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INTRODUCTION

| THE MAJOR BREAKTHROUWGH IN SCIENTIFIC PRACTICE
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When, though, the little which each one of them who has acquired the
truth iscollected, something of great worth is assembled from this.
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We ought not to be ashamed of appreciating the truth and of acquiring
it wherever it comes from, even if it comes from races distant and
nations different fronus.
(Al-Kind" I"#%$"% &'()'("%{On the First Philosophyl1974,
pp. 5%58)).
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There are four kinds of men: men who know and know that they know; ask them.

Men who know and do not know that they know, they are forgetful; remind them.

Men who do not knovand know that they do not know, they search for guidance; teach them.
And men who do not know and do not know that they do not know, they are ignorant; shun them.

(Al-Khal"libn Almad atFar'h"d’ in Ibn QutaybaUy$n alakhb!r, 1986, Il, p. 142)

Knowledge was a major issue in science and philosophy in the twentieth century. Its first
irruption was in the heated controversy concerning the foundations of mathematics. To justify
his rejection of the use of the actual infinite in mathematical reasoningwBrdias made the
construction of mathematical objects dependent on the knowing subject. This approach was
rejected by the mainstream of analytical philosophers who feared a fall into pyschologism.
Several years later, the question of the progress oftdicdmowledge was put forward in

the thirties by the pogiositivist philosophers to fill the vacuum in the philosophy of science
following the demise of the logical positivism programme. The answers given to these
guestions have deepened the alreadgtiey gap between philosophy and the history and
practice of science. While the positivists argued for a spontaneous, steady and continuous
growth of scientific knowledge the peggbsitivists make a strong case for a fundamental
discontinuity in the devefmment of science which can only be explained by extrascientific
factors. The political, social and cultural environment, the argument goes on, determine both
the questions and the terms in which they should be answered. Accordingly, the sociological
and hstorical interpretation involves in fact two kinds of discontinuity which are closely
related: the discontinuity of science as such and the discontinuity of the more inclusive
political and social context of its development. More precisely it explaindishentinuity of

the former by the discontinuity of the latter subordinating in effect the history of science to
the wider political and social history. The underlying idea is that each historical and social

9

Rahman Street and Tabhiri: The Unity of Science in the Arabic Tradjjigm9-40.
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10 THE MAJOR BREAKTHROUGH IN SCIENTIFIC PRACTICE

context generates scientific and philosophiaasiions of its own. From this point of view

the question surrounding the nature of knowledge and its development are entirely new topics
typical of the twentieth century social context reflecting both the level and the scale of the
development of scienc@o the surprise of modern historians of science and philosophy, the
same kind of questions, which would allegedly be new topics specific to the twentieth century
concerning the nature of knowledge and its progress, were already raised more than eleven
certuries earlier in thecontext of the Arabic traditionvhich, as we discuss further on,
developed a transultural and transational concept of the unity of science (see the
contributions of Deborah Black and Jon McGinnis which tackle the issue of the mdtu
knowledge). The neglect of the Arabic tradition in philosophy of science is a major a gap not
only in the development of science but a fundamental flaw in the writing of its history and
philosophy caused by the total reduction of epistemology tdiqadliand social history of
science. How has this period of the history of science and philosophy come to be ignored? In
what circumstances were the questions akin to the nature of knowledge raised in the first
place? What is the relation between on the band the questions of knowledge and its
growth and on the other hand the unity of science in the Arabic tradition? The answers to
some of these questions are the aim of the present volume, the first of the series Logic,
Epistemology and the Unity of Sciee to be devoted to a-salled norwestern tradition. Let

us first highlight in a kind of overview some landmarks concerningtitheng of the
emergence of the Arabic tradition and its significance for the history of science.

1. What happened in the ninth @ntury?

Since the beginning of the history of science in the-enjghteenth century and its firm
establishment as an independent discipline in the nineteenth century, the history of science
has been largely written by western historians. The views of mgistians of the nineteenth
century have succeeded in shaping the standard view, still prevailing today, concerning the
Arabic tradition. In this respect, the received viewOs approach was motivated by two main
concerns: (i) to recover the lost Greek lagé extant only in the Arabic version, and in the
meantime to find out to what extent Arab scientists and philosophers are proved to be capable
of correctly understanding sophisticated Greek thought; (ii) to assess the contribution of the
Arabic traditionto the development of the-salled western science. The focus on the relation
between the Greek and the Arabic traditions reflects the major concern of this approach which
consists in examining what has commonly been called the reception of the Gre¢kcscie

and philosophical works in the Arab world. While it is true that the Arabic tradition was
developed against the background of Greek scientific and philosophical wriings
phenomenon which is similar in this regard to the fact that Greek phipsaih emerged
against the background of the achievements of the Babylonian and Egypiiaations the
standard approach seems to have gone too far in its assessment afalteds@ceptionole

of the Arabic tradition. Indeed, according to the re®@ view the Arabic tradition seems to

be deprived of any interest of its own. Indeed the impression given is that Greek philosophical
doctrines have succeeded not only in overthrowing the Babylonian and Egyptian beliefs, but
they continued to dominatertiughout the classical Islamic era. It is thus not surprising that
the received view came to the conclusion that the importance and the relevance of the Arabic
tradition to the history of science lies only in its intermediary role consisting in handing
almost intact the Greek works over to the medieval Europeans. It looks as if Greek scientific
and philosophical books were brought to the Arabic libraries to save them from an imminent
major disaster that could strike the Greek heritage. We have here sahué garadox: many
historians make such kind of definitiyedgmentsby considering only few materials of a
tradition which reigned uniquely over the scientific and philosophical scene for up to seven
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centuries. This paradox is symptomatic of the undeglypistemological approach to the
approach to the history of science which is by its very nature an open syheassLimption

is that the study of the Arabic tradition was sufficiently exhausted to the extent that no new
findings could have any signifinhimpact on our present state of knowledge concerning the
devdopment of knowledge. This loAgsting prevailing view has recently been challenged by

a careful study of some important Arabic scientific works. From thetwedtieth century
onwards some htorians have set themselves the task of translating important Arabic writings
aimed at filling the gap in our understanding of the development of the Arabic tradition. It is

in this context that Sabra has challenged the use of what seems to be aereutmbescribe

the transmission of Greek scientific and philosophical works. He argues that OReceptionO
might Oconnote a passive receiving something being pressed upon the receiver, and this might
reinforce the image of Islamicivilisation as a receptagel or repository of Greek learning®
(Sabra 1987, p. 225). He stresses that Greek science and philosophy was not thrust upon but
rather Oinvited [as 4] guestO by the Arabic Islamic society (ibid., p. 236). Sabra proposes
instead OappropriationO to desciilee@enormously creative act E the cultural explosion of
which the translation of ancient science and philosophy was a major featureO (ibid.; pp. 226
228). His argument seems to have little effect on the received view concerning the Greco
Arabic transmissin. But some historians such as Willy Hartner and Gotthard Strohmaier
have tried to refine their analysis of theriodisatiorof the development of Arabic science by
admitting the existence of a second period during which the Islamic society was more
prodictive and creative than receptive and imitative. The restriction of the application of the
Reception concept to the early period of the translation movement can be seen as an important
concession to the opponents of the Reception doctrineDBuitri Gutas, who precisely
devotes a whole book to this question, rejects out of hand this compromise which consists in
applying the Reception interpretation to the early period

One such prevalent misconception [about the development of Arabic science] is tretgtegion
movement went through two major stages, a OreceptiveO one, roughyg theodime of al
MaOms$n, and a creative one subsequently. Study of the translation complexes, as the example of
the Kind" circle complex of the translations shows, invalidates by itself even the very posing of the
question in such a wayO (Gutas 1998148-150).

Besides its passive connotation underlined by Sabra, the misconception induced by
OReceptionO is that the transmission can be understood as the result of direct cultural
exchanges between on the one hand the Greeks, as producers and expootersiést
actually speaks of providers) of scientific and philosophical theories, and on the other hand
the Arabs as users and consumers. Unlike the transmission of science and philosophy to
medieval Europe, the Gredgabic transmission has taken placean entirely different
climate as Gutas rightly points out (ibid., p. 4). In other words the massive translations from
Greek and Arabic into Latin starting from the twelfth century reflect the powerful and
profound impact that the flourishing and advancedbicIslamic civilisation has had on the
medieval European psyche, where there is no equivalent driving force in the case of the
GreccArabic transmission since the social and cultural environment in which Greek science
and philosophy were developed wasreguished for so many centuries. Does it mean that no
driving force can be found behind the translation movement? Is there only one or more than
one driving force? And in the latter case, do they have equal influence in the development of
Arabic scienceor do some of them play a much more prominent role than others? We shall
see in a moment how Gutas deals with these various questions.

