the background of the achievements of the Babylonian and Egyptian civilisations, the 
standard approach seems to have gone too far in its assessment of the so-called reception-role 
of the Arabic tradition. Indeed, according to the received view the Arabic tradition seems to 
be deprived of any interest of its own. Indeed the impression given is that Greek philosophical 
doctrines have succeeded not only in overthrowing the Babylonian and Egyptian beliefs, but 
they continued to dominate throughout the classical Islamic era. It is thus not surprising that 
the received view came to the conclusion that the importance and the relevance of the Arabic 
tradition to the history of science lies only in its intermediary role consisting in handing 
almost intact the Greek works over to the medieval Europeans. It looks as if Greek scientific 
and philosophical books were brought to the Arabic libraries to save them from an imminent 
major disaster that could strike the Greek heritage. We have here some kind of paradox: many 
historians make such kind of definitive judgments by considering only few materials of a 
tradition which reigned uniquely over the scientific and philosophical scene for up to seven 
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centuries. This paradox is symptomatic of the underlying epistemological approach to the 
approach to the history of science which is by its very nature an open system. The assumption 
is that the study of the Arabic tradition was sufficiently exhausted to the extent that no new 
findings could have any significant impact on our present state of knowledge concerning the 
development of knowledge. This long-lasting prevailing view has recently been challenged by 
a careful study of some important Arabic scientific works. From the mid-twentieth century 
onwards some historians have set themselves the task of translating important Arabic writings 
aimed at filling the gap in our understanding of the development of the Arabic tradition. It is 
in this context that Sabra has challenged the use of what seems to be a neutral term to describe 
the transmission of Greek scientific and philosophical works. He argues that ÒReceptionÓ 
might Òconnote a passive receiving something being pressed upon the receiver, and this might 
reinforce the image of Islamic civilisation as a receptacle or repository of Greek learningÓ 
(Sabra 1987, p. 225). He stresses that Greek science and philosophy was not thrust upon but 
rather Òinvited [as a] guestÓ by the Arabic Islamic society (ibid., p. 236). Sabra proposes 
instead ÒappropriationÓ to describe the Òenormously creative act É the cultural explosion of 
which the translation of ancient science and philosophy was a major featureÓ (ibid., pp. 226-
228). His argument seems to have little effect on the received view concerning the Greco-
Arabic transmission. But some historians such as Willy Hartner and Gotthard Strohmaier 
have tried to refine their analysis of the periodisation of the development of Arabic science by 
admitting the existence of a second period during which the Islamic society was more 
productive and creative than receptive and imitative. The restriction of the application of the 
Reception concept to the early period of the translation movement can be seen as an important 
concession to the opponents of the Reception doctrine. But Dimitri  Gutas, who precisely 
devotes a whole book to this question, rejects out of hand this compromise which consists in 
applying the Reception interpretation to the early period 

One such prevalent misconception [about the development of Arabic science] is that the translation 
movement went through two major stages, a ÔreceptiveÕ one, roughly through the time of al 
MaÕm$n, and a creative one subsequently. Study of the translation complexes, as the example of 
the Kind" circle complex of the translations shows, invalidates by itself even the very posing of the 
question in such a wayÓ (Gutas 1998, pp. 149-150). 

Besides its passive connotation underlined by Sabra, the misconception induced by 
ÒReceptionÓ is that the transmission can be understood as the result of direct cultural 
exchanges between on the one hand the Greeks, as producers and exporters (Strohmaier 
actually speaks of providers) of scientific and philosophical theories, and on the other hand 
the Arabs as users and consumers. Unlike the transmission of science and philosophy to 
medieval Europe, the Greco-Arabic transmission has taken place in an entirely different 
climate as Gutas rightly points out (ibid., p. 4). In other words the massive translations from 
Greek and Arabic into Latin starting from the twelfth century reflect the powerful and 
profound impact that the flourishing and advanced Arabic-Islamic civilisation has had on the 
medieval European psyche, where there is no equivalent driving force in the case of the 
Greco-Arabic transmission since the social and cultural environment in which Greek science 
and philosophy were developed was extinguished for so many centuries. Does it mean that no 
driving force can be found behind the translation movement? Is there only one or more than 
one driving force? And in the latter case, do they have equal influence in the development of 
Arabic science or do some of them play a much more prominent role than others? We shall 
see in a moment how Gutas deals with these various questions. 
While agreeing wholly with Sabra on the creative nature of the translation movement, he 
expresses his reservation to the use of ÒappropriationÓ to describe the process of the 
transmission since he finds it a Òsurreptitiously servile termÓ (ibid., p. 187). No specific term 
has been proposed by Gutas since he prefers simply to call it a Òcreation of early #Abbas"d 
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society and its incipient Arabic scientific and philosophical traditionÓ (ibid.). It looks as if the 
language has run short of words since, among the many memorable moments of the history of 
science, this is the only particular historical moment for which no specific word could be 
found to mark the unprecedented large-scale scientific activity triggered by what some 
historians, including Gutas, call the political revolution. It seems thus that the description of 
the Arabic translation movement is no less problematic than the question of the assessment of 
the Arabic tradition itself (see TahiriÕs introduction to his paper). What did happen in the 
ninth century is not the recovery of Greek science but the implementation of a new idea of 
science, where science and the scientist are conceived as institutions and instruments of 
research and development.1 Moreover, as we shall see in paragraph two and three of our 
introduction this new concept of science was first carried out by means of the creation in 
Bagdad of an institution, namely the house of wisdom (Bayt al-1ikma) and the production of 
an Arabic scientific literature with a technical vocabulary in a kind of what Gutas calls a high 
koinŽ language fit for inter and trans-disciplinary work in a way which might be considered to 
be an analogue to what has been described as the role of lingua franca given to formal 
language by the French Encyclopedists (see Rahman/Symons 2004, pp. 3-16). Both projects, 
the house of wisdom and the production of an Arabic koinŽ language, provided the 
instruments with the help of which the notion of the unity of science was implemented within 
the Arabic tradition. 

2. Science awakening and Bayt al-1ikma (the house of wisdom) 

There have been many conquests in history but few had such a direct and decisive impact on 
the history of science and philosophy as the Arabic conquest. One of its main features is that 
the expansion of the Arabic-Islamic civilisation and the development of science go hand in 
hand. The Arabs have not waited for science and philosophy to come to them, we have to bear 
in mind that the Arabic peninsula did not come under the rule of Alexander the great. They 
have had instead to go after knowledge. The task was very challenging since they have had to 
start from scratch. Gutas describes in the following passage how the scale of this ambitious 
intellectual project has required the unprecedented mobilisation of a huge amount of resources 
and energy of an entire nation for more than two centuries. 

The Greco-Arabic translation movement lasted, first of all, well over two centuries; it was no 
ephemeral phenomenon. Second, it was supported by the entire elite of #Abbasid society: caliphs 
and princes, civil servants and military leaders, merchants and bankers, and scholars and scientists; 
it was not the pet project of any particular group in the furtherance of their restricted agenda. 
Third, it was subsidized by an enormous outlay of funds, both public and private; it was no 
eccentric whim of a Maecenas or the fashionable affectation of a few wealthy patrons seeking to 
invest in a philanthropic or self-aggrandizing cause. Finally, it was eventually conducted with 
rigorous scholarly methodology and strict philological exactitude Ñ  by the famous 2unain ibn 
Is1aq and his associates Ñ  on the basis of a sustained program that spanned generations and which 
reflects, in the final analysis, a social attitude and the public culture of early #Abbasid society; it 
was not the result of the haphazard and random research interests of a few eccentric individuals 
who, in any age or time, might indulge in arcane philological and textual pursuits that in historical 
terms are proven irrelevant. (ibid., p. 2) 

This is modern science in the making. Modernity should be understood here not in the narrow 
sense which is traditionally associated with the advent of the new physics conceived as a 
finished product, but in the act of creating, through the close co-operation of the political 
power and the Arabic-Islamic society, a new and long-lasting dynamic structure. It turns out 
that the unstoppable growth of the new entity, which has proved to be far more outliving both 
the political entity which gave it birth in the first place and the social context of its formation, 
is designed to transform the life of the Arabic-Islamic society and with it the societies of the 
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rest of the world. For the first time in history science becomes a profession. Unlike in the 
Greek tradition where it is practised by some happy few who have the luxury thanks to their 
wealth to enjoy what they regarded as the supreme life by just contemplating nature. Science 
becomes in the Arabic-Islamic tradition a third institution with growing influence along side 
with the two extant most powerful institutions: the legal and the political powers. The result 
of this unprecedented collective hard and enduring work: by the end of the tenth century 
almost all non-literally and non-historical Greek books that were available were translated in 
Arabic. Greek science and philosophy has been transformed once and for all by Òthe magic 
translatorÕs penÓ as is nicely expressed by Gutas. 
It should be noted however that the translation movement is not confined to the Greek 
writings though the latter form the bulk of the works translated, it is a more global and 
international phenomenon since it concerns all the books that are fit to be translated. There are 
Arabic versions of books written in other languages such as the Persian, the Sanskrit and 
possibly the Chinese language.2 The successful achievement of this monumental enterprise, 
which can at any moment be interrupted or abort altogether for a variety of reasons, falls 
nothing short of a great miracle, the assessment of which has not yet begun, since it opens a 
new era in the history of human thought. The idea of knowledge has been completely 
reinvented through the systematic survey of all existing scientific writings. By the turn of the 
eleventh century, the translation of Greek works has significantly died down reflecting the 
advanced level reached by Arabic science. As Gutas put it bluntly Òthe waning of the Greco-
Arabic translation movement can only be seen due to the fact that it had nothing to offerÉ 
not in the sense that there were no more secular Greek books to be translated, but in the sense 
that it had no more books to offer that were relevant to the concerns and demands of the 
sponsors, scholars and scientists alikeÓ (ibid., p. 152), in other words Òthe translated works 
lost their relevance and became part of the history of scienceÓ (ibid., p. 153). Consequently 
there was a shift in demand for more up-to-date research. Gutas further explains the major 
impact of the rapid spread of the Arabic scientific institution model far beyond the 
spatiotemporal context that gave it rise in the first place 

Once the Arabic culture forged by early #Abbasid society historically established the universality 
of Greek scientific and philosophical thought, it provided the model for and facilitated the later 
application of this concept in Greek Byzantium and the Latin West: in Byzantium, both in 
LemerleÕs Ôfirst Byzantine humanismÕ of the ninth century and in the later renaissance of the 
Palaeologoi; and in the west, both in what Haskins has called the renaissance of the twelfth century 
and in the Renaissance properÓ(ibid., p. 192). 

Contrary to the prevailing view according to which there is only one renaissance in history, 
Gutas seems to be saying that the Arabic tradition gives rise to a series of renaissances which 
reaches its climax in the advent of the famous south-western European Renaissance. The 
Renaissance proper as Gutas would like to call it now, which is recognised by the sociological 
doctrine as the starting point of the scientific revolution, appears to be then not the first of its 
kind as it is generally believed but the outcome of previous renaissances which originate in 
the foundation in Bagdad of the Bayt al-1ikma or the house of wisdom, the famous scientific 
institution that gives rise to the development of Arabic science by hosting the first movement 
of what can be called the translation project and (see below). But what about this crucial 
period during which the Greco-Arabic transmission took place? Can the ninth century be 
called a renaissance? Gutas appears to be somewhat hesitant. On the one hand he is inclined 
to describe it as the Òreal renaissance in the original sense of the revival of Greek learningÓ 
(ibid., p. 154). But on the other hand this Òreal renaissanceÓ seems to be quite different from 
the traditional European Renaissance. He rightly points out that the Òphilological aspect of 
classical studies, which also has its modern origin in the European Renaissance, was wholly 
absent in the Arabic counterpartÓ (ibid., p. 155), for the obvious reason that the translation 
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activity is very selective since it is restricted only to scientific and philosophical writings 
excluding thus the humanities (such as literary and historical works). As a result of this 
methodologically worked out plan, the translation activity virtually ceased, as already 
mentioned, once its goal was achieved. Because of the advanced level reached by Arabic 
science in the eleventh century and reflected in the comprehensive philosophical and 
scientific work of Ibn S"n!, there was no need to pursue Greek studies, for the Òhurricane of 
AvicennaÕs philosophy quickly swept such tendenciesÓ (ibid., p 155, see Ardeshir, BŠck and 
ThomÕs papers devoted to his encyclopedic thought). The second major difference is that the 
translation movement, as GutasÕs fascinating account demonstrates, is much more than the 
mere revival of Greek learning. First of all if by revival Gutas means translation then it should 
be reminded once more that it is not only Greek learning which was revived through the 
translatorÕs creative imagination but also the learning of other civilisations such as the 
Persian, Indian and even the Chinese. Second, the real intention of the translation project is 
not to revive the culture of previous civilisations, a task best left to the indigenous people, but 
the construction of knowledge according to a long term research programme.  
 
Gutas describes the historical background of the foundation of the Bayt al-1ikma and its later 
development as follows 
 

It was a library, most likely established as a ÒbureauÓ under al-Man{ $r, part of the #Abb!sid 
administration modelled on that of the Sasanians. Its primary function was to house both the 
activity and the results of translations from Persian to Arabic of Sasanian history and culture. As 
such there were hired translators capable to perform this function as well as book binders for the 
preservation of books. This was its function in Sasanian times, and it retained it throughout the time 
of H!r$n ar-Rash"d, i.e. the time of the Barmakids [the secretaries of the ealy caliphs]. Under al-
MaÕm$n it appears to have gained an additional function related to astronomical and mathematical 
activities; at least this is what the names3 associated with the name Bayt al-1ikma during that period 
would imply. We have, however, no specific information about what those activities actually were; 
one would guess research and study only, since none of the people mentioned was himself actually 
a translator (ibid., p. 58). 

 
In this passage, Gutas wants to make the point, strongly emphasised afterwards, that the 
Greco-Arabic translation, the subject of his book, is not conducted in the Bayt al-1ikma.4 As a 
result, the whole translation movement during the early #Abb!sid era was conducted in two 
stages. (1) The first wave of translations of Persian heritage undertaken in the Bayt al-1ikma 
(conducted under the ruling of al-Man{ $r (754-775)); (2) the Greco-Arabic translation 
represents the second wave of translations (from the time of al-Mahd" (775-785) onwards). 
One of the main reasons given by Gutas for denying any role of the Bayt al-1ikma in the 
Greco-Arabic translation is that there is no mention of Greek works being stored on its 
shelves. To back his argument, he quotes 2unayn ibn Is1!q (d. ca. 873) who seems to have 
been complaining about the Òefforts he expended in search of Greek manuscripts and again he 
never mentions that he looked for them right under his nose in the Bayt al-1ikma in BagdadÓ 
(p. 59). This might be the case. But 2unaynÕs complaint might also indicate that Greek works 
were circulating in the society. Important manuscripts, which existed in a very limited number 
of copies, are not designed or expected to be stored in a public library. The absence of books 
from the shelves reflects their relevance to the concerns of society. This may explain why 
texts of humanities such as Persian, Ethiopian or 2imyarite manuscripts could be found in the 
Bayt al-1ikma but not Greek ones due to their scientific nature. By excluding the Bayt al-
1ikma from playing any role in the Greco-Arabic translation, Gutas seems to create a gap 
between the two translation movements. A gap that he seems to narrow by appealing to the 
translation culture: ÒWhat the Bayt al-1ikma did do for the Greco-Arabic translation 
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movement, however, is to foster a climate in which it could be both demanded and then 
conducted successfullyÓ (p. 59). According to Gutas, two common points can be found 
between the two translation movements: (1) the obvious point is that they are both part of the 
translation culture widely prevailing in the region. Gutas reminds us indeed of the existence 
of Òpre-Islamic translations into Pahlavi [the Persian language] of Greek scientific and 
possibly philosophical worksÓ (p. 25). This explains the fact that the earliest translation of 
Greek works into Arabic are made not directly from the Greek but through Pahlavi. (2) The 
heavily involvement of the state apparatus though for entirely different political motivations. 
Actually, the contrast that Gutas is struggling to make is that the Persian-Arabic translations 
were temporary and narrower in scope than the Greco-Arabic translations. The first was 
confined to the political sphere while the second was a social phenomenon. Neither the 
structure of the Bayt al-1ikma, as was inherited from the Sasanians, nor state resources could 
cope with the scale of the second wave of translations. This explains the role of the private 
sector which seems to be absent or at least very limited in the first wave of the translations. 
The private sector stepped in to satisfy the growing demand for knowledge expressed by the 
society. 
There is in fact a third point, not political but scientific one, which can indeed intimately link 
the Greco-Arabic translations to the Persian-Arabic translations and ultimately to the activities 
of the Bayt al-1ikma. Despite the little historical information available about the Bayt al-
1ikma, it is known for sure that a number of astronomers and algebraists, such as al-
Khw!rizm" (d. 850), were employed full time in the Bayt al-1ikma, in the service of the caliph 
al-MaÕm$n (813-833). This evidence indicates that the activities undertaken in the Bayt al-
1ikma were not confined to its original task, which consists in translating the Persian heritage, 
throughout its existence. The nature of such activities seems to be broadened to include 
research and study which prompt GutasÕ suggestion made in the aforementioned passage: 
ÒUnder al-MaÕm$n it [Bayt al-1ikma] appears to have gained an additional function related to 
astronomical and mathematical activities.Ó Research and study guess gains much assurances 
when we know that Algebra was not a Persian translated work but the result of al-
Khw!rizm"Õs studies and reflections on the Babylonian and Indian scientific practices (see 
HeefferÕs paper). In chapter V (i.e. two chapters later) devoted to Applied and theoretical 
Knowledge of his book, Gutas describes the circumstances (and the motivation) of the 
composition of Algebra which gives us a more specific idea on the nature of research 
practised by scientists of the Bayt al-1ikma 

During early #Abb!sid times, however, Islamic law was also developing rapidly and algebra 
became an essential tool for working out all the intricate details of inheritance laws. Both of these 
applications are mentioned by Mu1ammad ibn M$s! al-khw!rizm" himself in the introduction to 
his Algebra. Al-MaÕm$n, he says: Ôencouraged me to compose a compendious work on algebra, 
confining it to the fine and important parts of its calculations, such as people constantly require in 
cases of inheritance, legacies, partition, law-suits, and trade, and in all their dealings with one 
another where surveying, the digging of canals, geometrical computation, and other objects of 
various sorts and kinds are concernedÕ (ibid., p. 113). 

The significance of the Bayt al-1ikma lies not only in the continuity of scientific research 
since it paves the way for more translations from both the farther eastern tradition (mainly 
Indian sources) and the western tradition (Greek sources), but also in setting the pattern of 
how future scientific activities should be conducted. By contributing to the emergence of a 
new scientific tradition, the translations and the scientific activities taken place in the Bayt al-
1ikma explain GutasÕ insight according to which Òthe translations movement should be seen 
[right] from the very beginning as a part of a research processesÓ5 whose aim is the 
construction of knowledge based on the constant interaction between theory and practice as 
was implemented by the early scientists working in the Bayt al-1ikma. 
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The details of such programme were clearly spelled out by the first Arabic philosopher al-
Kind" (ca. d. 870)6, called so because his name was traditionally linked to the introduction of 
philosophy to the Islamic world. Its first step should be seeking to acquire it as he insists in 
his introduction of On the First Philosophy. 

The knowledge of the true nature of things includes knowledge of Divinity, knowledge of Unity 
and knowledge of virtue and a complete knowledge of everything useful, and the way to it; and the 
distance from anything harmful, with precautions against it. [É] Devotion to this precious 
possession is, therefore, required for possessors of the truth, and we must exert ourselves to the 
utmost in its pursuit (al-Kind" 1974, p. 59). 

The process of translations is the means to get rid of those linguistic elements that might 
jeopardize the universality of scientific writings, it tends to act as some sort of a filter through 
which only scientific thoughts are allowed to pass. The result of this process of acquisition is 
that knowledge becomes accessible to everybody. Because Arabic was the only global 
language in all walks of life and mainly in science and philosophy, knowledge is promoted to 
the international level. As a result, it is no longer linked to a specific culture but it becomes 
the property of all humanity. 
The second step of the construction of knowledge is to work on its unification in the sense of 
putting together its various pieces which were collected from the previous civilisations. 

It has been clear to us and to the distinguished philosophers before us who are not our co-linguists, 
that no man by diligence of his quest has attained the truth, i.e., that which the truth deserves, nor 
have the philosophers as a whole comprehended it. Rather, each of them has not attained any truth 
or has attained something small in relation to what the truth deserves. When, though, the little 
which each one of them who has acquired the truth is collected  !" #$%&, something of great worth is 
assembled from this  !"#$%  !"#$ !" !"#   !" #$ !"   !" #$%&'( ). [É] Indeed this has been assembled only in 
preceding past ages, age after age, until this our time, accompanied by intensive researches, 
necessary perseverance and love of toil in that (our emphasis, al-Kind" 1974, p. 57). 

The second step announces the following one which consists in building upon the 
achievements of previous civilisations. Al-Kind" tells us more precisely afterwards how the 
body of knowledge can be increased. 

In the time of one man Ñ  even if his life span is extended, his research intensive, his speculation 
subtle and he is fond of perseverance Ñ  it is not possible to assemble as much as has been 
assembled, by similar efforts, Ñ  of intense research, subtle speculation and fondness of 
perseverance Ñ  over a period of time many times as long. [É] It is well for us Ñ  being zealous 
for the perfection of our species, since the truth is to be found in this Ñ  to adhere in this book of 
ours to our practice in all composition of presenting the ancientsÕ complete statement on this 
subject according to the more direct way and facile manner  !"#$%& !"#"$% !  !"#$ !"#$ !"#  to be 
followed for those who take it; and completing that which they did not say completely, !"!"  !"# !"# 
!"#"$% !" !"  !"#$%&'( !  by following the custom of the language and contemporary usage, and insofar as is 
possible for us. (This) in spite of the disadvantage affecting us in this of being restrained from 
going into an extended discussion necessary to solve difficult, ambiguous problems (our emphasis, 
ibid., pp. 57-58). 

The third step amounts then to seeking the progress of knowledge and to facilitating its 
learning for younger generations and its transmission to future civilisations since it is 
conceived not as a finished product but as an ongoing process. As a result knowledge needs to 
be continually and constantly worked out and perfected by correcting and improving the 
inevitable shortcomings inherent to the achievements of previous civilisations for which they 
should not of course be blamed. 

Our most necessary duty is not to blame  !"#$ !"  !" #$% !"#$ !"  !  anyone who is even one of the causes 
of even small and meagre benefits to us; how then shall we treat those who are responsible for 
many causes, of large, real and serious benefits to us? Tough deficient in some of the truth  !" #$% 
!"#  !"  !"#$%& !" ! , they have been our kindred and associates in that they benefited us by the fruits 
of their thoughts which have become our ways and instruments  !" #$ !  !"#"$ leading us to much 
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knowledge of that the real nature of which they fell short of obtaining (our emphasis, ibid., p. 57, 
IvryÕs translation is slightly modified). 

According to the Arabic conception of knowledge, there is no such thing as perfect 
knowledge. This idea is so deeply entrenched in the Arabic-Islamic culture that it is expressed 
in a variety of ways by many proverbs, one of them is the following: Òa man remains knowing 
as long as he searches for knowledge and continues to study. When he thinks he knows, he 
has become ignorant  !" #!$ %&' !()*!+ %, -. / 012 345' !(*)673 !8 *9 :; <:=)7:+ >?-@!=73 >A3!B!C D.Ó 
Gutas is well aware of the fact that ÒrenaissanceÓ is not the appropriate word to describe the 
translation movement since the passage mentioned above is the only place where he brings it 
in the context of responding to other scholars. Throughout his whole book, he prefers rather to 
focus on the man whose vision and sagacity led to the foundation of the first scientific 
institution in history. 

The crux of the matters seems to lie in al-Man{ $rÕs creation, after the #Abbasid revolution, of a 
new social configuration in Bagdad through the genial idea of creating a new city. This meant, in 
essence, granting himself the licence to start everything anew by freeing him from constraints 
carried over from the previous status quo (Gutas 1998, p. 189). 

The series of renaissances including the Renaissance proper appears to be then the result of 
the original creation of the famous house of wisdom from which all sprung. 

In this context, al Man{ $rÕs adoption of a Sasanian imperial ideology becomes possible and 
meaningful, as does the establishment of the attendant translation movement. The process once set 
in motion, proceeded for over two centuries on its own (ibid., p. 191). 

These two crucial passages have far reaching implications on the periodisation of science. 
According to GutasÕ analysis, it is the ninth century and not the Renaissance which should be 
the starting point not only of a series of renaissances but also of the scientific revolution. But 
he stops short from drawing such a conclusion for obvious epistemological reasons since he 
warns that his Òbook is not about Arabic science and philosophyÓ (ibid., p. 192). The gap left 
by GutasÕ approach between political and social history and the history of science has been 
precisely bridged by TahiriÕs paper which provides the very badly needed epistemological 
backing for GutasÕ underlying thesis since it reaches basically the same conclusion by 
analysing the history of astronomy. Further analysis of Arabic scientific and philosophical 
writings will provide further evidence for making the ninth century a landmark in the history 
of science and philosophy and will indicate how it should be viewed and remembered in the 
history of science.  

3. The Arabic language and the unity of science 

Historians of science and philosophy are usually selective in their choice of the kind of 
questions they seek to answer. One of the remarkable historical facts seldom noticed is that 
science and philosophy have been developing without interruption since the ninth century as 
the great French historian Pierre Duhem shows in his monumental Le Syst•me du Monde. 
How can we explain, in the case of astronomy for example, the fact that this scientific 
discipline has made no progress whatsoever since the second century (and a fortiori for much 
older scientific disciplines like mathematics)? A particularly tempting answer is given by the 
recent rising tendency in the history of science: the lack of progress is due to extrascientific 
factors. According to the sociological interpretation of the history of science which is in 
fashion nowadays in the humanities, major gaps in the development of science cannot be 
explained intrinsically but only by appealing to the political, social and cultural context in 
which science and philosophy are developed. After all, according to this view, science is a 
social and cultural phenomenon since it is the making of human beings and its development is 
determined by the social environment in which scientists live and work. That is why the Dark 
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ages, the period during which science made no progress in Europe, has been entirely blamed 
on the Roman-Christian societies for its failure to generate the kind of change badly needed 
for the development of science. It seems thus that medieval Europe had to wait for the 
emergence of the Arabic Islamic culture to see the light at the end of the long tunnel. This is 
at least the conclusion drawn by GutasÕ analysis. 

Byzantine society, although Greek-speaking and the direct inheritor of Greek culture, never 
reached the level of scientific advancement of the early #Abbasids and had itself later to translate 
from Arabic ideas that ultimately go back to classical Greece. In such an analysis, the contribution 
of individuals is also to be put in perspective. Sergius of Resh#ayn! and Boethius, at the two 
antipodes of Greek cultural spread in the early sixth century, conceived of projects to translate and 
comment upon philosophy and the sciences as presented in the philosophy of Aristotle Ð and hence 
all knowledge, as understood in the Alexandrian scholarship of their age. The conception is to their 
credit as individuals; that they failed indicated the adverse circumstances of their environment 
(ibid., pp. 188-189). 

Our analysis will show, however, that GutasÕ conclusion is only half of the story. The other 
half is yet to be told. By focusing only on the extrascientific factors, there is the risk to neglect 
those epistemological and methodological considerations which might have influenced the 
lack of progress of science. Indeed, GutasÕ work Greek Thought Arabic Culture, where he 
describes the political and the social factors that occasioned the translation movement, can be 
seen as a further support for the sociological interpretation of the history of science. Gutas 
justifies his approach by the fact that the translation movement as a social phenomenon has 
been very little investigated while Òits significance for Greek and Arabic philology and the 
history of philosophy and science have been overwhelmingly studied to this dayÓ (ibid., p. 2). 
He may have some point there but this might lead to overlook the fact that some crucial 
epistemological points with regard to the significance of the Arabic tradition has been missed 
out by most historians. Actually, while describing the political and the social context of what 
he calls the #Abbas"d revolution, GutasÕ work draws the attention to one of the these 
important central epistemological points in the development of Arabic science: namely the 
fundamental role played by the Arabic language in the development of science and 
philosophy. 

The particular linguistic achievement of the Greco-Arabic translation movement was that it 
produced an Arabic scientific literature with a technical vocabulary for its concepts, as well as 
high koinŽ language that was fit to vehicle the intellectual achievements of scholarship in Islamic 
societies in the past and the common heritage of the Arab world today. [É] its significance lies in 
that it demonstrated for the first time in history that scientific and philosophical thought are 
international, not bound to a specific language or culture (ibid., p. 192). 

This aspect of the contribution of the Arabic tradition to the history of science and philosophy 
has been ignored or widely underestimated. How could the progress of a major scientific 
discipline, like mathematics for example, be achieved had not its various parts, scattered for 
so many centuries from the East to the West, brought together by a unifying language? How 
could the awakening of science even be imagined if it was still encoded in a language no 
longer in use? For science to be developed the way it did, it needs the emergence of a nation 
that should have such an admiration for its language7 and a passion for knowledge8 that sets 
itself the historical mission of collecting, processing and translating all scientific data 
produced by previous civilisations and making the resulting systematic work worldwide 
available and easily accessible through the unprecedented spreading and circulation of books. 
Historically the Arabic language shows indeed for the first time the possibility of the 
construction of a unified corpus of knowledge able to work as a worldwide vehicle for 
transmission of scientific and philosophical thoughts from one language and science to 
another. As mentioned above, the production of an Arabic koinŽ language provided one of the 
bases of the notion of the unity of science within the Arabic tradition. This might also help to 
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understand why in the Arabic tradition the study of grammar and logic (see the chapter of 
Cornelia Schšck) Ñ  including poetics and rhetoric, was conceived as a kind of integration 
factor for all other fields on knowledge and science. Moreover, in the Arabic tradition 
grammar, poetics and rhetoric were seen as closely linked with what we would call nowadays 
a normative epistemic logic conceived as an extended organon for the search and transmission 
of knowledge. Logic and grammar were at the center of the creation of a scientific Arabic 
koinŽ language with precise epistemic and epistemological aims. 
Rashed, one of the first distinguished historians who questions the current periodisation of 
science in his investigation into the development of mathematics between the ninth and the 
seventeenth centuries, suggests that what he calls the notion of differential is much more 
adequate in historical scientific studies than the dominant continuity/discontinuity approach, 
currently widely used in the history of science. Rashed argues that the notion of differential, 
when applied to the history of mathematics can be used as an instrument in assessing 
effectively the actual increase of mathematical truths by comparing the state of each 
mathematical branch (its results, methods and ways of reasoning) at two important times of its 
evolution (Rashed 1987, p. 360). Indeed this approach cannot only help us to adequately 
determine the timing of the emergence of a new scientific discipline but also to illuminate 
how science is viewed and understood by indicating the underlying motivation of the context 
of its development. This is the method that underlies the analysis of our introduction. More 
precisely, we think that RashedÕs notion of differential can be fruitfully applied to study the 
uninterrupted development of science and philosophy since the ninth century in the Arabic 
tradition by comparing it with the approach of the ancient Greeks. Now, certainly this would 
involve us in the development of a long and difficult thesis but let us simply highlight very 
briefly some relevant remarks which we think will be sufficient to suggest the main lines of 
the analysis which follows of such a comparison. 

4. Some remarks in relation to the heritage of the Greek approach to 
scientific inquiry  

In his Posterior Analytics Aristotle imposes strict conditions on the definition of episteme. 
Knowledge is produced by a demonstration which, he asserts, Òmust proceed from premises 
which are true, primary, immediate, better known than, prior to, and causative of the 
conclusionÓ (71b20). It is clear for the Stagirite that the mere use of syllogism cannot produce 
knowledge since he insists on the fact that Òsyllogism will be possible without these 
conditions, but not demonstration; for the result will not be knowledgeÓ (our emphasis). This 
makes it harder for disciplines other than mathematics to reach one day the episteme status 
since they cannot fulfill the very tough Aristotelian criteria Ñ  by the way, the axiomatics of 
Euclid could not be captured by syllogism. It seems thus that Aristotle actually calls 
knowledge, is that knowledge displayed in what we call nowadays formal sciences Ð some 
interpreters would include here methaphysics. Since by definition this kind of knowledge is of 
things that cannot be otherwise than they are i.e. a necessary knowledge, Aristotle introduces 
a sharp distinction between mathematics and empirical sciences. But when it comes to physics 
for example, AristotleÕs task is to give a discursive and systematic explanation of all kinds of 
change. The problem of physics is according to him to find the Òprinciples of perceptible 
bodiesÓ (On Coming-to-be and Passing-away, 327b7). The main conceptual apparatus that he 
invents for this purpose is the famous four causes doctrine. 

Now, the causes being four, it is the business of the physicist to know about them all, and if he 
refers his problems back to all of them, he will assign the ÔwhyÕ in the way proper to his science 
(Physics II 7198a). 
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According to this view, knowledge in physics seems to be quite different from mathematics 
finding out all the four causes of any natural phenomenon. In his physical theory, he endorses 
EmpedoclesÕ fundamental idea that all substances are made of the four simple elements: earth, 
water, air and fire. Earth has some privilege in his explanation of motion. Though being made 
of the four elements, it is also the natural place of terrestrial objects. As for the supralunar 
world, the matter from which it is made, that he calls aither, is of a completely different order 
because of the eternal, circular and regular motion of the heavenly bodies. 
Aristotle is indisputably the philosopher of antiquity. His conceptual apparatus lays down 
both what type of questions should be asked and the terms in which they should be answered. 
This explains why philosophers who followed closely AristotleÕs framework contributed little 
to the development of science. Indeed the great advances in such subjects as mathematics or 
astronomy are the work of men who were primarily scientists and not philosophers and 
manage to escape his influence. However, despite important scientific achievements, 
AristotleÕs physical doctrine remains unshaken and the domination of his philosophical 
system seems to be the last word of the Greek tradition. The Greek heritage is now in the 
hands of their successors though it seems that the Greeks did not care so much about their 
legacy as is suggested by the eminent classical scholar G. E. R. LloydÕs perspicuous remark: 
Òthere were many [of the ancients] who recognised that civilisation had developed in the past, 
there were few who imagined that it would or could progress much further in the futureÓ 
(Lloyd 1972, p. 394). The lack of the idea of scientific progress in Greek culture, which has 
an impact on their philosophical and scientific approach, explains at least in part why we have 
to wait until the ninth century for the emergence of their immediate successors. In his 
comprehensive study, Lloyd sums up the whole ancient Greek approach to scientific inquiry 
as follows 

Experimental method was only of very limited usefulness on the fundamental problem of physics, 
the question of the ultimate constituents of matter. Although quite simple experiments would have 
yielded useful information about the nature of certain compounds, the principal controversy 
between atomism and the qualitative theory of Aristotle, for example, was not one that could be 
settled by an appeal to either observations or experiments, since the controversy turned on the 
question of the type of account that was attempted. [É] A more important point is that such 
experiments as were performed by the Greeks were usually set out with the set purpose of 
supporting the writerÕs own theory. The appeal to experiment was an extension of the more usual 
notion of appealing to evidence: experimentation was a corroborative, far more than heuristic, 
technique. Tests were conducted to confirm the desired result, and it is only in late antiquity that 
we find examples where attempts were made to vary the conditions of experiments systematically 
in order to isolate causal relations. [É] Nevertheless the impression that much of the history of 
early Greek science leaves is one of the dominant roles of abstract argument (Lloyd 1970, pp. 140-
141). 

A second limitation is the little place given to practice in relation to theory which led to most 
of the philosophers after Aristotle to dramatically oppose the two activities. Theoretical 
studies which should be pursued for their own sake are extremely valued at the expense of 
practical arts which are viewed with disdain. This is true, as Lloyd explains, even for some 
scientific disciplines like medicine which is expected to be highly regarded for its noble 
cause. 

Many of the most famous biologists were doctors, who were motivated in their research partly by 
the desire to improve the treatment of the sick, and sought to apply their knowledge to this end. 
Yet not even the most famous and successful doctors in antiquity entirely escaped the disdain 
usually felt for the craftsman. In the Greek scale of values the theorist was always superior to the 
technologist (Lloyd 1972, p. 395). 