While agreeing wholly with Sabra on the creative nature of the translation movement, he
expresses his reservation to thee of OappropriationO to describe the process of the
transmission since he finds it a Osurreptitiously servile termO (ibid., p. 187). No specific term
has been proposed by Gutas since he prefers simply tit aadcreation of early #Ablehs"
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society andts incipient Arabic scientific and philosophical traditionO (ibid.). It looks as if the
language has run short of words since, among the many memorable moments of the history of
science, this is the only particular historical moment for which no spewedrd could be

found to mark the unprecedented lasgale scientific activity triggered by what some
historians, including Gutas, call thelical revolution. It seems thus that the description of
the Arabic translation movement is no less problemasio the question of the assessment of
the Arabic tradition itself (see TahiriOs introduction to his paper). What did happen in the
ninth century is not the recovery of Greek science but the implementation of a new idea of
science, where science and the sits¢ are conceived as institutions and instruments of
research andlevelopment. Moreover, as we shasee in paragraph two and three of our
introduction this new concept of science was first carried out by means of the creation in
Bagdad of an institutigp namelythe house of wisdoiiBayt atZikma and the production of

an Arabic scientific literature with a technical vocabulary in a kind of what Gutasadailigh
koinZlanguagéfit for inter and translisciplinary work in a way which might be consideted

be an analogue to what has been described as the rbleyed francagiven to formal
language by the French Encychajists (see Rahman/SynsoR2004, pp. 46). Both projects,

the house of wisdom and the production of an ArakdnZ language, providedhe
instruments with the help of which the notion of the unity of science was implemented within
the Arabic tradition.

2. Science awakening an@®aytal-Zikma (the house of wisdom

There have been many conquests in history but few had such a direct anc dexpsaict on

the history of science and philosophy as the Arabic conquest. One of its main features is that
the expansion of the Arablslamic civilisation and the development of science go hand in
hand. The Arabs have not waited for science and philgsimptome to them, we have to bear

in mind that the Arabic peninsula did not come under the rule of Alexander the great. They
have had instead to go after knowledge. The task was very challenging since they have had to
start from scratch. Gutas describedhie following passage how the scale of this ambitious
intellectual project has required the unprecedented mobilisation of a huge amount of resources
and energy of an entire nation for more than two centuries.

The GreceArabic translation movement lastefitst of all, well over two centuries; it was no
ephemeral phenomenon. Second, it was supported by the entire elite of #Abbasid society: caliphs
and princes, civil servants and military leaders, merchants and bankers, and scholars and scientists;
it was rot the pet project of any particular group in the furtherance of their restricted agenda.
Third, it was subsidized by an enormous outlay of funds, both public and private; it was no
eccentric whim of a Maecenas or the fashionable affectation of a fewhwealtrons seeking to

invest in a philanthropic or se#fggrandizing cause. Finally, it was eventually conducted with
rigorous scholarly methodology arstrict philological exactitudd by the famousunain ibn

Islag and his associatBl on the basis of austained program that spanned generations and which
reflects, in the final analysis, a social attitude and the public culture of early #Abbasid society; it
was not the result of the haphazard and random research interests of a few eccentric individuals
who, in any age or time, might indulge in arcane philological and textual pursuits that in historical
terms are proven irrelevant. (ibid., p. 2)

This is modern science in the making. Modernity should be understood here not in the narrow
sense which is tradinally associated with the advent of the new physics conceived as a
finished product, but in the act of creating, through the closepeocation of the political
power and the Arabitslamic society, a new and lo#gsting dynamic structure. It turns out

that the unstoppable growth of the new entity, which has proved to be far more outliving both
the political entity which gave it birth in the first place and the social context of its formation,
is designed to transform the life of the Aralstamic sociéy and with it the societies of the
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rest of the world. For the first time in history science becomes a profession. Unlike in the
Greek tradition where it is practised by some happy few who have the luxury thanks to their
wealth to enjoy what they regardad the supreme life by just contemplating nature. Science
becomes in the Arabilslamic tradition a third institution with growing influence along side
with the two extant most powerful institutions: the legal and the political powers. The result
of this unprecedented collective hard and enduring work: by the end of the tenth century
almost all noditerally and norhistorical Greek books that were available were translated in
Arabic. Greek science and philosophy has been transformed once and for ak InyaGith
translatorOs penO as is nicely expressed by Gutas.
It should be noted however that the translation movement is not confined to the Greek
writings though the latter form the bulk of the works translated, it is a more global and
international phenonm®n since it concerns all the books that are fit to be translated. There are
Arabic versions of books written in other languages such as the Persian, the Sanskrit and
possibly the Chinese languag@he successful achievement of this monumental enterprise,
which can at any moment be interrupted or abort altogether for a variety of reasons, falls
nothing short of a great miracle, the assessment of which has not yet begun, since it opens a
new era in the history of human thought. The idea of knowledge has dosepletely
reinvented through the systematic survey of all existing scientific writings. By the turn of the
eleventh centurythe translation of Greek works has significantly died down reflecting the
advanced level reached by Arabic science. As Gutag pluntly Othe waning of the Greco
Arabic translation movement can only be seen due to the fact that it had nothing to offerE
not in the sense that there were no more secular Greek books to be translated, but in the sense
that it had no more books to effthat were relevant to the concerns and demands of the
sponsors, scholars and scientists alikeO (ibid., p. 152), in other words Othe translated works
lost their relevance and became part of the history of scienceO (ibid., p. 153). Consequently
there wasa shift in demand for more up-date research. Gutas further explains the major
impact of the rapid spread of the Arabic scientific institution model far beyond the
spatiotemporal context that gave it rise in the first place

Once the Arabic culture forgdaly early #Abbasid society historically established the universality

of Greek scientific and philosophical thought, it provided the model for and facilitated the later

application of this concept in Greek Byzantium and the Latin West: in Byzantium, both in

LemerleOs Ofirst Byzantine humanismO of the ninth century and in the later renaissance of the

Palaeologoi; and in the west, both in what Haskins has called the renaissance of the twelfth century
and in the Renaissance properO(ibid., p. 192).

Contrary to he prevailing view according to which there is only one renaissance in history,
Gutas seems to be saying that the Arabic tradition gives rise to a series of renaissances which
reaches its climax in the advent of the famous swug$tern European Renaissandhe
Renaissance proper as Gutas would like to call it now, which is recognised by the sociological
doctrine as the starting point of the scientific revolution, appears to be then not the first of its
kind as it is generally believed but the outcoofigorevious renaissances which originate in

the foundation in Bagdad of tigayt al Zikmaor the house of wisdom, the famous scientific
institution that gives rise to the development of Arabic science by hosting the first movement
of what can be called the tslation project and (see below). But what about this crucial
period during which the Gree@rabic transmission took place? Can the ninth century be
called a renaissance? Gutas appears to be somewhat hé€¥itaheé one hand he is inclined

to describe itas the Oreal renaissance in the original sense of the revival of Greek learningO
(ibid., p. 154). But on the other hand this Oreal renaissanceO seems to be quite different from
the traditional European Renaissance. He rightly points out that the Optélbkgpect of
classical studies, which also has its modern origin in the European Renaissance, was wholly
absent in the Arabic counterpartO (ibid., p. 155), for the obvious reason that the translation
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activity is very selective since it is restricted omdy scientific and philosophical writings
excluding thus the humanities (such as literary and historical works). As a result of this
methodologically worked out plan, the translation activity virtually ceased, as already
mentioned, once its goal was achigév@ecause of the advanced level reached by Arabic
science in the eleventh century and reflected in the comprehensive philosophical and
scientific work of Ibn S"n!, there was no need to pursue Greek studies, for the Ohurricane of
AvicennaOs philosophy gkiiz swept such tendenciesO (ibid., p 155, see Ardeshir, BSck and
ThomOs papers devoted to his encyclopedic thought). The second major difference is that the
translation movement, as GutasOs fascinating account demonstrates, is much more than the
mere revial of Greek learning. First of all if by revival Gutas means translation then it should

be reminded once more that it is not only Greek learning which was revived through the
translatorOs creative imagination but also the learning of other civilisatiomsasuthe
Persian, Indian and even the Chinese. Second, the real intention of the translation project is
not to revive the culture of previous civilisations, a task best left to the indigenous people, but
the construction of knowledge according to a l@rgitresearch programme.

Gutas describes the historical background of the foundation &ayial- Zikmaand its later
development as follows

It was a library, most likely established as a Obureau® uskliamidr, part of the#Abb!sid
administrationmodelledon that of the Sasanians. Its primary function was to house both the
activity and the results of translations from Persian to Arabic of Sasanian history and culture. As
such there were hired translators dapao perform this function as well as book binders for the
preservation of books. This was its function in Sasanian times, and it retainedghituibthe time

of H!r$n ar-Rashd, i.e. the time of the Barmakids [the secretaries of the ealy caliphdgrh
MaOms$n it appears to have gained an additional function related to astronomical and mathematical
activities; at least this is what the narhassociated with the nanBayt al Zikmaduring that period

would imply. We have, however, no specific infation about what those activities actually were;
one would guess research and study only, sioce ofthe people mentioned was himsatftually

a translator (ibid., p. 58).