It is clear that empirical sciences, and with them theoretical studies, cannot flourish in a 
cultural context where the role of practical arts in the prosperity and the well-being of the 
society is heavily undermined by its top elite. Lloyd has rightly identified the huge gap 
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created by the Greek society between theory and practice as one of the main reasons 
preventing the development of scientific research. 

The institutions where extensive investigations were carried out were rare throughout antiquity. 
The ancients lack the idea that dominates our own society, that scientific research holds the key to 
material progress. [É] The raison dÕ•tre of the Lyceum and Museum and of the many minor 
schools modelled on them was not any idea of usefulness of scientific research, but the idea of a 
ÔliberalÕ higher education (our emphasis, ibid.). 

The second main reason is the lack of co-operation and of scientific and philosophical 
exchanges because of the extrascientific motivations underlying the formation of many 
schools. 

The development of science and mathematics required other factors as well, particularly the idea 
of co-operation in research. Here both the Pythagoreans and the medical schools (in their very 
different ways) had important contributions to make. But in neither case was the chief motive for 
these associations any idea of the value of scientific research for its own sake. Religious and 
political ties helped to keep the Pythagoreans groups together, and the medical schools were 
exclusive associations formed from professional motives like a medieval guild or a modern trade 
union. Moreover the doctors, like the Pythagoreans, were on occasion secretive about their 
discoveries (ibid., p. 394). 

More generally, the production of scientific and philosophical works and the spreading of 
ideas were greatly hampered by a deeply entrenched cultural tradition practised by many 
Greek philosophers who, because of their distrust of the written word, confine what they 
regard as their most important doctrines to oral teachings (ibid., p. 383). A diametrically 
opposed stance is expressed by al-J!hiz* (d. 868), one of the famous Arabic prolific authors9 

Our duty is to do for those who will come after us what our predecessors have done for us. For we 
found more knowledge10 than they found, just as those who will come after us will find more 
knowledge than we did. What is the scientist waiting for to display his knowledge in the open, 
what prevents the servant of the truth from devoting himself without fear to the task that he was 
assigned, now that the word has become possible, the times are good, the star of caution and of 
fear is extinguished, a wind favourable to study is blowing, babble and ignorance are no longer 
current, eloquence and knowledge are circulating freely in the market? For a man does not find a 
teacher to train him and an expert to educate him at all times (Al-J!hiz*  1969, I pp. 86-87). 

On the methodological and epistemological levels, we find the already mentioned sharp 
distinction between mathematics and empirical sciences and mainly physics. In his Almagest, 
Ptolemy further widens the already existing gap between mathematics and physics by 
subordinating the latter to the former, the implication of this methodological decision and of 
his overall approach to astronomy will be convincingly refuted by Ibn al-Haytham (d. 1041),. 
The fourth limitation which is proved to have serious repercussions on the development of 
science is indicated by Ibn al-Haytham. He makes clear that his al-Shuk$k is motivated first 
and foremost by epistemological considerations designed to break the deadlock caused by the 
Greek synthetic approach of exposing scientific theories which represents more an obstacle 
than an incentive to the progress of science since it closes the door for further theoretical 
research (for more details see TahiriÕs paper).  
What these shortcomings indicate is that Greek science and philosophy were developed in the 
context of Greek culture to a point that no further progress could be made unless deep 
changes in the approach to scientific practice happened. Any translation movement of Greek 
works would not be able to overcome these obstacles if the translation project was to be 
reduced to the only task of recovering and preserving the Greek heritage. The success of the 
translation project is due to the growing awareness that the scientific inquiry concerning 
nature as it was understood and practised by the Greeks was not able respond to the new 
questions and problems raised by this time. This awareness was actually brought to the 
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forefront by a major shift of focus from the heritage of the Greek idea of logos to the Arabic 
concept of knowledge. 

5. Knowledge in the Arabic-Islamic culture 

The #Abbas"d dynasty11 (750-1258) certainly gets great credit for making knowledge at the 
centre of their political strategy by working out and supporting the first ambitious scientific 
research project in history which gives rise to the surge of an intensive scientific and cultural 
activity in Bagdad led by the prestigious institution Bayt al-1ikma. By learning from the 
mistakes of the UmayyadsÕ rule12 (661-750), the #Abb!sids succeeded where their 
predecessors failed. Short of full legal legitimacy, the ingenuity of the house of al-#Abb!s lies 
in capturing the imagination of the Arabic-Islamic society by focusing, as we shall see later, 
on one of the fundamental components of its identity. The #Abb!sidsÕ strategy was a 
resounding success because it was a response to the demand of the society since the quest for 
knowledge had already begun in earnest. This sets a precedent in the Arabic-Islamic history 
since knowledge proves to be for the first time the only credible alternative by means of 
which the political body can effectively justify its rule. As a result of the vulnerability of the 
political power due to the conditional support of the legal authority, the emerging distinctive 
political and social configuration is that the body politics finds its rule dependent on its 
unlimited support for knowledge and not knowledge which should rely on the goodwill of the 
politicians. This outcome of the balance of power indicates that one of the main features of 
the political and social ideal favoured by the Islamic society is the one where the political 
power should be at the service of knowledge and not the other way round. By putting 
knowledge at the top of their political agenda, the #Abb!sids wanted to show that their 
accession to power was a force for good and it was to some extent since they succeeded in 
winning the support of the majority of the Islamic society. This explains the remarkable 
longevity of their rule which reaches its climax with H!r$n al-Rash"d (786-809) whose 
legendary name is associated in the West with the famous Arabian Nights; but in the Arabic-
Islamic conscience, he is remembered as one of the enlightened caliph (al-Rash"d literally 
means the well-guided) for chairing regular meetings of top intellectuals (jurists and 
theologians, linguists and grammarians, poets and writers, scientists and philosophers) to 
discuss hot topical legal, cultural and scientific issues. 
But the development of Arabic science was undoubtedly not the work of politicians, it was the 
result of the unprecedented interactions among the intellectual elite whether they were jurists, 
grammarians, theologians, poets, scientists or philosophers, and its explanation must 
ultimately be found in the dynamics of Arabic culture and its specific approach to knowledge 
underlying the whole translation enterprise summarized by al-Kind" with the following words: 

We ought not to be ashamed of appreciating the truth and of acquiring it wherever it comes from 
!"# !"# !"   !" #$%!  !"#$%& !   !" #$%!  !"#$%&' !"   !" #$%&' !" !"# !"#$% ! , even if it comes from races distant and 
nations different from us. For the seeker of the truth nothing takes precedence over the truth  !" #$% 
 !" #  !" #$% !"#$% !"#$ !"#  !  and there is no disparagement of the truth, nor belittling either of him who 
speaks it or of him who conveys it. The status of no one is diminished by the truth; rather does the 
truth ennoble all (our emphasis, al-Kind" 1974, p. 58). 

Al -Kind"Õs passage contains three crucial points which show the intertwining ethical and 
epistemological dimensions of the translation movement, namely: 
 

(i) The trans-national and trans-cultural conception of the unity of science  
(ii) Since each society can have some form of truth, the second step in acquiring 
knowledge, which is the harder task, is in recognising and appreciating it. The 
question now is how? The answer relates to the confluence of grammar, logic and Law 
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in the translation project Ñ  this point is not explicit in this paragraph but it links the 
first and the third point and has been developed by al-Kind" before (recall the passages 
quoted in section 2 above). 
(iii) The supremacy of the truth (not authority), the search for which is the driving 
force behind the progress of knowledge, is the ultimate goal of the scientific inquiry. 

 
In relation to the first point, it is important to see that the search for the unity of science 
involves a determined ethical perspective: the humility of learning from others and the ability 
of acknowledging oneÕs own ignorance, and a social dimension: the need for seeking the 
interaction with other people. The idea of search for knowledge and its ethical and social 
implications is deeply entrenched in the Arabic-Islamic culture which goes back to the 
teaching of Islam i.e. to the seventh century.13 Indeed the Arabic people of the seventh 
century knew that they knew little about the external world, a fact eloquently expressed by the 
QurÕ!n (S$rat 17, verse 85) Ò!"#$ !"  !"#$% !"  !"#$%& !" !  (you are given only a little knowledge).Ó 
Hence they are not only willing but what is more interesting they are ready to learn from the 
contributions of previous civilisations. The Arabic-Islamic society has thus no privilege over 
other societies since the latter can have something that the former does not have: some form 
of truth, knowledge, wisdom. The Arabic intellectuals of the ninth century such as al-Kind" 
and Ibn Qutaybah were just following the same Islamic teaching, that was followed by their 
predecessors, which makes seeking knowledge a duty for every believer. Ibn Qutaybah (d. 
889) explains the rationale behind the search for knowledge 

Knowledge is the stray camel of the believer !"#$%& !"#$ !"#$%; it benefits him regardless from where 
he takes it: it shall not disparage truth should you hear it from polytheists, nor advice should it be 
derived from those who harbour hatred; shabby clothes do no injustice to a beautiful woman, nor 
shells to their pearls, nor its origin from dust to pure gold. Whoever disregards taking the good 
from its place misses an opportunity, and opportunities are transient as the clouds. É Ibn #Abb!s 
[the ProphetÕs uncle] said: ÒTake wisdom from whoever you hear it, for the non-wise may utter a 
wise saying and a bullÕs eye may be hit by a non-sharpshooterÓ (Ibn Qutaybah 1986, p. 48). 

Since the Arabic-Islamic society cannot have the whole truth, it is urged by Islamic teaching 
to learn from a wide range of different societies by going as far as China.14 If knowledge fails 
to come to the Arabic peninsula, its inhabitants have instead the duty to go after it, this is after 
all one of the main raisons dÕ•tre of the existence of the human being according to the Islamic 
doctrine. This is what led Sabra to speak of the translated Greek works in terms of an Òinvited 
guestÓ which is warmly welcomed by the traditional Arabic culture. Respecting the culture of 
oneÕs neighbours, no matter how different from the Arabic culture, and getting acquainted 
with the culture of very distant people appears to be the first step in acquiring knowledge. 
Acknowledging oneÕs own ignorance amounts in fact to acknowledging the contributions of 
those people to the formation of the unity of science. Al -Kind" expresses here his deep sense 
of gratitude to all ancient civilisations on behalf of the newly rising Arabic-Islamic 
civilisation: 

It is proper that our gratitude should be great !"#$% !"#$ !" !"#$%& to those who have contributed 
even a little of the truth, let alone to those who have contributed much truth, since they have 
shared with us the fruits of their thoughts and facilitated for us the true yet hidden inquiries, in that 
they benefited us by those premises which facilitate our approaches to the truth. If they had not 
lived, these true principles with which we have been educated towards the conclusions of our 
hidden inquiries would have not been assembled for us !"#  !" #$%!&'( !", even with intense research 
throughout our time (our emphasis, al-Kind" 1974, p. 57). 

In relation to point ii) and iii), it is important to see that the way to acquire knowledge 
implemented by the translation project is connected with a specific feature of the Arabic 
notion of knowledge that stems actually from the development of Arabic society before the 
translation era, namely the role of Law and Grammar. Both disciplines were considered very 
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early as scientific disciplines. They were and are even today the most important scientific 
disciplines for the Arabic culture because of the vital role they play in organising their social 
and cultural life. Moreover, as already mentioned in section 2 above, grammar and logic 
(including poetics and rhetoric) were conceived as the instruments of the scientific 
programme inherent to the notion of knowledge underlying the translation project. The link of 
knowledge with Law had the function of putting the scientific programme of knowledge 
acquisition into practice. The link of knowledge with logic had the function of designing a 
grammar of superior order able to render a language with the help of which different kinds of 
knowledge could be expressed and studied. Actually one might argue that this notion of 
knowledge stems from the use of the word Ôilm. Indeed; the Arabic word  !"!"  or "ilm can mean 
both science and knowledge and it is remarkably used by the Arabic tradition in a wide sense 
similar to our usage today and quite different from the Greek meaning of logos Ñ  if the latter 
is understood as a theoretical notion of knowledge separated from the notion of practice. It is 
Franz Rosenthal (1970) who connected the notion of knowledge of classical Islam, designed 
to introduce a major transformation in scientific and social practice, with Islam. In his 
researches, Rosenthal describes first the central position occupied by knowledge in the life of 
the Islamic society to the extent that he identifies knowledge as the distinctive character of the 
Islamic civilization: 

"ilm is one of those concepts that have dominated Islam and given Muslim civilization its 
distinctive shape and complexion. In fact, there is no other concept that has been operative as a 
determinant of Muslim civilization in all its aspects to the same extent as "ilm. This holds good 
even for the most powerful among the terms of Muslim religious life such as, for instance, taw1#d 
Òrecognition of the oneness of GodÓ, ad-d#n Òthe true religionÓ, and many others that are used 
constantly and emphatically. None of them equals "ilm in depth of meaning and wide incidence of 
use. There is no branch of Muslim intellectual life, of Muslim religious and political life, and of 
the daily life of the average Muslim that remained untouched by the all-pervasive attitude toward 
ÒknowledgeÓ as something of supreme value for Muslim being (Rosenthal 1970, p. 2). 

If the Arabic "ilm can fairly be rendered by the English word ÒknowledgeÓ, however 
Rosenthal finds that ÒknowledgeÓ falls short of expressing all the factual and emotional 
contents of "ilm. His book is designed to explain how Islam has created a knowledge based-
society to the extent that he concludes that ÒIslam is "ilmÓ (ibid, also chapter V). Rosenthal 
suggests that the root of "ilm has a strong pragmatical feature that seems to derive from the 
term  !" !"#  "alama which means Òway signsÓ:  

For the Bedouin, he elaborates, the knowledge of way signs, the characteristic marks in the desert 
which guided him on his travels and in the execution of his daily tasks, was the most important 
and immediate knowledge to be acquired. In fact, it was the kind of knowledge on which his life 
and well-being principally depended (ibid., p. 10). 

From this perspective, knowledge, "ilm, is designed to be put to some practical use since it is 
oriented towards action. More precisely, knowledge can be seen as a mode of action i.e. as a 
way of acting according to a certain purpose.  
RosenthalÕs study of the notion of Ôilm might also explain the relation between knowledge and 

!"!"#$% or shar#"a, i.e. Islamic Law, the prevailing understanding of Islam; and shar#"a means 
way since it is designed to show how Muslims should behave according to certain rules or 
principles. This is how Islam has always been understood by the Islamic society. Furthermore 
since it was the first scientific discipline to be set up, Law is the knowledge par excellence in 
two respects: (a) Law is knowledge in itself by establishing the principles and rules which 
guide the action of the individual and the society; (b) and metatheoretically the knowledge of 
Law is knowledge by indicating the way for the constitution of future scientific disciplines. 
Indeed by borrowing some of its central methodological elements such as of analogy, Law 
served as a model for the constitution of Grammar. Furthermore the notion of Law as a 
normative metatheory of knowledge becomes logic. Significant is that logic; knowledge of 



 INTRODUCTION 25 

knowledge, is also called "ilm. Logic has in classical Islam an epistemic character and an 
epistemolgical role. Logic is epistemic because it is about the relation between an individual 
and some proposition(s) and has an epistemological role because it enables us to study all 
kinds of scientific knowledge. Back to Rosenthal again:  

Logic for the Muslims the ÔorganÕ or ÔinstrumentÕ (!lah ), the instrument for logical speculation 
(!lah an-naz*ar), the instrument for each discipline ("ilm) and the means enabling the student to 
get its real meaning. It explained, and stood for, every one of the disciplines of knowledge. [É] It 
was the science of scales ("ilm al-m#z!n), weighing the correctness of every statement. It compared 
to Ôan equilibrating standardÕ ("iyar al-mu"addil) by which the objects of knowledge are weighed.Õ 
It was Ôthe leader of the sciencesÕ or Ôchief scienceÕ (raÕ#s al-"ul$m) [É]. It was, in a word, Ôthe 
science of knowledgeÕ ("ilm al-"ilm) or Ôthe science of the sciencesÕ ("ilm al-"ul$m) (ibid., p. 204). 

The Andalusian encyclopedic thinker Ibn 2azm (d. 1064) further explains why logic (man} iq, 
a noun derived from nu} q which literally means speech) is knowledge of second order:  

The nu} q mentioned in this discipline is not speech (kal!m). It is the discernment among things 
and the thinking about the sciences and the crafts, business enterprises and the management of 
fairs (our emphasis, ibid., pp. 203-204). 

Logic is knowledge of second order because its subject matter is knowledge of first order i.e. 
the rest of scientific and social disciplines. Since logic is first and foremost knowledge, 
though be it of second order, it has a clear normative aspect, i.e. its purpose is 

to provide all the rules (qaw!nin) that have the task of setting the intellect straight and of directing 
man toward what is right and toward the truth regarding any of intelligibilia  with respect to which 
man may possibly err, all the rules that can preserve him from errors and mistakes with respect to 
the intelligibilia , and all the rules for checking on the intelligibilia  with respect to which one 
cannot be certain that someone did not err in the past (Rosenthal 1970, p. 205). 

The application of logic is universal and its purpose as we would say today is to determine 
valid statements for every domain of objects. The universal aspect of the normativity of logic 
with its epistemic character and its epistemological role has been summarised by al-Ghaz!l"Õs 
(1058-1111) definition of logic: ÒLogic is the canon (q!nun), providing the rules and norms 
that is applicable to all human knowledge and on which all human knowledge restsÓ (our 
emphasis, ibid. p. 204). The formal nature of logic which consists in making explicit the 
structure of all scientific and social disciplines is considered by the Arabic tradition as the 
means by which knowledge could be unified as is rightly stressed by Rosenthal: 

The history of logical studies in Islam remains to be written. [É] It is clear, however, that 
regardless of changes in approach and method, Muslim logicians never lost sight of the fact that 
the primary function of their labours was to find about ÒknowledgeÓ and to contribute to a 
comprehensive epistemology for all aspects of Muslim intellectual endeavor, including theology 
and jurisprudence (ibid., p. 208). 

The spirit of establishing rules and procedures for every scientific discipline which 
characterises the Arabic tradition explains also why geometry and algebra have come to be 
conceived by Arabic mathematicians as calculations (see Rashed and HeefferÕs contributions 
respectively). It turns out therefore that ars analytica, the metamathematical theory which has 
the task according to Ibn al-Haytham to provide the method of finding mathematical proofs, is 
nothing other than mathematical logic as Rashed brilliantly explained in section 3 of his 
paper. 
According to the Arabic meaning, knowledge is useful. Its usefulness lies in being an action 
guide since it comprises some principles of prediction. From this point of view, Islamic Law 
and Arabic Grammar are scientific disciplines since they fix by means of rules the pattern of 
the behaviour of both the society and its language, such rules act as way signs which are 
designed to be followed in the future. Another striking feature worth mentioning is that !"!"#  
or na1w which is the Arabic word for Grammar shares the same meaning as that of "ilm and 
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shar#"a since it also means ÒdirectionÓ or ÒwayÓ and the context in which it is originally used 
means Òfollow this wayÓ.  
These aspects of the notion of knowledge of the Arabic tradition led to overcome one of the 
main weaknesses of the inherited tradition of Greek science: the already mentioned 
underestimation of the notion of experimentation. It is once more the relation between theory 
and practice which is at stake here and the Arabic scholars noticed that this feature of their 
notion of knowledge might lead to new advances in relation to the stagnated science of the 
ancient Greek tradition. Ibn Qutaybah, who is more known as a man of literature and 
linguistics than as scientist, devotes a whole book to the pre-Islamic astronomy in the 
introduction of which he declares his main motivation. 

My purpose in everything that I reported here has been to confine myself to what the Arabs know 
about these matters and put to use (!"#$%&' !  !"# !"  !"#$% !"#$  !" !"#  !"#$%&'), and to exclude that 
which is claimed (! "#$%&) by those non-Arabs who are affiliated with philosophy (!"#$"%& !"# !"#"$%&'() 
and by mathematicians-astronomers (!"#$%& !"#$%). The reason is that I consider the knowledge of 
the Arabs (!"#$% !"#) to be knowledge that (1) is plain to sight (!"#$%&  !" #$%&' ()), (2) true when put to 
test (!"#$%&' !"#  !" #$%&' ()), (3) and useful to the traveller by land and sea (!"#$% !"#$ !  !"#$ !"#$%  !"#$%&'()). 
God says ÔIt is He who has appointed for you the stars, that by them you might be guided in the 
shadows of land and sea.Õ [QurÕ!n 6:97] (our emphasis and numeration; Ibn Qutaybah 1956, pp. 1-
2). 

This is in fact more than a mere provocation, it is a strong challenge to those astronomical 
works which either were translated or written following the Greek tradition. What is at stake 
here is the epistemological status of Greek scientific works: how can we know, let alone be 
sure, that a given discourse, among the various discourses concerning the nature of the 
physical world, is real knowledge and not simply a mere speculation. These epistemological 
and related questions concerning the nature of knowledge and its development have become 
quickly the dominant topic in the Arabic tradition as Gutas explains: 

Because of the spirit of research and analysis it inculcated, different fields of scholarly endeavour 
unrelated to the translations gained in sophistication , a plethora of ideas was available for ready 
consumption, and the areas covered by the translation literature were no longer the only ones to 
impress the powerful minds. Intellectual debates of all sorts became the order of the day and 
patrons became interested not only in the transmitted knowledge from the Greeks but in the main 
problems posed by this knowledge and in the various ideological challenges to it (Gutas 1998, p. 
124). 

Giving the status of the knowledge in the Islamic society, the Arabic tradition has shifted the 
focus of research from logos understood as theoretical speculations to the research of a 
complex notion of knowledge, where philosophy had no privilege status. According to this 
view, knowledge is not and cannot be dominated by a particular profession and surely not by 
philosophers since it is usually compared to the depth and magnitude of an ocean the grasp of 
which goes beyond the capacity of one man or a section of the scientific community. By 
identifying itself with knowledge, the Islamic civilisation has conceived a distinctive and 
global project, of which the translations were only an important first step, for its intellectuals, 
whether they are jurists or theologians, grammarians or linguists, philosophers or mystics, 
scientists or artists, writers or poets, who are all invited to co-operate to its development. It is 
in this dynamic and diverse intellectual life that we have to understand Ibn QutaybahÕs 
intervention. Though being a non-specialist in science and philosophy, Ibn Qutaybah is not 
just criticising the Greek scientific tradition since he puts some concrete proposals to advance 
the debate. In the passage mentioned above, Ibn Qutaybah makes three interconnected 
suggestions to scientists and philosophers designed to help them check any discourseÕs claim 
to knowledge. Namely: 
1) A scientific discourse should be first intelligible, but what does it mean for a set of words 
and inscriptions to be intelligible? Hence the second suggestion: 
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2) A discourse concerning nature is intelligible if it can be put to the test. According to this 
view, a claim such as Òa table is made of earth, water, air and fireÓ is an absurdity since it 
cannot be put to the test. The fact that according to this point of view; intelligibility assumes 
the possibility of testing suggests that the Arabic tradition would reject the thesis of 
incommensurability. This applies in particular to Ibn al-Haytham critics to PtolemyÕs 
Almagest discussed by TahiriÕs paper in this volume and in the first chapter of RashedÕs latest 
volume of MathŽmatiques InfinitŽsimales du IXe au XIe si•cle.15 Relevant to our discussion is 
that Rashed discusses the semantical changes brought about in the traditional conceptual 
apparatus by Ibn al-HaythamÕs attempt to elaborate an entirely new astronomical theory. We 
have here a concrete historical case of a scientific discipline going through the first critical 
transition of its evolution where semantical change goes hand in hand with theory change. 
More precisely and contrary to what the sociological doctrine wants us to believe, the 
emergence of the new theory assumed the intelligibility of the old theory Ñ  an intelligibility  
which was tested and subject of scientific controversies. It is, one might claim, within the 
dialogue triggered by scientific controversies that the semantical changes take place. In our 
example the point at stake is the notion of falak which was used by Arabic astronomers to 
translate the central concept of Greek astronomy orb which refers to the spherical bodies that 
cause the motion of the planets. In his Configuration however, Ibn al-Haytham is led to 
change its meaning in the sense of Òthe apparent path of a particular star in the sky É without 
referring to the spherical bodiesÓ (Rashed 2006, p. 44). This is the Arabic meaning of falak 
already strongly defended by Ibn Qutaybah. In his Adab al-k!tib  or Education of the 
Secretaries, he explains that falak means the Òorbit (mad!r) of the stars with which they are 
associated !"#$% !"#$ !"#$%& !"#$ !"#$% ! Ó (Ibn Qutaybah 1988, p. 69).16 It seems thus that Ibn al-
Haytham reinstates the original meaning of the Arabic word. It can be fairly assumed that Ibn 
al-Haytham should have been aware of the controversy between the Arabic and the Greek 
approaches to astronomy since it was widely known (it was explicitly reported for example by 
one of his predecessors al-|$f" (903-986) in his Kit!b |uwar al-kaw!kib or the Book of 
Constellations). It remains to be determined whether Ibn al-Haytham was specifically aware 
of Ibn QutaybahÕs philological arguments. It turns out that before Ibn al-Haytham, Ibn 
Qutaybah was one of the first leading critics of Greek astronomy by strongly expressing his 
deep dissatisfaction with the way astronomical research was conducted. Anyway in fact it is 
Ibn al-Haytham, more than any body else, who seems finally to satisfy Ibn QutaybahÕs 
requirements. Ibn al-HaythamÕs powerful works signal a major breakthrough in scientific 
practice since they show that the intense theoretical researches undertaken since the beginning 
of the translation movement have finally begun to bear their fruits. This is one of the first 
major breakthroughs in the history of science in relation to the influence and heritage of 
Greek science. We would have liked to call it in fact a revolution in the proper sense of the 
word since this is what actually happened. The Arabic tradition has indeed turned upside 
down the Greek scientific practice.17 
The onslaught on Greek scientific claims gathers momentum by spreading to other scientific 
disciplines like medicine. Ibn M!saway (d. 857), a personal physician to the caliphal court18, 
seems to have learned Ibn QutyabahÕs lesson. He wants to put effectively to the test GalenÕs 
medical claims by dissecting his son had the caliph, as he complains in the following passage, 
not intervened to prevent him from doing so: 

Had it not been for the meddling of the ruler and his interference in what does not concern him, I 
would have dissected alive this son of mine, just as Galen used to dissect men and monkeys. As a 
result of dissecting him, I would thus come to know the reasons for his stupidity, rid the world of 
his kind, and produce knowledge for people by means of what I would write in a book: the way in 
which his body is composed, and the course of his arteries, veins, and nerves. But the ruler 
prohibits this (our emphasis). 
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Ibn M!sawayÕs story19, that recalls AbrahamÕs sacrifice, illustrates how the son was offered 
up as a sacrifice to scientific knowledge (and held up not by the intervention of the Divinity 
but of the ruler Law). It seems to me that Ibn M!sawayÕs statement expresses too the attitude 
of the whole Arabic scientific practice towards the Greek scientific and philosophical 
discourse which is held not as truth but as just claims needing to be carefully checked and 
systematically tested. Dissecting the Greek logos with the aim of producing knowledge is the 
hallmark of the period of the translation movement which reaches its climax in the eleventh 
century when PtolemyÕs optical theory was overthrown by Ibn al-HaythamÕs al-Man!z* ir  (or 
Optics) and his Almagest was completely discredited by al-Shuk$k.  
Ibn QutaybahÕs second suggestion actually involves two powerful incentives to the progress 
of science. The first is a heuristic one by directing theoretical research to subjects where 
testing claims and counterclaims are possible. The second is methodological: scientists are 
prompted to devise adequate methods and instruments aimed at testing their hypotheses. The 
underlying idea is that the refutation of the proponentÕs claims should not be purely rhetorical. 
Real arguments and counterarguments should be fully substantiated and systematically 
backed by hard evidence.20 Understanding what is said and to be sure of its truth-value by 
systematically testing its content are two heuristic suggestions designed to check the claim of 
a discourse to knowledge. The second suggestion announces in fact the third since the link of 
knowledge to testing involves some form of a twofold action: the action of testing and the 
result of a knowledge aimed to improve a given practice 
3) Ibn QutaybahÕs last point, which he further supports with the verse from the QurÕ!n, that 
the Arabic astronomical knowledge is Òuseful to the traveller by land and seaÓ remarkably 
confirms RosenthalÕs insight into the pragmatical root of the Arabic understanding of 
knowledge. The crux of Ibn QutaybahÕs point is that the truth of any theory must be reflected 
in its ability to trigger some practical benefits at some stage of its development. Furthermore 
by requiring from a physical theory to be of practical benefit, Ibn Qutaybah puts a strong 
pressure on scientists and philosophers to justify the huge resources devoted to theoretical 
researches. They have to show in particular that their inquiries are not simply a waste of time 
and money but they are relevant to the needs of the society by yielding tangible results. It 
appears thus that Ibn QutaybahÕs third suggestion is the ultimate test for any discourse on 
nature since any acquired knowledge must yield sooner or later some concrete results. The 
point at stake actually is the relation between theory and praxis which in the Arabic tradition 
seems to involve a non-vicious circle known nowadays as internal pragmatism: theory should 
improve practice and practice should improve theory. This explains why the Arabic tradition 
closely binds theory to experience. We have witnessed indeed in this period an unprecedented 
surge of interest in all kinds of empirical science. Contrary to the stagnated heritage of the 
Greek culture which fails to see the role of practice in shaping scientific theories, the Arabic 
tradition has cultivated the modern way of doing science by developing theoretical scientific 
branches, like mathematics for example, for their own sake and at the same time putting them 
at the service of empirical sciences (actually ArdeshirÕs paper indicates that Ibn S"n! makes 
what seems to be the first clear distinction in history between pure and applied mathematics). 
Geometry was masterfully used in architecture and agriculture; algebraic techniques were 
conceived to assist Islamic laws and to stimulate trade by facilitating commercial transactions; 
astronomy was developed to respond to religious and other practical needs giving rise to the 
emergence of practical astronomy: many observatories were built for more accuracy and 
lasting observations; hospitals were set up to benefit from and to direct medical researches; 
etc. to put it shortly, science has never been in action as it was in the Arabic tradition as a 
result of closely tightening theory and practice. The close combination of !"# ("ilm) and !"#  
("amal, the Arabic word for action) is effectively and definitely crystallized in the Muslim 
mind by the Arabic language due to the similarity of the two words in sound and meaning to 
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the extent that it becomes unthinkable to conceive knowledge without corresponding actions 
as is articulated by Ibn Qutaybah: Òif there were no action, one would not search for 
knowledge, and if there were no knowledge, one would not search for action  !"#$%&'  !" #$%& !"  !" #$#%&' 
!"# !   !" #$#%&'  !" #$%& !"  !"#$%&' !"#Ó (Ibn Qutaybah 1986, II p. 141). The nature of the relationship 
between knowledge and action is further studied by al-Ghaz!l" for whom knowledge is the 
form of action or as we would say today the construction of a procedure since Òaction can take 
form only through knowledge of the manner in which the action can be undertakenÓ (m"z!n, 
p. 328). It is thus not surprising that the ability to match science with action is the basic skill 
required from the education of future civil servants of the empire by the influential writer Ibn 
Qutaybah whose Education of the Secretaries was offered to Ibn Kh!q!n, a senior Secretary 
of State. 

In addition to my works [which provide linguistic, literary, and religious training], it is 
indispensable for the [secretary] to study geometrical figures for the measurement of land in order 
that he can recognize a right, an acute, and an obtuse triangle and the heights of triangles, the 
different sorts of quadrangles, arcs and the other circular figures, and perpendicular lines, and in 
order that he can test his knowledge in practice on the ground and not on the survey-registers ! "#$%&'( 
!"  !   !" #$ !%&' !"  !"#$%& !"#$%& !"#$% ! , for knowledge [of the external world] stemming from practical 
experience is nothing like theorising about it by contemplation ! "#$%&' ($) !"#  !" !#$%!&'(  !" #$. The Persians 
[i.e. the Sasanians] used to say that he who does not know the following would be deficient in his 
formation as state secretary: he who does not know the principles of irrigation, opening access-
canals to waterways and stopping breaches; [measuring] the varying length of days, the revolution 
of the sun, the rising-points [on the horizon] of the stars, and the phases of the moon and its 
influence; [assessing] the standards of measure; surveying in terms of triangles, quadrangles, and 
polygons of various angles; constructing arched stone bridges, other kinds of bridges, sweeps with 
buckets, and noria waterwheels on waterways; the nature of the instruments used by artisans and 
craftsmen; and the details of accounting (our emphasis, Ibn Qutaybah 1988, I p. 15). 

The underlying idea is that a purely descriptive theory has less value if its assertions cannot be 
translated into practice since the aim of science is not to describe nature which is the Greek 
way of inquiring (through logos) but to produce knowledge by effectively acting upon it. It is 
this outstanding insight which led the Arabic tradition to ignore the sharp demarcation lines 
drawn by the Greek imagination that keep the various scientific disciplines quite apart. But 
the practical benefit goes beyond the material aspect of theoretical researches. The usefulness 
of a scientific theory should nevertheless be understood in a wider sense including the 
possible application of its concepts and forms of reasoning to another theoretical, empirical or 
even social discipline. Logical concepts were fruitfully used in Grammar and the analysis of 
the Arabic language, logical rules were applied to legal reasoning, Ophthalmology was fully 
and definitely integrated into Optical studies, Algebra was closely developed in conjunction 
with Geometry, Arithmetic was effectively applied to Algebra, etc. Was this interdisciplinary 
approach a happy coincidence or something which was carefully worked out? One of the 
remarkable features of many Arabic and Islamic intellectuals is the encyclopedic nature of 
their formation which was sustained throughout the classical Islamic era from al-Kind" to 
Maimonides, to refer just to those major figures who are known to the western historians (see 
RashedÕs paper). Gutas has rightly emphasised the crucial role played by the encyclopedic 
formation in al-Kind"Õs top objective 

It is important, first of all, to keep in mind that al-Kind" was not a philosopher in the sense that he 
was only or primarily a philosopher. He was a polymath in the translated sciences and as such very 
much a product of his age. He wrote on all the sciences mentioned above: astrology, astronomy, 
arithmetic, geometry, medicine. This broad and synoptic view of all sciences, along with the spirit 
of encyclopedism fostered by the translation movement for the half century before his time, led 
him to develop a research program whose aim was to acquire and complete the sciences that were 
transmitted from the ancients (our emphasis, Gutas pp. 119-120). 
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The underlying idea of encyclopedism is that science is conceived as a whole or unity and not 
as a mere collection of scientific disciplines which have nothing to do with each other, and the 
cross-fertilisation of the various scientific branches is the means by which the whole body of 
knowledge can make further and sustained development. Al-Kind"Õs answer to the 
fundamental task that he sets himself inaugurates a new and fruitful approach to science. By 
seeking the progress of knowledge through the cross-fertilisation of scientific disciplines, the 
first Arabic philosopher introduces a major shift in the role of the philosopher since his path 
was closely followed by all his successors. Indeed al-Kind"Õs successors have further 
specified that logic, as explained above, is the knowledge which could unify all knowledge. 
Strikingly, we have to wait until the twentieth century to see the very same idea explicitly 
expressed by Otto Neurath21:  

Encyclopedism based on logical empirism was the general historical background which underlay 
the proposal of an international encyclopedia of unified science. The general purpose of the 
International Encyclopedia of the Unified Science is to bring together material pertaining to the 
scientific enterprise as whole. [É] The collaborators and organizers of this work are concerned 
with the analysis of sciences, and with the sense in which science forms a unified encyclopedical 
whole. The new Encyclopedia so aims to integrate the scientific disciplines, so to unify them, so to 
dovetail them together, that advances in one will bring about advances in the others (Neurath 1938, 
p. 24). 

That is what all the papers of the present volume have in common: they illustrate the idea of 
the unity of science in the Arabic tradition by exposing the connection, established by Arabic 
scientists and philosophers, between different scientific disciplines that contributed to the 
growth of knowledge. Bearing in mind that this is just only a start and a sample of the way in 
which interdisciplinary scientific exchanges were constantly sought and systematically 
practised throughout the classical Islamic period, we hope that our volume will inaugurate a 
new and fruitful approach to the study of the Arabic tradition. Furthermore, according to our 
view, the aim of this volume coincides with the general aims and motivation of the whole 
collection Logic, Epistemology and the Unity of Science. One can even see the research 
project of the encylopedists as a resumption of an old research programme that goes back to 
the first Arabic philosopher, but this is the start of another story. 
The book is divided into two parts, the first on Epistemology and Philosophy of Science and 
the second on Logic, Philosophy and Grammar. Ibn S"n! receives the lionÕs share in both 
parts. This is hardly surprising given the great interest in Ibn S"n!Õs philosophy due to the 
wide availability of his philosophical and scientific writings and to both the originality of his 
thought and his encyclopaedic approach to knowledge. Scholars and historians have come to 
recognise Ibn S"n!Õs works as a watershed in the history of Arabic science and philosophy. As 
more Arabic philosophical and scientific documents become available, it can be expected that 
in the coming years we will witness new research on other major Arabic-Islamic thinkers with 
a similarly thorough and in-depth investigation as that on Ibn S"n!. 

II OVERVIEW 

As already mentioned, Part I contains papers which focuses on the connection between, 
epistemology and science. In the first chapter of this part Mohammad Ardeshir discusses the 
question of the foundation of mathematics underlying Ibn S"n!Õs philosophy: what and where 
are mathematical objects? From the analysis of the role of abstraction in the emergence of 
some fundamental concepts such as existence, object and unity, Ardeshir concludes that for 
Ibn S"n! mathematical objects are those that have mental existence. In relation to 
epistemology of mathematics Ardeshir discusses Ibn S"n!Õs answer to the question: how can 
we know mathematical objects? Ardeshir explains that for Ibn S"n! intuition and thinking 
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involved respectively in the discovery of mathematical propositions and the construction of 
mathematical proofs are eventually the means by which mathematical knowledge is attained. 
 
Deborah BlackÕs paper goes a step further in investigating Ibn S"n!Õs epistemology by 
tackling the difficult question of self-knowledge. The question now is not how we know 
mathematical objects for example but how we know that we know mathematical objects? To 
deal with the complex problem of self-knowledge, Ibn S"n! adopts a new way of reasoning 
that we nowadays call thought experiment. Black explains that Ibn S"n! recognises two 
distinct levels of self-knowledge. (1) Primitive self-awareness: soulÕs awareness of itself and 
(2) reflexive self-awareness, which comes from our awareness of cognizing some object other 
than ourselves. But for Ibn S"n!, the latter is a kind of second order knowledge and it 
presupposes primitive self-awareness which ensures the unity of the soulÕs operations. Black 
presents Ibn S"n!Õs flying-man-argument - that might be considered one of the earliest uses of 
a mental experiment Ð in order to discuss the relation of self-awareness to the other reflexive 
varieties of self-knowledge. The paper could be seen as Ibn S"n!Õs answer to some of the 
questions that Hans van Ditmarsch searches in his contribution on Ibn Khald$n.  
 
Albrecht HeefferÕs contribution challenges the prevailing myth according to which ÒEuropean 
mathematics is rooted in Euclidean geometryÓ. This view, cultivated and sustained by modern 
historians of mathematics, was influenced by the growing epistemological dominance of the 
Euclidean ideal doctrine from the seventeenth century onwards. ÒMathematics consists 
entirely of calculationsÓ seems to be the conclusion drawn by Wittgenstein following the 
collapse of HilbertÕs aprioristic programme. Heeffer ironically finds that this image of 
mathematics as procedures performed on the abacus fits in very well with pre-seventeenth 
century conception of mathematical knowledge. He shows how the practice of algebraic 
problem solving within the abacus tradition, which leads to the emergence of symbolic 
algebra, grew out of Arabic sources. Indeed early Arabic algebra provides rules and 
procedures for solving problems and the validity of the rules was accepted on the basis of 
their performance in problem solving. The prime motivation of HeefferÕs analysis of the basic 
concepts of early Arabic algebra is to provide an explicitation of the epistemic foundations of 
the conception of mathematics-as-calculation developed in the Arab world. Interesting is the 
fact that the conception of mathematics-as-calculation is not confined to algebra but seems to 
be a more unifying approach to the practice of mathematics since it is also applied to 
geometry (see Roshdi RashedÕs contribution, third section). 
 
In his Ibn S#n! naturalized epistemology, Jon McGinnis reveals the dynamic aspects of the 
author of al-Shif!Õs epistemology when it applies to empirical sciences. McGinnis focuses on 
the study of Kit!b al -Burh!n which attracted little attention so far from the scholars and in 
which Ibn S"n! exposes what can be called his theory of the logic of scientific discovery. The 
study is divided into two sections. The first treats Ibn S"n!Õs theory of demonstrative 
knowledge, and how Ibn S"n! envisions the relation between logic and empirical science, 
where it is argued that one of the primary functions of Kit!b al -Burh!n is to provide heuristic 
aids to the scientist in his causal investigation of the world. The second half concerns Ibn 
S"n!Õs empirical attitude in Kit!b al -Burh!n towards acquiring the first principles of a 
science, where such cognitive processes as abstraction, induction and methodic experience are 
considered. McGinnis discusses Ibn S"n!Õs scepticism towards empirical induction and Ibn 
S"n!Õs preference for methodic experience (tajriba). Method experience; explains Mc Ginnis, 
is a type of reasoning that applies to empirical science and purports the need of revision when 
new empirical data become available. According to McGinnisÕ paper, it turns out that the kind 
of logic suitable for the formalisation of empirical sciences intended by Ibn S"n! is not 
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deductive logic but something what we would nowadays call some kind of non-monotonic 
and/or ceteris paribus reasoning. 
 
Roshdi Rashed paper tackles the following crucial question: is there a philosophy of 
mathematics in classical Islam? If so, what are the conditions and the scope of its presence? 
To answer these questions, it is not sufficient, points out Rashed to present the philosophical 
views on mathematics, but one should examine the interactions between mathematics and 
theoretical philosophy. RashedÕ paper proposes to tackle the question in a new and 
unexplored way and that touches the main conceptual target of our volume, namely: the unity 
of science in the Arabic tradition. Indeed, as remarked by our author, the links between 
mathematics and philosophy are sometimes tackled in the works of the philosophers of Islam 
as al-Kind", al-F!r!b", Ibn S"n!, etc.; but in a so-to-say totally external way In fact, there is a 
remarkable lack of studies aiming to understand the repercussions of the mathematical 
knowledge of the thinkers of classical Islam on their philosophies, or to discuss the impact on 
their own philosophical doctrines of their activities as scientists. RashedÕs arguments 
Mathematics has provided to theoretical philosophy some of its central themes, methods of 
exposition and techniques of argumentation. The aim of RashedÕs paper is to study some of 
the numerous interactions between mathematics and philosophy, in the context of tackling the 
question of philosophy o mathematics in classical Islam. More precisely, some of the themes 
discussed in this rich paper are mathematics as a model for the philosophical activity (al-
Kind", Maimonides), mathematics in the philosophical syntheses (Ibn S"n!, Na{ "r al-D"n al-
� $s"), and finally the constitution of ars analytica (Th!bit ibn Qurra!"Ibn Sin!n!"al-Sijz", Ibn 
al-Haytham). From the point of view of logic; this remarkable paper can be also understood as 
complementing the studies of Ahmed, Schšck and Thom who studied the interactions 
between logic; grammar and metaphysics but did not tackle the interaction between logic and 
mathematics as Rashed does. 
 
Hassan TahiriÕs paper stresses the epistemological consequences of Ibn al-HaythyamÕs al-
Shuk$k. The author presents Ibn al-HaythyamÕs systematic refutation of PtolemyÕs Almagest 
as paradigmatic for the creative attitude of the Arabic Tradition towards the heritage of Greek 
science. Contrary to his Optics, explains Tahiri; al-Shuk$k is not only a book of science but a 
book about science since it is motivated by epistemological considerations designed to break 
the deadlock caused by the Ptolemaic exposition of science. TahiriÕs main contribution is that 
it bridges the assumed historical gap between ancient and modern science by emphasising on 
the huge impact of al-Shuk$k on later astronomical researches up to Copernicus. This 
historical fact, which shakes the basis of the received viewÕs claim according to which 
CopernicusÕ Revolutionibus was the starting point of the scientific revolution, should, 
according to Tahiri; prompt the historians to revise the prevailing periodisation of the history 
of science. One remarkable point suggested in TahiriÕs paper is his perspective on 
controversies that offers a new way to understand the relation between logic, epistemology 
and the role of the Arabic tradition. The point suggested by Tahiri is that through 
controversies; particularly in relation to the heritage of Greek science, the Arabic tradition 
expressed one of their most important achievements: the development of countermodels to the 
stagnated model of the ancient Greek science and therefore motivated the impulse to 
unexplored new paths of scientific enquiry.  
 
Part II is composed of papers which exhibit the connection between logic, philosophy and 
grammar and starts with a paper of Asad Ahmed on the dichotomy jiha-m!dda in the work of 
Ibn S"n! as compared with the Greek version tropos-h$l%. The paper begins with the study of 
the word (tropos) in Aristotle, it shows how it became a technical term for the Commentators; 
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how, as part of eidos, it came to be dichotomous with h$l%; how the eidos-h$l% and tropos-
h$l% dichotomy was known to al-F!r!b"; how Ibn S"n! inherited this dichotomy; and finally, 
what role this dichotomy, along with several associated concepts, had to play in Ibn S"n!Õs 
modal logic. According to Ahmed, the dichotomy jiha-m!dda seems to have become a 
determining factor for Ibn S"n#Õs conversion rules of modal propositions and thus play a 
central role in his modal syllogistic. Moreover, the author suggests that this distinction is at 
the base of the distinction between unconditioned and conditioned necessity expressed by the 
couple dh#t#/wa{ f#. While this paper explores the purely logical reasons underlying these 
distinctions. CorneliaÕs Schšck and Paul ThomÕs contributions to our volume complete the 
picture of these and related notions by providing the grammatical and metaphysical 
background. 
 
Allan BŠck chooses, in his paper, to deal with the epistemological implication of a socio-
cultural phenomenon which pervades our modern societies: multiculturalism. According to 
the author, the fact of the matter is that the emergence of the multiculturalism doctrine or at 
least its current surge can be seen as symptomatic of the abandonment of the flawed 
systematic philosophical approach, either to the foundation of science or to the explanation of 
its development, following the epistemological triumph of the historical-sociological 
approach to science. The author explains what is wrong with the current understanding of 
multiculturalism which, according to the view of BŠck, is related to the politically corrected 
practice reflecting the balance of power of the various conflicting social forces rather than to a 
philosophical position. The Arabic-Islamic tradition offers another approach to 
multiculturalism based on the principle of diversity which succeeded in producing a more 
tolerant society in which different communities lived together side by side according to their 
own customs and beliefs but without degenerating into a kind of relativism that serves as a 
justification of the Òequal validity of all cultures.Ó The search of certain form of unity or 
objectivity into the extant diversity seems to be the hallmark of the Arabic-Islamic tradition. 
Islamic Logic is designed to show how this approach is actually implemented in logical 
studies and more precisely in the investigation conducted by some Arabic-Islamic thinkers 
into the relationship between Greek logic and the Arabic language. It might be worth 
mentioning that the author of this contribution begins by discussing a motivation and 
invitation letter penned by Shahid Rahman. Now, perhaps it might be important to point out 
that RahmanÕs aim was to avoid contributions where the main argument is to show that; 
Arabic author X, wrote the same as the nowadays author Y of the European (and modern) 
tradition. Interesting is the fact that BŠckÕs paper brings out what the editors were seeking for: 
a new alternative concept to our modern notion of multiculturalism based in the study of the 
Arabic tradition. 
 
Hans van Ditmarsch contribution relates to the work of Ibn Khald$n who was a 14th century 
historiographer. From a family originating in Seville, prior to its conquest (ÒreconquestÓ) by 
the king of Castille, Ibn Khald$n lived an itinerant life serving as a magistrate for Spanish and 
Moroccan Islamic courts. He is very well known in History but his epistemological and 
logical writings have not yet captured the attention of the specialists in the field. The 
unfortunate lost of Ibn Khald$nÕs book on logic is a major impediment to the study of his 
thought on those issues. Hans van Ditmarsch, an international expert in dynamic epistemic 
logic, explores those fragments of Ibn Khald$nÕs Prolegomena, the Muqaddimah. More 
precisely, the hypothesis van Ditmarsch was trying to confirm or reject was whether Ibn 
Khald$n considered the three properties of knowledge as formalized in the logic S5: 
truthfulness, positive introspection, and negative introspection. In a recent publication of the 
author Ñ  not accidentally Ñ  entitled ÔProlegomenaÕ refers to the existence of text fragments 
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that suggest that the answer to that tripartite question is: yes, yes, no. The two relevant parts in 
Ibn Khald$nÕs Prolegomena studied by van Ditmarsch are the chapters Ôon reflectionÕ, and 
Ôon the nature of human and angelic knowledgeÕ in volume 2 (426-430 and 433-435), and a 
chapter ÒlogicÓ in volume 3 (149-160). The author summarises these notions as follows. 
Reflection is the faculty that distinguishes humans from animals, who only possess the faculty 
of perception. Reflection provides proof of the existence of the human soul, because it allows 
us to know things that are not directly observed. Reflection also allows us to interact with the 
sphere of angels. The power of reflection can be measured as the maximum length of a cause-
effect chain: Òsome people can still follow a series of five or sixÓ, and as the ability to avoid 
actions that result in unpleasant consequences (the remark on the power of reflections 
suggests for the modern modal logician transitivity of the knowledge operator). It is tempting 
to see such reflection on acquired knowledge as a form of introspection in the modern 
epistemic logical sense. It is then comforting for a modal logician that awareness of 
knowledge provides proof of the existence of the soul. That knowledge of something 
corresponds to its being true seems also easily read into various phrases. The author did not 
find a reference to negative introspection. However it worth recalling that in the epigraph on 
the introduction of our volume it has been stated that the awareness of not knowing is 
considered to be in the Arabic tradition a condition of learning. Certainly this is a weaker 
statement than negative introspection that requires that for any proposition p if we do not 
know p, then we know that we do not know it. 
 
The contribution of Ahmad HasnawiÕs is intended to shed new lights on the little known but 
complex issue of the treatment of the quantification of the predicate by Ibn S"n# and contains 
the first translation of the first two chapters of Al-"Ib!ra  Ñ  the third book of the logical 
collection of his philosophical encyclopedia entitled al-Shif!Õ (The Cure). Ahmad HasnawiÕs 
paper can be seen as a response to Wilfrid HodgeÕs forthcoming ÒIbn S"n#Õs Al-Ib#r# on 
multiple quantification: how East and West saw the issuesÓ (presented at Trinity collegeÕs 
colloquium on the Aristotelian Peri Hermeneias 2005). Among the points discussed by 
Hodges, we mention in particular the reduction of the sixteenth doubly quantified sentences 
generated by the adjunction of the four quantifiers (every, not any, some and not every) to the 
subject-predicate sentences. Unlike Ammonius and Tar‡n, Hodges points out that Ibn S"n# 
succeeded in halving the list by Ònoting that if we replace the subject determiner in one of 
these sentences by its contradictory, then we get a sentence that is true if and only if the 
original sentence was false.Ó For Hodges then, this is not a rule because Ibn S"n# fails to 
further halve the resulting list. According to Hodges, the real rule applied by Ibn S"n# and that 
prevented him from conducting the second reduction is stated much later. Hodges formulated 
it as follows: ÒIn a sentence with a determined predicate, take the predicate as a whole, 
including the determiner, and regard it as a single universalÓ. A claim challenged by Ahmad 
HasnawiÕs paper. First of all, he reminds the reader that Ibn S"n# broadened the study of the 
quantification of the predicate by systematically discussing the significance and the logical 
status of singular and indefinite sentences. On the question of double quantification, Hasnawi 
argues that what Hodges considers as a mere observation, which allows Ibn S"n# to halve the 
list of sixteen doubly quantified sentences, is in fact a rule since it follows a systematic 
procedure. And contrary to HodgesÕclaim, Hasnawi mentions a passage where Ibn S"n# states 
the equivalence of two sentences of the reduced list indicating that he was aware of the 
possibility of reducing further the remaining eight sentences. This evidence suggests, 
according to Hasnawi, that Ibn S"n# seems to be more interested in the systematic explanation 
of the quantification of the predicate, designed to interpret the logic of doubly quantified 
sentences on the model of the sentences with an indefinite predicate (S is not-P), than with the 
systematic reduction of the doubly quantified sentences. More significantly, Ibn S"n# calls 
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ÒdeviatingÓ propositions such propositions where the predicate is quantified because, 
according to Ibn S"n#, they do not correspond to the common use of language. That is why 
Ibn S"n# declares that Òthere is no great utility in studying them in depthÓ since they have 
little application. This, according to HasnawisÕs Appendix II; explains also why Ibn S"n#Õs 
successors seem to follow his advice by generally dismissing deviating propositions from 
their logical studies. An important point missed out by Hodges since his paper gives the 
misleading impression that Ibn S"n#Õs treatment of the quantification of the predicate is 
representative of the entire eastern tradition. 
 
Cornelia Schšck tackles the issue of the relationship between Neoplatonic and Peripatetic 
metaphysics and logic on one hand and Arabic grammar on the other hand. She first reminds 
the reader of the little known fact that this relationship has its roots in a much older dispute 
between the grammarians and the theologians (mutakallim$n) in relation to the meaning of the 
Òderived nameÓ (ism mushtaqq). By broadening the perspective of her investigation, Schšck 
seeks to explain the origin of the distinction between the understanding of predications Ôwith 
regard to essence/essentiallyÕ (dh#t#) and Ôwith regard to description/descriptionallyÕ (wa{ f#). 
The first is derived from a technical term of Aristotelian logic, namely the logical term 
ÒessenceÓ, and the second comes from Arabic grammar. On the basis of the grammatical 
distinction of the Arabic notion of ÒderivationÓ (ishtiq#q), Schšck shows how Ibn S"n#Õs 
logico-linguistic analysis arrived at his famous two types of use of the ÔderivedÕ (mushtaqq) in 
language. Schšck explains that according to Ibn S"n# Òthe derivedÓ (al-mushtaqq) Ñ  namely 
Ò[the name of] the agentÓ ([ism] al-f#"il ) and Òthe description/attribute which is similar to [the 
name of] the agentÓ (al-{ ifa al-mushabbaha bi-l-f#"il ) (cf. above ¤ 4) Ñ  can be used in 
language to indicate five different meanings, namely: 
[1.] It can stand Ôwith regard to essence/essentiallyÕ (dh#t#) to indicate: 
[1.a] an essence and a quiddity to which is attributed an essential potency and quality, as for 
example ÔrationalÕ (n#} iq) in the statement ÔAll rational have the power of volitionÕ; 
[1.b] an essence and a quiddity to which is attributed a passive-potency (quwwa) to be in a 
state (1#l) of being and to be in a contrary state of being, as for example ÔmovingÕ 
(muta1arrik) in the statement ÔAll moving are restingÕ; 
[1.c] an essence and a quiddity to which is attributed an active-potency (quwwa/qudra) for an 
action (fi"l /"amal) and for a contrary action, as for example ÔspeakingÕ (n#} iq) in the 
statement Ôall speaking are keeping quietÕ or as for example ÔstandingÕ (q#Õim) in the 
statement Ôall standing are sittingÕ. 
[2.] It can stand Ôwith regard to description/descriptionallyÕ (wa{ f#) to indicate: 
[2.a] an essence and a quiddity to which is attributed a quality (kayfiyya) by which the 
substance is in a state (1#l) of being, as for example ÔmovingÕ (muta1arrik) in the statement 
ÔAll moving are changing [when moving]Õ; 
[2.b] an essence and a quiddity to which is attributed a quality (kayfiyya) by which the 
substance is connected (muqtarin) (cf. above ¤ 6) and related (mu! #f) (cf. below ¤ 8) to an 
acting/doing (fi"l /fa"l/"amal), as for example ÔwalkingÕ (m#shin) in the statement ÔAll walking 
are changing [when walking]Õ. 
One of the most significant products of this process of mutual rapprochement between 
grammar and logic, the author points out, is the synthesis of the Aristotelian accidental 
predication with the Arabic ÔdescriptionÕ (wa{ f). This explains why statements of empirical 
sciences belongs to the wa{ f#Ðreading in which the necessary relation between the two terms 
is restricted to the time of the duration of the attachment of an accident to the essence and 
substance denoted by the subject-term. This is the time when the essence and substance is 
described as either being in a certain state (1#l) or as performing an action (fi"l /"amal). 
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Schšck further examines the metaphysical implications of the dh#t#/wa{ f# distinction. She 
argues that the latter is not only basic for Ibn S"n#,Õs modal syllogistic and epistemology, but 
also for al-Ghaz#l"Õs semantical-logical explanation of the names of God. The modern 
philosopher of logic might learn form AhmedÕs, SchšckÕs and ThomÕs contributions that the 
distinction between definite descriptions and proper names might have a long and fascinating 
history.  
 
Paul ThomÕs contribution starts where SchšckÕs contribution ends, namely with the 
investigation of the relationship between logic and metaphysics in Ibn S"n#Õs modal 
syllogistic and therefore completes the logical and grammatical researches of Ahmed and 
Schšck.  
Thom points out that Ibn S"n#, unlike Aristotle, states truth-conditions for the propositions 
that constitute his modal syllogistic. Ibn S"n#Õs characterisation of the subject of an absolute 
or modal proposition as standing for whatever it applies to, Òbe it so qualified in a mental 
assumption or in external existence, and be it so qualified always or not always, in just any 
mannerÓ, leaves open two ways to construe the propositions, namely de re and de dicto Ð the 
author remarks that his formulation self-consciously rejects the idea that the subject-term of 
an absolute or modal proposition applies just to what actually exists. Recent discussions of 
Ibn S"n#Õs modal syllogistic have adopted a simple de re reading of Ibn S"n#Õs dh!t# 
propositions, and therefore either ignored or rejected the possibility of metaphysical 
applications for his modal theory. Thom contests this interpretation and identifies a class of 
metaphysical propositions (such as absolute propositions, statements of final causality and 
those of which the predicate is constitutive of the subject) which do not exhibit a simple de re 
form but involves both de dicto and de re elements. Interestingly, his attempt of interpreting 
Ibn S"n#Õs dh!t# propositions that incorporates de dicto element shows that the combined de 
dicto/de re analysis gives just as accurate a formal representation of Ibn S"n#Õs modal 
syllogistic as does the simple de re analysis. Besides its application in metaphysics, Thom 
provides theoretical reasons for preferring it over the simple de re analysis. 
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Notes 
1 Although this fundamental feature of scientific practice in the Arabic tradition has yet to attract the attention of 
many scholars and historians, we nevertheless find that the spirit of continuous research and the close 
cooperation between Arabic and Islamic intellectuals are best illustrated by the work of a series of astronomers 
and mathematicians of the thirteenth and the fourteenth centuries. They are called the Mar!gha School because 
they worked in close collaboration at the observatory of Mar!gha (situated in north-western Iran) on a specific 
astronomical research project which was clearly defined in the eleventh century by Ibn al-Haytham in his 
landmark al-Shuk$k (for more details, see TahiriÕs paper). 
2 One of the fruitful direct contacts between the Arabs and the Chinese was the introduction of paper-making 
technology into the Islamic world in the early eight century, making obsolete all other writing materials. The 
quick use of paper in writing leads to the unprecedented spreading knowledge. Jonathan Bloom devotes a whole 
book to this worldwide phenomenon created by the emergence of the paper industry. By discussing the social 
and scientific impact of paper, he shows Òhow its use in the islamic lands during the Middle Ages influenced 
almost every aspect of medieval life, [É] how paper utterly transformed the passing of knowledge and served as 
a bridge between culturesÓ (Bloom 2001). 
3 Gutas is referring here to a number of scientists (mainly algebraists and astronomers) such as al-Khw!rizm", 
Ya1y! ibn Ab"-Man{ $r and Ban$-M$s!. 
4 GutasÕ claim seems to be challenged by RashedÕs recent study of al-Kind"Õs works, see fn. 5. 
5 P. 150. 
6 One could assume that al-Kind" was speaking here as if he was, at least implicitly, the director of the 
programme of Bayt al-1ikma for three reasons: (1) according to Rashed, Òle caliphe al-MaÕm$n se lÕattacha et 
lÕintŽgra ˆ la ÒMaison de la sagesseÓ, Bayt al-1ikma, quÕil avait fondŽe; [É] il avait dÕaillaurs ŽtŽ chargŽ par al-
MaÕm$n de controler les traductions faites au Bayt al-1ikma et dÕen amŽliorer lÕarabe.Ó (Rashed 1998, p. v); (2) 
he had the strong support of the ruling power because of his close ties with the caliph al-MaÕm$n and his 
successor al-Mu#ta{ im (833-842). The latter had appointed him as tutor of his son A1mad and was the addressee 
of a number of his epistles including On the First Philosophy. (Gutas 1998, p. 123, Rashed 1998, p. v); (3) he 
tries to implement effectively his programme by gathering around him a circle of scientists and collaborators 
(Gutas, p. 119; Rashed 1998, p. v). Rashed adds: Òde nombreux th•mes et concepts ŽlaborŽs chez les Grecs ont 
ŽtŽ choisis et repensŽs par al-Kind", intŽgrŽs ˆ lÕÏuvre originale quÕil lui-m•me construite.Ó 
7 On the distinctive relation that binds the Arabic people to their language, the arabicist Nadia Anghelescu writes 
in the first chapter of her Language et culture dans la civilisation arabe: 

Le seul prodige que [the prophet] Mu1ammad revendique comme signe de son investiture divine 
cÕest le QurÕ!n, dont la perfection sur le plan de lÕexpression dŽfie toute imitation. ÒPour lÕIslam 
Ñ  note Louis Massignon Ñ  le miracle est verbal, cÕest lÕi"j!z  coranique ; la chose essentielle en 
Islam, cÕest la langue arabe du QurÕ!n, miracle linguistiqueÓ. Personne ne rŽussira ˆ atteindre la 
perfection de ce monument de langue Ñ  ce que proclama Mu1ammad lui-m•me, en lan•ant ˆ ses 
coreligionnaires un dŽfi par delˆ les si•cles Ñ , mais tous sÕefforcent dÕimiter son vocabulaire, son 
style, ses procŽdŽs rhŽtoriques. La culture arabe tout enti•re est marquŽe par cette dŽmarche de la 
ÔbeautŽÕ de lÕexpression, par le haut prix que lÕon attache ˆ la forme, ˆ la sonoritŽ, ˆ lÕemphase, 
dŽcelables m•me chez ceux qui ne maniaient pas la langue arabe littŽraire. JusquÕˆ nos jours, cette 
magie du verbe continue ˆ sÕexercer m•me sur un public moins cultivŽ ou illettrŽ. Le cŽl•bre 
historien des Arabes, P. K. Hitti, fait mention lui aussi de lÕextraordinaire force de la parole dans 
lÕespace arabe : ÒAucun peuple du monde, probablement, nÕest tellement saisi dÕadmiration devant 
lÕexpression littŽraire et nÕest tellement impressionnŽ par le mot prononcŽ ou Žcrit comme le sont 
les Arabes. Il est presque inconcevable quÕune langue puisse exercer sur les esprits de ses 
dŽtenteurs une influence aussi irrŽsistible que lÕarabe. LÕauditoire moderne de Bagdad, de Damas 
ou du Caire peut sÕenflammer au plus haut point rien quÕˆ entendre rŽciter un po•me ou prononcer 
un discours dans lÕarabe classique, m•me sÕils ne les comprennent que vaguement ou 
partiellement. Le rythme et la rime, la musicalitŽ produisent sur les audituers lÕeffet de ce quÕils 
nomment la Ômagie permiseÕ (si1r 1al!l ).Ó 
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Cette ÔmagieÕ, il faut bien le dire, cÕest lÕarabe littŽraire qui lÕexerce Ñ  cette langue qui fut depuis 
toujours placŽe sur le piŽdestal de la plus haute estime. Ce nÕest lˆ sans doute quÕune forme 
particuli•re de manifestation de ce prestige dont jouit toute langue littŽraire ou Ôlangue standardÕ : 
il sÕagit dÕune attitude qui se manifeste par la ÔloyautŽ linguistiqueÕ, par la ÔfiertŽÕ, par la ÔfideltŽ 
aux normesÕ, attitude que Paul Garvin consid•re comme relevant de la fonction symbolique pr•tŽe 
ˆ la langue standard, en gŽnŽral, et qui, dans le cas de lÕarabe, acquiert une rŽsonance toute 
particuli•re (Anghelescu 1998, pp. 13-14). 

This fascination of the arabic language gives rise to the developmment of linguistic studies which begun as early 
as the eight century and whose effect will be felt in Europe eight centuries later: 

On ne peut examiner lÕattitude des Arabes ˆ lÕŽgard de la langue durant les si•cles de leur 
Žpanouissement culturel, sans rŽvŽler lÕimportance de la science linguistique, avec ses diverses 
ramifications. Reflets du ÔlogocentrismeÕ de la sociŽtŽ arabo-islamique, les Žtudes linguistiques 
arabes connurent une vogue que lÕon ne retrouve gu•re dans dÕautres espaces culturels. Il existe 
des milliers dÕouvrages consacrŽs aux diffŽrentes disciplines que lÕon dŽsigne aujourdÕhui sous le 
nom de grammaire, lexicologie, lexicographie, sŽmantique, rhŽtorique, et qui constituent lÕun des 
composants de base du fonds dÕor de la culture arabe mŽdiŽvale. Les rŽsultats de cette laborieuse 
activitŽ dÕanalyse et de rŽflexion linguistiques sont relativement peu connus en dehors du monde 
arabe, si lÕon fait abstraction des travaux des orientalistes europŽens, qui surtout ˆ partir du XVIe 
si•cle prirent les grammaires et les dictionnaires arabes pour mod•leÓ (ibid., p. 67). 

8 The Arabic-Islamic society proudly calls itself the nation of iqraÕ (!"#$% &'(!) in reminiscience of the first verse, or 
rather the first word, to be revealed to the prophet. The symbolic significance of this lies in the meaning of iqraÕ 
which has to do with reading, learning and lecturing. 
9 Anghelescu explains how al-J!hiz*  personage became to symbolise the book-based nature of Arabic culture: 

Al -J!hiz*  lisait tant, quÕil impressionnait ses contemporains : on raconte quÕil Žtait rarement vu 
sans livre ˆ la main, quÕil passait ses nuits chez quelque libraire pour finir un livre qui lÕintŽressait, 
ou quÕil faisait de longs voyages pour se procurer des livres dont il avait entendu parler. Il avait 
collectionnait un nombre impressionnant de livres et la lŽgende dit que, vieux et paralysŽ, il aurait 
trouvŽ la mort sous les piles de livres qui sÕŽtaient effondrŽs sur son corps : une mort on ne peut 
plus symbolique pour un personnage symbolique. Dans le Bagdad de lÕŽpoque, il existait de 
nombreuses librairies (ˆ en croire certains auteurs, une seule rue en possŽdait une centaine), mais 
surtout des biblioth•ques publiques et privŽes : toute personne marquante se faisait un point 
dÕhonneur de sacrifier sa fortune pour acheter des livres. Toutes les disciplines sont cultivŽes et, ˆ 
ce queÕon affirme, en dehors des mathŽmatiques et de la philosophie qui restent nŽanmoins 
lÕapanage des spŽcialistes, aucune branche de la science nÕŽchappe ˆ cet esprit encyclopŽdique 
accapareur du si•cle (Anghelescu 1998, pp. 55-56). 

10 Al -J!hiz* actually uses the more general term !"#$ or "ibra which can be translated as lesson. It is rendered by 
knowledge here since this is the topic discussed in the passage. "Ibra is one of the key words in Arabic culture 
since it indicates not only the necessity of change but also seems to describe how change is brought about. In its 
general sense, it conveys the idea that the good development of a society as well as of an individual depends on 
their ability to draw the right lessons from their own experiences and the experiences of other people (past and 
present). It should be reminded here that Ibn Khald$nÕs al-Muqaddima (see DitmarschÕs paper) is also known by 
its shortened subtitle Kit!b al -"ibar (the book of lessons), reflecting the Arabic-Islamic approach to History. 
11 After successfully ousting the Umayyads, the #Abbas"ds moved the capital to Bagdad, their new founded city. 
Their rule lasted for more than five centuries until it was brought down by the invasion of the Mongol. 
12 The Umayyads established Damascus as the capital of the Islamic state. Their rule did not last long mainly 
because not only of their inability to broaden the basis of their power as Gutas explains (pp. 17-19), but also of 
their failure to win the hearts and the minds of the masses due to their lack of vision for the long term 
development of the society. 
13 For more details on the impact of Islamic teaching, whose exhortation goes back to the seventh century, on the 
permanent establishment of the Ôsearch after knowledgeÕ tradition, see Rosenthal chapter V, section 1 ÒOn 
KnowledgeÓ, p. 70. 
14 ÒSeeking knowledge is a duty for every believerÓ and ÒSeek knowledge, even if it be in ChinaÓ are among the 
most famous sayings Ñ  about knowledge Ñ  attributed by the tradition to the prophet. 
15 In this chapter Rashed presents a recently discovered astronomical material entitled the Configuration of the 
Movements of each of the Seven Wandering Stars which was written by Ibn al-Haytham after his famous al-
Shuk$k. The historical significance of this monumental work can hardly be overemphasised since it demonstrates 
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that Ibn al-Haytham has finally come to the conclusion that astronomy cannot be founded as a physical theory by 
just reforming PtolemyÕs Almagest. 
16 The same explanation could be found in his Kit!b al -Anw!Õ where he criticises the way astronomers use the 
Arabic word falak. Referring to the Almagest in which Ptolemy assumes that the heavenly bodies are moved by 
spherical bodies, Ibn Qutaybah admits that he cannot comprehend PtolemyÕs statement speaking of something 
that it can hardly be seen ÒI have heard  !" #$%  !"# !  some who say that aflak (the Arabic plural of falak) are circles 
(a} waq the plural of } awq) around which move the stars and the sun and the moon, and that the sky is above 
them [all]Ó; and he continues his strong attack by expressing his puzzlement as to how falak has become to refer 
in their astronomical works to supposedly large physical bodies that can only be heard of but can never be seen: 
ÒI have no way to find out how is that and I do not find it corroborated ( !"#$ !"#  sh!hid)Ó by the Arabic tradition 
(our emphasis, Ibn Qutaybah 1956, ¤ 139, p. 124). 
17 A point which is not missed by the eminent historian of science GŽrard Simon when he describes Ibn al-
HaythamÕs approach to optics as a scientific revolution, making it de facto the first scientific revolution in the 
history of science. For, he remarks, that the Greek conception of sight finds itself transformed by his work. 
Indeed, Ibn al-Haytham establishes experimentally that the phenomenon of sight is the result of light coming in 
and not out from the eye as is assumed by Ptolemy: 

La rŽvolution opŽrŽe par le tr•s grand savant arabe Ibn al-Haytham, connu en occident sous le nom 
dÕAlhazen, qui a substituŽ ˆ une thŽorie de la vision faisant sortir de lÕÏil des rayons lumineux une 
thŽorie antagoniste faisant entrer dans lÕÏil des rayons lumineux ; ce qui lÕa obligŽ ˆ se demander 
sur de nouvelles bases comment la vision pouvait •tre un sens ˆ distance, faisant percevoir le 
monde extŽrieur, alors que cÕest dans le corps que se produit la sensation (Simon 2003, p.7). 