In this passage, Gutas wants to make the point, strongly emphasised aftetiwardse
GrecoArabic translation, the subject of his book, is not conducted iBalyeal Zikma* As a

result, the whole translation movement during the ea&flgb!sid era was conducted in two
stages. (1Y hefirst wave of translations of Persian heritage undertaken iBalyeal- Zikma
(conductedunder the rulingof aFMan{$r (754775)); (2) the GrecéArabic translation
represents the second wave of translatifrom the time of aMahd" (775785 onwards).

One of the main reasons given by Gutas for denying any role @dayeal-Iikmain the
GreccArabic translation is that there is no mention of Greek works being stored on its
shelves. To back his argumehg quote2unayn ibn I4!q (d. ca. 873) who seems to have

been complaining about the Oefforts he expended in search of Greek manuscripts and again he
never mentions that he looked for them right under his nose Bayisl-Zikmain BagdadO

(p. 59). Thismight be the case. BaunaynOs complaint might also indicate that Greek works
were circulating in the society. Important manuscripts, which existed in a very limited number
of copies, are not designed or expected to be stored in a public library. Theeabtbooks

from the shelves reflects their relevance to the concerns of society. This may explain why
texts of humanities such as Persian, Ethiopia2imyarite manuscripts could be found in the

Bayt al-Zikma but not Greek ones due to their scientifeture. By excluding th®&ayt al

Iikma from playing any role in the Greedrabic translation, Gutas seems to create a gap
between the two translation movements. A gap that he seems to narrow by appealing to the
translation culture: OWhat thBayt al-Zikma did do for the Grecd\rabic translation
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movement, however, is to foster a climate in which it could be both demanded and then
conducted successfullyO (p. 58kcording to Gutas, two common points can be found
between the two translation movements: (1)dbeious point is that they are both part of the
translation culture widely prevailing in the region. Gutas reminds us indeed of the existence
of Oprdslamic translations into Pahlavi [the Persian language] of Greek scientific and
possibly philosophical wisO (p. 25). This explains the fact that the earliest translation of
Greek works into Arabic are made not directly from the Greek but through Pahlavi. (2) The
heavily involvement of the state apparatus though for entirely different political motivations.
Actually, the contrast that Gutas is struggling to make is that the Réwsibrit translations
were temporary and narrower in scope than the GAeabic translations. The first was
confined to the political sphere while the second was a social phenondainer the
structure of théBaytal-Zikma as was inherited from the Sasanians, nor state resources could
cope with the scale of the second wave of translations. This explains the role of the private
sector which seems to be absent or at least vertetinm the first wave of the translations.
The private sector stepped in to satisfy the growing demand for knowledge expressed by the
society.
There is in fact a third point, not political but scientific one, which can indeed intimately link
the GreceArabic translations to the Persi#rabic translations and ultimately to the activities
of the Bayt al-Zikma Despite the little historical information available about Begyt al-
Iikma it is known for sure that a number of astronomers and algebraists, sugh a
Khw!rizm" (d. 850), were employed full time in tlBaytal- Zikma, in the service of the caliph
a-MaOm$r(813-833. This evidence indicates that the activities undertaken iBéytal-
Jikmawere not confined to its original task, which consistsanglating the Persian heritage,
throughout its existence. The nature of such activities seems to be broadened to include
research and study which prompt GutasO suggestion made in the aforementioned passage:
OUnder aMaOm$n itBaytal- Zikma] appears to &ve gained an additional function related to
astronomical and mathematical activities.O Research and study guess gains much assurances
when we know thatAlgebra was not a Persian translated work but the result of al
Khw!rizm"Os studies and reflections the Babylonian andndian scientific practice (see
HeefferOs papern chapterV (i.e. two chapters later) devoted to Applied and theoretical
Knowledge of his book, Gutas describes the circumstances tfemotivation) of the
composition & Algebra which gives us a more specific idea on the nature of research
practised by scientists of tfBaytal-Zikma

During early #Abb!sid times, however, Islamic law was also developing rapidly and algebra

became an essential tool for working out all the intricate details of inheritance laws. Both of these

applications are mentioned by Wammad ibn M$s! akhw!rizm" himself in the mtroduction to

his Algebra Al-MaOm$n, he says: Oencouraged me to compose a compendious work on algebra,

confining it to the fine and important parts of its calculations, such as people constantly require in

cases of inheritance, legacies, partition,-Euts, and trade, and in all their dealings with one

another where surveying, the digging of canals, geometrical computation, and other objects of
various sorts and kinds are concer@e(ibid., p. 113)

The significance of th@ayt al-Iikma lies not only inthe continuity of scientific research

since it paves the way for more translations from both the farther eastern tradition (mainly
Indian sources) and the western tradition (Greek sources), but also in setting the pattern of
how future scientific activigs should be conducted. By contributing to the emergence of a
new scientific tradition, the translations and the scientific activities taken placeBayhal-
Tikmaexplain GutasO insight according to which Othe translations movement should be seen
[right] from the very beginning as a part of a research procéseésiSe aim is the
construction of knowledge based on the constant interaction between theory and practice as
was implemented by the early scientists working inBagtal- Zikma
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The details ofsuch programme werdearly spelled out by the first Arabic philosopher al
Kind" (ca. d. 870) called so because his name was traditionally linked to the introduction of
philosophy to the Islamic world. Its first step should be seeking to acquire é iasists in

his introduction ofOn the First Philosophy

The knowledge of the true nature of things includes knowledge of Divinity, knowledge of Unity
and knowledge of virtue and a complete knowledge of everything useful, and the way to it; and the
distarce from anything harmful, with precautions against it. [E] Devotion to this precious
possession is, therefore, required for possessors of the truth, and we must exert ourselves to the
utmost in its prsuit (atKind" 1974, p. 59).

The process of translatisns the means tget rid of thoselinguistic elementsthat might
jeopardize the universality gtientific writings, it tends to act as some sort of a filter through
which onlyscientific thoughts r@ allowed to pass. The result of this process of acquisition is
that knowledge becomes accessible to everybody. Because Arabic was the only global
language in all walks of life and mainly in science and philosophy, knowledge is promoted to
the internationl level. Asa resulfit is no longer linked to a specific culture but it becomes

the property of all humanity.

The second step of the construction of knowledge is to work on its unification in the sense of
putting together its various pieces which westected from the previous civilisations.

It has been clear to us and to the distinguished philosophers before us who are ndinguists,

that no man by diligence of his quest has attained the truth, i.e., that which the truth deserves, nor
have thephilosophers as a whole comprehended it. Rather, each of them has not attained any truth
or has attained something small in relation to what the truth deserves. When, though, the little
which each one of them who has acquired the trutioliected? $86 something of great worth is
assembled from thig'#$%#4" I"# 1/ 1" 1980). [E] Indeed this has been assembled only in
preceding past ages, age after age, until this our time, accompanied by intensive researches,
necessary perseverance domk of toil in that ur emphasisal-Kind" 1974, p. 57).

The second step announces the following one which consists in building upon the
achievements of previous civilisations.-KRind" tells us more precisely afterwards how the
body of knowledge can becreased.

In the time of one maN even if his life span is extended, his research intensive, his speculation
subtle and he is fond of perseverariteit is not possible to assemble as much as has been
assembled, by similar effortd) of intense researchsubtle speculation and fondness of
perseveranc@l over a period of time many times as long. [E] It is well for Nsbeing zealous

for the perfection of our species, since the truth is to be found ilNthis adhere in this book of

ours to our practice imll composition of presenting the ancientsO complete statement on this
subject according tethe more directway and facile manner %% !"#'$% !"#$!"#$ !"# to be
followed for those who take it; and completing that which they did not say completelyg "#
I"#'$90" '#8%0 by following the custom of the language and contemporary usage, and insofar as is
possible for us. (This) in spite of the disadvantage affecting us in this of being restrained from
going into an extended discussion naseeg to solve difficult, ambiguous problenmi( emphasis,

ibid., pp. 5758).

The third step amounts then to seeking the progress of knowledge and to facilitating its
learning for younger generations and its transmission to future civilisations since it is
conceived not as a finished product but as an ongoing process. As a result knowledge needs to
be continually and constantly worked out and perfected by correcting and improving the
inevitable shortcomings inherent to the achievements of previous cieitisdor which they

should not of course be blamed.

Our most necessaduty is not to blam&#!" 1 #34"'#$ !I" | anyone who is even one of the causes

of even small andneagrebenefits to us; how then shall we treat those who are responsible for
many causes, of large, real and serious benefits to us? Taefigient in some of the truth#$o

"# 1" 1"#$%& !, they have been our kindred and associates in that they benefited us by the fruits
of their thoughts which have become auays and instrumets t #$! !"#"$eading us to much
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knowledge of that the real nature of which they fell short of obtairong émphasispid., p. 57,
IvryOsrianslation is slightly modified

According to the Arabic conception of knowledge, there is no such thingeidsctp
knowledge. This idea is so deeply entrenched in the Adalaimic culture that it is expressed

in a variety of ways by many proverbs, one of them is the following: Oa man remains knowing
as long as he searches for knowledge and continues to ¥thay he thinks he knows, he

has become ignoratt % (f+ %.-/ 02 38 ($78*9:; <y+ @ 7ABIDO

Gutas is well aware of the fact that OrenaissanceO is not the appropriate word to describe the
translation movement since the passage mentioned above is the only place viingrgshe

in the context of responding to other scholars. Throughout his whole book, he prefers rather to
focus on the man whose vision and sagacity led to the foundation of the first scientific
institution in history.

The crux of the matters seems to iliea-Man{$rOs creation, after the #Abbasid revolution, of a
new social configuration in Bagdad through the genial idea of creating a new city. This meant, in
essence, granting himself the licence to start everything anew by freeing him from constraints
carried ovefrom the previoustatus quqGutas 1998, p. 189).

The series of renaissances including the Renaissance proper appears to be then the result of
the original creation of the famous house of wisdom from which all sprung.

In this context, al MafrOs adoptio of a Sasanian imperial ideology becomes possible and
meaningful, as does the establishment of the attendant translation movement. The process once set
in motion, proceeded for over two centuries on its own (ibid., p. 191).

These two crucial passages hdse reaclng implications on the perioditon of science.
According to GutasO analysis, it is the ninth century and not the Renaissance which should be
the starting point not only of a series of renaissances but also of the scientific revolution. But
he stops short from drawing such a conclusion for obvious epistemological reasons since he
warns that his Obook is not about Arabic science and philosophyO (ibid., p. 192). The gap left
by GutasO approach between political and social history and the histoignce has been
precisely bridged by TahiriOs paper which provides the very badly needed epistemological
backing for GutasO underlying thesis since it reaches basically the same conclusion by
analysing the history of astronomy. Further analysis of Arabientific and philosophical
writings will provide further evidence for making the ninth century a landmark in the history

of science and philosophya will indicate how it should be viewed and remembered in the
history of science.

3. The Arabic languageand the unity of science

Historians of science and philosophy are usually selective in their choice of the kind of
guestions they seek to answer. One of the remarkable historical facts seldom noticed is that
science and philosophy have been developingowttinterruption since the ninth century as

the great French historian Pierre Duhem shows in his monumsent8lsteme du Monde

How can we explain, in the case of astronomy for example, the fact that this scientific
discipline has made no progress whatsoeince the second century (and a fortiori for much
older scientific disciplines like mathematics)? A particularly tempting answer is given by the
recent rising tendency in the history of science: the lack of progress is due to extrascientific
factors. According to the sociological interpretation of the history of science which is in
fashion nowadays in the humanities, major gaps in the development of science cannot be
explained intrinsically but only by appealing to the political, social and culturaéxioim

which science and philosophy are developed. After all, according to this view, science is a
social and cultural phenomenon since it is the making of human beings and its development is
determined by the social environment in which scientists Iinkeveork. That is why the Dark
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ages, the period during which science made no progress in Europe, has been entirely blamed
on the RomarChristian societies for its failut® generate the kind of chanbadly needed

for the development of science. It seerhast that medieval Europe had to wait for the
emergence of the Arabic Islamic culture to see the light at the end of the long tunnel. This is
at least the conclusion drawn by GutasO analysis.

Byzantine society, although Greekeaking and the direct inhenit of Greek culture, never
reached the level of scientific advancement of the early #Abbasids and had itself later to translate
from Arabicideas that ultimately go back to classical Greece. In such an analysis, the contribution
of individuals is also to é put in perspective. Sergius of R#ayn!and Boethius, at the two
antipodes of Greek cultural spread in the early sixth century, conceived of projects to translate and
comment upon philosophy and the sciences as presented in the philosophy of Arestdtleence

all knowledge, as understood in the Alexandrian scholarship of their age. The conception is to their
credit as individuals; that they failed indicated the adverse circumstances of their environment
(ibid., pp. 188189).

Our analysis will show, dwever, that GutasO conclusion is only half of the story. The other
half is yet to be told. By focusing only on the extrascientific factbese is the risk to neglect
those epistemological and methodological considerations which might have influeaced th
lack of progress of science. IndegslitasO worlereek Thought Arabic Culturayhere he
describes the political and the social factors that occasioned the translation movement, can be
seen as a further support for the sociological interpretation ofisk@ryhof science. Gutas
justifies his approach by the fact that the translation movement as a social phenomenon has
been very little investigated while Oits significance for Greek and Arabic philology and the
history of philosophy and science have beesrahelmingly studied to this dayO (ibid., p. 2).
He may have some point there but this might lead to overlook the fact that some crucial
epistemological points with regard to the significance of the Arabic tradition has been missed
out by most historiangActually, while describing the political and the social context of what
he calls the#Abbas"drevolution, GutasO work draws the attention to one of the these
important central epistemological points in the development of Arabic science: namely the
fundamental role played by the Arabic language in the development of science and
philosophy.

The particular linguistic achievement of the Grégabic translation movement was that it

produced an Arabic scientific literature with a technical vocabulary for its concepts, as well as

high koinZlanguage that was fit to vehicle the intellectual aotmeents of scholarship in Islamic

societies in the past and the common heritage of the Arab world today. [E] its significance lies in

that it demonstrated for the first time in history that scientific and philosophical thought are
international, not bounata specific language or culture (ibid., p. 192).

This aspect of the contributiaf the Arabic tradition to the history of science and philosophy
has been ignored or widely underestimated. Howld the progress of a major scientific
discipline, like matematics for examplebe achieved had nds various parts, scatterdéor

S0 many centuries from the East to thesty brought together by a unifying language? How
could the awakening of scienexen be imagined if it was sténcoded in a language no
longer in us@ For science to be developed the way it did, it needs the emergence of a nation
that should have such an admiration for its langliagd a passion for knowledthat sets

itself the historical mission of collecting, processing and translatihgscientific data
produced by previous civilisations and making the resulting systematic work worldwide
available and easily accessible through the unprecedented spreading and circulation of books.
Historically the Arabic language shows indeed for thrstftime the possibility of the
construction of a unified cpus of knowledge able to work as a worldwide vehicle for
transmission of scientific and philosophical thoughts from one language and science to
another. As mentioned above, the production of eabi&koinZlanguageprovided one of the
basef the notion of the unity of science within the Arabic tradition. This might also help to
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understand why in the Arabic tradition the study of grammar and logic (see the chapter of
Cornelia SchickN including poetics and rhetoric, wanceivedas a kind of integration
factor for all other fields on knowledge and science. Moreover, in the Arabic tradition
grammar, poetics and rhetoriere seen as closely linked with what we would calvadays

a normative epitemic logic conceived as an extended organon for the search and transmission
of knowledge. Logic and grammar were at the center of the creatiors@ératific Arabic
koinZlanguage with precise epistemic and epistemological aims.

Rashed, one of the firslistinguished historians who questions the current periodisation of
science in his investigation into the development of mathematics between the ninth and the
seventeenth centuries, suggests that what he calls the notalifieoéntial is much more
adequate in historical scientific studies than the dominant continuity/discontinuity approach,
currently widely used in the history of scien€ashed argues that the notion of differential
when applied to the history of mathematican be used as an instrurhen assessing
effectively the actual increase of mathematical truths by comparing the state of each
mathematical branch (its results, methods and ways of reasoning) at two important times of its
evolution (Rashed 1987, p. 360). Indeed this approach camhpthelp us to adequately
determine thdiming of the emergence of a new scientific discipline but also to illuminate
how science is viewed and understood by indicating the underlying motivation of the context
of its developmentThis is the method thainderliesthe analysis obur introduction More
precisely, we think that RashedOs notion of differential can be fruitfully applied to study the
uninterrupted development of science and philosophy since the ninth century in the Arabic
tradition by comparig it with the approach of the ancient Greeks. Now, certainly this would
involve us in the development of a longdathifficult thesis but let us simply highlight very
briefly some relevant remarks which we think will be sufficient to suggest the mairofines

the analysis which follows of such a comparison.

4. Some remarks in relation to the heritage of the Greek approach to
scientific inquiry

In his Posterior AnalyticsAristotle imposes strict conditions on the definitionegiisteme
Knowledge is produced by demonstration which, he asserts, Omust proceed from premises
which are true, primary, immediat®éetter known than, prior to, and causative of the
conclusionO (71b20). It is clear for the Stagirite that the mere use of syllogism cannot produce
knowledge since he insists on the fact that Osyllogism will be possible without these
conditions, but not demonstration; for the resuilt not be knowledg® (our emphasis). This
makes it harder for disciplines other than mathematics to reach one day the epistesne s
since they cannot fulfill the very tough Aristotelian critéiaby the way, the axiomatics of
Euclid could not be captured by syllogism. It seems thus that Aristotle actually calls
knowledge, is that knowledge displayed in what we call nowadaysaf@oence® some
interpreters would include here methaphysics. Since by definition this kind of knowledge is of
things that cannot be otherwise than they are i.e. a necessary knowledge, Aristotle introduces
a sharp distinction between mathematics andierapsciences. But when it comes to physics
for example, AristotleOs task is to give a discursive and systematic explanation of all kinds of
change. The problem of physics is according to him to find the Oprinciples of perceptible
bodiesO@n Comingto-be and Passingway, 327b7). The main conceptual apparatus that he
invents for this purpose is the famous four causes doctrine.