Simon explains that the timing of this revolution is rather an evidence once again of the fact that scientific 
change is brought about by a change of approach in the conduct of the scientific inquiry. This is particularly true 
in relation to connection of sight with optics where the empirical turn triggered by Ibn al-Haytham has its roots 
in the role given to sight by the Arabic science and culture. Indeed as emphasised by Ibn Qutaybah in his 
objections to Greek astronomy, sight has been always considered and used in the Arabic tradition not as the 
platonic apprehension of ideas but as the instrument with the help of which the validity of uttered, reported or 
written statements could be systematically checked and tested: 

Culturellement, la possibilitŽ de gŽomŽtriser la vision nÕest pas surprenante pour des thŽoriciens 
qui con•oivent le flux visuel comme une Žmanation de lÕ‰me, et pour des astronomes pensant que 
la vue nous livre ce quÕil y a de plus noble et de plus divin dans le monde, lÕharmonie des 
mouvements cŽlestes. La vision, pour un PtolŽmŽe, peut Žchapper partiellement ˆ la contingence et 
au dŽsordre du monde sublunaire, car elle est le sens qui nous met en contact avec les rŽgions 
ŽthŽrŽes, ˆ la mani•re dont lÕou•e est un sens intellectuel parce quÕelle donne ˆ percevoir les 
rapports mathŽmatiques des harmonies musicales. LÕoptique, lˆ encore, sÕins•re dans la culture de 
lÕantiquitŽ, et plus particuli•rement ici dans une tradition pythagoricienne et platonicienne. Avec 
Ibn al-Haytham, et en particulier son TraitŽ dÕoptique, lÕinsertion culturelle de lÕoptique change. 
Elle reste certes science de la vision et science des gŽom•tres, mais, en tant que dŽsormais elle se 
donne la lumi•re pour objet et lÕÏil pour champ dÕŽtude, elle devient science de la mati•re et tisse 
des liens tr•s neufs avec la mŽdecine. En bref, elle sÕautonomise et se complexifie, tout en gagnant 
en rigueur expŽrimentale (ibid., pp. 87-88). 

18 Though being a personal physician to al-MaÕm$n and his successors, Gutas points out that it seems that he 
Òconducted his research in the course of his practice as chief physician in the hospital in BagdadÓ (p. 118). 
19 For further details see al-Qif} " 1903, pp. 390-392 and Gutas 1998, pp. 118-119. 
20 Al -Ghaz!l" formulates Ibn QutaybahÕs first two criteria in the following way: Òknowledge is the perception 
(ta{ awwur) of things through thorough understanding (ta1aqquq) of quiddity and definition, and assent (ta{ d#q) 
with regard to them through pure, verified (mu1aqqaq) certaintyÓ (Maq! { id, II, 86, in Rosenthal p. 62). 
21 Interesting is the fact that Rahman and Symons (2004, pp. 3-16) show that NeurathÕs Encyclopedism is linked 
to a conception of the relation between theory and practice strikingly close to that of Arabic tradition as 
discussed above.  
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Abstract. We try to find the answers to two main questions of philosophy of mathematics in Ibn S"n!Õs 
philosophy, i.e. what and where are mathematical objects? And how can we know mathematical objects? Ibn 
S"n!Õs ontology implies that mathematical objects are mental objects. In his epistemology, Ibn S"n! emphasises 
on intuition and thinking as two main ways of attaining mathematical knowledge. Moreover, Ibn S"n!Õs analysis 
of mathematical propositions implies that they are synthetic a priori judgements in the sense of Kant. 

1. Introduction  

In this paper we try to find the answers of Ibn S"n! to two main questions of philosophy of 
mathematics. These two questions are: (1) what and where are mathematical objects? and (2) 
how can we know mathematical objects? 
Ibn S"n! elaborated his philosophy in many of his writings without any remarkable change or 
modification. It is well known that his most detailed book is al-Shif!Õ (The Book of Healing). 
In ÒtheologyÓ or ÒmetaphysicsÓ (al-Il!hiyy!t)  of al-Shif!Õ, he discusses mathematics in at 
least three books (maq!lat). In book 1, when he tries to characterize theoretical sciences by 
their subject matter, he defines and studies the subject matter of mathematics. In book 3, he 
puts forward his views on the natures of unity and number. Finally, in book 7, where he 
criticizes Platonism, he comes back to the subject of mathematical objects, and he criticizes 
Pythagoras as well. 
A natural question related to the arrangement and the order of the topics of al-Shif!Õ may be 
the following: 
Why Ibn S#n! discusses mathematics in general and, mathematical objects in particular, in 
metaphysics? And why that is so crucial to metaphysics? 
The same question, of course, may be raised for AristotleÕs Metaphysics. There also we find 
that discussions about the concept of number are distributed almost everywhere in the book. 
In the edition that I have now on my desk (Aristotle 1958), the book ends with the section 
entitled critique of the other theories of numbers. Is it not surprising that Metaphysics ends 
with numbers? 
Back to the question, we distinguish three plausible answers: 
(1) The concept of number originates from the concept of unity, and this latter is a central 
notion of metaphysics. So it seems natural a discussion of the concept of number to be 
included in any book on metaphysics like al-Il!hiyy!t  of al-Shif!Õ. 
(2) The Pythagorean metaphysics was a dominant philosophy in AristotleÕs time and he 
should have defended his philosophy against Pythagoras. Ibn S"n! is more or less a follower 
of Aristotle. So he does the same as Aristotle, even if it is not clear whether Pythagorean 
philosophy were still active in his time. 
(3) There is a third reason that makes it more plausible to me why numbers are discussed in 
metaphysics, and that comes from a well-known postulate of Aristotle, according to which the 
concepts of existence and unity are two universal concepts which have the same extension. 
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Existent and unit are the same and have the same nature, in the sense that they accompany each 
other... since if we say Òone humanÓ and ÒhumanÓ, both refer to one thing ... Òone humanÓ and 
Òexistent humanÓ does not show anything else (Aristotle 1958, book of Gamma, chapter 1). 

This postulate of Aristotle is accepted by almost all Islamic philosophers. For example, Ibn 
S"n! admits it when he discusses about the subjects of philosophy 
And since unit and existence have the same extension, it is necessary that we study unit as 
well1. (Ibn S"n! 1997, book 1, chapter 4, p. 36) 
And Mull! |adr! says: 

Existence and unity are really the same or it [existence] is a necessary corollary of unity (Mull! 
|adr! 1981, chapter 4, vol. 3, page 298). 

In other words, whatever really exists is really one, and vice versa, i.e., whatever is really one 
is really existent. Now, since ÒexistenceÓ is clearly the most crucial notion of metaphysics, 
this would imply that the notion of ÒoneÓ is as important as the notion of ÒexistenceÓ in 
metaphysics. 

2. Ontology of mathematical objects 

In this section we want to find out the place where Ibn S"n! believes that mathematical objects 
exist. We believe the ontology of a particular science, like mathematics, is highly related not 
only to the subject matter of that science, but also to the philosophical tradition in which the 
latter is characterized. Let us see then how Ibn S"n! classifies the subject matter of different 
theoretical sciences. 

2.1. The subject matter of mathematics 

According to Ibn S"n! (Ibn S"n! 1997, book 1, chapter 1), philosophical sciences are divided 
into two categories, theoretical sciences and practical sciences. Theoretical sciences 
themselves are subdivided into three parts: physics (a} -� ab#"iyy!t ), mathematics (al-
Ta"l#miyy!t)2 and metaphysics (al-Il!hiyy!t ): 

As we said [in other places], theoretical sciences are of three kinds, physics, mathematics and 
metaphysics. 

And also it was said: the subject matter of physics is bodies, in so far as it is in motion and at rest, 
and its problems are about accidents that occur to bodies with respects to motion and rest. 

The subject matter of mathematics is quantity abstracted from matter or from whatever has 
quantity. The problems of mathematics are the ones that bear upon the quantity, as quantity. And 
in the definition of [science of] mathematics, there will not be any reference to a particular kind of 
matter or power of motion. 

Metaphysics is about things that are apart from matter, in both aspects, existence and definition 
(Ibn S"n! 1997, book 1, chapter 1, pp. 11-12.). 

In his classification of philosophical science, Ibn S"n! follows Aristotle (see also Wisnovsky 
2001). He argues that the subject matter of sciences is ÒexistentÓ (mawj� d) and an existent (a) 
may be found combined with matter in both existence and definition (or term) (1add), or (b) 
is combined with matter neither in existence nor in definition, and finally (c) is not combined 
with matter in definition but with matter in existence. The first kind of existent is the subject 
matter of physics, the second one is that of metaphysics and the last one is that of 
mathematics. In the same place, Ibn S"n! describes the subject matter of mathematics in 
detail. 

But the subject matter of mathematical sciences is magnitude, either abstracted (mujarrad) from 
matter in the mind, or accompanied by matter in the mind, and is number, either abstracted from 
matter or accompanied by matter. And mathematics does not discuss the existence of abstract 
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magnitude or abstract number or number with matter, but after accepting the existence of quantity, 
it is concerned with the accidents of quantity (Ibn S"n! 1997, book 1, chapter 2, p. 18). 

These four kinds of mathematical objects described above correspond to four branches of 
mathematics, namely (a) geometry, (b) astronomy, (c) arithmetic and (d) music. 
Magnitude, which means quantum continuum or continuous quantity in the above passage, is 
the subject matter of geometry and astronomy. Geometry studies magnitude and quantity 
abstracted from matter in the mind, even if they are accompanied by matter in the external 
world. It means that quantum continuum is accompanied by matter in the real world, but mind 
can separate it from matter and considers its properties. In astronomy, magnitude is 
accompanied by matter, both in mind and in the real world. A similar distinction holds 
between arithmetic and music. In arithmetic, the abstract number is studied, and in music the 
number and relations between them are discussed when accompanied by sounds. 
It is clear that if the subject matter of mathematics is magnitude (quantum continuum) or 
number (quantum discretum), there is no place in mathematics for questions like Òwhat is the 
nature of magnitude?Ó or Òis magnitude a substance or an accident?Ó or Òwhether quantum 
discretum must be realized in matter or outside of matter?Ó etc. Since in mathematics, the 
accidents of magnitude and numbers are studied, not their essence and states of existence. 
These questions lie in the domain of philosophy or metaphysics. 
There is a minor point in the above citation that is worth mentioning. The concept of 
ÒabstractÓ used in the above passage is not the same as the one Ibn S"n! uses often elsewhere 
in his philosophy. In his philosophical research, when Ibn S"n! uses this concept, it is in 
opposition with ÒmaterialÓ. What he means here by ÒabstractionÓ is the possibility for the 
estimation (wahm) to seize magnitude and number apart from matter. When we discuss the 
epistemology of Ibn S"n!, we will come back to this again. 
Coming back to the subject matter of mathematics3, we can say that according to Ibn S"n!, it 
consists of things that are accompanied by matter in the external world and are abstracted 
from matter in mind. He continues: 

But number can be applied to both sensible objects and non-sensible objects, so number, in so far 
as it is number, does not belong to sensible objects (Ibn S"n! 1997, book 1, chapter 2, pp. 19-20). 

His main point here is that discussion about number and its relations should be understood as 
abstracted from sensible objects, not when it may belong to sensible objects. So discussion 
about numbers is not about sensible objects. About ÒmagnitudeÓ, the question whether it is a 
ÒsubstanceÓ or an ÒaccidentÓ is less clear: 

But magnitude, [then] is a common name. Some times it is referred to dimension, which is the 
substratum of natural body, and sometimes, what is meant by it is the quantum continuum, which 
is referred to line, surface and solid. You have already learned the difference between these two 
meanings (Ibn S"n! 1997, book 1, chapter 2, p. 20). 

Here Ibn S"n! recalls his previous discussion of the difference between these two meanings of 
ÒmagnitudeÓ. I believe he refers the logic of al-Shif!Õ (third section, chapter 4), where he says 
two bodies that are different with respect to size, are not different in receiving three 
dimensions; this is exactly the first meaning of magnitude. What is the source of difference in 
any two bodies and is subject of change is the quantum continuum susceptible of admitting 
three directions, that is, length, width and depth. 
Then Ibn S"n! continues his discussion on the subject matter of metaphysics. He says: 

From what is said until now, it became clear that existent, as existent, is the basis of all these 
subjects, and it must be the subject matter of this science [philosophy], for the reason we 
mentioned (Ibn S"n! 1997, book 1, chapter 2, p. 21). 

It is a well-known fact in the tradition of Islamic philosophy that the ÒproblemsÓ of every 
science are Òthe essential accidents of the subject matterÓ of that science (see, e.g., Ibn S"n! 
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1997, book 1, chapter 2). The essential accidents of ÒexistenceÓ includes, in the first place, 
among other things, Òunit and pluralÓ, Òpotential and actualÓ, Òuniversal and particularÓ and 
Ònecessary and possibleÓ (see Ibn S"n! 1997, book 1, chapter 1). 
It is very interesting to know that when Ibn S"n! tries to explain the reason for which 
metaphysics is called m!ba"d-a} -} ab#"iyyi (whatever is after physics), he encounters to some 
difficulties with regard to mathematics. 

And the meaning of [ÒmetaÓ in]ÓmetaphysicsÓ is relative with respect to our perception, since 
when we observe the world for the first time, we perceive the natural existence. But if we consider 
this knowledge in itself [not in relation to us], it is better to be named as ÒprephysicsÓ (m!qabl-a} -
} ab#"iyyi), since it discusses matter that is prior to physics, in both its substantial (bi-dh!t ) and 
conceptual (bi-al-"umum) aspects (Ibn S"n! 1997, book 1, chapter 3, p. 31). 

Ibn S"n! argues that the prefix ÒmetaÓ in ÒmetaphysicsÓ is related to the stages of our 
perception. As we will see later in his epistemology, sense perception is the first level in 
human understanding of the world. This level of perception and some other levels that are 
closer to sense perception than to intellection, are ways of knowing physics or nature. On the 
other hand, if we consider philosophy in itself, it is prior to physics, since its questions are 
about matters that have priority relative to natural objects. For example, philosophy discusses 
the Separate, or abstracts that are the cause of nature, and every cause is prior to its effect. 
Moreover, in philosophy we discuss subjects that are more general than natural objects and 
every general matter is prior to a particular one. He then says: 

But perhaps somebody may claim: the subjects of pure mathematics (riy! ! iyy!t -al-ma1! a) which 
are discussed in arithmetic and geometry, are also before physics and in particular, number, whose 
existence is not related to physics, since it sometimes exists even in non-physical objects, so the 
sciences of arithmetic and geometry might be counted as ÒprephysicsÓ (Ibn S"n! 1997, book 1, 
chapter 3, p. 31). 

It is worthwhile to note that Ibn S"n! distinguishes pure mathematics from the other parts of 
mathematics, which nowadays are known as applied mathematics. We donÕt know if that is 
the first time in the history of science that this distinction is made. However, what interests us 
here is that he does not count astronomy and music as belonging to pure mathematics. 
According to Ibn S"n!, in arithmetic ÒnumberÓ is discussed exactly as Òthe pure magnitudeÓ is 
in geometry. In astronomy and music, on the contrary, the subject is quantities and numerical 
proportions between stars in astronomy, or numerical proportions between sounds in music. 
The main point of the above critique is that arithmetic and geometry discuss their objects 
without any relation to external objects exactly as subjects discussed in metaphysics. We 
count things in the Separate as well. 
In answering to the above critique concerning the subject matter of metaphysics, Ibn S"n! first 
considers geometry: 

What can be said as answer to this critic is this: the subject of that part of geometry in which lines, 
surfaces and solids are studied is clearly not separated from physics as regards existence, so the 
predicates of such subjects are not separated from physics, a fortiori (Ibn S"n! 1997, book 1, 
chapter 3, p. 32). 

In this part of geometry, he says, line is divided, for example, into straight, curved and other 
types of lines and surface is divided into affine surface or non-affine surface and also non-
affine surface is divided into convex and concave. It is clear that the subject matter of this part 
of geometry is based on matter, since in the universe of abstracts there does not exist line, 
surface or solid. We can only have lines, surfaces and solids in physical objects. Line without 
surface, surface without solid and solid without body is unrealizable4. For the other part of 
geometry, whose subject matter is Òabsolute magnitudeÓ, Ibn S"n! argues: 

In parts of geometry where the subject matter is absolute magnitude [not line, or surface or solid], 
the absolute magnitude is the subject with respect to its potentiality for every proportion, and this 
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potentiality for proportions is realized not for magnitude that is a form for body or a principle for 
physics, but for magnitude that is an accident (Ibn S"n! 1997, book 1, chapter 3, p. 32). 

Ibn S"n! says that we sometimes study Òabsolute magnitudeÓ in geometry, and not special 
properties of lines, surfaces or solids. If we consider this part of geometry, the above critique 
becomes more serious. We did not accept geometry as part of metaphysics, since lines, 
surfaces and solids are realized only in nature whereas Òabsolute magnitudeÓ does not depend 
on physical world and is something abstracted from matter. Does this mean that we should 
consider this part of geometry as a part of metaphysics? Ibn S"n!Õs answer is negative. He 
argues that when we discuss absolute magnitude in geometry, we mean magnitude in so far as 
it accepts different relations. That finds determination in lines, surfaces and solids. The other 
meaning of absolute magnitude, namely, the form of body, is not related to geometry. This 
meaning of absolute magnitude as the form of body is the principle of natural objects and 
prior to them, and so discussion about it belongs to metaphysics. 
Mull! |adr! does not accept Ibn S"n!Õs argument and argues 

Magnitude, as it is, does not exist unless in one of these three species; as every genus is related to 
its species. How then he [Ibn S"n!] believes that the absolute magnitude [as a genus] is possible to 
be apart from physics but apartness of line, surface and solid [as species] from physics is not 
allowed in physics? Moreover, each of these species is realizable in non-physical world - as it will 
become clear later -, so the right answer is this: each one of these three species of magnitude is the 
subject of geometer exactly when it accepts proportions and divisions, like squaring, cubing and 
other attributions and it accepts these proportions when it belongs to and depends on physical 
objects (Mull! |adr! 1925, p. 20). 

We believe that the above discussion on the meaning of Òabsolute magnitudeÓ is debatable, 
and is outside of the scope of this paper. 
Let us see Ibn S"n!Õs argument against including arithmetic in metaphysics. 

And as regards number, the critique is more serious and it seems that the science of number 
[arithmetic] may be counted as [part of] metaphysics... But the reason why arithmetic is not a part 
of metaphysics will be clear to you soon. The subject matter of arithmetic is not number in all its 
aspects, since number, sometimes is found in the Separate (muf#riq) [like intellect ("aql], 
sometimes in physical objects and sometimes in estimation, in which it is abstracted from every 
accident [whether physical or abstracted], although it is impossible for number to exist in the 
external world except in the state of an accident. The number in the Separate is impossible to be 
the subject of increase or decrease, but it remains only constant. Aye, number should be in such a 
way that has potentiality of every increase and decrease or every proportion, [and this] is possible 
only if number be realized in bodies, which has the potentiality of being counted, or number be 
realized in estimation, and in both cases [realization of number in bodies or in faculty of 
estimation], number is not out of physics (Ibn S"n! 1997, book 1, chapter 3, p. 32). 

The answer of Ibn S"n! to the critics that the science of arithmetic is metaphysical may be 
explained as follows: we may consider number in different ways, asking questions like Òhas 
number a real existence?Ó or Òis the existence of number essential or accidental?Ó etc; and 
seeking answers for these questions is outside of the science of arithmetic and lies within the 
sphere of metaphysics. 
Number as it is considered in arithmetic is such that it accepts variations and changes. In 
arithmetic, when we add, subtract or divide two numbers, in fact we look at it as a decrease or 
an increase of number. Such concept of number is not the same as the one discussed in 
metaphysics, where it is considered to be constant. The reason that such numbers are constant 
is based on the fact that their referents, i.e., separated matters, are not subject to any change. 
So the natural question is this: what kind of number is subject to change, i.e., to be increased 
or decreased? The answer is: in two cases number has the potency of different proportions. In 
one case where number is related to physical objects, and since the physical universe is 
subject to changes, then the number, i.e., the quantity of those objects, will necessarily 
change. The other case is when number has potency of different proportions in estimation 
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(wahm). That means the estimative faculty is able to abstract a number from every numbered 
object, and to add, subtract and multiply it by other numbers. Even in this case, Ibn S"n! 
believes that the source of these changes in the estimation faculty is states and proportions of 
the physical universe, and if there were no changes in the physical universe, the estimative 
faculty would not be able to imagine the abstracted numbers with different proportions5. 

2.2. Ontology of mathematical objects 

According to the tradition of Islamic philosophy, the objects of mathematics are quantities 
and quantities are not substances. In his al-Shif!Õ (al-Il ! hiy!t , chapters 3 and 4), Ibn S"n! 
argues that both number, as a discrete quantity and magnitude as a continuous quantity, are 
accidents. That means quantities do not have an independent existence in the external world, 
and so they need some substrata to exist. 
It is worth knowing that in chapter 2 of the same book, he explains the different meanings of 
the concept of ÒunitÓ, which is the basis of his notion of quantity. Despite different meanings, 
the concept of ÒunitÓ shares the property of Ònot being divisible actuallyÓ (see Ibn S"n! 1997, 
book 3, chapter 3), and Ònot accepting pluralityÓ (ibid). He divides the notion of ÒunitÓ into 
Òessential unitÓ and Òaccidental unitÓ. The notion of Ònumerical unitÓ is defined as a kind of 
Òessential unitÓ, which is sometimes called Òparticular unitÓ. 

And as regards plurality, it is evident that it must be defined in terms of unity, since the unit, is the 
principle of plurality and existence, and the essence of plurality derives from that [unit]. Besides, 
in order to give any definition of plurality, we use the term ÒunitÓ. And it is for this reason that in 
the definition of plurality, you may say: Òplurality is exactly the set (mujtama") of unitsÓ. You note 
that in this definition of plurality, ÒunitÓ is used, and something else, which is the notion of set 
(Ibn S"n! 1997, book 3, chapter 3, p. 112). 

Ibn S"n! then criticizes the people who believe that the above explanation is an essential (or 
real) definition of ÒpluralityÓ. By an essential definition, he means, like other Islamic 
philosophers and logicians, a definition by terms (1add), which refers to the essence of the 
defined object (definiendum). A common example for an essential definition is the definition 
of ÒhumanÓ as Òrational animalÓ. Ibn S"n! argues that the concept of ÒsetÓ, which is used in 
the above definition, conceptually includes ÒcountingÓ and ÒrepetitionÓ. In his argument 
against any possible essential definition of the concept of ÒunitÓ, he uses some 
epistemological premises. 

But it seems that plurality is more known in the imagination (khay!l) than unity, as unity is more 
known in the intellect than plurality, and both are universal matters and are immediately imagined, 
nevertheless we first imagine ÒpluralityÓ through sensible things, and we understand unity without 
any ÒintellectualÓ principle, and even if we believe some ÒintellectualÓ principle for that, it is an 
imaginative one. So our definition of plurality in terms of unity is an ÒintellectualÓ definition, in 
the sense that the term ÒunityÓ in the definition is immediately imagined (Ibn S"n! 1997, book 3, 
chapter 3, p. 113). 

Ibn S"n! admits that our perception of ÒpluralityÓ happens before ÒunityÓ, and that is because 
ÒpluralityÓ comes directly from sensible objects. The first notion of ÒpluralityÓ is made when 
we see something that is not ÒthisÓ. Contrary to ÒpluralityÓ, ÒunityÓ takes place in imagination 
as a negation of ÒpluralityÓ, so it will be formed in perception in the next step. Since our 
perception of ÒunityÓ is immediate and non-theoretical, we may define ÒpluralityÓ in terms of 
ÒunityÓ only through intellection. When it is said that ÒunityÓ is something that does not have 
ÒpluralityÓ, it means that the meaning of ÒunityÓ, which is self-evident for us, is against the 
meaning of ÒpluralityÓ. So in this setting, it hints that ÒunityÓ is the negation of ÒpluralityÓ. 
He finally argues that the above explanation is just a clarification of the concepts ÒunitÓ and 
ÒpluralÓ, and that ÒpluralityÓ is just another name for Òa set of unitsÓ. 
He then says: 
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Now, we investigate the nature of numbers and its properties... Number exists in the external 
existent objects, and it also exists in our soul (mind), and this saying: Ònumber has no existence, 
except in our soulÓ is not noteworthy. Aye, if he [who holds this view] means that number has no 
existence apart from any existent object, except in our soul, then he is right, since we have already 
proved that it is impossible for the unit to have external existence, and naturally, number which its 
existence is based on unit, is also the like (Ibn S"n! 1997, book 3, chapter 5, p. 126). 

So, according to Ibn S"n!, we may say that number has two levels of existence. On the first 
level, it exists only in the mind, that is, abstracted from any existent matter, on the second 
level, it exists with the external objects. His argument for the existence of the second level is 
the following: in non-unit objective things, i.e., a collection including more than one object, 
there are clearly some6 units. So number necessarily exists, since number is nothing except 
units that possesses some place in the order of numbers, and each place, itself, is a unique 
species. In this way, each number, as a species, is itself a unit, and so it has some special 
properties attributed to its unity. It is clearly impossible to prove some properties for 
something that has no reality in the outside world. 

So each number has a particular nature and a form, and the imagination of that in the soul comes 
from that nature, and that nature is the unity, which constitutes the essence of that number. And the 
meaning of a number is not a plurality without a form of unity. So it is not true to say: Ònumber is 
the sum of units, not unitÓ, since a number, as it is a sum, is a unit that carries some properties 
such that a number with other sum and order does not have. And it is not surprising for something 
to be unit with respect to its kind, like 10 or 3, and also to be plural, with respect to other aspects 
(Ibn S"n! 1997, book 3, chapter 5, p. 127). 

A number like 10, as a species-unit, has a special form and so possesses properties of being 
10, but as a plurality, it may not be the subject of those properties. Instead it has some 
properties of plurality in opposition to that unity. That is exactly the meaning of Òplurality in 
unityÓ and Òunity in pluralityÓ, and there is no contradiction here. We view a number in two 
different ways. 
Ibn S"n! believes that the definition of, for example, 10 as the sum of 9 and 1 is wrong. His 
argument is: 

It is not true to say that: the number 10 is 9 and 1, or that is 5 and 5, or that is 1 and 1 and ... until it 
ends up to 10; since in the statement Òten is nine and oneÓ, nine is predicated of ten, and then you 
conjoin to it the one. This is similar to say Òten is black and sweetÓ, which in this sense, the 
meaning of the original claim will be: Òten, is both nine and oneÓ, and if what you mean by that 
conjunction is not a definition, but it [has the meaning] like the statement Òhuman is animal and 
rationalÓ, namely, human is such an animal that is rational. In this sense, the meaning of your 
claim will be: Òthe number ten, is nine, and it is also oneÓ, and this is impossible (Ibn S"n! 1997, 
book 3, chapter 5, pp. 127-8). 

It is clear that Ibn S"n! is considering here the case where conjunctions play a logical role. A 
statement like ÒA is B and CÓ, logically means that ÒA is BÓ and ÒA is CÓ. By this 
interpretation for ÒandÓ, it is impossible that both statements Ò10 is 9Ó and Ò10 is 1Ó be true. 
But there is a mathematical interpretation for ÒandÓ which simply means ÒadditionÓ. That is 
what Ibn S"n! ignores. We will explain the origin of his ignorance after the next passage. 
Ibn S"n! then considers other possible meanings that the above definition may have. He 
concludes that, 

And the number ten is the sum of nine and one, when both are present and the conclusion is 
something different from each one of them (Ibn S"n! 1997, book 3, chapter 5, p. 128). 

Contrary to modern axiomatic definition of natural numbers, where for example, 10 is defined 
by 9 + 1, namely, ten is the successor of nine, Ibn S"n! will not accept it as an essential 
definition. The notion of addition for natural numbers as is defined in set theory, is finally in 
term of two primitive (undefined) concepts, i.e., set and membership, with familiar symbol 
Ò%Ó. It may be suggestive to interpret ÒsetÓ in Ibn S"n!Õs philosophy, by ÒpluralityÓ. This 
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interpretation, of course, is debatable. Even if we have some support for the mentioned 
interpretation, it is too hard to find a similar interpretation for the set theoretical notion of 
membership, which is a two-place relation. It is a well-known fact that Ibn S"n!Õs logic does 
not permit two-place relations7. 
He finally goes to the conclusion that we are not able to present an essential definition for 
number, i.e., it is undefinable. 

And since it is hard to imagine a definition for number in terms of units, its definition necessarily 
is nothing more than a description (rasm) (Ibn S"n! 1997, book 3, chapter 5, p. 128). 

Recall that a description (rasm) is a definition in terms of accidental properties of 
definiendum. Ibn S"n! then concludes that 

As the great ancient philosopher, the First Teacher [Aristotle] said: ÒDo not suppose that the 
number six is three and three, but it is six, at once and immediatelyÓ (Ibn S"n! 1997, book 3, 
chapter 5, p. 129). 

2.3. Existent and Object 

In book 1, chapter 5 of al-Shif!Õ, Ibn S"n! begins a long discussion on the relation between 
ÒexistentÓ and ÒobjectÓ. His objective is, among other things, to establish the following two 
facts: 
(1) ÒExistentÓ and ÒObjectÓ are self-evident and immediately imagined concepts. 
(2) ÒExistentÓ and ÒObjectÓ are conceptually different, but extensionally the same. 
On the first fact, Ibn S"n! emphasizes the epistemological value of the two concepts, in the 
sense that they are the most general concepts. 

So we say that the meanings of existent, object and necessity are immediately pictured in soul, 
namely, their imagination do not need any more known objects to be imagined (Ibn S"n! 1997, 
book 1, chapter 5, p.39). 

In this section we are more interested in the second fact. He asserts: 

We say: the meanings of ÒexistentÓ and ÒobjectÓ, are both imagined in soul and they have two 
different meanings. So ÒexistentÓ and ÒaffirmedÓ (positive), (al-muthbat) and ÒrealizedÓ (al-
mu1a{ { al), are [different] names with the same meaning, and we are confident that the meanings 
of these words are present to the soul of anyone who reads this book. Sometimes ÒobjectÓ and all 
its synonyms in all other languages refer to another meaning [other than ÒexistentÓ], since 
everything has a reality [an essence], which is due to that reality [essence], that the object is what 
it should be. So a triangle has the reality [essence] of being a triangle, and whiteness has the reality 
[essence] of being white, and this is a meaning of ÒobjectÓ which sometimes we call as Òspecific 
existentÓ, and by Òspecific existentÓ, we do not mean an affirmative existent. The word ÒexistentÓ 
also refers to several meanings, one of which is the reality [essence] an object has, as if the 
specific existent of a thing is exactly the reality [essence] that the thing were based on it (Ibn S"n! 
1997, book 1, chapter 5, pp. 41-2). 

We may summarize Ibn S"n!Õs view in this way: ÒobjectÓ is the same as Òspecific existentÓ, 
and they both refer to the essence of things. So, in some sense, ÒobjectÓ or Òspecific existentÓ 
refer to the essence of things, and ÒexistentÓ refers to the things themselves. 
Ibn S"n! continues his argument to establish that ÒobjectÓ and ÒexistentÓ are conceptually 
different. He then provides an argument to show that these two concepts have the same 
extension, i.e., we can consider something as the extension of the concept of ÒobjectÓ, if and 
only if it is an extension of the concept of ÒexistentÓ, i.e., ÒobjectÓ and ÒexistentÓ are 
extensionally equivalent. 

And the necessity of the meaning of existence cannot be separated from ÒobjectÓ, namely, the 
meaning of existent is always necessary for an object, since an object either exists in the external 
world, or in estimation or in the intellect (Ibn S"n! 1997, book 1, chapter 5, p. 43). 
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As Ibn S"n! says, if an object is in the external world, it satisfies the predicate ÒexistentÓ, and 
if it is not in the external world, it can be considered as existent only when we imagine it in 
the mind, and if something exists neither in the external world nor in the mind, it is not an 
object at all. So the necessary condition for something, which does not exist in the external 
world, to be an object is to exist in the mind (estimation or intellect). 
Before closing this section, we would like to consider another ontology of mathematical 
objects that we believe is wrongly attributed to Ibn S"n!. In Rashed 1984, R. Rashed argued 
that Ibn S"n! codified a comprehensive doctrine of philosophy such that embraces al-F!r!b" Õs 
admission of irrational numbers as mathematical objects. In Rashed 1984, it is argued that 
since algebra is the intersection of arithmetic and geometry, its tool, i.e., Òan algebraic 
unknownÓ, can be read as an ÒobjectÓ, which represents a number or a geometric magnitude. 
Something more can be said, since a number may be irrational, so an object can represent a 
quantity that can only be known by approximations. Although this algebraistsÕ tool must be 
universal enough to cover different contents, it also must exist independent of what is 
determined so that getting better approximations be possible. 
R. Rashed rightly believes that an Aristotelian theory is not able to have such ontology, so it 
is necessary to suggest a new ontology by which we are able to speak of an object without any 
specific property, an ontology that permits us to know an object without being able to 
represent it in an exact way. He finally claims: 

Ainsi, tout existent est une chose, mais la rŽciproque nÕest pas exacte, bien quÕil  soit impossible 
quÕune chose nÕexiste ni comme sujet concret, ni dans lÕesprit (Rashed 1984, page 35). 

But Ibn S"n! argues against people who claim: Òthe concept of object is more general than of 
existentÓ (Ibn S"n! 1997, book 1, chapter 5). His argument is based on this fact that in 
predication in statements and in our knowledge of objects, knowledge is about concepts that 
are in our mind, so they have mental existence, although they may not exist in the external 
world. In fact, as already mentioned, a necessary condition for something to be an object is 
that it should exist mentally. 

And this happened to them, because of their ignorance to this truth that [the subject of] predication 
is something that has existence in soul, although they may be nothing in the external world, and 
the meaning of predication of such things is that they have some relations with the [external] 
existent (Ibn S"n! 1997, Article 1, book 5, p. 45). 

3. Epistemology of mathematical sciences 

In this section we briefly explain Ibn S"n!Õs epistemology to find the answer to our second 
question, i.e., Òhow can we know mathematical objectsÓ? As D. Gutas pointed out (Gutas 
2001), Ibn S"n!Õs epistemology was under Òinevitable shifts of emphasis and terminology 
over the yearsÓ. These modifications culminated in the writings of the final period of Ibn 
S"n!Õs philosophical activity, especially in Pointers and Reminders (al-Ish!r!t wat -tanb#h!t). 
In description of his epistemological theory, we essentially make use of this book. 
In this book, as elsewhere, Ibn S"n! identifies the mental faculties of the soul in terms of their 
epistemological function. According to Ibn S"n!, knowledge begins with abstraction. The 
concept of ÒabstractionÓ (tajr#d) in Islamic Philosophy, and in epistemology in particular, is a 
significant notion. In fact what distinguishes the levels of perception boils down to the degree 
of ÒabstractionÓ (tajr#d). We briefly mention that contrary to Arabic word Òtajr"dÓ, the word 
ÒabstractionÓ loses the sense of the intensification of existence and reality that takes place as 
the degree of tajr#d increases. So a better translation for the Arabic word Òtajr"dÓ, may be the 
English word ÒdisengagementÓ, or ÒdetachmentÓ. Nevertheless, in this paper we use the 
common word ÒabstractionÓ and its derivatives for Òtajr"dÓ and its corresponding derivatives. 
There are vast investigations on different possible meanings of ÒabstractionÓ in the Islamic 
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philosophy, and in Ibn S"n!Õs philosophy in particular. We refer the reader to a survey of this 
topic in Hasse 2001. 
In the purest sense, ÒabstractÓ (mujarrad) is an attribute of God, the Necessary Existence in 
itself, since the Necessary Existence has no attachment to or dependence upon anything other 
than itself. 
More specifically, ÒabstractÓ is the attribute of the intellect that is able to see things as they 
actually are, that is, without their entanglement in the obscurities of imagination and sense 
perception. It is also the essential attribute of the forms or quiddities that the intellect 
perceives (In this final use, it comes close to the term ÒabstractedÓ). 

Perception (idr!k ) of an object consists in attaining a true image (idea) (mith!l ) of the object by the 
one who perceives (mudrik) [subject], and the mudrik observes that. So either when that is 
perceived object is exactly the same object outside of the mudrik, which possibility is incorrect; 
since then something which does not exist outside [of the mudrik], should necessarily exist 
[outside]. The examples are many geometrical figures, or many impossible hypotheses - things that 
do not exist. Or the perception [of an object] is a true image of the object pictured on the mudrik 
himself in such a way that it has no difference in quiddity (m!hiyya) with that [the object], and it is 
the form, which remains (Ibn S"n! 1960, physics, chapter 3, p. 33). 