Now, the causes being four, it is the business of the physicist to know about them all, and if he

refers his problems back to alf them, he will assign the OwhyO in the way proper to his science
(Physics 11 7198a).



20 THE MAJOR BREAKTHROUGH IN SCIENTIFIC PRACTICE

According to this view, knowledge in physics seems to be quite different from mathematics
finding out all the four causes of any natural phenomenon. In his physioa},the endorses
EmpedoclesO fundamental idea that all substances are made of the four simple elements: earth,
water, air and fire. Earth has some privilege in his explanation of motion. Though being made
of the four elements, it is also the natural plateerrestrial objects. As for the supralunar
world, the matter from which it is made, that he caitker, is of a completely different order
because of the eternal, circular and regular motion of the heavenly bodies.

Aristotle is indisputably the philopher of antiquity. His conceptual apparatus lays down
both what type of questions should be asked and the terms in which they should be answered.
This explains why philosophers who followed closely AristotleOs framework contributed little

to the developnm@ of science. Indeed the great advances in such subjects as mathematics or
astronomy are the work of men who were primarily scientists and not philosophers and
manage to escape his influence. However, despite important scientific achievements,
AristotleOsphysical doctrine remains unshaken and the domination of his philosophical
system seems to be the last word of the Greek tradition. The Greek heritage is now in the
hands of their successors though it seems that the Greeks did not care so much about their
legacy as is suggested by the eminent classical scholar G. E. R. LloydOs perspicuous remark:
Othere were many [of the ancients] who recognised that civilisation had developed in the past,
there were few who imagined that it would or could progress muthefuin the futureO

(Lloyd 1972, p. 394). The lack of the idea of scientific progress in Greek culture, which has
an impact on their philosophical and scientific approach, explains at least in part why we have
to wait until the ninth century for the emerge of their immediate successors. In his
comprehensive study, Lloyd sums up the whole ancient Greek approach to scientific inquiry
as follows

Experimental method was only of veryited usefulness on the fundamental problem of physics,
the question oftte ultimate constituents of matter. Although quite simple experiments would have
yielded useful information about the nature of certain compounds, the principal controversy
between atomism and the qualitative theory of Aristotle, for example, was nobaineould be

settled by an appeal to either observations or experiments, since the controversy turned on the
question of the type of account that was attempted. [E] A more important point is that such
experiments as were performed by the Greeks were yssail out with the set purpose of
supporting the writerOs own theory. The appeal to experiment was an extétissomore usual

notion of appealing to evidence: experimentation was a corroborative, far more than heuristic,
technique. Tests were conductedconfirm the desired result, and it is only in late antiquity that

we find examples where attempts were made to vary the conditions of experiments systematically
in order to isolate causal relations. [E] Nevertheless the impression that much of twegy fist

early Greek science leaves is one of the dominant roles of abstract argument (Lloyd 1970, pp. 140
141).

A second limitation is the little place given to practice in relation to theory which led to most
of the philosophers after Aristotle to dramalig oppose the two activities. Theoretical
studies which should be pursued for their own sake are extremely valued at the expense of
practical arts which are viewed with disdain. This is true, as Lloyd explains, even for some
scientific disciplines like mdicine which is expected to be highly regarded for its noble
cause.

Many of the most famous biologists were doctors, who were motivated in their research partly by
the desire to improve the treatment of the sick, and sought to apply their knowledgeencthi

Yet not even the most famous and successful doctors in antiquity entirely escaped the disdain
usually felt for the craftsman. In the Greek scale of values the theorist was always superior to the
technologist (Lloyd 1972, p. 395).

It is clear that emirical sciences, and with them theoretical studies, cannot flourish in a
cultural context where the role of practical arts in the prosperity and thdéewed of the
society is heavily undermined by its top elite. Lloyd has rightly identified the huge ga
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created by the Greek society between theory and practice as one of the main reasons
preventing the development of scientific research.

The institutions where extensive investigations were carried out were rare throughout antiquity.

The ancients lack thidlea that dominates our own society, that scientific resewitts the key to

material progress. [E] Theaison dOstreof the Lyceum and Museum and of the many minor

schoolsmodelledon them was not any idea oéefulness of scientific researdbut the dea of a
OliberalO higher education (our emphasis, ibid.).

The second main reason is the lack ofoperation and of scientific and philosophical
exchanges because of the extrascientific motivations underlying the formation of many
schools.

The developmendf science and mathematics required other factors as well, particularly the idea
of co-operation in research. Here both the Pythagoreans and the medical schools (in their very
different ways) had important contributions to make. But in neither case wahitf motive for

these associations any idea of the value of scientific research for its own sake. Religious and
political ties helped to keep the Pythagoreans groups together, and the medical schools were
exclusive associations formed from professianatives like a medieval guild or a modern trade
union. Moreover the doctors, like the Pythagoreans, were on occasion secretive about their
discoveries (ibid., p. 394).

More generally, the production of scientific and philosophical works and the spredding o
ideas were greatly hampered by a deeply entrenched cultural tradition practised by many
Greek philosophers who, because of their distrust of the written word, confine what they
regard as their mostniportant doctrines to oral teachings (ibid., p. 383)diAmetrically
opposed stance is expressed by!hiz* (d. 868), one of the famous Arabic prolific autfors

Our duty is to do for those who will come after us what our predecessors have done for us. For we

found more knowledd® than they found, just asdbe who will come after us will find more

knowledge than we did. What is the scientist waiting for to display his knowledge in the open,

what prevents the servant of the truth from devoting himself without fear to the task that he was

assigned, now that ¢hword has become possible, the times are good, the star of caution and of

fear is extinguished, a winfAvourableto study is blowing, babble and ignorance are no longer

current, eloquence and knowledge are circulating freely in the market? For a marotfied a
teacher to train him and an expert to educate him at all time#ifixi 1969, | pp. 8637).

On the methodological and epistemological levels, we find the already mentioned sharp
distinction between mathematics and empirical sciences andynpaiysics. In hisAlmagest

Ptolemy further widens the already existing gap between mathematics and physics by
subordinating the latter to the former, the implication of this methodological decision and of
his overall approach to astronomy will be convirgty refuted by Ibn aHaytham (d. 1041),.

The fourth limitation which is proved to have serious repercussions on the development of
science is indicated by Ibn-Blaytham. He makes clear that khisShuk$kis motivated first

and foremost by epistemological considerations designed to break the deadlock caused by the
Greek synthetic approach of exposing scientific theories which represents more an obstacle
than an incentive to the progress of scienceesiit closes the door for further theoretical
research (for more details see TahiriOs paper).

What these shortcomings indicate is that Greek science and philosophy were developed in the
context of Greek culture to a point that no further progress coallthédde unless deep
changes in the approach to scientific practice happened. Arsglattian movement of Greek

works would not be able to overcome these obstacles if the translation project was to be
reduced to the only task of recovering and preservingsteek heritage. The success of the
translation project is due to the growing awareness that the scientific inquiry concerning
nature as it was understood and practised by the Greeks was not able respond to the new
guestions and problems raised by thisetinThis awareness was actually brought to the
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forefront by a major shift of focus from the heritage of the Greek idea of logos to the Arabic
concept of knowledge.

5. Knowledge in the ArabicIslamic culture

The #Abbas"dlynasty* (750-1258) certainly gets great credit for making knowledgéhe
centre of their political strategy by working out and supporting the first ambitious scientific
research project in history which gives rise to the surge of an intemsavrgific and cultural
activity in Bagdad led by the prestigious institutiBayt al-Zikma By learning from the
mistakes of the Umayyads® ttl€661-750), the #Abblsids succeeded where their
predecessors failed. Short of full legal legitimacy, the indgrmafithe house of a#Abb!s lies
in capturing the imagination of the Arabslamic society by focusing, as we shall see later,
on one of the fundamental compate of its identity. The #AbblsidsO strategy was a
resounding success because it was a resporthe demand of the society since the quest for
knowledge had already begun in earnest. This sets a precedent in thel#laabic history
since knowledge proves to be for the first time the only credible alternative by means of
which the political boyl can effectively justify its rule. Aa result of the vulnerability of the
political power due to the conditional support of the legal authority, the emerging distinctive
political and social configuration is that the body politics finds its rule deperaterits
unlimited support for knowledge and not knowledge which should rely on the goodwill of the
politicians. This outcome of the balance of power indicates that one of the main features of
the political and social ideal favoured by the Islamic sodetthe one where the political
power should be at the service of knowledge and not the other way round. By putting
knowledge at the top of their political agenda, the #Abb!sids wanted to show that their
accession to power was a force for good and it was to some extent since they succeeded in
winning the support of the majority of the Islamic socielis explains theemarkable
longevity of their rulewhich reaches its climax with H!rs atRash"d (78@09) whose
legendary name is associated ia ivest with the famougrabian Nights but in the Arabie
Islamic conscience, he is remembered as one of the enlightened (@kpastid literally
means the welyuided) for chairing regular meetings of top intellectuals (jurists and
theologians, linguists and grammarians, poets and writers, scientists and philosophers) to
discuss hot topical legal, cultural and scientific éssu
But the development of Arabic science was undoubtedly not the work of politicians, it was the
result of the unprecedented interactions among the intellectual elite whether théyrists,e
grammarians,theologians poets, scientists or philosophersand its explanation must
ultimately be found in the dynamics of Arabic culture @adpecific approach to knowledge
underlying the whole translation enterprise summarized Hirdl" with the following words:

We ought not to be ashamed of appreciating the truth and of acquiring it wherever it comes from

IR 1T HPA HSY & HPA HS%&!" 1 #5%% I" I"#"#$%, even if it comes from races distant and

nations different from ud-or the seeker of the truth nothing takes precedence over the #$th

THTHOEHSW'HS!"# | and there is no disparagement of the truth, nor belittling either of him who

speaks ibr of him who conveys it. The status of no one is diminished by the truth; rather does the
truth ennoble alldur emphasisal-Kind" 1974, p. 58).

Al-Kind"Os passage contains three crucial points which show the intertwining ethical and
epistemological dimesions of the translation movement, namely:

(i) The transnational and transultural conception of the unity of science

(i) Since each society can have some form of truth, the second step in acquiring
knowledge, which is the harder task, is in recdggisand appreciating it. The
guestion now is how? The answer relates to the confluence of grammar, logic and Law
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in the translation projedil this point is not explicit in this paragraph but it links the
first and the third point and has besvelopedy al-Kind" before (recall the passages
guoted in section 2 above).

(i) The supremacy of the truth (not authority), the search for which is the driving
force behind the progress of knowledge, is the ultimate goal of the scientific inquiry.

In relation to ke first point it is important to see that the search for the unity of science
involves a determined ethical perspective: the humility of learning from others and the ability
of acknowledging oneOs own ignorance, and a social dimension: the need fuy #e=ki
interaction withother people. The idea of search for knowledge and its ethical and social
implications is deeply entrenched in the Aralslamic culture which goes back to the
teaching of Islam i.e. to the seventh centdryndeed the Arabic peoplof the seventh
centuryknew that they knelittle about the external world, a fact eloquently expressed by the
QurOIn(S$rat 17, verse 85)'@H" I"#$Wo 1"#$& (you are given only a little knowledge).O
Hence they are not only willing but whiatmore interesting they are ready to learn from the
contributions of previous civilisations. The Aratdgtamic society has thus no privilege over
other societies since the latter can have something that the former does not have: some form
of truth, knowedge, wisdom. The Arabic intellectuals of the ninth century sudtkimd"”

and Ibn Qutaybah were just following the same Islamic teaching, that was followed by their
predecessors, which makes seeking knowledge a duty for every believer. lbn Qythyba
889) explains the rationale behind the search for knowledge

Knowledge is the stray camel of the believ&#$%d&#$ I"#$% benefits him regardless from where

he takes it: it shall not disparage truth should you hear it from polytheists, nor advice should it be
derived from those who harbour hatred; shabby clothes dojustice to a beautiful woman, nor
shells to their pearls, nor its origin from dust to pure gold. Whoever disregards taking the good
from its place misses an opportunity, and opportunities are transient as the Eldbds#Abb!s

[the ProphetOs unclalid: OTake wisdom from whoever you hear it, for thewise may utter a

wise saying and a bullOs eye may be hit by esharpshooterO (Ibn Qutaybah 1986, p. 48).

Since the Arabidslamic society cannot have the whole truth, it is urged by Islamic tepchin
to learn from a wide range of different societigsgoing as far as Chiraf knowledge fails
to come to the Arabic peninsula, its inhabitants have instead the duty to go after it, this is after
all one of the maimaisons dOstref the existence of thhuman being according to the Islamic
doctrine. This is what led Sabra to speak of the translated Greek works in tern@neftad
guesOwhich is warmly welcomed by the traditional Arabic culture. Respecting the culture of
oneOs neighbours, no matiew different from the Arabic culture, and getting acquainted
with the culture of very distant people appears to be the first step in acquiring knowledge.
Acknowledging oneOs own ignorance amounts in fact to acknowledging the contributions of
those peopleo the formation of the unity of scieno®l-Kind" expressesere his deep sense
of graitude to all ancient civilisations on behalf of the newly rising Ardbiamic
civilisation:

It is proper that our gratitude should be greld#$%'#$!" 1"#$%6& those who have contributed

even a little of the truth, let alone to those who have contributed much truth, since they have

shared with us the fruits of their thoughts and facilitated for us the true yet hidden inquiries, in that

they benefited us by thoseepnises which facilitate our approaches to the truth. If they had not

lived, these true principles with which we have been educated towards the conclusions of our

hidden inquiries would have not been assembled fol'#I$p& !", even with intense research
throughout our timequr emphasisal-Kind" 1974 p. 57).

In relation to point ii) and iii), it is important to see that the way to acquire knowledge
implemented by the translation project is connected withegifgp feature of the Arabic
notion of knowledge that stems actually from the development of Arabic society before the
translation era, namely the role of Law and Grammar. Both disciplines were considered very
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early as scientific disciplines. They were aar@ even today the most important scientific
disciplines for the Arabic culture because of the vital role they play in organising their social
and cultural life. Moreover, as already mentioned in section 2 above, grammar and logic
(including poetics and hetoric) were conceived as the instruments of the scientific
programme inherent to the notion of knowledge underlying the translation project. The link of
knowledge with Law had the function of putting the scientific programme of knowledge
acquisition intopractice. The link of knowledge with logic had the function of designing a
grammar of superior order able to render a language with thehehich different kinds of
knowledgecould be expressed and studied. Actually one might argue that this notion of
knowledge stems from the use of the w@ithn Indeed; the Arabic wortf! or "ilm can mean
both science and knowledge and it is remarkably used by the Arabic tradition in a wide sense
similar to our usage today and quite different from the Greek meaflngosN if the latter
is understood as a theoretical notion of knowledge separated from the notion of practice. It is
Franz Rosenthal (1970) who connected the notion of knowledge of classical Islam, designed
to introduce a major transformation in sd¢iBa and social practicewith Islam. In his
researchefRosenthal describes first the central position occupied by knowledge in the life of
the Islamic society to the extent that he identifies knowledge as the distinctivetehafalce
Islamic civilization:

"ilm is one of those concepts that have dominated Islam and given Muslim civilization its

distinctive shape and complexion. In fact, there is no other concept that has been operative as a

determinant of Muslim civilization in all its aspects to #@me extent asim. This holds good

even for the most powerful among the terms of Muslim religious life such as, for indtamzéd

Orecognition of the oneness of God®d#nOthe true religionO, and many others that are used

constantly and emphaticaliNone of them equal$im in depth of meaning and wide incidence of

use. There is no branch of Muslim intellectual life, of Muslim religious and political life, and of

the daily life of the average Muslim that remained untouched by tipeaiasive attude toward
OknowledgeO as something of supreme value for Muslim being (Rosenthal 1970, p. 2).

If the Arabic "ilm can fairly be rendered by the English word OknowledgeO, however
Rosenthal finds that OknowledgeO falls short of expressing all the factuamnational
contents of'ilm. His book is designed to explain how Islam has created a knowledge based
society to the extent that he concludes that Olslaitmi® (ibid also chapter ) Rosenthal
suggests that the root Gfm has a strong pragmatical faeg¢ that seems to derive from the
term{# "alamawhich means Oway signsO:

For the Bedouin, he elaborates, the knowledge of way signs, the characteristic marks in the desert

which guided him on his travels and in the execution of his daily tasks, wandkt important

and immediate knowledge to be acquired. In fact, it was the kind of knowledge on which his life
and weltbeing principally depended (ibid., p. 10).

From this perspective, knowledddm, is designed to be put to some practical use sinse i
oriented towards action. More precisely, knowledge can be seen as a mode of action i.e. as a
way of acting according to a certain purpose.

RosenthalOs study of the notiodfrmight also explain the relation between knowledge and
I"#$% or shar#d, i.e. Islamic Law, the prevailing understanding of Islamdshar#"aneans

way since it isdesigned to show how Muslims should behave according to certain rules or
principles. This is how Islam has always been understood by the Islamic society. Famtherm
since it was the first scientific discipline to be set up, Law is the knowledge par excellence in
two respects: (a) Law is knowledge in itself by establishing the principles and rules which
guide the action of the individual and the society; (b) anthtineoretically the knowledge of

Law is knowledge by indicating the way for the constitution of future scientific disciplines.
Indeed by borrowing some of its central methodological elements such as of analogy, Law
served as a model for the constitution Gfammar. Furthermore the notion of Law as a
normative metatheory of knowledge becomes logic. Significant is that logic; knowledge of
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knowledge, is also calledlm. Logic has in classical Islam an epistemic character and an
epistemolgical role. Logic ispgstemic because it is about the relation between anidudiv

and some propasion(s) and has an epistemological role becausmablesus to sudy all
kinds of scientific knwledge. Back to Rosenthal again:

Logic for the Muslims the OorganO or OmetitO!kah), the instrument for logical speculation
(lah an-naz*ar), the instrument for each disciplinélifh) and the means enabling the student to
get its real meaning. It explained, and stood for, every one of the disciplines of knowledge. [E] It
was the s@nce of scales'iim al-m#z!n), weighing the correctness of every statement. It compared
to Oan equilibrating standarta¢ al-mu”addi) by which the objects of knowledge are weighed.O
It was Othe leader of the sciencesO or Ochief saia@esGiigI$m) [E]. It was, in a word, Othe
science of knowledge@irp al-"ilm) or Othe science of the scienc&b®4l-"ul$m) (ibid., p. 204).