What Ibn S"n! intends here is an explanation of the concept of perception (idr!k ), not 
presenting a (real) definition. He explains that perception of an object may be described in 
two ways. He argues against the possibility that perception consists in transferring of things 
outside of the mudrik to mudrik. His argument is based on some evident counterexamples, 
e.g., assumptions in geometry, which we know that they do not exist in the outside world, but 
we know them. He then accepts the other possibility, according to which perception is to 
attain the form and the quiddity of the object. An immediate consequence of his description 
for perception is that we may perceive objects that may not exist outside us, and only the form 
of the objects are perceived by mudrik. 
Now let us see how Ibn S"n! stratifies the levels of perception: 

Sometimes an object is sensible, and that is when it is seen; [and] sometimes it is imagined, and 
that is when the object itself is absent and its form is present in mudrik; as when you have seen 
Zayd; and then when he is absent from you, you imagine him. Sometimes an object is intelligible 
(ma"qul), and that is [like] when you understand the meaning of human from Zayd, a meaning that 
holds for other things as well. When Zayd is sensible, it is with appearances [which are different 
from his quiddity] which do not affect his quiddity, whenever they [appearances] have been 
disappeared; like to have place, position, quality and determined quantity, such that if they are 
replaced by something else, the reality of humanÕs quiddity would not have been changed. Sense 
will perceive Zayd in a state that has these appearances, namely, appearances which are 
interconnected with him, because of the matter from which he was created. Sense will not remove 
those appearances from Zayd and will not perceive him unless by the connection that exists 
between sense and its matter; for this reason, whenever this connection is lost, the form of that 
[Zayd] will not be present to the sense. But imaginative faculty imagines Zayd with all these 
appearances and cannot abstract him absolutely from these appearances. But it can abstract him 
from the positional relation upon which sense was dependent; so Zayd is present in imagination 
even when his positional relation is absent. But intellect can abstract a quiddity from all its 
personal appearances and establish it in such a way as if it [intellect] manipulates the sensible to a 
form of intelligible. But an object without these appearances - appearances not necessary for its 
quiddity Ð is intelligible in itself and does not need any manipulation to be prepared to be 
intelligible; but it may need to be abstracted by a faculty that is responsible for intellection (Ibn 
S"n! 1960, physics, chapter 3, p. 34). 

In this passage, Ibn S"n! is going to describe different stages of perception. In his description, 
perception is classified into four stages based essentially on a hierarchy of abstractions of 
objects. These four stages are: (1) sense perception (1iss), (2) imagination (takhayyul), (3) 
estimation (wahm) and (4) intellection (ta"aqqul). A natural objection may be the absence of 
the third type, i.e., estimation, in the passage quoted from al-Ish!r!t wat -tanb#h!t. The answer 
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is this: in the above passage, Ibn S"n!, as a definite example, considers ÒZaydÓ, that cannot be 
perceived by estimation, as we will see the reason when we explain the meaning of the term 
ÒestimationÓ according to Ibn S"n!. In his other books, like al-Shif!Õ, he does not take any 
definite example, and so he is able to distinguish all four types of perception. Now we explain 
these four types of perception in more details: 
(1) Sense-perception (1iss) 
Sense perception responds to the particular with its given form and material accidents, such as 
place, time, position, quality, etc. As a mental event, being a perception of an object rather 
than the object itself, perception occurs in the particular. So a sensible object has three 
conditions: (i) presence of the object, (ii) with material accidents, and (iii) particularity. All 
these conditions hold for a definite object like Zayd, when we see him. Then such a concept is 
definite and does not hold for more than a person. Now let us analyze this activity of the soul 
in details. To classify the formal features in abstraction from material accidents, we must 
retain the images given by sensation and also manipulate them by disconnecting parts and 
aligning them according to their formal and other properties. However, retention and 
manipulation are distinct epistemological functions, and cannot depend on the same 
psychological faculty; therefore Ibn S"n! distinguishes faculties of relation and manipulation 
as appropriate to those diverse epistemological functions. 
(2) Imagination (khay!l) 
In imagination, among three above conditions, the first condition does not hold, i.e., the same 
Zayd is absent. Ibn S"n! identifies the retentive faculty as ÔrepresentationÕ and charges the 
imagination with the task of reproducing and manipulating images. To conceptualize our 
sense perception and to order it according to its quiddities, we must have and be able to re-
invoke images of what we experienced but is now absent. For this we need sensation and 
imagination; in addition, to order and classify the content of representation, we must be able 
to discriminate, separate out and re-combine parts of images, and therefore must possess 
imagination and reason. By carrying out this manipulation, imagination allows us to produce 
images of objects we have not already seen out of the images of things we have experienced. 
So imagination can also generate images of intelligibles. 
(3) Estimation (wahm) 
That is to perceive the particular meaning of non-sensible, like perception of kindness a father 
has for his child. So estimation is also of particular concepts, which have not been perceived 
by any senses. Among the conditions necessary for sense perception, only the condition (iii) 
holds for estimation. This is a faculty for perceiving non-sensible Òintentions that exist in the 
individual sensible objectsÓ. A sheep fears a wolf because it estimates that the animal may do 
it harm; this estimation is more than representation and imagination, since it includes an 
intention that is additional to the perceived and abstracted form and concept of the animal. 
(4) Intellection (ta"aqqul) 
Intellection is the final stage of perception in which none of the three conditions hold. It is to 
perceive the universal concepts, e.g., ÒhumanÓ by abstraction of Zayd, removing all material 
appearances that will not change the quiddity of ÒhumanÓ. 
According to Ibn S"n!, intelligibles divide into two kinds, material intelligibles and 
immaterial intelligibles. So we have two kinds of intellection, depending on the corresponding 
objects. In material intellection, we first perceive a particular human, like Zayd, by sense 
perception in the presence of the material object, as described in the stage of sense perception. 
Then it is understood by common sense while the object is absent; and then the object will be 
abstracted from all material features such that it will be prepared to be understood by 
intellection. In immaterial intellection, the object itself is intelligible such that it does not need 
to be abstracted from material accidents, like abstract realities, souls, etc. 
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Now our main question reduces itself to Òon what stage of perception we perceive 
mathematical objects, in particular, number and magnitude?Ó 
Corresponding to the classification of philosophical sciences in terms of their subject matter, 
intellection is divided into two kinds, theoretical intellection and practical intellection. 
Theoretical intellection is responsible for knowledge and perception of intelligibles, and 
practical intellection is like a ladder to attain moral values, É. Ibn S"n! distinguish four levels 
or layers for theoretical intellection, (a) potential intellection (al-"aql al-hayoul!ni ), a stage 
where no intelligible is perceived yet, but it has the capacity or potentiality to accept primary 
intelligibles, (b) dispositional intellection (al-"aql bi-al-malaka), a stage where intellection 
has passed from the pure potentiality and has perceived the primary intelligibles, and is 
prepared to acquire the secondary intelligibles8, either by thinking or by intuition (1ads), (c) 
actual intellection (al-"aql bi-al-fi"l), a stage where the intellection knows that he has acquired 
the secondary intelligibles, and finally, (d) active intellection ("aql mu} laq), where the 
inellection observes the secondary intelligibles (see Ibn S"n! 1960, physics, chapter 3, section 
10). 
So in the levels (a) and (b), intellection has only the potentiality to acquire the secondary 
intelligibles whereas in the levels (c) and (d), it can present, observe and study them. For 
acquiring the secondary intelligibles in the stage (b), Ibn S"n! mentions two ways, first 
thinking, and the second intuition. In the next chapter of the same book, he describes four 
differences between ÒthinkingÓ and ÒintuitionÓ. These characteristics may be summarized as 
the following: (i) contrary to ÒthinkingÓ, there is no search in ÒintuitionÓ, and that is when, 
without enough background or premises, we sometimes acquire the middle term [of a 
syllogism], intentionally, or unintentionally, (and in both cases, without any movement of the 
mind), (ii) in contrast to ÒthinkingÓ which may be unsuccessful in its search, ÒintuitionÓ hits 
spontaneously the middle term and comes to the point immediately, (iii) ÒthinkingÓ is often 
about particulars, since it searches by the assistance of the imaginative faculty, and (iv) 
ÒthinkingÓ takes place in time but ÒintuitionÓ is immediate and spontaneous. 
According to Ibn S"n!, knowledge is acquired in the second level of theoretical intellection, 
which is in contact with the third level, i.e., the active intellect through thinking and intuition. 
For the mathematical sciences, the meaning of thinking is not much debatable. Ibn S"n! 
himself was a well-known logician of his time and also knew the Elements of Euclid. So it is 
clear that, for him, ÒthinkingÓ in mathematical sciences is nothing else than deductions or 
proofs of mathematical propositions by means of axioms and rules. This simple or formal 
picture of mathematical thinking does not explain what really is going on in the 
mathematicianÕs mind. The process of catching the middle terms, as the medium or means, to 
prove the main claim or proposition, is not explained by this simple picture of the 
mathematical thinking. In the mathematical science, lemmata play the same role as middle 
terms in a syllogism. Here Ibn S"n! introduces a new way or method to fill the gap. That is 
called ÒintuitionÓ. His description of the concept of intuition establishes a crucial element in 
the process of mathematical discovery. It is worth mentioning that, as D. Gutas interprets in 
Gutas 2001, Ibn S"n! probably came up to his theory of intuition by his own experience as a 
mathematician. His example to explain different ways where intuition occurs is the states of 
problems solving in geometry. As D. Gutas explained in Gutas 2001, in standard version of 
Ibn S"n!Õs theory of intuition, all intelligible knowledge is acquired only through intuition. In 
his ÒrevisedÓ version, which is met with in the writings of the later period of Ibn S"n!Õs 
philosophical activity, Òa second way of acquiring the middle terms and the intelligibles is 
introduced. This is thinking, which is now defined as a movement of the soul in search of the 
middle terms, thus taking over a large part of the former definition of intuition.Ó (See Gutas 
2001, for details) 
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The theory of intuition in epistemology of mathematical sciences is very involved and 
complicated. In modern epistemology of mathematical sciences, there are different and 
various interpretations and explanations for the concept of ÒintuitionÓ. The most attractive 
ones are GšdelÕs and BrouwerÕs concepts of intuition. Each one of these concepts of intuition 
has been interpreted in different ways. For the GšdelÕs notion of intuition, see, e.g., Maddy 
1996 and Parsons 1996, and for the BrouwerÕs concept of intuition, see, e.g., van Stigt 1990. 
To locate the place of Ibn S"n!Õs theory of intuition in this complicated geography of theories 
of intuitions needs a separate paper. 
Before closing this paper, we will briefly investigate the status of mathematical propositions 
in Ibn S"n!Õs philosophy. According to his logic, universals, as predicates in propositions, are 
either essences or accidentals. Note that the concept of ÒaccidentalÓ here is different from the 
concept of ÒaccidentÓ ("ara! ), which is against the concept of ÒsubstanceÓ (jawhar). The 
concept of ÒaccidentalÓ ("ara! #) is in opposition to the concept of ÒessentialÓ (dh!t#). 
Accidentals are divided into two types, necessary and unnecessary accidentals. A necessary 
accidental is defined as an accidental which is impossible to be separated from the essence. In 
fact, every science discusses the necessary accidentals of its subject matter. A necessary 
accidental is necessary either for existence or for quiddity. For example, ÒheatÓ is a necessary 
accidental for the existence of the ÒfireÓ. On the other hand, the necessary accidentals for 
quiddity are divided again into two types, self-evident necessary and non-self-evident 
necessary. A self-evident necessary accidental itself is divided into two smaller types, it may 
be strictly self-evident or non-strictly self-evident. Instead of giving definitions of theses 
nested terms, let us look at some examples (Ibn S"n! 1960, logic, chapter 2): 
1. In the proposition ÒA triangle has anglesÓ, the predicate ÒangleÓ is a strictly self-evident 
necessary accidental for the subject ÒtriangleÓ. 
2. In the proposition ÒThe number four is evenÓ, the predicate ÒevenÓ is a non-strictly self-
evident necessary accidental for the subject Òthe number fourÓ. 
3. In the proposition ÒThe sum of angles of a triangle is equal to two right anglesÓ, the 
predicate Òthe sum of angles being equal to two right anglesÓ is a non-self-evident necessary 
accidental for the subject ÒtriangleÓ. 
According to Ibn S"n!, a demonstration transfers truth, certainty and necessity from the 
premises to the conclusions. Premises or first principles are generally divided into two parts, 
the first principles for all sciences are called common principles (al-u{ $l al-muta"!raf a), and 
the first principles for every special science called postulates (al-u{ $l al-maw! $"a). For 
example, Òwhole is bigger than [its] partÓ or Òcontradiction is impossibleÓ, etc are common 
principles, and Òthe shortest line between two points is a straight lineÓ is a postulate for the 
science of geometry. Ibn S"n! has a vast investigation in his different writings on the ways the 
common principles are acquired by the mind. A class of theses common principles called as 
awwaliyy!t, are acquired only through the intellective faculty. These are propositions that are 
obvious for the intellective faculty and accepting them is necessary. The above two examples 
of the common principles are of this category. Contrary to the common principles, which are 
certain, the postulates are susceptible of doubt (mashk$k). 
Mathematical science is one of the main parts of the demonstrative sciences, which is based 
on the certain premises and demonstrations or proofs which transfer certainty from premises 
to conclusions. Mathematical premises are either the common principles (awwaliyy!t), like 
the proposition Òthe whole is bigger than [its] partÓ, or innates (fi} r#), like the proposition Òthe 
number four is evenÓ (see Ibn S"n! 1960, logic, chapter 9). According to Ibn S"n!, 
mathematical propositions are certain, necessary and have essential truth. 
A natural question for a philosopher of mathematics is: 
What relations may exist between Ibn S#n!Õs characterization of mathematical propositions 
and mathematical knowledge, on the one hand, and KantÕs classification of propositions into 
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analytic and synthetic propositions and mathematical knowledge into a priori and a 
posteriori knowledge, on the other hand? 
The following quotation gives a partial answer to the above question: 

It is not the case that every science uses postulates, but in some sciences only definitions and 
awwaliyy!t are used, for example in arithmetic. But in geometry, all kinds of principles 
[definitions, common principles and postulates] are used (Ibn S"n! 1956, chapter 12). 

The immediate conclusion is, according to Ibn S"n!, that arithmetical knowledge is a priori 
and geometrical propositions are synthetic in the sense of Kant. Moreover we can conclude 
that, by Ibn S"n!Õs analysis, arithmetical propositions are not analytic, since the negations of 
arithmetical propositions are not self-contradictory. So according to Ibn S"n!, arithmetical 
propositions are synthetic in the sense of Kant as well. We admit that our conclusion about 
non-analyticity of arithmetical propositions is debatable. One may argue that Ibn S"n!Õs 
concept of the common principles (awwaliyy!t ) is wider than the usual set of the logical 
axioms. That would imply that arithmetical propositions are analytic. We leave open this 
problem9. 
We have not found any explicit claim of Ibn S"n! on priority or posteriority of geometrical 
postulates. However, based on his writings, in particular his discussion on the difference 
between common principles and postulates, and an example from geometry in Ibn S"n! 1956, 
chapter 12, we believe that, most probably, he will admit geometrical knowledge as a priori 
knowledge.10 
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Notes 

1. All translations from Arabic into Farsi are my translations, and all terms and expressions inside [ ] are my 
interpretations. 
2. Mathematics is translated into Òal-Ta"l#miyy!tÓ, which literally means Òwhat is related to Òta"l#mÓ, and 
Òta"l#mÓ itself means Òteaching and learningÓ. This translation of ÒmathematicsÓ into Arabic is very close to the 
original meaning of the word Òmath%maÓ. 
3. It should be mentioned that after having presented his definitions of the subject matter of three branches of 
philosophical sciences, i.e., physics, mathematics and metaphysics, Ibn S"n! immediately discusses the subject 
matter of logic. Apart from how he describes that, the point is that he includes ÒLogicÓ in theoretical philosophy, 
at least as far as the description of its subject matter is concerned. That is, somehow implausible in his doctrine. 
Note that metaphysics of al-Shif!Õ is as called Òthirteenth artÓ (fann). The best way to justify counting the 
different parts of al-Shif!Õ, is to start with physics including 8 arts, and then mathematics including 4 arts, and 
finally metaphysics starts from thirteenth art. In this way, metaphysics matches with the overall plan of the book. 
There is no place for logic in metaphysics of al-Shif!Õ. That means, according to Ibn S"n!, logic is not a branch 
of theoretical sciences (See also Sabra 1980 for more details.). 
4. According to Mull! |adr! the estimative faculty abstracts line, surface and solid from matter, but these are not 
separated from matter in external existence (see Mull! |adr! 1925, page 20). He then concludes that, at least, this 
part of geometry cannot be counted as a part of metaphysics. 
5. Here Mull! |adr! has a third reason for not considering arithmetic as part of metaphysics. He says that number, 
which is the subject of arithmetic, and the unity, which is the principle of arithmetical numbers, is different from 
the unity that exists in the Separate and, moreover, the Separate does have numbers constructed of units. A 
number, which is a quantity, may have proportions and such a number can be only found in matter, since such a 
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number is an accident of physics, not something as a principle of the physical objects (see Mull! |adr! 1925, 
page 20). 
 6. Here ÒsomeÓ means Òat least twoÓ. It is worth knowing that according to Ibn S"n!, ÒnumberÓ is another name 
for ÒpluralityÓ and this concept is applied only for sets with at least two elements, so ÒnumbersÓ starts from 2, 
i.e., zero and one are not numbers. Unit is the building block of all numbers, but it is not a number itself (see Ibn 
S"n! 1997, book 3, chapter 3). So empty set and singletons do not exist even in the mind. 
7. See, for example, the admissible syllogisms in Ibn S"n! 1956. 
8. A natural question may arise here: Is there any relation between Òsecondary intelligiblesÓ and Òimmaterial 
intellectionÓ? It is plausible to assume that the objects of immaterial intellection that can be perceived through 
ÒformsÓ of objects are necessarily  secondary intelligibles. However, there are also objects of immaterial 
intellection that are perceived without having ÒformsÓ, like ego (See also Sabra 1980). 
9. KantÕs notion of intuition is interpretable in the concept of construction, and his conclusion on the synthetic (a 
priori) property of mathematical statements is based on his notion of intuition. The term ÒconstructionÓ in KantÕs 
time had an established use in at least one part of mathematics, i.e., in geometry. It is natural to assume that what 
Kant primarily has in mind are constructions in geometry (see Hintikka 1992 for more details). As is mentioned 
before, Ibn S"n! came up to his notion of intuition mainly through his experiences in geometry. So Ibn S"n!Õs 
notion of intuition may have relation to what is called construction of middle terms. 
10. There are many other important questions in philosophy of mathematics that are not considered in this paper. 
One of the most controversial is the concept of ÒinfinityÓ. Ibn S"n!Õs theory of infinity is very similar to 
AristotleÕs, in the sense that he does not believe in actual infinity, and he believes in potential infinity as a 
procedural character, see, e.g., Ibn S"n! 1960, a} -� ab#"iyy!t . 
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Abstract. One of the most well-known elements of AvicennaÕs philosophy is the famous thought experiment 
known as the ÒFlying Man.Ó The Flying Man argument attempts to show that the soul possesses innate 
awareness of itself, and it has often been viewed as forerunner to the Cartesian cogito. But AvicennaÕs 
reflections on the nature of self-awareness and self-consciousness are by no means confined to the various 
versions of the Flying Man. Two of AvicennaÕs latest works, the Investigations and the Notes, contain numerous 
discussions of the soulÕs awareness of itself. From an examination of these works I show that Avicenna 
recognizes two distinct levels of self-knowledge: (1) primitive self-awareness, which is illustrated by the Flying 
Man; and (2) reflexive self-awareness, which comes from our awareness of cognizing some object other than 
ourselves. While Avicenna assigns primitive self-awareness a central role in ensuring the unity of the soulÕs 
operations, he encounters a number of difficulties in his efforts to explicate the relation of primitive self-
awareness to the reflexive varieties of self-knowledge that he inherits from the Aristotelian tradition. 

It is a commonplace in the history of philosophy that issues surrounding self-awareness, 
consciousness, and self-knowledge do not become prominent until the early modern period. 
For medieval philosophers, particularly those in the Aristotelian tradition, the nature of self-
knowledge plays only an ancillary role in psychology and epistemology. This is a natural 
consequence of AristotleÕs characterization of the intellect as a pure capacity that has no 
nature of its own: ÒThus that in the soul which is called mind ... is, before it thinks, not 
actually any real thing.Ó1 Until the intellect has been actualized by some object, there is 
nothing for it to reflect upon; hence self-knowledge for Aristotle Ñ  at least in the case of 
human knowers Ñ  is derivative upon knowledge of other things: ÒThought is itself thinkable 
in exactly the same way as its objects are.Ó2 
Like all historical generalizations, of course, this truism admits of striking individual 
exceptions. The most obvious and well-known exception in the medieval Islamic tradition is 
Avicenna (Ibn S"n!, 980-1037), whose famous thought experiment known as the ÒFlying 
ManÓ centres on the human soulÕs awareness of itself. But AvicennaÕs reflections on the 
problems of awareness and consciousness are by no means confined to the various versions of 
the Flying Man.3 In particular, two of AvicennaÕs latest works, the Investigations and the 
Notes Ñ  both of which are in the form of remarks compiled by AvicennaÕs students4 Ñ  
contain a wealth of tantalizing and often problematic reflections on the soulÕs awareness of 
itself (shu"$r bi-al-dh! t).5 The purpose of the present study is to consider the account of self-
awareness that emerges from these works against the backdrop of AvicennaÕs Flying Man. I 
will show that Avicenna recognizes two distinct levels of self-knowledge, the most basic of 
which is exemplified in the experience of the Flying Man, which I will label Òprimitive self-
awareness.Ó6 Primitive self-awareness violates many of the strictures placed on self-
knowledge by the Aristotelian principles rehearsed above, and Avicenna differentiates it from 
the reflexive awareness of oneself via oneÕs awareness of an object that is characteristic of 
Aristotelianism. He also distinguishes primitive self-awareness from our knowledge of our 
bodies and psychological faculties and from our scientific understanding of our essential 
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natures as humans; and he explicitly recognizes the capacity for Òknowing that we knowÓ as a 
distinctive form of self-knowledge. Primitive self-awareness plays a central role in ensuring 
the unity of the soulÕs operations, especially its cognitive ones, and Avicenna appears to have 
seen the absence of such a unifying centre of awareness as a major lacuna within Aristotelian 
psychology. But in the end it remains unclear whether Avicenna is able to provide a coherent 
account of the relations among primitive self-awareness and the other varieties of self-
knowledge that he inherits from the Aristotelian tradition. 

1. The Flying Man: A Sketch 

The broad contours of the Flying Man are generally well-known, so I will merely summarize 
the salient points here. To set up the thought experiment, Avicenna admonishes the reader to 
imagine herself in a state in which all forms of sensible perception are impossible, and he 
identifies two fundamental sources of sense knowledge to be bracketed: (1) everything 
previously acquired from experience, that is, all knowledge anchored in memory and 
imagination; and (2) any occurrent sensations. In order to accomplish this, she is supposed to 
imagine herself: (1') in a pristine, newly-created state, but fully mature (k!milan);7 this allows 
her to disregard all empirical knowledge, while presupposing an intellect with full rational 
capacities; and (2') suspended in a void so that her limbs do not touch one another and she can 
neither see, hear, touch, smell, nor taste anything. This prevents her both from feeling her own 
body and from sensing external objects.8 Avicenna then asks whether self-awareness would 
be absent in such a state. Would a person, while deprived of all sensory experience, be 
entirely lacking in self-awareness? Avicenna believes that no one Òendowed with insightÓ 
would deny that her awareness of herself would remain stable even in these conditions.9 He is 
confident that even under these extreme conditions, the subject would continue to affirm Òthe 
existence of his selfÓ (wuj$d dh!ti-hi).10 Assuming that we share his intuition on this point, 
Avicenna points out that this affirmation takes place despite the fact that all sense perception, 
both internal and external, is cut off. We remain aware of the existence of our selves, but 
under the state hypothesized in the Flying Man we are entirely oblivious to the existence of 
our bodies; hence this affirmation of our existence cannot be dependent upon the experience 
of having a body. Avicenna thus concludes that since Òit is not possible for the thing of which 
one is aware and not aware to be one in any respect,Ó it follows that the self cannot be either 
the whole body nor any one of its parts.11 
This last move in the Flying Man, which is repeated in all of its versions, is of course 
problematic, since it seems to contain the obviously fallacious inference pattern, ÒIf I know x 
but I do not know y, then x cannot be the same as y.Ó The question of whether Avicenna 
explicitly or implicitly commits this fallacy Ñ  a charge often laid against the Cartesian cogito 
as well Ñ  has been much discussed. It is not a question that I plan to take up here for its own 
sake, however, since it is primarily of relevance to the question of Avicennian dualism. It is 
noteworthy, however, that while the Flying Man argument focuses primarily on the 
impossibility that self-awareness is a mode of sense perception, the primitive character of the 
experience exemplified in the Flying Man poses parallel and equal difficulties for the claim 
that it could be a mode of intellectual understanding as well, as we will see below.12 

2. Primitive Self-Awareness 

The scenario imagined in the Flying Man is designed to show that self-awareness is always 
present in the human soul, independently of our awareness of other objects, in particular the 
objects of sense faculties. In the Notes and Discussions, Avicenna attempts to provide a more 
systematic account of the epistemic primitiveness of self-awareness over all other forms of 
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knowledge by employing the fundamental epistemological distinction between innate and 
acquired knowledge.13 Self-awareness is placed in the realm of innate knowledge, and 
comparisons are drawn between self-awareness and other paradigmatic cases of innate 
knowledge: 

Self-awareness is essential to the soul (al-shu"$r bi-al-dh! t dh!t# li-l-nafs), it is not acquired from 
outside. It is as if, when the self comes to be, awareness comes to be along with it. Nor are we 
aware of [the self] through an instrument, but rather, we are aware of it through itself and from 
itself. And our awareness is an awareness without qualification, that is, there is no condition for it 
in any way; and it is always aware, not at one time and not another.14 

A bit later in this passage, he makes this same assertion in even more striking terms, 
identifying self-awareness with the soulÕs very existence: 

Our awareness of ourselves is our very existence (shu"$r-n! bi -dh! t-n!  huwa nafs wuj$d-n! ). ... 
Self-awareness is natural (ghar#zah) to the self, for it is its existence itself, so there is no need of 
anything external by which we perceive the self. Rather, the self is that by which we perceive the 
self.15 

We can isolate a number of claims made in these passages regarding the nature of primitive 
self-awareness and what it means to say that it is ÒinnateÓ or ÒnaturalÓ: 

1. It is essential to the soul; nothing could be a (human) soul if it did not possess 
self-awareness; 
2. There is no cause outside the soul from which it acquires awareness of itself; 
3. No instrument or medium is required in order to become self-aware; we perceive 
the self Òthrough itselfÓ; 
4. Self-awareness is direct and unconditioned; 
5. It is present in the soul from the beginning of its existence; 
6. It is continual, not intermittent and episodic; and 
7. The self just is awareness: for the self to exist at all is for it to be aware of itself. 

These points are closely interrelated and can be further reduced to two groups: 1, 5, 6, and 7 
all articulate the basic thesis that the self-awareness is an essential attribute of human 
existence, constitutive of the very fabric of our being; 2, 3, and 4 express the principal 
consequence of this basic thesis, namely, that self-awareness cannot be causally dependent 
upon anything at all outside the soul. Self-awareness is direct and unmediated in any way. 
It seems obvious that such a view is entirely at odds with the Aristotelian thesis that the 
human soul can only have knowledge of itself concomitant with its awareness of an object. 
Indeed, the points that Avicenna emphasizes in these passages seem deliberately formulated 
so as to invoke and at the same time to reject the Aristotelian claim that self-awareness is a 
derivative psychological state. But what are the grounds which entitle Avicenna to make this 
claim? If Avicenna is correct that self-awareness is indeed innate, not acquired, then it will 
have the epistemic status of a self-evident principle or axiom which need not and cannot be 
demonstrated on the basis of prior principles. Yet even self-evident principles can become 
subject to doubt, and in such cases they will require something in the way of argumentative 
support. Thought experiments are one technique that can be called upon in such 
circumstances, so we might expect Avicenna to appeal to the experience of the Flying Man to 
confirm the primitiveness of self-awareness. Yet the Flying Man, colourful though it may be, 
does not go far enough towards establishing the primitiveness thesis, since it merely prescinds 
from all sensory awareness. The claim made here is a stronger one epistemologically, since it 
asserts that self-awareness is not merely prior to and independent of corporeality and 
sensibility, but of all forms of cognitive awareness of other objects. Hence, Avicenna still 
needs to show that self-awareness is absolutely primitive in every respect, in the sense that it 
is presupposed by our capacity to understand anything at all. As evidence for this claim, 
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Avicenna offers the following analysis of the conditions under which awareness of other 
objects is possible: 

My apprehension (idr!k -#) of myself is something which subsists in me, it does not arise in me 
from the consideration of something else. For if I say: ÒI did this,Ó I express my apprehension of 
myself even if I am heedless of my awareness of it. But from where could I know that I did this, 
unless I had first considered my self? Therefore I first considered my self, not its activity, nor did I 
consider anything by which I apprehended myself.16 

A bit later, Avicenna repeats the same point: 

Whenever we know something, there is in our knowledge of our apprehension of it an awareness 
of ourselves, though we do not know that our selves apprehended it. For we are aware primarily of 
ourselves. Otherwise when would we know that we had apprehended it if we had not first been 
aware of ourselves? This is as it were evidence (bayyinah), not a demonstration (burh!n), that the 
soul is aware of itself.17 

Self-awareness is innate to the soul and cognitively primary because only if I first know my 
self can I: (1) know anything else about myself; and (2) become aware of other things. Self-
awareness is presupposed by any attribution of properties or actions to myself, since such 
attributions presume the existence of a subject for those attributes; and self-awareness is 
equally implicit in all the soulÕs acts of knowing other things, since it is a condition for the 
recognition of these objects as objects distinct from ourselves. Though Avicenna does not 
explicitly say so here, his position seems to allow that one can be aware of oneself without 
being concomitantly aware of any object. Self-awareness seems to be an exception to the 
general rule that all thinking is in some way intentional and directed toward an object. In 
contrast to the Aristotelian orthodoxy, then, the primary object of self-awareness is the self as 
a bare subject, not its activity of thinking. 

3. Awareness and Consciousness 

If primitive self-awareness is absolutely primary, as Avicenna urges, indeed even identical 
with the soulÕs existence, why would we ever need to be alerted to such a basic datum of 
experience? Avicenna himself admits that despite its primitive status, self-awareness is often 
something of which, paradoxically, we remain ignorant. Thus in the Notes he remarks: ÒA 
human being may be inattentive to his self-awareness, and [thereafter] be alerted to itÓ; and 
again, ÒBut the soul may be oblivious to [itself] (dh!hilah ), and need to be alerted, just as it 
may be oblivious to the primaries, and need to be alerted to them.Ó18 The implication, then, is 
that consciousness is not the same thing as self-awareness, and that we often fail to be 
conscious of our own selves. 
The most striking illustration of the distinction between consciousness and self-awareness is 
AvicennaÕs assertion that even in sleep or drunkenness no one would fail to affirm his own 
existence. This declaration occurs in the version of the Flying Man found in the Directives,19 
and a similar point is made in the Investigations. In the latter work, Avicenna appeals to the 
existence of imaginative activity in sleep (i.e., dreaming), and he argues that self-awareness 
must necessarily be present in a person in whom there is cognitive activity of any kind. The 
fact that we are not fully conscious of that activity, and that we may fail to recall it when we 
awaken, is irrelevant. Thus understood, consciousness is not awareness, but rather, a second-
order, reflexive operation for which primitive self-awareness is a necessary but insufficient 
condition: 

A doubt was raised to him that someone who is asleep is not aware of himself. So he said: the 
person who is asleep acts upon his images just as he acts upon his sensibles while awake. And 
oftentimes he acts upon cogitative intellectual matters just as he does in waking. And in this state 
of his acting he is aware that he is the one acting, just as he is in the waking state. For if he 
awakens and remembers his acting, he remembers his awareness of himself, and if he awakens and 
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he does not remember this, he will not remember his self-awareness. And this is not a proof that he 
was not aware of himself, for the memory of self-awareness is different from self-awareness, or 
rather, the awareness of self-awareness is different from self-awareness.20 

The claim that we can be unconsciously aware of ourselves at first glance seems an 
oxymoron. Yet the property of being an object of awareness even in the absence of conscious 
thought is a basic feature of all innate or primary knowledge for Avicenna, and primitive self-
awareness too possesses this property in virtue of being innate. Thus the primary concepts and 
propositions on which all our thought depends are likewise absolutely basic, and we often 
take them for granted because of their pervasive role in all our cognitive operations.21 We are 
seldom consciously aware of our employment of the principle of contradiction, for example, 
even though we cannot entertain any proposition unless it conforms to that principle. By the 
same token, we cannot think of any object unless we are at the same time aware of our selves 
as the underlying subject of the thought. But in neither of these cases need we be conscious of 
the role played by our innate knowledge in our knowledge of other things. Indeed, Avicenna 
seems to imply that it is unusual for innate knowledge of any sort to rise to the level of full 
consciousness. 
Still, the separation of consciousness from awareness is problematic in an Avicennian context, 
since Avicenna does not have open to him the obvious appeal to memory as a means of 
explaining how I can be aware of objects of knowledge which I am not consciously 
entertaining.22 For it is a key tenet of AvicennaÕs cognitive psychology that the concept of 
memory applied to the intellect is meaningless. Avicenna argues for this controversial 
conclusion on the grounds that Òit is impossible that [an intelligible] form should be existent 
in complete actuality in the soul but [the soul] not understand it in complete actuality, since Ôit 
understands itÕ means nothing other than that the form is existent in it.Ó23 What, then, can it 
mean to claim that I am aware of any object Ñ  including my self Ñ  and yet not actually, that 
is, consciously, understanding it? 
In the case of other examples of innate knowledge, this problem is fairly easily resolved. For 
primary intelligibles are not fully innate for Avicenna in the way we ordinarily understand 
innateness. In this respect, the legacy of the Aristotelian identification of the human intellect 
as in pure potency to its intelligibles retains its hold on Avicenna.24 There are two principal 
characteristics of innate knowledge as it is manifested in the primary intelligibles: (1) we 
never actively seek to learn them and we are not conscious of when they are acquired; and 
(2) under normal circumstances we do not consciously differentiate these intelligibles from 
the derivative intelligibles in which they are implicitly contained. The second of these two 
characteristics is what allows Avicenna to make sense of the claim that we are aware of 
innate intelligibles Ñ  in the sense that they are actually present in our minds Ñ  even though 
we are not consciously thinking of them. Their innate presence in us is in virtue of their 
containment in other concepts, and hence they do not violate AvicennaÕs rejection of 
intellectual memory. If our minds were totally empty of all other thoughts, we would not 
possess these ideas either. 
This solution is open to Avicenna to a limited extent in the case of primitive self-awareness, 
since self-awareness is a precondition for thinking about any object other than the self. But 
Avicenna has made the stronger claim that self-awareness is the soulÕs very subsistence and 
existence. At no point can the soul exist unless it is aware of itself, even if it is not 
consciously or actively thinking of itself. This is not true even of the most fundamental of 
primary intelligibles. Self-awareness, then, cannot be the soulÕs implicit consideration of itself 
as the subject of other thoughts, since that would, in effect, reduce primitive self-awareness to 
Aristotelian reflexive awareness. In primitive self-awareness the self is not present to itself as 
an intelligible object in the way that other objects are present in its thought. Of what then, is 
the soul aware when it is aware of nothing but the existence of itself? 
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4. Awareness and Identity: What Self-Awareness is Not 

In my overview of the Flying Man argument, I noted that Avicenna identifies the object to 
which we are alerted by the thought experiment as the existence (wuj$d) or individual 
existence (ann#yah) of the self or soul (dh!t; nafs). While the same terminology is also found 
in the Notes and Investigations, in these works Avicenna prefers to speak of our awareness of 
our huw#yah or Òindividual identity.Ó Like the various terms for Òexistence,Ó ÒidentityÓ serves 
to convey the primitiveness of self-awareness, the fact that it is empty of any specific 
cognitive content. But the term ÒidentityÓ also captures two additional properties that are 
distinctive of primitive self-awareness. First and most fundamentally, self-awareness is the 
only form of knowledge in which cognitive identification Ñ  the identity of knower and 
known Ñ  is on AvicennaÕs view completely realized in human thought.25 

When you are aware of yourself, it is necessary that there is identity (huw#yah) here between the 
one aware and the thing of which there is awareness. ... And if you are aware of something other 
than yourself, in this case there will be an otherness between the one who is aware the object of 
awareness. ... As for awareness of the self, the one who is aware of that which he is, is his very 
self, so here there is identity and no otherness in any respect.Ó26 

The second property follows as a corollary of the complete identity between knower and 
known: self-awareness must be direct and cannot be mediated in any way at all. While the 
denial of intermediaries in self-awareness is usually linked with attempts to show that self-
awareness cannot be a form of sense perception, this is nonetheless a basic feature of 
primitive self-awareness whose consequences extend to the intellectual as well as the sensible 
sphere.27 
In the course of elaborating upon the claim that we are primitively aware only of our 
individual identity and existence, Avicenna eliminates three distinct but closely related theses 
regarding the nature of self-awareness and in particular the sort of knowledge of the self that 
can be gained in this primitive act. According to Avicenna, primitive self-awareness is 
neither: (1) an activity of any discrete part or faculty within the soul; hence it does not have 
any particular part of the soul as its object; nor (2) is it awareness of the soulÕs essential nature 
or quiddity; nor (3) is it awareness of the aggregate or totality of the soulÕs collected parts. 
Parts and Faculties. That self-awareness cannot pertain to a part of the soul in the sense of a 
particular faculty within the soul follows directly from the claim that the sole object of 
primitive self-awareness is oneÕs individual identity. Since the self is not identical with any 
one of its parts or faculties, self-awareness cannot be reducible to any limited form of 
reflexive understanding by one cognitive faculty to the exclusion of the others, even though 
the individual faculties of the soul are all capable, at least in a limited way, of reflexive 
awareness of their own activities. When such reflexive awareness occurs, it is not primitive, 
but a form of second-order awareness or knowing that one knows: 

And as for awareness, you are aware of your identity (huw#yah-ka), but yet you are not aware of 
any one of your faculties such that it is the object of awareness. For then you would not be aware 
of yourself but of some part of yourself. And if you were aware of yourself not through your self, 
but rather through a faculty such as sensation or imagination, then the object of awareness would 
not be [the same as] that which is aware, and along with your awareness of yourself you would be 
aware that you are aware of your soul (bi-nafsi-ka) and that you are the one who is aware of your 
soul.28 

In this passage and remarks elsewhere, Avicenna tends to focus on the impossibility of the 
corporeal faculties of sensation and imagination being the powers by which the soul is aware 
of itself, in the same way that he tends to associate the unmediated character of self-awareness 
with the denial that self-awareness is a sensory act. Nonetheless, the analysis on which 
AvicennaÕs point is based does not depend in any special way upon the corporeal basis of 
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sensation Ñ  the senses simply provide the most vivid examples of mediated and partial 
knowledge of the self. Thus, even in one passage where he is responding to a specific 
question about the soulÕs ability to understand itself intellectually, Avicenna quickly reverts to 
counter-examples based upon the limitations of the senses. The response here adds another 
dimension to the denial that self-awareness can be attributed to the activity of any particular 
faculty within the soul, for Avicenna eliminates not only reflexive awareness by a faculty of 
its own acts, but also the grasp of any one part of the soul by another. In such cases the 
identity criterion for self-awareness is doubly violated, since neither the subject nor the object 
of awareness is identical with the soul in its totality: 

And if this power is subsistent through a body, and your soul is not subsistent in this body, then 
that which is aware of this body through that faculty would belong to something separate through 
another form. So there is no awareness of yourself in this case in any way, and no apprehension of 
yourself through what is proper to it (bi-khu{ ${ iyati-h! ).29 Rather, some body would sense with 
something other than itself, in the way that you sense your leg with your hand. 30 

While the example here centres on the limitations of the senses, the conclusion would seem to 
be universally applicable to all parts of the soul. To the extent that any cognitive faculty 
functions as an instrument by which the soul performs a determinate range of activities 
directed towards a determinate class of objects, its operations will violate the identity criterion 
for self -awareness, regardless of whether or not the faculty in question uses bodily organs in 
the performance of those acts. 
Universal and Quidditative Knowledge. Despite his tendency to focus on examples drawn 
from the senses, Avicenna does admit that primitive self-awareness cannot be an act of the 
intellect in any standard sense. He denies, for example, that self-awareness is implicit in the 
act of understanding the general concept ÒsoulÓ or ÒhumanityÓ which I exemplify as a 
particular instance, on the grounds that one cannot simultaneously be aware of a whole as 
well as one of parts. In this case the ÒwholeÓ is not the self, however, but the universal, and 
the ÒpartÓ is not a faculty of the soul, but rather, my self as a particular instance falling under 
a universal class: 

Next he was asked, ÒAnd how do I perceive the general intention of the soul; and am I at the same 
time also aware of my individual soul?Ó He answered, ÒNo, it is not possible to be aware of 
something as well as one of its divisions (wa-tajziÕah-hu).Ó31 

While the denial that self-awareness can be accomplished by any isolated part or faculty of 
the soul thus applies as much to the intellect as to the senses, it is more common to find 
Avicenna arguing against the identification of self-awareness as an act of intellection on the 
grounds that self-awareness neither consists in nor supervenes upon universal knowledge of 
the soulÕs essential nature: 

After this he was asked: ÒAnd if I understand the soul through the general intention, am I in that 
case a soul absolutely, not a particularized, individuated soul; so am I therefore every soul?Ó The 
reply: ÒThere is a difference between the absolute considered in itself and universality. For 
universality is what is said of every soul which has another consideration; and one of these two is a 
part of my soul, the other is not.32 

In this passage Avicenna appeals to the distinction between quiddity and universality 
articulated in Book 5 of the Metaphysics of the Healing. On this account of universals, any 
object that I know exists in my intellect, and in virtue of that mental existence its quiddity 
acquires the additional property of universality. An intelligible universal is thus an instance of 
some quiddity Ñ  in this case ÒhumanityÓ Ñ  enjoying a form of conceptual existence in 
which it is combined with the properties peculiar to that realm of existence.33 This entails, as 
Avicenna here indicates, that when any absolute quiddity is instantiated in mental existence it 
is but one part or constituent of the resultant universal. By the same token, when the quiddity 
ÒhumanityÓ is combined with a set of properties peculiar to concrete, extramental existence to 
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form an individual human, it once again is but a part or constituent of an entirely distinct 
entity. Thus, while my own proper self and my universal concept of Òhuman beingÓ share the 
same essence or quiddity, Òhumanity,Ó ÒhumanityÓ itself is not completely identical with 
either my self nor that concept. While there is partial identity between my universal concept 
of ÒhumanÓ or ÒsoulÓ and my self, then, the identity is not complete. So on these grounds too 
intellectual knowledge even of my own nature fails to meet the identity criterion for primitive 
self-awareness. 
The understanding of the universal under which my own nature falls is thus neither necessary 
nor sufficient for self-awareness. Indeed, as Avicenna notes in the first of the two passages 
cited above,34 to the extent that the universal and the particular are two different sorts of 
cognitive objects, when I am actively contemplating the universal Òhuman,Ó any explicit 
awareness of my individual self will be precluded by another axiom of AvicennaÕs cognitive 
psychology, namely, that the soul can only consciously think of one intelligible at a time: 
ÒFor it is not in the capacity of our souls to understand intelligible things together in a single 
instant.Ó35 With this we have yet another explanation for AvicennaÕs claim that primitive self-
awareness must in most instances be differentiated from conscious attention. For by and large 
my everyday conscious thoughts are focused on objects other than my own individual identity 
and existence, and I cannot, on Avicennian principles, actively and consciously attend to my 
individual existence while at the same time actively thinking other thoughts. That is why, one 
presumes, thought experiments like the Flying Man are needed. 
Collections of Parts. Thus far I have considered AvicennaÕs grounds for rejecting two of the 
three candidates that might be put forward as sources of self-awareness Ñ  one of the soulÕs 
particular cognitive faculties, or its intellectual understanding of its own essential nature. But 
Avicenna also rejects the claim that self-awareness might be nothing more than our perception 
of the total aggregate or collection of our various parts. One question posed in the 
Investigations wonders whether a human being just is the collection of his parts (jumlah-hu), 
and if so, whether the totality of that collection constitutes the object of his awareness. In 
response Avicenna argues that self-awareness cannot be equated with awareness of the sum 
total of oneÕs parts, since it is possible to be aware of oneÕs individual existence while lacking 
awareness of the collection in its entirety. This follows from AvicennaÕs claim that self-
awareness is the very existence of the self and thus something that is always present at every 
moment in which the self subsists. But the totality of oneÕs parts does not display any stability 
and continuity, for those parts change over time, and many of them are hidden from us under 
ordinary circumstances. Avicenna casts the Òhidden partsÓ argument as an inference based on 
the mutability and hiddenness of our internal organs, an emphasis that might once again lead 
us to suppose that the main impediment to self-awareness here derives from the bodily side of 
our selves:36 

For many a person who is aware of the being of his existence (bi-wuj$di ! n#yati-hi) is not aware of 
the collection, and were it not for autopsy there would have been no knowledge of a heart, nor a 
brain, nor any principal nor subordinate organ. Whereas before all this he was aware of his 
existence. Moreover, if the object of awareness remains an object of awareness while, for example, 
something of the collection is separated in such a way that there is no sensing of it, in the way that 
a limb is cut off from an anaesthetized amputee, then it is conceivable that this could happen to 
him and he would not sense it, nor be aware that the collection has been altered, whereas he would 
be aware of his self, that it is his self, as if he had not been altered. And as for the thing from the 
collection which is other than the collection, it is either the case that it is an internal organ or an 
external organ. And it may be that none of the internal organs is an object of awareness at all, but 
existence (al-!n#yah) is an object of awareness prior to autopsy. And that of which there is 
awareness is different from that of which there is no awareness. And the external organs may be 
missing or changed, whereas the existence of which we are aware is one thing in its being an 
object of awareness as an individual unity (wa1datan shakh{ #yatan).37 
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In its appeal to the constancy of my awareness of the individual unity that is my self, even in 
the absence of complete awareness of my bodily members, this line of reasoning appears to 
commit the same suspect fallacy of which the Flying Man argument is often accused: I am 
aware of my self; I am not aware of the totality of my parts; therefore my self is distinct from 
the totality. But AvicennaÕs distinction between primitive self-awareness and conscious 
thought lessens the sophistical appearance of the argument in the present context, and it 
allows us to give the argument a purely epistemological interpretation. On the basis of that 
distinction, the ÒignoranceÓ of our brains or hearts to which Avicenna refers cannot be 
understood as a simple failure to be conscious of them. So the argument merely illustrates the 
epistemological conclusion that primitive self-awareness is not the same kind of knowledge as 
bodily consciousness: it tells us nothing about the underlying nature of the self nor its 
distinction from the collection. 
Yet if we follow this line of interpretation, we will also be prohibited from identifying 
primitive self-awareness as identical with any conscious state of an immaterial mind or soul. 
For it can surely be claimed that non-philosophers and materialists lack consciousness of their 
non-material parts as well, that is, of their immaterial minds and rational souls, despite the 
continuity of their self-awareness. That is, after all, what allows them to be materialists. So if 
AvicennaÕs argument here is meant to apply to bodily parts in particular, and not equally to 
the immaterial faculties of the soul, it is inadequate. What it does establish is that if self-
awareness is indeed a necessary concomitant of our existence underlying all our derivative 
conscious states, it must be an entirely different mode of knowing from any of those states, be 
they sensible or intellectual. 

5. Individuation and Self-Awareness 

We have seen, then, that despite a few indications to the contrary, Avicenna generally appears 
to recognize that he cannot draw any determinate conclusions regarding the nature of the self 
based on his analysis of self-awareness alone. Given the very primitiveness of that state, the 
most one can do is to establish what self-awareness is not. But there is one suspect 
presupposition that continues to inform AvicennaÕs discussions of primitive self-awareness, 
and that is the assumption that there is an underlying self of some sort which is, at a bare 
minimum, a single, individual unity to which all the soulÕs manifold activities are somehow 
ultimately referred. 
The problem that is lurking here is one which brings Avicenna up against the anomalies in his 
dualistic account of human nature. Avicenna claims that human souls are subsistent entities in 
their own right, and yet, since there are multiple individuals in the species Òhuman,Ó those 
individuals can only be distinguished from one another by the diversity of their matter.38 If the 
self is indeed a unity, as AvicennaÕs account of self-awareness implies, and if its unifying 
function is incompatible with corporeality, then self-awareness would seem to be a function 
of the soul itself.39 But Avicenna has admitted, perhaps reluctantly, that self-awareness cannot 
be a function of the intellect, since the self is not a universal. So we are faced with the 
question, what mode of cognition corresponds to a self that is at once subsistent and 
individual, but not entirely immaterial, and not the sole exemplar of its own nature or 
quiddity? The dilemma that Avicenna faces here is nicely captured in the Investigations: 

He was asked: By what faculty do we perceive our particular selves? For the soulÕs apprehension 
of intentions is either through the intellective faculty Ñ  but the awareness of the particular self (al-
dh!t al-juzÕ#y) is not intellected; or through the estimative faculty Ñ  but the estimative faculty 
apprehends intentions conjoined to images. And it has been shown that I am aware of my essence 
even if I am not aware of my limbs and do not imagine my body.40 
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AvicennaÕs immediate response to the problem is simply to note that the impediment to the 
intellectual understanding of an individual is matter, which is intrinsically unintelligible, not 
individuality per se. Hence, if there is some aspect of the human soulÕs individuation that is 
not simply reducible to matter and material accidents, the individual self may in some way be 
intelligible. Still, Avicenna remains non-committal as to the exact faculty to which primitive 
self-awareness should be traced: 

He answered: It has been shown that the universal intention is not apprehended through a body, 
and that the individual intention which is individuated through material accidents to a determinate 
magnitude and a determinate place is not perceived without a body; but it has not been shown that 
the particular cannot be apprehended at all without a body, nor that the particular cannot be 
converted into the judgement of the universal. Rather, when the individuation of the particular is 
not by means of magnitude, place, and the like, then there is no hindrance to the oneÕs being aware 
of itÑ so I suppose it would be the intellect. The impossibility of this has not been shown 
anywhere. And there is no harm in there being a material cause of this individual, and of its being 
a material thing in some respect, so long as the concomitant individuating form is not itself a 
material form, but is instead one of the forms characteristic of that whose individuation is not 
through a body. The intellect or the intellective soul cannot, however, perceive an individual 
particular by means of material forms with magnitude.41 

Even if we grant that the material aspects of human nature in and of themselves do not rule 
out the possibility of an intellectual grasp of ourselves as individuals, it is difficult to see how 
such knowledge would fit the account that Avicenna has given of primitive self-awareness. 
When Avicenna does attempt to describe more precisely how such intellectual self-awareness 
might be accomplished, the explanation turns on the possibility of singling out an individual 
by means of its accidents through a process whereby I understand myself by combining my 
grasp of ÒhumanityÓ with my understanding of properties that are peculiar to me:42 

So he replied: If this self-awareness is not called an ÒintellectionÓ ("aqlan), but rather, the term 
ÒintellectionÓ is proper to what belongs to the awareness of the abstract universal, then one could 
say that my awareness of myself is not an intellection and that I do not understand my self. But if 
every perception of what subsists abstractly is called an Òintellection,Ó it need not be granted that 
every intelligible of everything is a universal intention subsisting through its definition. Though 
perhaps if it is to be granted, it is only granted in the case of external intelligibles; nonetheless it is 
certain this is not to be granted absolutely. For not everything has a definition, nor is every 
intelligible just a simple concept, but rather, the thing may be understood through its states, so that 
its definition is perceived mixed with its accidents. In this way, when I understand my self I 
understand a definition to which is conjoined an inseparable accident ("!rid l!zim ).43 

AvicennaÕs point, then, seems to be we can conceptualize complex intelligibles such as 
Òlaughing humanÓ or Òpolitical human,Ó and that these concepts can provide a model for 
intellectual self-awareness of our individual identities. My understanding of my self on that 
model would consist of the definition of ÒhumanÓ plus a series of necessary accidents 
conjoined to that definition, which in concert would contract that definition to pick out me 
alone.44 But there are obvious difficulties with this solution. From a metaphysical perspective, 
it is not clear what property or set of properties could count as a necessary accident singling 
out my individual self, since Avicenna generally rejects bundle theories of individuation.45 
More importantly in the present context, however, this model seems to lack entirely the 
immediacy which is the characteristic feature of primitive self-awareness. Even if it is indeed 
possible for me to grasp my own individuality intellectually through a process such as the one 
just described, such an intellection could in no sense be counted as one in which I am simply 
aware of my individual existence and identity prior to any conscious awareness I have of 
either my essence or my attributes. 
AvicennaÕs account of primitive self-awareness thus seems to require a different paradigm of 
intelligibility which would allow for direct acquaintance with an immaterial particular. In a 
few places Avicenna indicates that such an account might be developed on the basis of 
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parallels between self-awareness and sensible observation. This, at least, is implied by 
AvicennaÕs inclusion of propositions expressing self-awareness under the category of 
ÒobservationalÓ (al-mush!had!t) premises in the Directives, a category which is principally 
comprised of sensible propositions such as Òthe sun is shining,Ó and Òfire is hot.Ó In this 
context, however, Avicenna does not distinguish sharply between primitive self-awareness 
and our awareness of our mental states, since the task at hand is to classify propositions based 
upon their reliability, rather than to explore the cognitive processes that underlie them.46 So 
these propositions have already been filtered by the intellect and no longer display the 
immediacy of the perceptual acts on which they are based. In the Notes too Avicenna 
compares self-awareness to the knowledge we gain of an individual by direct acquaintance 
(al-ma"rifah) and through observation (al-mush!hadah).47 But ultimately Avicenna fails to 
develop these suggestions in any comprehensive way, so that the exact nature of primitive 
self-awareness remains somewhat mysterious. 

6. Second-Order Awareness and Knowing that One Knows 

Thus far I have focused solely on AvicennaÕs account of primitive self-awareness, since that 
is the form of self-knowledge to which Avicenna devotes the most attention. But Avicenna 
does not entirely neglect other forms of self-knowledge, and in the course of his accounts of 
self-awareness he often invokes the distinction between primitive self-awareness on the one 
hand, and awareness that we are aware on the other hand. Whereas primitive self-awareness is 
a form of innate knowledge and thus is of a piece with the soulÕs very existence, awareness of 
awareness is something which we must acquire through conscious effort: 

As for its awareness that it is aware of itself, this it has through acquisition. And for this reason it 
does not know that it is aware of itself, and likewise for the rest of the things for which it acquires 
the power to become aware. And this is something which is not existent in it, which it needs to 
procure for itself.48 

Unlike primitive self-awareness, whose exact character remains obscure despite its 
pervasiveness, awareness that we are aware is an intellectual act, and hence it is always at the 
level of actual conscious thought: 

But our being aware that we are aware is an activity of the intellect. Self-awareness belongs to the 
soul in actuality, for it is always aware of itself. And as for the awareness of the awareness, it is 
potential. And if the awareness of the awareness were actual, it would always be [so], and there 
would be no need for the consideration of the intellect.49 

At first glance it might appear that this acquired form of awareness is the Avicennian 
counterpart to the traditional Aristotelian conception of self-awareness as an act concomitant 
with the understanding of other things. Yet there are reasons to think that such a comparison 
is not entirely apt. AvicennaÕs model is clearly a propositional one, whereas the Aristotelian 
notion of an awareness that is concomitant with our knowledge of an object seems prior to 
any propositional judgment. I suspect, however, that Avicenna would claim that there really is 
no such thing as reflexive self-awareness in the Aristotelian sense, since he rejects both of the 
principles upon which the Aristotelian account is based.50 So Avicenna would probably agree 
that Aristotelian reflexive knowledge is either nothing but awareness that we are aware, and 
hence it is indeed propositional; or that it offers a flawed account of primitive self-awareness 
and is to be rejected outright. Similarly, it is not clear whether our intellectual grasp of our 
own natures or quiddities Ñ  i.e., our simple understanding of the intelligibles ÒhumanÓ and 
ÒsoulÓ Ñ  would count as instances of awareness that we are aware in AvicennaÕs eyes. Here 
too it seems unlikely that Avicenna would consider such knowledge to be a form of second-
order awareness. For in order to count as Òawareness,Ó it would seem necessary for the 
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knower to apply the concept ÒhumanÓ to her understanding of herself. Failing that, her 
knowledge of humanity would seem to constitute self-knowledge only incidentally. 
Despite his relative silence on the exact scope and nature of second-order awareness, there are 
a couple of short and provocative passages in which Avicenna attempts to offer some account 
the role it plays within human knowledge. Two functions seem paramount: (1) second-order 
awareness is necessary for conscious thought to occur; and (2) second-order awareness plays 
a role in the attainment of certitude (al-yaq#n). 
With respect to (1), Avicenna argues that the complete identity that characterizes primitive 
self-awareness necessitates that a different sort of cognitive act must occur in order to acquire 
knowledge that one is aware: ÒFor so long as you know (ta"rifu) yourself, you do not know 
that this awareness of it from yourself is yourself.Ó51 This is a direct consequence of 
AvicennaÕs distinction between awareness and consciousness. Since self-awareness under 
normal circumstances is something that we are not attentive to, it must be made the subject of 
conscious reflection by the intellect in order to play an active role in our cognitive pursuits. 
And the role that second-order awareness plays in those pursuits seems to be in its own way a 
central and foundational one, especially for the philosopher. For certitude, the epistemic goal 
at which philosophy is supposed to aim, is defined as an act of second-order knowledge. 
Hence, with respect to (2), Avicenna argues, in a very compact statement prefaced to one of 
his accounts of primitive self-awareness, that insofar as certitude entails knowing that one 
knows, it is akin to and perhaps dependent on second-order awareness: 

Certitude is to know that you know, and to know that you know that you know, ad infinitum. And 
the apprehension of oneÕs self is like this. For you apprehend your self, and you know that you 
apprehend it, and you know that you know that you apprehend it Ñ  ad infinitum.Ó52 

Avicenna does not make it entirely clear here whether Òknowing that one knowsÓ and Òbeing 
aware that one is awareÓ are synonymous. Does Avicenna believe that knowing that one 
knows is simply a special case of second-order awareness focused on oneÕs awareness of a 
particular object, or does he intend to make the stronger claim that certitude is ultimately 
dependent upon our capacity to bring primitive self-awareness to the level of conscious 
attention? Some remarks on the nature of our feeling of certitude in the Psychology give us 
reason to think that Avicenna would indeed assign self-awareness a foundational role in all 
certain knowledge. 
In the passage in question, Avicenna presents the phenomenon of a person who feels certain 
that she knows the answer to some question as soon as it is posed to her, even when she has 
never actually worked out the point at issue before. In effect, she teaches herself as well as her 
audience during the course of her articulation of the reply. AvicennaÕs account of what is 
going on in such cases is somewhat problematic, although it coheres well with the general 
principles that are laid out in this part of the Psychology. What Avicenna argues is that in 
cases such as these the knower is actually certain of the reply she is about to give, and that 
actual certitude is only possible if oneÕs belief is indeed true and oneÕs knowledge actual. 
Given the respondentÕs actual certitude, the knowledge in question cannot be potential, even 
proximately so, Òbecause it is impossible to be certain that something actually unknown is 
known by him but stored away. For how could you be certain of the state of something unless 
the thing (al-amr) itself in relation to which you were certain were known?Ó53 
Now in the case of our knowledge of things other than ourselves, the inference from the 
strength of our psychological certitude to the reality of that about which we are certain is 
clearly suspicious. But the point does shed light on the role that Avicenna envisages for self-
awareness in the attainment of certitude. For as weÕve seen, primitive self-awareness is the 
only form of knowledge that is, from the first moment of our existence, always actually 
present in us. And certitude, as here described, rests on an actual relation between the knower 
and that of which she is certain. Primitive self-awareness, then, is the only form of knowledge 
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in which the actual relation between the knower and the object known is guaranteed. 
Moreover, since the person who is actually certain of anything must grasp the relation 
between herself and the other objects of which she is certain, primitive self-awareness would 
also seem to be an ingredient within any additional claims we have to be certain of the nature 
of things other than ourselves. Certitude thus consists in the awareness that we are aware; it is 
not a distinct form of second-order knowledge in which primitive self-awareness plays no 
central role. 

7. Knowing that We Know and the Problem of Infinite Regress 

AvicennaÕs identification of certitude as a form of knowing that one knows is not 
unprecedented in the Islamic philosophical tradition. Al-F!r!b" (ca. 870-950) had already 
stipulated this as one of the conditions of certitude in his discussions of the nature of 
demonstrative science: 

Certitude is for us to believe concerning the truth to which assent has been given that it is not at all 
possible for the existence of what we believe of this thing to be different from what we believe; 
and in addition to this, we believe concerning this belief that another [belief] than it is not possible, 
even to the extent that whenever there is formed some belief concerning the first belief, it is not 
possible in oneÕs view for it to be otherwise, and so on ad infinitum.54 

The principal function that this claim plays in al-F!r!b"Õs epistemology is to differentiate 
knowledge from true opinion: while true opinions may indeed correspond with reality, al-
F!r!b" argues that only when we know that our belief in their correspondence is necessary 
does our opinion rise to the level of certitude. Al-F!r!b" himself often uses the term 
ÒawarenessÓ (shu"$r) to explicate this second order-knowledge, and what he appears to have 
in mind is a criterion that involves the subjectÕs direct acquaintance with the evidence upon 
which her belief is based, the fact that it rests on the subjectÕs Òown vision.Ó55 This in turn 
entails concomitant self-awareness, al-F!r!b" suggests, since I must also recognize that it is 
my knowledge that is the guarantor of my belief. If a subject is certain of his belief, his 
cognitive state must be that of Òsomeone who considers the thing at the time when he is 
considering it and is aware that he is considering it.Ó56 
One striking feature of al-F!r!b"Õs account of knowing that one knows is the claim that 
certitude entails an infinite regress of second-order acts of awareness. It is this feature of al-
F!r!b "Õs criterion that Avicenna himself echoes in the Notes, and it is also a point of 
contention in a debate over second-order knowledge between al-Ghaz!l" (1058-1111) and 
Averroes (Ibn Rushd, 1126-1198). Al-F!r!b" himself does not comment much on the infinity 
condition: he does not state whether the infinity is potential or actual, for example. Given the 
Aristotelian prohibition against actual infinites, we might presume that the regress here is 
necessarily potential. If I am certain of something, then I will be able, if challenged, to assert 
second-order, third-order, etc. claims as required, but I need not and perhaps cannot actually 
accept an infinity of meta-propositions. The second-order claim is sufficient to establish 
certain knowledge, since it secures my grasp on the evidentiary basis for my belief. Hence, 
there is no danger that a sophistical challenger might disturb my certitude by charging that 
while I may know that I know p, I may not really know that my knowledge wonÕt falter when 
I reach a tenth-order or hundredth-order claim, for example. 
Yet some version of the possibility of an infinite regress of self-awareness claims does seem 
to worry Avicenna. It is not, however, the infinite regress of second-order awareness that 
concerns him, but rather, the view that holds that our becoming alerted to our primitive self-
awareness (as, for example, by performing the Flying Man), constitutes a repetition of the act 
of primitive self-awareness itself. This Avicenna denies: ÒA human being may be inattentive 
to his self-awareness, and be alerted to it; but he is not aware of himself twice.Ó57 Here, the 



72 DEBORAH BLACK 

core of AvicennaÕs concern seems to be the preservation of the privileged character of self-
awareness amongst the soulÕs cognitive acts. But the prohibition against the ÒrepetitionÓ of 
our selves in ourselves does not prevent an infinite regress of acts of knowing that we know. 
Rather, second-order awareness must necessarily be of a different kind from primitive self-
awareness and have a distinct object from it: there must be some form of epistemic ascent 
here. 
The problem posed by the infinite regress of awareness resurfaces in an exchange between 
AvicennaÕs critics, al-Ghaz!l" and Averroes. This debate is especially instructive for our 
purposes since many of al-Ghaz!l"Õs claims presuppose the Avicennian paradigm of self-
awareness, in which second-order awareness is a distinct act of understanding from primitive 
self-awareness, whereas AverroesÕs responses are more faithful to the traditional Aristotelian 
picture. Unlike Avicenna and al-F!r!b", however, al-Ghaz!l", explicitly rejects the possibility 
of an infinite regress of second-order acts: 58 

Rather, he knows his being a knower by another knowledge, [and so on] until this terminates in a 
knowledge of which he is oblivious and does not know. We do not say that this regresses ad 
infinitum but that it stops [at a point] with a knowledge relating to its object, where [the individual] 
is oblivious to the existence of the knowledge but not [to that] of the object known, This is similar 
to a person who knows blackness, being, in his state of knowing, psychologically absorbed with 
the object of his knowledge Ñ  namely, blackness Ñ  but unaware of his [act of] knowing 
blackness, paying no heed to it. If he pays heed to it, it will require another knowledge [and so on] 
until his heeding ceases.59 

Al -Ghaz!l"Õs perspective here is ultimately far removed from AvicennaÕs. Al-Ghaz!l" seems 
to make self-awareness entirely dispensable to human knowledge, and its incidental character 
is even more pronounced than in the classical Aristotelian picture, where reflexive self-
awareness, while not a necessary condition presupposed by all other knowledge, is 
nonetheless an inevitable by-product of it. Certainly al-Ghaz!l"Õs remarks are incompatible 
with the claim that certitude Ñ  that is, demonstrated, scientific knowledge Ñ  depends upon 
second-order acts of awareness. On al-Ghaz!l"Õs view, second-order awareness actually seems 
to be an impediment to complete awareness of the object of oneÕs thought. For according to 
the above passage, in order to thwart the objectionable infinite regress of reflexive acts, we 
eventually posit a stage in which our absorption in the object known and our attention to it is 
so all-embracing that we lose ourselves entirely in the object and fail to note the otherness 
between it and ourselves. 
AverroesÕs response to al-Ghaz!l"Õs remarks in the Incoherence of the ÒIncoherenceÓ 
staunchly defends the Aristotelian view that self-knowledge is indistinguishable from our 
concomitant awareness of other things. Averroes does allow for an exception to this claim in 
cases where we are talking about my knowledge of my individual soul ("ilm bi-nafsi-hi al-
shakh{ iyah), by which Averroes means nothing but my ability to perceive my own 
individuating states and actions.60 But on AverroesÕs view this sort of individual self-
knowledge is clearly inferior to the self-knowledge that is identical with what is known, since 
in the latter case the knower has universal, essential knowledge of Òthe quiddity which is 
proper to him.Ó AverroesÕs point here is not simply that we only truly know ourselves when 
we have attained a scientific understanding of human nature. Rather, Averroes makes the 
following assertion based upon the identification of rationality as the essential difference of 
humanity: 

The essence of a human being (dh!t -hu) is nothing but his knowledge of things ("ilm al-ashy!Õ). ... 
The quiddity of a human is knowledge, and knowledge is the thing known in one respect and 
something different in another. And if he is ignorant of a certain object of knowledge (ma"l$m 
m! ), he is ignorant of a part of his essence (juzÕan min-dh!ti -hi), and if he is ignorant of all 
knowables, he is ignorant of his essence.61 
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Despite its reliance on the identity of knower and known, AverroesÕs claim here is stronger 
than the Aristotelian position that the soul knows itself in the same way that it knows other 
things. The Aristotelian claim is simply that self-awareness can only occur reflexively, once 
another object is known. Aristotelian self-knowledge in this sense is episodic. Avicennian 
self -awareness, by contrast, is continuous and uninterrupted. Averroist self-knowledge, unlike 
either of these models, is progressive and cumulative: the acquisition of knowledge is a form 
of self-realization for Averroes, and hence my self-knowledge increases in proportion to the 
increase in my overall store of knowledge.62 
On the basis of this stronger understanding of the identity of knower and known, Averroes 
denies that there could be any problem in positing an infinite regress of meta-levels of 
awareness. There is no need to cut off an infinite regress by positing some mysterious stage at 
which the knower fails entirely to be conscious of herself, because there is nothing 
problematic about the sort of infinity that is implied by a series of claims that a subject knows 
that she knows: 

Now al-Ghaz!l"Õs answer, that this knowledge is a second knowledge ("ilm th!n#) and that there is 
no infinite series here, is devoid of sense, for it is self-evident that this implies such a series, and it 
does not follow from the fact that when a man knows a thing but is not conscious that he knows 
the fact that he knows, that in the case when he knows that he knows, this second knowledge is an 
additional knowledge to the first; no, the second knowledge is one of the conditions of the first 
knowledge, and its infinite regress is, therefore, not impossible; if, however, it were a knowledge 
existing by itself and additional to the first knowledge, an infinite series could not occur.63 

I take AverroesÕs point here to be the following: since my knowledge of an object is one and 
the same act of knowledge as my knowledge of myself, there is implicitly contained in that 
single knowledge a potentially infinite series of propositions asserting my knowledge that I 
know, that I know that I know, and so on. Self-knowledge is an ingredient within our 
knowledge of other things to the extent that certitude requires us to know that we know. 
Knowing that we know does not, then, generate an infinite series of distinct acts of knowing 
as al-Ghaz!l" maintains, and hence there is no need to terminate the series by positing some 
act of awareness in which self-knowledge is entirely absent. Such a move is absurd in 
AverroesÕs eyes, not the least because it places a form of ignorance at the core of the 
explanation of knowledge. There is no little irony in the fact that much the same objection 
could be made against the function that Avicenna assigns to primitive self-awareness: both 
primitive self-awareness and self-absorption into the object known rest our knowledge on 
modes of awareness that lie below the threshold of consciousness and that, as such, remain 
actually unknown. 

8. Conclusion 

It is clear from the many attempts that Avicenna makes to clarify the nature of primitive self-
awareness that he considered it to be a fundamental principle in his own philosophy and a 
necessary and important corrective of the prevailing philosophical view that made self-
awareness of secondary importance in the explication of human knowledge. It appears from 
his various characterizations of primitive self-awareness that emphasize its utter basicality and 
complete self-identity that Avicenna believed that some such state of pre-conscious awareness 
was necessary to ground the unity of the human being as the single knowing subject to which 
her diverse cognitions, grounded in various faculties, are referred. It is this concern with the 
unity of awareness, rather than the desire to establish the immateriality of that unifying 
subject, that is of paramount importance to Avicenna, even in the Flying Man experiment Ñ  a 
point which is attested to by AvicennaÕs decision to incorporate two of the three versions of 
the Flying Man into arguments for the unity of the soul.64 
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Nonetheless, it is impossible to deny that Avicenna is strongly attracted by the possibility of 
moving from an analysis of the primitiveness and simplicity of self-awareness to the 
conclusion that a being possessed of this capacity cannot be essentially corporeal. Thus in 
both the contexts in which the Flying Man is used to support the unity of the soul Avicenna 
eventually makes the additional claim that no body could act as the unifying or binding entity 
that he has discovered. And while Avicenna is in general careful to differentiate primitive 
self-awareness from simple intellectual understanding, his focus is in most instances fixed on 
establishing its non-sensory character. 
More fundamentally, it seems reasonable to suppose that AvicennaÕs insistence on the 
necessity of positing some unifying principle of awareness is itself rooted in his commitment 
to the subsistence of the human soul and the merely relational character of its link to the body. 
It can hardly be an empirical inference, after all, for by AvicennaÕs own admission primitive 
self-awareness, as such, is prior to all conscious thought. Yet AvicennaÕs claim that self-
awareness is indistinguishable from the very existence of the human soul follows quite 
naturally on the assumption that the fundamental attribute of the separate intellects Ñ  that of 
being always actually engaged in a Òthinking of thinkingÓ Ñ  must also be manifested in 
human intellects if they are to be intellects at all.65 While Avicenna may agree with Aristotle 
that the human soul is indeed in mere potency to objects of knowledge other than itself, if the 
soul is essentially immaterial and rational, then there can be no point in its existence at which 
it is not in some sense actually cognitive. To the extent that the human soul is truly an 
intellective soul, it must have the characteristic property of all subsistent intellects, that of 
being actually intelligible to itself. No intellect can ever be empty of this bare minimum of 
self-awareness. The Aristotelian view of self-knowledge, then, can be accommodated into 
Avicennian psychology to a limited extent. But that view, like the more basic characterization 
of the soul as the form or perfection of the body, captures only those limited aspects of human 
knowledge that pertain to its temporal Ñ  and temporary Ñ  physical state. 
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Abstract. Arabic algebra derives its epistemic value not from proofs but from correctly performing calculations 
using coequal polynomials. This idea of Ômathematics as calculationÕ had an important influence on the 
epistemological status of European mathematics until the seventeenth century. We analyze the basic concepts of 
early Arabic algebra such as the unknown and the equation and their subsequent changes within the Italian 
abacus tradition. We demonstrate that the use of these concepts has been problematic in several aspects. Early 
Arabic algebra reveals anomalies which can be attributed to the diversity of influences in which the al-jabr 
practice flourished. We argue that the concept of a symbolic equation as it emerges in algebra textbooks around 
1550 is fundamentally different from the ÔequationÕ as known in Arabic algebra. 