The Andalusian encyclopedic thinker 1Bazm (d. 1064) further explains why logiodnfiq,
a noun derived fromu}q which literally means speech) is knowledge of second order

The nu}q mentioned in this discipline is not speedal(m). It is thediscernmentamong things
and thethinking aboutthe sciences and the crafts, business enterprises and the management of
fairs (aur emphasis, ibidpp. 203204).

Logic is knowledge of second order because its subject matter is knowledge of first order i.e.
the rest of scientific and social disciplines. Since logic is first and foremost knowledge,
though be it of second order, itha clear normative aspect, i.e. its purpose is

to provide all the ruleggaw!nin) that have the task of setting the intellect straight and of directing

man toward what is right and toward the truth regarding atytelfigibilia with respect to which

man may possibly err, all the rules that can preserve him from errors aa#tenis/ith respect to

the intelligibilia, and all the rules for checking on theelligibilia with respect to which one
cannot be certain that someone did not err in the past (Rosenthal 1970, p. 205).

The application of logic is universal and its purpasewe would say today is to determine
valid statements for every domain of objects. The universal aspect of the normativity of logic
with its epistemic baracter and its epistemologicale has beesummarisedy aFGhaz!l"Os
(10581111) definition of logic: OLogic is the canapinun), providing the rules and norms
that is applicable t@ll human knowledge and on whiaitl human knowledge restsGu(
emphasisibid. p. 204). The formal nature of logic which s@ts in making explicit the
structure of all scientific and social disciplines is considered by the Arabic tradition as the
means by whiclknowledge could be unified &srightly stressed by Rosenthal

The history of logical studies in Islam remains te VWritten. [E] It is clear, however, that

regardless of changes in approach and method, Muslim logicians never lost sight of the fact that

the primary function of their labours was to find about OknowledgeO and to contribute to a

comprehensive epistemolodgr all aspects of Muslim intellectual endeavor, including theology
and jurisprudence (ibid., p. 208).

The spirit of establishing rules and procedures for every scientific discipline which
characterises the Arabic tradition explains also why geometnalgetira have come to be
conceived by Arabic mathematicians as calculations (see Rashed and HeefferOs contributions
respectively). It turns out therefore tlaas analytica the metamathematical theory which has
the task according to Ibn-Blaytham to prowde the method of finding mathematical proofs, is
nothing other than mathematical logic as Rashed brilliantly explained in section 3 of his
paper.

According to the Arabic meaning, knowledge is useful. Its usefulness lies in being an action
guide since it camprises some principles of prediction. From this point of view, Islamic Law
and Arabic Grammar are scientific disciplines since they fix by means of rules the pattern of
the behaviour of both the society and its language, such rules act as way signarerhich
designed to be followed in the future. Another striking feature worth mentioning is#Hat

or nalw which is the Arabic word for Grammar shares the same meaning as that ahd
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shar#"asince it also means OdirectionO or OwayO and the comteixhiit is originally used
means Ofollow this wayO.
These aspects of the notion of knowledge of the Arabic tradition led to overcome one of the
main weaknesses of the inherited tradition of Greek science: the already mentioned
underestimation of the not of experimentation. It is once more the relation between theory
and practice which is at stake here and the Arabic scholars noticed that this feature of their
notion of knowledge might lead to new advances in relation to the stagnated science of the
andent Greek tradition. Ibn Qutaybah, who is more known as a man of literature and
linguistics than as scientist, devotes a whole book to thdslamic astronomy in the
introduction of which he declares his main motivation.

My purpose in everything thatréported here has been to confine myself to what the Awrabs

about these matters apdt to use(!"#$%&'1"# " I"#$%8"#$ " I"# 1"#$%4§, and to exclude that

which isclaimed(!'#$& by those nomrabs who are affiliated with philosophy'#$"%&!"#"$%&'(

and by mathematiciarsstronomers!(#$%&#$%). The reason is that | consider #treowledgeof

the Arabs ('#$9%4"#) to beknowledge that (1) is plain to sigtit'#$968%(), (2) true when put to

test(!"#$%&"# ' #¥& (), (3) and useful to theraveller by land and seq"#$%6#$ ! I"#S"# SN

God says Olt is He wias appointed for you the stars, that by them you might be guided in the

shadows of land and sea.O [QurQO!n 6:97] (our emphasis and numeration; Ibn Qutaybah 1956, pp. 1

2).
This is in fact more than a mere provocation, it is a strong challenge to thasermstal
works which either were translated or written following the Greek tradition. What is at stake
here is the epistemological status of Greek scientific works: how can we know, let alone be
sure, that a given discourse, among the various discouose®raing the nature of the
physical world, is real knowledge and not simplgnere speculation. These epistemological
and related questions concerning the nature of knowledge and its development have become
quickly the dominant topic in the Arabic tradii as Gutas explains

Because of the spirit of research and analysis it inculcated, different fields of scholarly endeavour

unrelated to the translations gained in sophistication , a plethora of ideas was available for ready

consumption, and the areas cme by the translation literature were no longer the only ones to

impress the powerful minds. Intellectual debates of all sorts became the order of the day and

patrons became interested not only in tia@msmittedknowledge from the Greeks but in the main

problems posed by this knowledge and in the various ideological challenges to it (Gutas 1998, p.
124).

Giving the status of the knowledge in the Islamic society, the Arabic tradition has shifted the
focus of research from logos understood as theoreti@dutdions to the research of a
complex notion of knowledge, wehe philosophy had no privileggatus. According to this

view, knowledge is not and cannot be dominated by a particular profession and surely not by
philosophers since it is usually comparedhe depth and magnitude of an ocean the grasp of
which goes beyond the capacity of one man or a section of the scientific community. By
identifying itself with knowledge, the Islamic civilisation has conceived a distinctive and
global project, of whichhte translations were only an important first step, for its intellectuals,
whether they are jurists or theologians, grammarians or linguists, philosophers or mystics,
scientists or artists, writers or poets, who are all invited topawate to its developent. It is

in this dynamic and diverse intellectual life that we have to understand Ibn QutaybahOs
intervention. Though being a n@pecialist in science and philosophy, Ibn Qutaybah is not

just criticising the Greek scientific tradition since he puts soomerete proposals to advance

the debate. In the passage mentioned above, Ibn Qutaybah makes three interconnected
suggestions to scientists and philosophers designed to help them check any discourseOs claim
to knowledge. Namely

1) A scientific discourseshould be first intelligible, but what does it mean for a set of words

and inscriptions to be intelligib? Hence the second suggestion:
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2) A discourse concerning nature is intelligible if it can be put to the test. According to this
view, a claim such a®a table is made of earth, water, air and fireO is an absurdity since it
cannot be put to the test. The fact that according to this point of view; intelligibility assumes
the possibility of testing suggests that the Arabic tradition would reject the tbksis
incommensurability. This applies in particular to IbnHaytham critics to PtolemyOs
Almagestdiscussed by TahiriOs paper in this volume muidei first chapter of RashedOs latest
volume ofMathZmatiques InfinitZsimales duf U XF siscle.*® Relevan to our discussion is

that Rashed discusses the semantical changes brought about in the traditional conceptual
apparatus by Ibn dlaythamOs attempt to elaborate an entirely new astronomical theory. We
have here a concrete historical case of a sciemli$icipline going through the first critical
transition of its evolution where semantical change goes hand in hand with theory change.
More precisely and contrary to what the sociological doctrine wants us to believe, the
emergence of the new theory assurtteglintelligibility of the old theonN an intelligibility

which was tested and subject of scientific controversies. It is, one might claim, within the
dialogue triggered by scientific controversies that the semantical changes take place. In our
example he point at stake is the notion falak which was used by Arabic astronomers to
translate the central concept of Greek astronorbywhich refers to the spherical bodies that
cause the motion of the planets. In Renfiguration however, Ibn aHaytham isled to

change its meaning in the sense of Othe apparent path of a particular star in the sky E without
referring to the spherical bodiesO (Rashed 2006, p. 44). This is the Arabic medalal of
already strongly defended by Ibn Qutaybdh his Adab al-k'tib or Education of the
Secretarieshe explains thaalak means the Oorbitn@d!r) of the stars with which they are
associated #$%"#$!"#SWES!"#$%0 (Ibn Qutaybah 1988, p. 69)t seems thus that Ibn-al
Haytham reinstates the original meanaighe Arabic word. Itan be fairly assumed thidin
al-Haytham should have been aware of the controversy between the Arabic and the Greek
approaches to astronorsince it was widely known (it veaexplicitly reported for example by

one of his predecessar at|$f* (903986) in his Kit!b jfuwar atkaw!kib or the Book of
Constellation¥ It remains to be determined whether IbfrHalytham was specifically aware

of Ibn QutaybahOs philological arguments. It turns out that before -Waytdam, Ibn
Qutaybah was one dhe first leading critics of Greek astronomy by strongly expressing his
deep dissatisfaction with the way astronomical research was conddnteday in fact it is

lbn akHaytham, more than any body else, who seems finally to satisfy Ibn QutaybahOs
requirements. Ibn aHaythamOs powerful works signal a major breakthrough in scientific
practice since they show that the intense theoretical researches undertaken since the beginning
of the translation movement have finally begun to bear their fruits. Thiseisobthe first

major breakthroughs in the history of science in relation to the influence and heritage of
Greek science. We would have liked to call it in fact a revolution in the proper sense of the
word since this is what actually happened. The Aratadition has indeed turned upside
down the Greek scientific practicé.