1. Introduction  

The most common epistemology account of mathematics is based on the idea of apriorism. 
Mathematical knowledge is considered to be independent of experience. The fundamental 
argument for an apriorist assessment of mathematics is founded on the concept of a formal 
proof. Truth in mathematics can be demonstrated by deductive reasoning within an axiomatic 
system. All theorems derivable from the axioms have to be accepted solely on basis of the 
formal structure. The great mathematician Hardy cogently formulates it as follows (Hardy 
1929): 

It seems to me that no philosophy can possibly be sympathetic to a mathematician which does not 
admit, in one manner or another, the immutable and unconditional validity of mathematical truth. 
Mathematical theorems are true or false; their truth or falsity is absolute and independent of our 
knowledge of them. In some sense, mathematical truth is part of objective reality. 

When some years later, Gšdel proved that there are true statements in any consistent formal 
system that cannot be proved within that system, truth became peremptory decoupled of 
provability. Despite the fact that GšdelÕs proof undermined the foundament of apriorism it 
had little impact on the mainstream epistemological view on mathematics. Only during the 
past decades the apriorist account was challenged by mathematical empiricism, through 
influential works from Lakatos (1976), Kitcher (1984) and Mancosu (1996). These authors 
share a strong believe in the relevance of the history of mathematics for an epistemology of 
mathematics. 
The apriorist view on mathematics has not always been predominant in western thinking. It 
only became so by the growing influence of the Euclidean axiomatic method from the 
seventeenth century onwards. With respect to algebra, John Wallis was the first to introduce 
the axioms in an early work, called Mathesis Universalis, included in his Operum 
mathematicorum (1657, 85). With specific reference to EuclidÕs Elements, he gives nine 
Axiomata, also called communes notationes. From then on, the epistemological status of 
algebra was transformed into one deriving its truth from proof based on the axiomatic 
method. Before the seventeenth century, truth and validity of an algebraic derivation 
depended on correctly performing the calculations using an unknown quantity. While 
Wittgenstein was heavily criticized for his statement that ÒDie Mathematik besteht ganz aus 
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RechnungÓ (Mathematics consists entirely of calculations), (1978, 924; 468), his image of 
mathematics as procedures performed on the abacus, fits in very well with pre-seventeenth-
century conceptions of mathematical knowledge. Algebraical problem solving consisted of 
formulating the problem in terms of the unknown and reducing the form to one of the known 
cases. Early Arabic algebra had rules for each of six known cases. While geometrical 
demonstrations exist for three quadratic types of problems, the validity of the rules was 
accepted on basis of their performance in problem solving. 
The idea that European mathematics has always been rooted in Euclidean geometry is a myth 
cultivated by humanist writings on the history of mathematics. In fact, the very idea that 
Greek mathematics is our (Western) mathematics is based on the same myth, as argued by 
Jens H¿yrup (H¿yrup 1996, 103): 

According to conventional wisdom, European mathematics originated among the Greeks between 
the epochs of Thales and Euclid, was borrowed and well preserved by the Arabs in the early 
Middle Ages, and brought back to its authentic homeland by Europeans in the twelfth and 
thirteenth century. Since then, it has pursued its career triumphantly. 

H¿yrup shows that ÒMedieval scholastic university did produce an unprecedented, and hence 
specifically European kind of mathematicsÓ (ibid.). But also outside the universities, in the 
abacus schools of Florence, Siena and other Italian cities, a new kind of mathematics 
flourished supporting the practical needs of merchants, craftsman, surveyors and even the 
military man. 
Symbolic algebra, the Western mathematics par excellence, emerged from algebraic practice 
within this abacus tradition, situated broadly between FibonacciÕs Liber Abbaci (1202) and 
PacioliÕs Summa (1494). Practice of algebraic problem solving within this tradition grew out 
of Arabic sources. The epistemic foundations of a mathematics-as-calculation was formed in 
the Arab world. An explicitation of these foundations is the prime motivation of our analysis 
of the basic concepts of early Arabic algebra. 

2. Starting point 

While the original meaning of the Arabic concepts of algebra will be an important guideline 
for this study, we relinquish the search for the Òexact meaningÓ. Several scholars have 
published studies on the origin of the term algebra, the meaning of al-jabr and al-much!bala 
and the Arabic terms for an unknown. Some have done so with the aim of establishing the 
correct meaning with the aid of Arabic etymology and linguistics (e.g. Gandz 1926, Saliba 
1972, Oaks and Alkhateeb 2005). Strictly taken, the precise meaning of these Arabic terms 
and concepts is irrelevant for our study. Even if there would be one exact meaning to be 
established, it was not available for practitioners of early algebra in Europe. With a few 
exceptions, such as Fibonacci,1 the flourishing of algebraic practice within the abacus 
tradition depended on a handful of Latin translations and vernacular interpretations or 
rephrasing of these translations. Unquestionably, certain shifts in meaning took place within 
the process of interpretation and diffusion during the twelfth and thirteenth centuries. Rather 
than the Arabic terms and concepts, the concepts conveyed by the first Latin translations will 
be our starting point. 

2.1. Latin translations of al-Khw"rizm!Õs Algebra 

Three Latin translations of al-Khw! rizm"Õs Algebra are extant in sixteen manuscripts (Hughes 
1982). These translations have been identified as from Robert of Chester (c. 1145), Gerard of 
Cremona (c. 1150) and Guglielmo de Lunis (c. 1215), although there is still discussion 
whether the latter translation was Latin or Italian. What became available to the West was 
only the first part of al-Khw! rizm"Õs treatise. The second part on surveying and the third on 
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the calculation of legacies were not included in these Latin translations. The full text of the 
Algebra became first available with the edition of Frederic Rosen (1831) including an English 
translation. Rosen used a single Arabic manuscript, the Oxford, Bodleian CMXVIII Hunt. 
214, dated 1342. The value of his translation has been questioned by Ruska (1917), Gandz 
(1932, 61-3) and H¿yrup (1998, note 5). Some years later Guillaume Libri (1838, Note XII, 
253-299) published a transcription of GerardÕs translation from the Paris, BNF, Lat. 7377A, 
an edition that has been qualified as ÔfaultyÕ and corrected on eighty accounts by Hughes 
(1986, 211, 231). Later during the century, Boncompagni (1850) also edited a Latin 
translation from Gerard, but it was later found that this manuscript was not GerardÕs but 
Guglielmo de LunisÕ (Hughes 1986). Robert of ChesterÕs translation was first published with 
an English translation by Karpinski (1915). However, Karpinski used a manuscript copy by 
Scheubel, which should be seen more as a revision of the original. 
It is only during the past decades that critical editions of the three Latin translations have 
become available. The translation by Gerard of Cremona was edited by Hughes (1986), based 
on seven manuscript copies. Hughes (1989) also published a critical edition of the second 
translation from Robert of Chester based on the three extant manuscripts. A third translation 
has been edited by Wolfgang Kaunzner (1986). Although this text (Oxford, Bodleian, Lyell 
52) was originally attributed to Gerard, it is now considered to be a translation from 
Guglielmo de Lunis (Hughes 1982, 1989). An Italian translation of 1313 from the Latin is 
recently published by Franci (2003). It has been argued by several scholars that Gerard of 
CremonaÕs translation is the best extant witness of the first Arabic algebra (H¿yrup 1998). 

2.2. Lat in translations of other Arabic works 

Apart from al-Khw! rizm"Õs Algebra there have been Latin translations of other works which 
contributed to the diffusion of Arabic algebra. The Liber algorismi de pratica arismetrice by 
John of Seville (Johannes Hispalensis) precedes the first Latin translations and briefly 
mentions algebra (Boncompagni 1857, 112-3). Also of importance is Ab$ BakrÕs Liber 
mensurationum, translated by Gerard of Cremona in the twelfth century (Busard, 1968). 
Although this work deals primarily with surveying problems it uses the methods as well as the 
terminology of the early Arabic jabr tradition. Jens H¿yrup, who named the method Ònaive 
geometryÓ or Òthe tradition of lay surveyorsÓ, has pointed out the relation between this work 
and Babylonian algebra (H¿yrup, 1986, 1990, 1998, 2002). Following Busard, he has 
convincingly demonstrated that the operations used to solve these problems are concretely 
geometrical. Therefore this work can help us with the interpretation of operations in early 
Arabic algebra. 
The Algebra of Ab$ K!mil  was written some decades after that of al-Khw! rizm" and bears the 
same title Kit! b f# al-Jabr wa al-muq!balah. Several versions of the manuscript are extant. 
An Arabic version MS Kara Mustafa KŸtŸbhane 379 in Istanbul; a fourteenth-century copy of 
a Latin translation at the BNF at Paris, Lat. 7377A, discussed with partial translations by 
Karpinski (1914) and published in a critical edition by Sesiano (1993) who attributes the Latin 
translation to Guglielmo de Lunis (1993, 322-3). A fifteenth-century Hebrew version with a 
commentary by Mordecai Finzi, is translated in German by Weinberg (1935) and in English 
by Levey (1966). Levey also provides an English translation of some parts of the Arabic text. 
Other texts include Ibn BadrÕs Ikhti{ !r al -Jabr wa al-muq!bala which was translated into 
Spanish (S‡nchez PŽrez, 1916) and al-Karaj"Õs Fakhr# f# al-Jabr wa al-muq!balah with a 
partial French translation (Woepcke, 1853). 
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3. The evolution of the concept of an unknown 

3.1. The unknown in early Arabic algebra 

The unknown is used to solve arithmetical or geometrical problems. The solution commences 
with posing an unknown quantity of the problem as the abstract unknown. By analytical 
reasoning using the unknown, one arrives at a value for it. In algebraic problem solving before 
Arabic algebra, the abstract unknown is not always the symbolic entity as we now understand. 
As an essential part of the analytical reasoning, it is an entity related to the context of the 
problem and the model used for problem solving. For Babylonian algebra, it is shown by 
H¿yrup (2002) that the model was a geometrical one. The unknown thus refers to geometrical 
elements such as the sides of a rectangle or a surface. In Indian algebra we find the unknown 
(or unknowns) used for monetary values or possessions as in the rule of gulik!ntara 
(Colebrooke 1817, 344). The terms used in Arabic algebra reflect both the geometrical 
interpretation of the unknown as well as the one of a possession. We will argue that the 
difficulties and confusions in the understanding of the concept of the Arabic unknown are 
induced by diverse influences from Babylonian and Indian traditions. 

3.1.1. Arabic terminology 
The central terms in Arabic algebra are m!l , shayÕ and jidhr. In addition, the monetary unit 
dirham is also used in problems and in their algebraic solutions. It is generally accepted that 
the term m!l  refers to possession, or wealth or even a specific sum of money. The shayÕ is 
translated as ÔthingÕ ever since the first commentators wrote about it (Cossali 1797-9). From 
the beginning, shayÕ was considered the unknown (Colebrooke 1817, xiii). 
The difficulties of interpretation arise when we translate m!l  by ÔsquareÕ and shayÕ by ÔrootÕ. 
Rosen (1831) and Karpinski (1915) both use ÔsquareÕ for m!l  on most occasions. Karpinski 
even uses the symbolic x2. However, when the problem can be stated without the use of a 
square term, they both change the interpretation of the m!l . For example in problem III.11, 
Rosen uses ÔnumberÕ and Karpinski employs x instead of x2 as used for the other problems.2 
This already contributes to the confusion as the Latin translation uses the same word in both 
cases. Moreover the choice of the word ÔsquareÕ is misleading. Neither the geometrical 
meaning of ÔsquareÕ, nor the algebraical one, e.g. x2, are adequate to convey the meaning of 
m!l .3 For the geometrical problems, al-Khw! rizm" elaborates on the use of m!l  for the 
algebraic representation of the area of a geometrical square. If the meaning of m!l  would be a 
square, why going through the argumentation of posing m!l  for the area?4 The algebraic 
interpretation of a square is equally problematic. If m!l  would be the same as the square of the 
unknown then jidhr or root would be the unknown. However, this is in contradiction with the 
original texts in which m!l , if not the original unknown by itself, is at least transformed into 
the unknown. H¿yrup (1998, 8) justly uses the argument that m!l  is used in linear problems in 
al-Karaj"Õs K!f# (Hochheim 1878, iii, 14). This corresponds with the use of a possession in 
Hindu algebra, in formulating algebraic rules for linear problems, such as the gulik!ntara. 

Arab m!l  shayÕ  jidhr dirham Ôadad mufrad 

���  ���  ���  ����   ���
����  

Hispalensis (none) res radix (none) numerus 
Robert substancia res radix dragma numerus 
Gerard census res radix dragma numerus simplex 
Guglielmo census res radix dragma numerus 
Ab$ K!mil  (latin) census res radix dragma numerus simplex 
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Table 1: The terms used in early Latin translations of Arabic texts. 

3.1.2. The ambiguity of m!l  
The interpretation of m! l as the unknown, pure and simple, is not as straightforward as often 
presented. While m!l  (in RobertÕs translation substancia and in GerardÕs census) is used to 
describe the problem, the algebraic derivation depends on operations on other terms than the 
original ÔpossessionÕ. Also Hughes points out the problem in his commentary of Robert of 
ChesterÕs edition:5 

Terminology also must have jolted RobertÕs readers. In problems four and six of Chapter I and in 
five, ten, and thirteen of Chapter II, substancia in the statement of the initial equation becomes res 
or radix in its solution. Excursions such as these must have challenged the reader. 

Let us look more closely at problem III.13, as it is instructive to point out what constitutes a 
transformation in the original concept of m!l : 

Substancia here is used in the problem text as well as the solution. But clearly it must have a 
different meaning in these two contexts. In the beginning of the derivation substancia is 
replaced by res. In the English translation, Karpinski switches from ÔsquareÕ to x. By 
multiplying the two res terms, x and 2/3x, two thirds of a new substancia is created. This 
second substancia is an algebraic concept where the first one, in the problem text, is a 
possession and may refer to a sum of money. While Gerard of Cremona uses census instead 
of substancia, his translation has the same ambiguity with regard to census.6 

3.1.2.1. The root of real money 
This anomaly of Arabic algebra is discussed now for almost two centuries. Libri (1838), 
Chasles (1841, 509), and others have noticed the problem. Some have chosen to ignore it 
while others pointed out the inconsistency, but did not provide any satisfactory answer. Very 
recently, two analyses have reopened the discussion. In the yet to be published H¿yrup (2006) 
and Oaks and Alkhateeb (2005) the double meaning of the m!l  is prominently present in their 
interpretation of early Arabic algebra.7 H¿yrup (2006) adequately describes the anomaly as 
Òthe square root of real moneyÓ. As m!l  or census originally is understood as a possession, 
and the unknown is designated by shayÕ or res, which is the root of the census, problems 
looking for the value of a possession thus deal with the root of real money when they use the 
shayÕ in their solution. According to H¿yrup the difference between the two was already a 
formality for al-Khw! rizm". 

3.1.2.2. Ab# K"mil towards a resolution of the ambiguity 
We find the anomaly also in the algebra of Ab$ K!mil, almost a century later. But Ab$ K!mil 
is the first to point out that the transformation of a value or possession into an algebraic 
quantity is an arbitrary choice. His double solution to problem 52 is very instructive in this 

Karpinski 1930, 118 Hughes 1989, 61 
I multiply a square by two-thirds of 
itself and have five as a product. 
Explanation. I multiply x by two-thirds 
x, giving 2/3 x2, which equals five. 
Complete 2/3 x2 by adding to it one-
half of itself, and one x2 is obtained. 
Likewise add to five one-half of itself, 
and you have 7 1/2, which equals x2. 
The root of this, then, is the number 
which when multiplied by two-thirds of 
itself gives five. 

Substanciam in eius duabus terciis sic 
multiplico, ut fiant 5. Exposicio est, ut rem in 
duabus terciis rei multiplicem, et erunt 2/3 
unius substancie 5 coequancia. Comple ergo 
2/3 substancie cum similitudine earum medii, 
et erit substancia. Et similiter comple 5 cum 
sua medietate, et erit habebis substanciam vii 
et medium coequantem. Eius ergo radix est res 
que quando in suis duabus terciis multiplicata 
feurit, ad quinarium excrescet numerum. 
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respect. The problem commences as follows (translation from the Arabic text, f. 48v; Levey 
1966, 164, note 167): 

If one says to you that there is an amount [m!l ] to which is added the root of its &. Then the sum is 
multiplied by itself to give 4 times the first amount. Put the amount you have equal to a thing and 
to it is added the root of its & which is a thing plus the root of & a thing, (then multiply it by itself) 
[sic]. It gives a thing plus the root of & a thing. Then one multiplies it by itself to give a square 
plus & a thing plus the root of 2 cubes [ka"bin, a dual of ka"b] equal to 4 things. 

The Latin translation makes the anomaly apparent (Sesiano 1993, 398, 2678-2683): 

Et si dicemus tibi: Censui adde radicem medietatis eius; deinde duc additum in se, et provenie[n]t 
quadruplum census. Exemplum. Fac censum tuum rem, et adde ei radicem medietatis eius, et 
[prov-] erunt res et radix & rei. Que duc in se, et provenie[n]t census et & rei et radix 2 cuborum, 
equales 4 rebus. 

In symbolic representation the solution depends on: 

2
1

4
2

x x x
! "

+ =# $# $
% &  

As is common, the translator uses census for the possession or amount of money in the 
problem formulation. The solution starts by stating literally Ômake from the census your resÕ 
(ÒFac censum tuum remÓ) which could easily be misinterpreted as Òmake x from x2Ó. In the 
rest of the solution, res is used as the unknown. 
Ab$ K!mil adds a second solution: ÒYou might as well use census for the possessionÓ, he 
reassures the reader (Sesiano 1993, 399, 2701-2705), 

Et, si volveris, fac censum tuum censum, et adde ei radicem medietatis ipsius, et erunt census et 
radix medietatis census, equales radici 4 cens[ibus]uum, [et] quia di[x]cis: ÒQuando ducimus 
e[umJa in se, [erit] proveniet quadruplum censusÓ. Est ergo census et radix & census, equales 
radici 4pli censu[um]s. Et hoc est 2 res. 

Here, the symbolic translation would be: 

2

2 2 21
4

2
x x x

! "
+ =# $# $

% &
 

The census is now used for the possession. But there is still a difference between the census of 
the problem formulation and the census of the problem solution. ÒFac censum tuum censumÓ 
should here be understood as Òput the amount you have equal to the square of a thingÓ. What 
Ab$ K!mil seems to imply by providing alternative solutions to a single problem, is that there 
are several ways to ÔtranslateÕ a problem into algebraic form. The possession in the problem 
text is not necessarily the unknown. You can use the unknown for the possession, but you 
might as well use the square of the unknown. In the abacus tradition from the thirteenth to the 
sixteenth century, this freedom of choice was highly convenient for devising clever solutions 
to problems of growing complexity. The ambiguity in the concept of m!l , by many 
understood as a nuisance of Arabic algebra, could have facilitated the conceptual advance to 
the more abstract concept of an algebraic quantity. 

3.1.3. Conclusion 
There is definitely an anomaly with the original concept of an unknown in early Arabic 
algebra. One the one hand, m!l  is used as the square term in quadratic problems of the type 
Ôm!l  and roots equal numberÕ such as the prototypical case four from al-Khw! rizm" 
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2 10 39x x+ =  

Early Arabic algebra provides procedures for problems which can be reduced to one of the six 
standard types. On the other hand, m!l  is also used for describing the quantity of a problem, 
mostly a sum of money or a possession. Possibly, at some time before al-Khw! rizm"Õs 
treatise, these two meanings were contained in a single word and concept. As problems 
dealing with possessions were approached by algebraic method from the al-jabr tradition, a 
transformation of the concept m!l  became a necessity. We notice in al-Khw! rizm"Õs Algebra 
and all the more in that of Ab$ K!mil, a shift towards m!l  as an algebraic concept different 
from a possession or a geometrical square. The confusion and discontent expressed by several 
twentieth-century scholars with terminology in early Arabic algebra stems from a failure to 
see the conceptual change of the m!l . 
We do not know much about the origin of the al-jabr tradition, preoccupied with quadratic 
problems and their ÔnaiveÕ geometric demonstrations. Jens H¿yrup (1994, 100-2) speculates 
on a merger of two traditions. The first is the class of calculators employing the 1is!b  for 
arithmetical problem solving. The second stems from the tradition of surveyors and practical 
geometers, going back to Old Babylonian algebra. We would like to add the possible 
influence from Hindu algebra. While the al-jabr tradition is definitely different from the 
Indian one in methods and conceptualization, the type of problems dealing with possessions 
are likely to have been imported from the Far East. The ambiguities within the concept of m!l  
reflects the variety of influences. 

3.2. Multiple solutions to quadratic problems 

A second particularity of Arabic algebra is the acceptance of double solutions for one type of 
quadratic problems. The recognition that every quadratic equation has two roots is generally 
considered as an important conceptual advance in symbolic algebra. We find this insight in 
the mostly unpublished works of Thomas Harriot of the early seventeenth century. More 
influential in this respect, is GirardÕs Invention Nouvelle en Algebre, published in 1629. 
However, it is less known that early Arabic algebra fully accepted two positive solutions to 
certain types of quadratic problems. It is significant that this achievement of Arabic algebra 
has largely been neglected during the abacus tradition, while it might have functioned as a 
stepping stone to an earlier structural approach to equations. We believe there is an 
explanation for this, which is related to the concept of an unknown of the abacus masters. Let 
us first look at the first occurrence of double solutions in early Arabic algebra. 

3.2.1. Two positive roots in Arabic algebra 
Two positive solutions to quadratic problems are presented in al-Khw! rizm"Õs fifth case of the 
quadratic problems of Òpossession and number equal to rootsÓ. This problem, in symbolic 
form, corresponds with the normalized equation 

22110xx+=
 

al-Khw! rizm" talks about addition and subtraction leading to two solutions in the following 
rule for solving the problem: 
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The procedure thus corresponds with the following formula: 

2

1,2 2 2
b b

x c! "= ± #$ %
& '

 

al-Khw! rizm" states that the problem becomes unsolvable when the discriminant becomes 
negative. When the square of b/2 equals the number (of dinars) there is only one solution 
which is half the number of roots. The gloss in GerardÕs translation of problem VII.1 gives a 
geometric demonstration with the two solutions. This problem from al-Khw! rizm" is also 
treated by Ab$ K!mil (Karpinski 1914, 42-3; Sesiano 1993, 330-6). A lesser known Arabic 
manuscript, which most likely predates al-Khw! rizm", also has the geometric demonstration 
with double solutions (Sayili 1985, 163-5). 
Chasles (1841, 504) mentions a Latin translation of Gerard (Paris, BNF, anciens fonds 7266) 
from a treatise on the measurement of surfaces, by an Arab called Sayd. A problem of the 
same type, corresponding with the symbolic equation 

2 3 4x x+ =  

is solved by addition and subtraction (ÒHoc namque est secundum augmentum et 
diminutionemÓ), referring to the values x = 2 + 1 and x = 2 Ð 1, resulting in the double 
solution x = 3 and x = 1. 
In conclusion: double positive solutions to one type of quadratic problems were fully accepted 
in the earliest extant sources of Arabic algebra. 

3.2.2. Speculation on the origin of double solutions 
Dealing with quadratic problems, Diophantus never arrives at double solutions. If the problem 
has two positive solutions, he always finds the larger one (Nesselmann 1842, 319-21; Tropfke 
1933-4, 45). So, where do the double solutions of Arabic type V problems originate from? If 
not from Greek descent, the most likely origin would be Hindu algebra. However, Rodet 
(1878) was the first to critically investigate the possible influence of Hindu sources on Arabic 
algebra. One of his four arguments against such lineage is the difference in approach to 
double solutions of the quadratic equation. As the Hindus accepted negative values for roots 
and numbers they had one single format for complete quadratic equations, namely 

From RobertÕs translation 
(Hughes 1989, 34): 
 

The rule from the Arabic manuscript 
(Rosen 1931, 42): 

Primum ergo radices per medium 
dividas et fient 5. Eas ergo in se 
multiplica et erunt 25. Ex hiis ergo 
21 diminuas quem cum substancia 
iam pretaxauimus, et remanebunt 4. 
Horum ergo radicem accipias id est 
2, que ex medietate radicum id est 5 
diminuas et remanebunt tria, vnam 
radicem huius substancie constituen-
cia, quam scilicet substanciam 
novenus complet numerus. Et si 
volueris ipsa duo que a medietate 
radicum iam diminuisti, ipsi 
medietati id est 5 ad 20 dicias, et 
fient 7. 

When you meet with an instance which refers you to 
this case, try its solution by addition, and if that do not 
serve, then subtraction certainly will. For in this case 
both addition and subtraction may be employed, which 
will not answer in any other of the three cases in which 
the number of the roots must be halved. And know, 
that, when in a question belonging to this case you 
have halved the number of the roots and multiplied the 
moiety by itself, if the product be less than the number 
of dirhems connected with the square, then the instance 
is impossible; but if the product be equal to the dirhems 
by themselves, then the root of the square is equal to 
the moiety of the roots alone, without either addition or 
subtraction. 
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whereas the Arabs had three types. The Hindu procedure for solving complete quadratic 
problems accounts for double solutions as stated by Bh!skara (and his predecessors): 8 

If the root of the absolute side of the equation be less than the number, having the negative sign, 
comprised in the root of the side involving the unknown, then putting it negative or positive, a 
two-fold value is to be found of the unknown quantity: this [holds] in some cases. 

The Òroot of the absolute side of the equationÓ refers to the ± c. The Hindu procedure to find 
the roots of a quadratic equation can be illustrated by the following example (Bh!skara stanza 
139; Colebrooke 1817, 215-6): 

The eighth part of a troop of monkeys, squared, was skipping in a grove and delighted with their 
sport. Twelve remaining were seen on the hill, amused with chattering to each other. How many 
were they in all? 

Using the unknown ya 1 for the number of monkeys, Bh!skara solves the problem as follows: 

The two solutions thus become x = 48 and x = 16. 
In the next problem the acceptance of two solutions is more challenging (Bh!skara stanza 
140; Colebrooke 1817, 216): 

The fifth part of the troop [of monkeys] less three, squared, had gone to a cave; and one monkey 
was in sight, having climbed on a branch. Say how many they were. 

This leads to the equation: 

with solutions x = 50 and x = 5. Bh!skara has some reservations about the second solution 
because one fifth of five minus three becomes negative. 
The very different approach towards quadratic problems and the acceptance of negative roots 
in Hindu algebra makes it an improbable source for the double solutions of type V problems 
in Arabic algebra. 
If not from Greek or Indian origin, there is only one candidate left. Solomon Gandz, in an 
extensive, and for that time, exhaustive comparison of solutions to quadratic problems from 
Babylonian, Greek and Arabic origin concluded (Gandz 1937, 543): 

Greek and Arabic algebra are built upon the rock of the old Babylonian science and wisdom. It is 
the legacy of the old Babylonian schools which remain the very foundation and cornerstone of 

1
0 12

64
0 1 0

ya v ya ru

ya v ya ru
 

literally transcribed: 
2

21
0 12 0 0

64
x

x x x+ + = + +  

1 64 0

0 0 768

ya v ya ru

ya v ya ru

!

!
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both the Greek and Arabic systems of algebra. The origin and early development of the science 
cannot be understood without the knowledge of this old Babylonian legacy. 

Although the relation should now be qualified and differentiated more cautiously, recent 
studies, such as the groundbreaking and novel interpretation by H¿yrup (2002) endorse some 
line of influence. If we look again at the type V problem from al-Khw! rizm", the resulting 
equation 

2 21 10x x+ =  

which is given in its direct form, corresponds remarkably well with a standard type of 
problem from Babylonian algebra: 

10

21

a b

ab

+ =

=
 

The important difference between the two is that Babylonian algebra uses a geometrical 
model for solving problems. The two parts a and b are represented as the sides of a rectangle 
ab and they function as two unknowns in the meaning we have defined elsewhere.9 Arabic 
algebra uses geometry only as a demonstration of the validity of the rules and its analytic part 
is limited to reducing a problem to one of the standard forms using a single unknown. al-
Khw! rizm" systematically uses the unknown for the smaller part. Thus in problem VII he 
proceeds as follows (de Lunis; Kaunzner 1989, 78): 

Ex quarum unius multiplicatione per alteram 21 proveniant. Sit una illarum res, altera 10 minus re, 
ex quarum multiplicatione proveniunt 10 res minus censu, que data sunt equalia 21. Per 
restaurationem igitur diminuti fiunt 10 res censui ac 21 equales ecce quintus modus, resolve per 
eum et invenies partes 3 et 7. 
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According to H¿yrup, al-Khw! rizm"Õs proof must have been derived from this tradition. This 
way of demonstrating may then have been more familiar than the al-jabr itself. 

3.2.3. Double solutions in the abacus tradition 
We continue to find double solutions in the early abacus tradition. The first vernacular algebra 
by Jacopa da Firenze (1307) mentions double solutions to the fifth type, both in the rules and 
in the corresponding examples. Maestro Dardi (1344, van Egmond 1983), in an extensive 
manuscript some decades later, continues to account for double solutions (Franci 2001, 83-4). 
Significantly, he leaves out the second positive solution for the geometrical demonstration of 

2 21 10x x+ =  which is copied from the Arabic texts. Later treatises gradually drop the second 
solution for this type of problem. For example, the anonymous Florence Fond. Prin. II.V.152, 
later in the fourteenth century, has an intermediate approach. The author writes that: 

In some cases you have to add half the number of cosa, in others you have to subtract from half the 
number of cosa and there are cases in which you have to do both. 

However, when applying the rule to an example with two positive solutions, he proceeds to 
perform only the addition.10 For the equation 

2 9 10x x+ =  

he gives the solution x = 9 and does not mention the second root x = 1. Also Maestro Biagio 
mentions addition and subtraction in his sixth rule but only applies the addition operation, as 
in problem 3 where two positive solutions are possible (Pieraccini 1983, 3). 

al-Khw! rizm" multiplies x with 10 Ð x, with 
value 21. After ÒrestorationÓ this leads to the 
standard form of the equation above. While the 
rule for type V prescribes trying addition first 
and then subtraction (in the Robert translation), 
the solutions arrived at here are 3 first and then 
7. We believe that the recognition of two 
solutions to this type of quadratic problem is a 
direct relic of the Babylonian solution method. 
Although the geometric proof for this problem, 
present in the Arabic texts and the three Latin 
translations, does not correspond with any 
known Babylonian tablets, some of al-
Khw! rizm"Õs geometric demonstrations ought 
to be placed within the surveyorÕs tradition 
which descends in all probability from Old 
Babylonian algebra. 
H¿yrup (2002, 412-4) points out that al-
Khw! rizm"Õs provides two rather different 
geometrical demonstrations to the case 
Òpossessions and roots equal numberÓ. Only 
one corresponds with the procedure described 
in the text. The other, shown in Figure 1, 
corresponds remarkably well with the 
Babylonian table BM 13901, nr. 23.  

 
Figure 1: A geometrical demonstration by 
al-Khw! rizm" (from Rosen 1841, 10). 
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Later abacus masters abandon the second solution altogether. For example the Riccar. 2263 
gives only one solution to the problem 10, 22a b ab+ = =  (Simi 1994, 33). Pacioli only uses 
addition for the fifth case of the quadratic problems (Pacioli 1494, 145). Maestro Gori, in the 
early sixteenth century, generalizes his rules to a form where the powers of the unknown are 
relative to each other. The Arabic rule V corresponds with his rule 4 in which Òone finds three 
terms in continuous proportion of which the major and the minor together equal the middle 
oneÓ (Siena L.IV.22, f. 75r; Toti Rigatteli 1984, 16). This corresponds with the equation type 

2n nax c bx+ =  

Here Gori is in complete silence about a second possible solution, in the explanation of the 
rule, as well as in the examples given. 

3.2.4. Double solutions disappearing from abacus algebra 
Why do we see these double solutions for quadratic problems fading away during algebraic 
practice in the abacus tradition? It could be interpreted as an achievement of Arabic algebra 
which becomes obscure in vernacular writings. In our understanding, the abandonment of 
double solutions has to be explained through the rhetorical structure employed by abacus 
writers. The strict, repetitive and almost formalized structure of the problem solution text is a 
striking feature of many of the algebraic manuscripts in Italian libraries. The solution always 
starts with a hypothetical reformulation of the problem text by use of an unknown. For 
example, Gori, as an illustration of the rule cited above, selects a division problem of ten into 
two parts with certain conditions given. The solution commences in the typical way Òsuppose 
that the smaller part equals one cosaÓ (Òpongho la minor parte sia 1 co.Ó, ibid. p. 17). One 
particular value of the problem is thus represented by the unknown. The unknown here is no 
indeterminate as in later algebra; it is an abstract representation for one specific quantity of 
the problem. Given that this recurring rhetoric structure, which is so important for the abacus 
tradition, commences by posing one specific value, it makes no sense to end up with two 
values for the unknown. For the type of division problems which have descended from 
Babylonian algebra the quadratic expression leads to the two parts of the division. However, 
if one starts an argumentation stating that the cosa represents the smaller part, one does not 
expect to end up with the value of the larger part. The concept of an unknown in the abacus 
tradition is closely connected with this rhetorical structure in which the choice of the 
unknown excludes double solutions by definition. 

3.3. The unknown in the abacus tradition 

With al-Khw! rizm"Õs treatise and more so with Ab$ K!milÕs Algebra, the unknown became a 
more abstract concept, independent of a geometrical interpretation. While the unknown in one 
type of quadratic problems allowed for double solutions, this was gradually reduced to a 
single value through the rhetorical structure of abacus treatises. Let us now summarize the 
development of the concept unknown within the abacus tradition. 
The ambiguity of the m! l was carried over, to some degree, from the Arabic texts to the 
abacus tradition by Fibonacci. H¿yrup (2000, 22-3) has pointed out the inconsistent use of 
Latin words for shayÕ and m! l by Fibonacci.11 For most of the algebra part, Fibonacci uses the 
res and census terminology of Gerard of Cremona. However, in the middle of chapter 15 he 
switches from census to avere for m! l (Sigler 2002, 578-601). For H¿yrup this is an 
indication that vernacular treatises may have been circulating around 1228, the time of the 
second edition of the Liber abbaci. The Milan Ambrosiano P 81 sup, (fols. 1r-22r) is a later 
revision of GerardÕs translation. Here the author uses cosa for res (Hughes 1986, 229). While 
this manuscript is probably of later origin, the use of the vernacular cosa rather than census or 
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res is characteristic for the abacus tradition. With the first vernacular algebra extant, by 
Jacopa da Firenze in 1308, the use of cosa removed most of the original ambiguities. Where 
the conversion from the m!l  as a possession to the m!l  as an algebraic entity will have defied 
the student of Arabic algebra, the vernacular tradition eliminated these difficulties. When 
Jacopa provides the solution to a problem on loan interest calculation he commences as 
follows (H¿yrup 2000, 30): 

Fa cos“: pone che fusse prestata a una cosa el mese de denaro, s“ che vene a valere lÕanno la libra 
12 cose de denaro, che 12 cose de denaro sonno el vigensimo de una libra, s“ che la libra vale 
lÕanno 1/20 [de cosa] de una libra. 

By posing that the loan was lent at one cosa in denaro a month, the calculation can be done in 
libra leading to a quadratic equation with a standard solution. The rhetorical structure of the 
solution text starts from a conversion of a quantity of the problem, in this case the number 
denari lent, to an unambiguous unknown cosa. Reformulating the problem in terms of the 
unknown, the problem can be solved by reducing the formulation to a known structure. In this 
case to censi and cosa equal to numbers. 
This was basically the function and meaning of the cosa for the next two centuries within the 
abacus tradition. In all, the notion of the unknown in the abacus tradition was fairly constant 
and unproblematic. 

4. Operations on polynomials 

Most current textbooks on the history of algebra consider operations on polynomial 
expressions as natural to a degree that they do not question the circumstances in which these 
operations emerged. This is rather peculiar as most algebra textbooks, from the late abacus 
tradition onwards, explain these operations at length in their introduction. Focusing on the 
operations which have led to the formation of new concepts, we consider operations on 
polynomials crucial in the understanding of the equation as a mathematical concept. A 
possible reason for this neglect of conceptual innovations is the structural equivalence of 
algebraic operations with arithmetical or geometrical ones. 
al-Khw! rizm" (c. 850) introduces operations on polynomials in the Arabic version of his 
Algebra after the geometrical proofs and before the solution to problems. Strangely, he treats 
multiplication first, to be followed by a section on addition and subtraction, and he ends with 
division. Algebraic and irrational binomials are discussed interchangeably. Geometrical 
demonstrations are provided for the irrational cases. This order is followed in the three Latin 
translations. Ab$ K!mil in his Algebra (c. 910) extends the formal treatment of operations on 
polynomials from al-Khw! rizm" with some geometrical demonstrations and some extra 
examples, and moves division of surds to the first part. Al-Karkh" (c. 1000) improves on the 
systematization, but still follows the order of multiplication, division, root extraction, addition 
and subtraction. He treats surds after algebraic polynomials. 
Hindu and Arabic treatments of operations on polynomials differ too widely to suspect any 
influence from either side. The order of operations and the way negative terms are treated are 
systematically dissimilar in both traditions. Nonetheless, there is the historical coincidence in 
the introduction of operations on polynomials in two dispersed traditions. 

4.1. The abacus and cossic tradition 

Although FibonacciÕs algebraic solutions to problems use operations on polynomials 
throughout chapter 15, he does not formally discuss the subject as known in Arabic algebra. 
Typically, such preliminaries are skipped in early abacus writings and the authors tend to 
move directly to their core business: problem solving. A formal treatment of operations on 
polynomials is found gradually from the fourteenth century onwards. 
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Maestro Dardi in his Aliabraa argibra commences his treatise with an extensive section 
dealing with operations on surds (1344, Siena I.VII.17, fols. 3v-14r; Franci 2001). A short 
paragraph deals with the multiplication of algebraic binomials in between the geometrical 
demonstrations and the problems (ibid. f. 19v). This is the location where we found the subject 
in al-Khw! rizm"Õs Algebra. As far as we know, the anonymous Florence Fond. prin. II.V.152 
dated 1390, is the first abacus text which has a comprehensive treatment on the multiplication 
of polynomials (ff. 145r-152r; Franci and Pancanti 1988, 3-44). It provides numerous 
examples with binomials and trinomials, including roots and higher powers of the unknown. 
Some curious examples are 

( )( )8 0 9 5x x+ +  

a form including a zero term we are familiar with from Hindu algebra, and the complex form 

( )( )5 4 3 2 5 4 3 26 6 6 6 6 6 6 6 6 6 6 6x x x x x x x x x x+ + + + + + + + + +  

Still, the examples are limited to multiplying polynomials. 
During the fourteenth century, such introduction becomes more common and with the 
anonymous Modena 578 (1485, van Egmond 1986) we find a more systematic treatment of 
the addition, subtraction and multiplication of unknowns and polynomials. Finally, Pacioli 
(1494) raises the subject to the level of an algebra textbook. 

5. The symbolic equation as a novel concept 

5.1. The concept of an equation in Arabic algebra 

Because the following paragraphs will deal with operations on equations, we have to make 
clear what the meaning is of an equation in early Arabic algebra. In fact, there are no 
equations in Arabic algebra as we currently know them. However, some structures in Arabic 
algebra can be compared with our prevailing notion of equations. Many textbooks dealing 
with the history of algebraic equations go back to Babylonian algebra. So, if there are no 
equations in Arabic algebra, what are they talking about? Let us therefore try and interpret the 
concept within Arabic algebraic treatises more positively. 
Some basic observations on early Arabic algebra should not be ignored: 

¥ The Latin translations do not talk about equations but about rules for solving certain 
types of quadratic problems. This terminology is used throughout: Òthe first ruleÓ, 
Òdemonstration of the rulesÓ, Òexamples illustrating the rulesÓ, Òapplying the fourth 
ruleÓ, etc. Apparently, these rules can be transformed directly into symbolic equations, 
but this is true for many other rules which cannot even be considered algebraic, such as 
medieval arithmetical solution recipes.12 
¥ There is no separate algebraic entity in al-Khw! rizm"Õs treatise which corresponds 
with an equation. The closest we get to an entity are Òmodes of equatingÓ or Òthe act of 
equatingÓ, referring to actions, not to a mathematical entity. The best way to 
characterize a mathematical entity is by the operations which are allowed on it. In early 
Arabic algebra there are no operations on equations. On the other hand, there are 
operations on polynomials. al-Khw! rizm" has separate chapters on these operations. 
¥ Early Arabic algebra is preoccupied with quadratic problems. Although linear 
problems are later approached algebraically by al-Karkh", no rules are formulated for 
solving linear problems, as common in Hindu algebra. Therefore, if we consider the 
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rules for solving quadratic problems equations, then there is no analogous case for 
linear problems. 

The correct characterization of the Arabic concept of an equation is the act of keeping related 
polynomials equal. Guglielmo de Lunis and Robert of Chester have a special term for this: 
coaequare. In the geometrical demonstration of the fifth case, de Lunis proves the validity of 
the solution for the ÒequationÓ 

2 21 10x x+ =  

The binomial 2 21x +  is coequal with the monomial 10x , as both are represented by the 
surface of a rectangle (Kaunzner 1989, 60): 

Ponam censum tetragonum abgd, cuius radicem ab multiplicabo in 10 dragmas, quae sunt latus be, 
unde proveniat superficies ae; ex quo igitur 10 radices censui, una cum dragmis 21, coequantur. 

Once two polynomials are connected because it is found that their arithmetical value is equal, 
or, in this case, because they have the same geometrical interpretation, the continuation of the 
derivation requires them to be kept equal. Every operation that is performed on one of them 
should be followed by a corresponding operation to keep the coequal polynomial arithmetical 
equivalent. Instead of operating on equations, Arabic algebra and the abacus tradition operate 
on the coequal polynomials, always keeping in mind their relation and arithmetical 
equivalence. At some point in the history of algebra, coequal polynomials will transform into 
an equation. Only by drawing the distinction, we will be able to discern and understand this 
important conceptual transformation. We will now investigate how and when this 
transformation took place. 

5.2. Operations on ÔequationsÕ in early Arabic algebra 

Much has been written about the origin of the names al-jabr and al-much!bala, and the 
etymological discussion is as old as the introduction of algebra into Western Europe itself. 
We are not interested in the etymology as such (as does for example Gandz 1926) but in the 
concepts designated by the terms. The older writings wrongly refer to the author or inventor 
of algebra by the name Geber. Several humanist writers, such as Ramus, chose to neglect or 
reject the Arabic roots of Renaissance algebra altogether (H¿yrup 1998). RegiomontanusÕs 
Padua lecture of 1464 was probably the most damaging for a true history of algebra. John 
Wallis, who was well-informed on Arabic writings through Vossius, attributes the name 
algebra to al-jabr wÕal-much!bala in his Treatise on Algebra and points at the mistaken 
origin of GeberÕs name as common before the seventeenth century (Wallis 1685, 5). He 
interprets the two words as operations and clearly not as Arabic names:13 

The Arabic verb Gj!bara , or, as we should write that found in English letters, j!bara  (from 
whence comes the noun al-gj!br ), signifies, to restore É The Arabic verb K!bala  (from whence 
comes the noun al-mul!bala) signifies, to oppose, compare, or set one thing against another. 

Montucla (1799, I, 382) repeats WallisÕ comments on Geber by Wallis but seems to interpret 
al-much!bala as the act of equating itself: 

Suivant Golius, le mot arabe, gebera ou giabera, sÕexplique par religavit, consolidavit; et 
mocabalat signifie comporatio, oppositio. Le dernier de ces mots se rapporte assez bien ˆ ce quÕon 
fait en alg•bre, dont une des principales opŽrations consiste ˆ former une opposition ou 
comparaison ˆ laquelle nous avons donnŽ le nom dÕŽquation. 

We want to understand the concept of the ÔequationÕ within the context of the dissemination 
of early Arabic algebra in Western Europe. We will approach this conceptual reconstruction 
from the operations that were performed on the structures we now call equations. Changes in 
the operations on these structures will allow us to understand the changes in the concept of an 
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equation. In a fairly recent publication, Saliba (1972) analyzed the possible meanings of al-
jabr and other operations in the Arabic text of the Kit!b al -mukhta{ ar f# 2is!b al-Jabr wa al-
Muq!balah (c. 860) by al-Khw! rizm", but also the lesser-known works Kit!b al -Bad#" f# al-
2is!b  (Anbouba, 1964), Kit!b  al-K! f# f# al-2is!b  by al-Karaj" (c. 1025), and its commentaries, 
the Kit!b  al-B!hir  f# "ilm al-2is!b  by Ibn #Abb! s (12th century) and the Kit!b f# al-Jabr wa al-
Muq!balah from Ibn #Amr al-Tann$kh" al-Ma#arr". Concerning the use of operations, Saliba 
concludes (1972, 190-1): 

We deduce from them the most common definitions of the algebraic operations commonly denoted 
in those texts by the words jabr, muq!bala, radd and #kmal. 

The understanding of the precise meaning of these operations is an ongoing debate since the 
last century and earlier. There are basically two possible explanations. Either the Arabic 
authors of algebra treatises terms used the term inconsistently, or there are fundamental 
difficulties in understanding their meaning. Saliba is clearly convinced of the former, and 
seizes every opportunity to point at differences in interpretation and double uses of some 
terms. Others believe that there are no inconsistent uses at all and attempt to give an 
interpretation of their own. A recent discussion, on the Historia Mathematica mailing list, has 
raised the issue of interpretation once again.14 Jeffrey Oaks writes that: 

the words used to describe the steps of algebraic simplification, ikm!l  (completion), radd 
(returning), jabr (restoration) and muq!bala (confrontation), are not technical terms for specific 
operations, but are non-technical words used to name the immediate goals of particular steps. It 
then follows, contrary to what was previously thought, that al-Khw!rizm" and other medieval 
algebraists were not confusing and inconsistent in their uses of these words. 

We do not want to be unsporting by claiming that a middle position is here more appropriate. 
We tend to defend the latter position. While there may be some inconsistent uses of the terms 
between authors and possibly even within a single treatise, the proper meaning of the 
operations can be well established within the context in which they occur. We will show that 
some confusions can be explained by translating or scribal errors and that a symbolic 
interpretation of the operations as SalibaÕs is highly problematic. We found out that while our 
interpretation of the al-jabr operation is new with respect to most twentieth-century 
discussions, it is not divergent from nineteenth-century studies, as ChaslesÕ (1841) and 
RodetÕs (1878). 

5.2.1. Al -jabr  

5.2.1.1. Early occurrences 
The jabr operation is commonly interpreted as Òadding equal terms to both sides of an 
equation in order to eliminate negative termsÓ.15 It appears first in al-Khw! rizm"Õs book in the 
first problem for the ÔequationÕ 2 240 4x x x= ! . In this interpretation the al-jabr is understood 
as the addition of 24x  to both parts of the equation in order to eliminate the negative term in 
the right-hand part. As a typical symbolical interpretation we give the description from Saliba 
(1972, 192): 

If f(x) Ð h(x) = g(x), then f(x) = g(x) + h(x); which is effected by adding h(x) to both sides of the 

equation and where f(x), h(x), g(x) are monomials. E.g. if 2 10 19x x! =  then 2 19 10x x= +  

Saliba (1972) points out that the Arabic root jabara has a double meaning. On the one hand 
Ôto reduce a fractureÕ, on the other Ôto force, to compelÕ. He believes the second interpretation 
is justified as it corresponds with his mathematical understanding. We will argue the contrary. 
Surprisingly, the symbolic interpretation such as van der WaerdenÕs and SalibaÕs has, until 
very recently, never been challenged. The rule corresponds with one of the later axioms of 
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algebra: you may add the same term to both sides of an equation.16 As such, the rule seems to 
be in perfect correspondence with our current understanding of algebra. However, we will 
show this is not the case. 
Let us follow the available translations of the original text. The first of al-Khw! rizm"Õs 
illustrative problems is formulated as the division of 10 into two parts such that one part 
multiplied by itself becomes four times as much as the two parts multiplied together. Using 
the unknown for one of the parts, the other is 10 minus the unknown. al-Khw! rizm" proceeds 
as follows (Rosen 1831, 35-6): 

Then multiply it by four, because the instance states Òfour times as muchÓ. The result will be four 
times the product of one of the parts multiplied by the other. This is forty things minus four 
squares. After this you multiply thing by thing, that is to say one of the portions by itself. This is a 
square, which is equal to forty things minus four squares. Reduce it now by the four squares; and 
add them to the one square. Then the equation is: forty things are equal to five squares; and one 
square will be equal to eight roots, that is, sixty-four; the root of this is eight, and this is one of the 
two portions, namely, that which is to multiplied by itself. 

The jabr operation is thus described by Òreduce it now by the four squares, and add them to 
the one squareÓ. Remark that this description is somewhat odd. The operation here seems to 
consist of two steps, first reducing the four squares from it and secondly, adding them to the 
one square. For the second problem, Rosen (1831, 37) also uses the term reduce in the context 
ÒReduce it to one square, through division by nine twenty-fifthsÓ, which is clearly a different 
type of operation of division by a given factor. On most other occasions Rosen translates the 
jabr operation as Òseparate the <negative part> from the <positive part>Ó.17 KarpinskiÕs 
translation gives a different interpretation. He used ScheubelÕs copy of the Latin translation 
by Robert of Chester and translates the passage as ÒTherefore restore or complete the number, 
i.e. add four squares to one square, and you obtain five squares equal to 40xÓ (Karpinski 1915, 
105). Karpinski does not use ÔrestoreÕ in the second sense. In his view, restoring describes a 
one-step operation. The addition of the four squares to the one square explains the act of 
restoration. Can we find this interpretation confirmed by the first Latin translations? 
Although we find in Hispalensis (Boncompagni 1857, 112-3) a corrupted version of the title 
of al-Khw! rizm"Õs book, ÒExceptiones de libro qui dicitur gleba mutabiliaÓ, al-jabr is not 
further discussed.18 The jabr operation is most commonly translated into Latin by the verb 
restaurare and appears only once in Robert of ChesterÕs translation for this problem (Hughes 
1989, 53): ÒRestaura ergo numerum et super substanciam 4 substancias adiciasÓ which 
literally means ÒTherefore restore the number and to the square term add 4 square termsÓ. The 
other occurrence is in the title Liber Algebre et Almuchabolae de Questionibus Arithmetic(i)s 
et Geometricis. In nomine dei pii et misericordis incipit Liber Restauracionis et Opposicionis 
Numeri quem edidit Mahumed filius Moysi Algaurizmi. Robert also uses the verb complere 
twice as an alternative translation for al-jabr (Hughes 1989, 56:1, 57:21). 
The second Latin translation by Gerard of Cremona (c. 1150) uses restaurare eleven times. 
For the first problem Gerard formulates the jabr operation as Òdeinde restaurabis quadraginta 
per quatuor census. Post hoc addes census censui, et erit quod quadraginta res erunt equales 
quinque censibusÓ.19 Thus, the two Latin translations agree. Translated in symbolic terms, 
when given 2 240 4x x x! = , the 40x is restored by the 4x2 and only then, post hoc, the 4x2 is 
added to the x2. If we look at the actual text used by Karpinski (published by Hughes 1989, 
53) ÒRestaura ergo numerum et super substancia, 40 rebus absque 4 substancias adicias, 
fientque 40 res 5 substancias coequentesÓ, the same interpretation can be justified. The al-jabr 
or restoration operation consists of completing the original term 40x. It is considered to be 
incomplete by the missing four censi. The addition of the four censi to the census is a second 
step in the process, basically different from the al-jabr operation. The other occurrences of the 
operations within the problem sections are listed in the Table 2. 
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With this exhaustive list of all occurrences of the jabr operation in al-Khw! rizm"'sÕ Algebra 
we can now draw an interpretation for the meaning of the operation:20 

¥ The restoration is an operation which reinstates a polynomial to its original 
form. We use polynomial as a generalization of the several cases. In VI.4 it is a simple 
number which is being restored. Also cases VII.5 and VII.6 refer to the single number 
100, instead of 100 + x2. However in problem VI.5 is the binomial 100 + 2x2 which is 
restored. This is consistent with the other Latin translations. 
¥ The restoration consists of adding (back) the part which has been diminished 
(Òque fuerunt diminuteÓ) to the polynomial. The restoring part can itself be a 
polynomial, as in problem VII.4 with 2x2 Ð 1/6 as the restoring part. 
¥ The restoration operation is always followed by the addition of the restoring 
part to the other (coequal) polynomial. 

Table 2: All the occurrences of the restoration operation in al-Khw! rizm"'sÕ Algebra in the 
Latin translation by Robert of Chester. 

Prob Meta-description Actual text pp. 
VI.1 2 240 4x x x= !  Deinde restaurabis quadraginta per 

quattuor census. Post hoc addes census 
censui 

247-
248 

VI.3 4 10x x= !  Restaura itaque decem per rem, et adde 
ipsam quattuor. 

248 

VI.5 2100 2 20 55x x+ ! =  Restaura ergo centum et duos census per 
res que fuerunt diminute, et adde eas 
quinquaginta octo. 

249 

VII.1 210 21x x! =  Restaura igitur decem excepta re per 
censum, et adde censum viginti uno. 

250 

VII.4 
2 22 1

21 2 100 2 2
3 6

x x x x x+ ! ! = + !

 

Restaura ergo illud, et adde duos census 
et sextam centum et duobus censibus 
exceptis viginti rebus 

251 

VII.5 
2 1

100 20
2

x x x+ ! =  
Restaura igitur centum et adde viginti 
res medietati rei. 

252 

VII.6 2100 20 81x x x+ ! =  Restaura ergo centum, et adde viginti 
radices octoginta uni. 

252 

VII.8 
21 1

52 10 10
2 2

x x x! = !  
Restaura ergo quinquaginta duo et semis 
per decem radices et semis, et adde eas 
decem radicibus excepto censu. 

253 

21 1
52 20

2 2
x x= !  

Deinde restaura eas per censum et 
adde censum quinquaginta duobus et 
semis. 

253 

VIII.1  2100 20 81x x+ ! =  Restaura ergo centum et adde viginti 
radices octoginta uni et erunt centum et 
census, 

257 
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In such interpretation of Arabic algebra, the basic operation of al-jabr, from which the name 
of algebra is derived, does not consist of adding a negative term to the two parts of an 
equation. Instead, it refers to the completion of a polynomial which is considered incomplete 
by the presence of what we now would call, a negative term. An understanding of al-jabr in 
early Arabic algebra is inextricably bound with a geometric interpretation. We conjecture the 
al-jabr operation to be a generalization of the basic geometrical acts like cutting and pasting 
as we know them from Babylonian algebra. The original use of the restoration may refer to 
the restoration of a geometrical square. As we have discussed above, the m!l  as the Arabic 
concept of the unknown is a mixture of the meaning of possession, known from Hindi sources 
and from the geometrical square. While the original form of the jabr operation may have been 
purely geometrical, the operation can easily be generalized to simple numbers or polynomials. 
The demonstration of the solution to the quadratic problems in chapter 7 of al-Khw! rizm"Õs 
Algebra gives us the most likely context of interpretation. Given that 2 10 39x x+ = , the 
demonstration depends on the completion of the polynomial 2( 5) 25x+ !  with value 39 (see 
Figure 2). The jabr operation restores the m!l , the square term, in the polynomial. Hence, the 
value of the completed square 2( 5)x+  can be determined through a separate operation of 
adding 25 to 39. Also the third translation, by Guglielmo de Lunis (c. 1215), uses restauracio. 
In eight problems the operation is applied in the same meaning as the two other translations. 
We will therefore not discuss these further.21 

However, in two similar problems, 4 and 6, restaurare is also used for a different kind of 

operation. This happens in situations where an expression involves a fraction of the m!l  as in 

21 1 1
1 20

12 3 4
x x x+ + + =  and 21

24
12

x x= +  

In these two cases restaurare consists of multiplying the polynomials by 12. This operation is 
called al-ikm!l  in Arabic and will be discussed below. 

 

x2 

5x 

5x 

m!l  

Figure 2� : completing the square (from al-
Khw!rizm") 
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5.2.1.2. Al -jabr in later Arabic sources 
Let us verify if this new interpretation of Arabic algebra can be sustained in later texts. 
Ab$ K!mil  uses the term restaurare (as the Latin translation for jabare) forty times in his 
Algebra. On other occasions he uses reintegrare or ikm!l  as a synonym for restaurare. All 
occurrences have the same meaning as with al-Khw! rizm" and can be reconciled with our new 
interpretation. For the third problem Ab$ K!mil  constructs the ÔequationÕ 4x = 10 Ð x and 
proceeds ÒRestaura ergo 10 per rem cum re, et appone adde rem 4 rebus; et erunt 5 res, 
equales 10 dragmisÓ (Sesiano 1993, 361:1117). 22 Also here the restoration consists of 
completing the 10 and the following step is adding x to the 4x. As with one case of al-
Khw! rizm", the jabr operation with Ab$ K!mil  frequently refers to the restoration of a 
polynomial. For example the coequal polynomials 

2 21 1
42 4 100 2 20

2 4
x x x x! = + !  

are restored as follows (Sesiano 1993, 365:1285-91): 

Restaura ergo 100 dragmas et 2 census cum 20 radicibus, et adde illas ad 42 res et & rei diminutis 
4 censibus et '; et erunt 62 res et & rei diminutis 4 censibus et ' census, equales 100 dragmis et 2 
censibus. Restaura item 62 res et & rei cum 4 censibus et 1/4 , et adde illos 100 dragmis et 2 et 
censibus; et erunt 100 dragme et 6 census et ' census, que equantur 62 rebus et & rei. 

The first restoration refers to the 2100 2x+ , the second to 
1

62
2

x. 

Interestingly, the critical edition adds some omissions in the Latin translation which are 
present in an Arabic copy of the original. In this case the original had ÒRestaura ergo 100 
dragmas et 2 census diminitus 20 rebus cum 20 radicibusÓ. This reaffirms our interpretation 
of restoration as Òrestore <the defected polynomial> with <the part that was diminished>Ó. 
Jeffrey Oaks and Haitham Alkhateeb defend the position on the Historia Mathematica forum, 
that the al-jabr operation for 210 21x x! =  should be interpreted as follows: 

Think of 10x Ð x2 as a diminished 10x. Its identity as 10x is retained even though x2 has been taken 
away from it. Its restoration to its former self is accomplished by adding x2 to the other side of the 
equation. 

This was answered by Luis Puig, who apparently raised the issue in a publication 
previously.23 In PuigÕs reconstruction of the al-jabr operation for the same problem, it is the 
10x which is restored: ÒRestaura luego las diez cosas del tesoro [substra’do] y a–‡delo a 
veintiuno. Resulta entonces diez cosas, que igualan veintiœn dirhams y un tesoroÓ (Puig 
1998). On the discussion forum, Puig refers to the distinction made by al-Karkh" between 
nombres simples and nombres composŽs. This distinction is indeed quite relevant for an 
interpretation of the al-jabr operation. In the Al-Fakhr#, partially translated by Woepcke, al-
Karkh" gives an introduction to algebra treating the multiplication of polynomials. A marginal 
comment on the distinction of the two types of ÔnumbersÕ is as follows (Woepcke 1853, 50): 

Il y a des personnes qui sont dÕavis que ce nombre (10 Ð a) est composŽ, puisquÕil est formŽ par 
deux expressions dÕun ordre diffŽrent. Mais il nÕest pas ainsi, parce que en disant : dix moins 
chose, vous indiquez un seul nombre de lÕordre des unitŽs ; si, au lieu de cela, il y avait eu : dix 
plus chose, cela aurait ŽtŽ composŽ. Cependant, placez les expressions de ce genre dans quelle 
catŽgorie vous voudrez, cela ne change rien aux principes du calcul. 

The special status of ÔincompleteÕ or ÔdefectedÕ simple numbers can further explain the nature 
of the al-jabr operation. As the bone surgeon, algebrista in old Spanish, splints a broken leg, 
so does the al-jabr operation restore an incomplete number.24 While a negative term is 
considered a defect, the addition of a positive term is considered a constructive step for a 
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composed number. It also explains that we should not consider the Ð x2 in 10 Ð x2 as a 
negative term, but as the defect of the incomplete number 10. While al-Karkh"Õs distinction 
between simple and composed numbers is essential in contextualizing the al-jabr operation, it 
cannot be stated that al-jabr refers to the completion of simple numbers only. In a problem of 
Ab$ K!mil Õs Algebra, we find an interesting case in which the Ôdefected polynomialÕ consists 
of four terms (Sesiano 1993, 390-1): 

Et si dicemus tibi: Divisi 10 in duas partes, et multiplicavi unam [in aliam] duarum partium in se et 
aliam in radicem 8; deinde proieci quod [agregatum] productum fuit ex multiplicatione unius 
duarum partium in radicem 8 ex eo quod provenit ex multiplicatione (alterius) in se, et 
remanserunt 40 dragme. Exemplum. Faciamus unam duarum partium rem, reliquam vero 10 
diminuta re. Et ducamus 10 diminuta re in se, et erunt 100 dragme et census diminutis 20 rebus. 
Deinde multiplica rem in radicem de 8, et proveniet radix 8 censuum. Quam prohice ex 100 
dragmis et censu diminutis 20 rebus, et remanebunt 100 dragme et census 20 [radicibus] rebus 
diminutis et diminuta radice 8 censuum, que equantur 40 dragmis. Restaura ergo 100 et censum 
cum 20 [radicibus] rebus et radice 8 censuum, et adde (eas) ad 40 dragmas. Et habebis 100 
dragmas et censum, que equantur 40 dragmis et 20 rebus et [rei] radici 8 censuum. 

This solution of a division problem can be described symbolically as follows. Consider the 
two parts to be x and 10 Ð x. Multiplying the second by itself and the first by the root of 8, the 
difference equals 40. Thus: 

(10 )(10 ) 8 40x x x! ! ! =  

Expanding the square of the second part and bringing the x within the square root, this leads 
to 

2210020840xxx+!! =
 

So, now the question is, in al- Karkh"Õs terminology: what is restored here, the composed 
number 

2100x+
 or the simple number 

2x
? The text of Ab$ K!mil  leaves no doubt: ÒRestaura 

ergo 100 et censum cum 20 [radicibus] rebus et radice 8 censuumÓ. Thus the polynomial 
2100 x+  is restored by 

2208xx+
. 

After that, the two terms are added to 40. 
So, if close reading of the original text provides us with this divergent interpretation of the 
basic operation of Arabic algebra, why did scholars, proficient in Islam sciences and algebra 
fail to see it? Take for example Solomon Gandz, the leading expert on Arabic and Babylonian 
algebra in the early days of Isis and Osiris. Devoting an article on ÒThe origin of the term 
ÔAlgebraÕÓ, Gandz (1926, 440) concludes that the al-jabr wa al-muq!balah Òought to be 
rendered simply as Science of equationsÓ. Arguing against the older interpretation of 
restoration, he raises an intriguing question: ÒWhy should we use an artificial surgical term 
for a mathematical operation, when there are such good plain words as z!da and tamma for 
the operation of addition and completion?Ó (ibid., 439). This should indeed ring a bell. Maybe 
al-jabr is not just Òa mathematical operationÓ as we tend to see it. Maybe the operation is 
something very different from addition. The specific choice of the term al-jabr instead of 
other Ògood plain wordsÓ deserves an explanation within the context of early Arabic algebra 
and is no argument against an interpretation as restoration. 

5.2.1.3. Older interpretations 
Troubled by the question why the interpretation of al-jabr, as the restoration of a defected 
polynomial, is virtually absent in the twentieth century, we looked at some earlier studies. In 
Chasles (1841, 605-616) we recognize several important aspects of our interpretation: 
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Quand, dans un membre dÕune Žquation, une quantitŽ positive est suivie ou affectŽe dÕune quantitŽ 
nŽgative, on restaure la quantitŽ positive, cÕest-ˆ -dire quÕon la rŽtablit dans son intŽgralitŽ. Pour 
cela on ajoute aux deux membres de lÕŽquation une quantitŽ Žgale, au signe pr•s, ˆ la quantitŽ 
nŽgative. Dans le langage de notre alg•bre actuelle, nous dirions quÕon fait passer la quantitŽ 
nŽgative, du membre o• elle se trouve, dans lÕautre membre. Mais les Arabes ne pouvaient 
sÕŽxprimer ainsi, parce quÕils ne considŽraient pas de quantitŽs nŽgatives isolŽment. Quoi quÕil en 
soit, cÕest, ˆ mon sens,, cette opŽration de restauration, telle que je viens de la dŽfinir, que les 
Arabes ont appelŽe jebr, et les traducteurs algebra. 

He considers al-jabr as a restoration of a positive quantity to its original integrity. In doing so, 
one must Òadd an equal quantity to the two members of the equationÓ. Chasles rightly adds 
that isolated negative quantities are not recognized in Arabic algebra. 
Woepcke (1854, 365) is less concerned with the aspect of restoration and considers al-jabr as 
Òthe action of removing a negative particle and consequently replacing it at the other member 
to conserve the equalityÓ.25 Rodet (1878, 38), based on the authority of Freytag (1830) for a 
translation of jabara as Òpost paupertalum ditivaitÓ, uses enrichissant. Thus he interprets the 
restoration of 100 Ð 20x = 40 by al-Khw! rizm" as: 

Il commence par faire dispara”tre le terme nŽgatif Ð 20x, en enrichissant, comme il dit, les 100 
unitŽs de dŽficit  que leur a causŽ la soustraction des 20x. Pour compenser cet enrichissant, il doit 
naturallement ajouter 20x dans le second membre de lÕequation. 

Carra de Vaux (1897) wrote a short note on the meaning of al-jabr in Bibliotheca 
Mathematica after inspecting a manuscript of Ibn El-H!im in the Ambrosiano Library in 
Milan (&, 64, sup. f. 28r). In that text the term is also applied to the restoration of a quantity 
with a missing fraction: ÒThus to make 5/6 equal to one whole, you divide 1 by 5/6 which 
leads to 1 + 1/5 and then multiply it with 5/6. Otherwise, you can take the difference of 1 Ð 
5/6 and 5/6 which is 1/5 and this you add to 5/6 to obtain oneÓ. There is one occasion in al-
Khw! rizm"Õs problems in which the same operation is performed. In problem III.13, 
discussed above in ¤3.1 complere was used in the same way. By using the same term for the 
operation, al-Khw! rizm" shows that adding 

213x

 to 

2213xx!

 

is basically the same act as restoration 223x

 back to the form 2x . 26 

Carra de VauxÕs note also includes a reference to the encyclopedia of the Turkish historian 
H!dj" Khal"fa (c. 1650). Here a definition of djebr is given strong support for our favored 
interpretation: Òle djebr cÕest ajouter ce qui manque ˆ lÕune des deux quantitŽs mises en 
Žquation pour quÕelle devienne Žgale ˆ lÕautreÓ.27 
It is with some surprise that we have to admit the relevance of the nineteenth-century analyses 
in the current discussions on the interpretation of Arabic algebra. It seems that with Hankel 
and Cantor the interpretation as adding the term to both parts of an equation, was generally 
accepted.28 Many twentieth-century authors have neglected to look up the studies of 
nineteenth-century scholars and missed their valuable comments.29 
In summary, we believe that the al-jabr operation in early Arabic algebra can be characterized 
as follows: 

¥ An operation aiming at the restoration of a defected quantity to its original 
completeness. 
¥ The restored quantity could initially have been a simple number in the sense of 
al-Karkh", but for Ab$ K!mil  it also applies to polynomials. 
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¥ The operation is probably derived from or to be interpreted in a geometrical 
sense. 
¥ The operation is not performed on an equation but on the affected part of one 
of two coequal polynomials. 
¥ The addition of the defected part to the coequal polynomial is not a part of but 
a consequence of the operation. 

5.2.2. Al -muq"bala 
The second operation, al-muq!bala, is generally understood as the addition of homogeneous 
terms in a polynomial. So the operation allows to rewrite 

2210020xxx+! +
 as 2100220xx+!

 (from al-Khw! rizm"Õs third problem, Hughes 1989, 58). The Latin word for 
this is simply summa and derived from its geometrical interpretation of adding areas together. 
A second, equally important meaning of al-muq!bala is the elimination of a term by 
subtracting it from the coequal polynomial. The latin term for this is opponere and is used in 
problem III.5 of al-Khw! rizm"Õs Algebra (Hughes 1989, 56:3): 

habebis 100 et duas substancias absque 20 radicibus 58 coequantes. Comple igitur 100 et 2 
substancias cum re quam diximus et adde eam super 58, et fient 100 et due subtancie, 58 et 20 res 
coequancia. Hoc igitur oppone id est ex numero 29 proicias et remanebunt 21 et substancia 10 res 
coequancia. 

Thus al-Khw! rizm" applies al-jabr to 
210022058xx+! =

 in order to restore 2100 x+ , 
translated on this occasion by complere. Omitted here by the scribe is a step which divides 
both polynomials by two to arrive at the coequal 

2502910xx+=+
. Then he applies al-

muq!bala to eliminate the number 29 from the second polynomial by subtracting it from the 
first, resulting in 221 10x x+ = . Hughes (1989, 20) understands the division by two as 
complere, but we believe this to be mistaken, as complere is also used, in the meaning 
described here, in problem two of the second chapter Òhabebis 40 et 20 res 100 coequantes. 
Hec ergo centeno opponas numero et 40 ex 100 auferas et remanebunt 60, 20 res coequanciaÓ 
(Hughes 1989, 57/23). Rosen (1838, 40), who used the Arabic manuscript, does include the 
missing step as ÒReduce this to one square, by taking the moiety of all you have. It is then: 
fifty dirhems and a square, which are equal to twenty-nine dirhems and ten thingsÓ. The Latin 
translation of Ab$ K!mil Õs Algebra paraphrases muq!bala as mukabala or mucabele and 
explains it as oppositio (Sesiano 1993, lines 527 and 532), but does not use the term within 
the problems. The verb complere only appears in its strict geometrical sense. Saliba (1972, 
199) finds only one occasion in which al-Karkh" uses muq!bala in the same sense as al-
Khw! rizm". He believes that al-Karkh" also uses muq!bala for the two operations discussed 
below. 
While our interpretation of al-jabr considers the operation of completion as distinct from the 
subsequent step of adding the completed part to the coequal polynomial, al-muq!bala appears 
to operate on the coequal polynomials within the same operation. 

5.2.3. Al -radd and al-ikm"l  

The last two operations called al-radd and al-ikm!l  are less controversial. They normally refer 
respectively the division or to the multiplication of coequal polynomials by a constant. 
However, in some cases ikm!l  is used synonymously with jabr by Ab$ K!mil and tamma (to 
complete) for the ikm!l  operation. 














































































































































































































































































































































































































