The onslaught on Greek scientific claims gathers momentumrbgdipg to other scientific
disciplines like medicine. Ibn Misaway (d. 857), a personal physitiahe caliphal coulf,

seems to have learned Ibn QutyabahOs lesson. He wants to put effectively to the test GalenOs
medical claims by dissecting his son llad @liph, as he complains in the following passage,

not intervened to prevent him from doing so:

Had it not been for the meddling of the ruler and his interference in what does not concern him, |
would have dissected alive this son of mine, just as Gaded to dissect men and monkeys. As a
result of dissecting him, | would thus comektmow the reasonfor his stupidity, rid the world of

his kind, andoroduce knowledgtor people by means of what | would write in a book: the way in
which his body is composed, and the course of his arteries, veins, and nerves. But the ruler
prohibits this gur emphasis
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Ibn MisawayOs stoty; that recalls AbrahamOs sacrifice, illustrates how the son was offered
up as a sacrifice to scientific knowledge (and held up nah&yntervention of th®ivinity

but of the ruleiLaw). It seems to me that Ibn M!sawayOs statement expresses too the attitude
of the whole Arabic scientific practice towards the Greek scientific and philosophical
discourse which is held not as truth last just claims needing to be carefully checked and
systematically tested. Dissecting the Greek logos with the aim of producing knowledge is the
hallmark of the period of the translation movement which reaches its climax in the eleventh
century when Ptolenfys optical theory was overthrown by Ib#iaythamOal-Man! z*ir (or

Opticy and hisAlmagestvas completely discredited lay-Shuk$k

Ibn QutaybahOs second suggestion actually involves two powerful incentives to the progress
of science. The first is a heuristic one by directing theoretical research sxtsuljhere

testing claims and counterclaims are possible. The second is methodological: scientists are
prompted to devise adequate methods and instruments aimed at testing their hypotheses. The
underlying idea is that the refutation of the proponent@sscidiould not be purely rhetorical.

Real arguments and counterarguments should be fully substantiated and systematically
backed by hard evidené®Understanding what is said and to be sure of its -rathe by
systematically testing its content are twaihgtic suggestions designed to check the claim of

a discourse to knowledge. The second suggestion announces in fact the third since the link of
knowledge to testing involves some form of a twofold action: the action of testing and the
result of a knowledg aimed to improve a given practice

3) Ibn QutaybahOs last point, which he further supports with the verse from the QurO!n, that
the Arabic astronomical knowledge is Ouseful to the traveller by land and seaO remarkably
confirms RosenthalOs insight into the pragmatical root of the Arabicstarding of
knowledge. The crux of Ibn QutaybahOs point is that the truth of any theory must be reflected
in its ability to trigger some practical benefits at some stage of its development. Furthermore
by requiring from a physical theory to be of practibahefit, Ibon Qutaybah puts a strong
pressure on scientists and philosophers to justify the huge resources devoted to theoretical
researches. They have to show in particular that their inquiries are not simply a waste of time
and money but they are relevan the needs of the society by yielding tangible results. It
appears thus that Ibn QutaybahOs third suggestion is the ultimate test for any discourse on
nature since any acquired knowledge must yield sooner or later some concrete results. The
point at sake actually is the relation between theory and praxis which in the Araditidn

seems to involve a nericious circle knowmowadaysas internapragmatismtheory should
improve practice and practice should improve theory. This explains why thec Aradbition

closely binds theory to experience. We have witnessed indeed in this period an unprecedented
surge of interest ill kinds of empirical scienceContrary to the stagnated heritage of the
Greek culture which fails to see the role of practicehaping scientific theories, the Arabic
tradition has cultivated the modern way of doing science by developing theoretical scientific
brancheslike mathematics for exampléor their own sake and at the same time putting them

at the service of empiricakciences (actually ArdeshirOs paper indicates that Ibn S"n! makes
what seems to be the first clear distinction in history between pure and applied mathematics).
Geometry was masterfully used in architecture and agriculture; algebraic techniques were
conceved to assist Islamic laws anad stimulate tradéy facilitating commercial transactions;
astronomy was developed to respond to religious and other practical needs giving rise to the
emergence of practical astronomy: many observatories were built for anouweacy and

lasting observations; hospitals were set up to benefit from and to direct medical researches;
etc. to put it shortly, science has never been in action as it was in the Arabic tradition as a
result of closely tightening theory and practicee Tdhose combination df# ("ilm) and!"#

("amal the Arabic word for action) is effectively and definitely crystallized in the Muslim
mind by the Arabic language due to the similarity of the two words in sound and meaning to
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the extent that it becomes himkable to conceive knowledge Witut corresponding actions

as is articulated by Ibn Qutaybah: Oif there were no action, one would not search for
knowledge, and if there were no knowledge, one would not search for B8@#®" 1 Po&'

I"# 1 1990&" #8d" & #0O (Ibn Qutaybah 1986, Il p. 141). The nature of the relationship
between knowledge and action is further studied b@raz!l" for whom knowledge is the
form of action or as we would say today the construction of a procsithaee Oaction can take
form only through knowledge of the manner in which the action can be undertakenO (m"z!n,
p. 328). It is thus not surprising that the ability to match science with action is the basic skill
required from the education of future cisgrvants of the empire by the influential writer Ibn
Qutaybah whos&ducation of the Secretariegas offered to Ibn Kh!g!n, a senior Secretary

of State.

In addition to my works [which provide linguistic, literary, and religious training], it is
indispensale for the [secretary] to study geometrical figures for the measurement of land in order
that he can recognize a right, an acute, and an obtuse triangle and the heights of triangles, the
different sorts of quadrangles, arcs and the other circular figangsperpendicular lines, and in

order that he catest his knowledge in practice on the ground and not on the stegésters! 484

"L 981" 1"HSWESYARES$ Y, for knowledge [of the external world] stemming from practical
experience is nothing like theorising about it by contemplati®¥gd !"# '#g("!# The Persians

[i.e. the Sasanians] used to ghgt he who does not know the following would be deficient in his
formation as state secretary: he who does not know the principles of irrigation, opening access
canals to waterways and stopping breaches; [measuring] the varying length of days, thiemevolut

of the sun, the risingoints [on the horizon] of the stars, and the phases of the moon and its
influence; [assessing] the standards of measure; surveying in terms of triangles, quadrangles, and
polygons of various angles; constructing arched stomigési other kinds of bridges, sweeps with
buckets, and noria waterwheels on waterways; the nature of the instruments used by artisans and
craftsmen; and the details of accountingr(emphasidbn Qutaybah 1988 p. 15).

The underlying idea is that a mly descriptive theory has less value if its assertions cannot be
translated into practice since the aim of science is not to describe nature which is the Greek
way of inquiring (through logos) but to produce knowledge by effectively acting upon it. It is
this outstanding insight which led the Arabic tradition to ignore the sharp demarcation lines
drawn by the Greek imagination that keep the various scientific disciplines quite apart. But
the practical benefit goes beyond the material aspect of theoreSealrches. The usefulness
of a scientific theory should nevertheless be understood in a wider sense including the
possible application of its concepts and forms of reasoning to another theoretical, empirical or
even social discipline. Logical concepts wéruitfully used in Grammar and the analysis of
the Arabic language, logical rules were applied to legal reasoning, Ophthalmology was fully
and definitely integrated into Optical studies, Algebra was closely developed in conjunction
with Geometry, Arithmic was effectively applied to Algebra, etc. Was this interdisciplinary
approach a happy coincidence or something which was carefully worked out? One of the
remarkable features of many Arabic and Islamic intellectuals is the encyclopedic nature of
their farmation which was sustained throughout the classical Islamic era fréamdil to
Maimonides, to refer just to those major figures who are known to the western historians (see
RashedOs paper). Gutas has rightly emphasised the crucial role played bydbeestic
formation in alKind"Os top objective

It is important, first of all, to keep in mind thatlkind" was not a philosopher in the sense that he

was only or primarily a philosopher. He was a polymath in the translated sciences and as such very

mucha product of his age. He wrote on all the sciences mentioned above: astrology, astronomy,

arithmetic, geometry, medicine. This broad and synoptic view of all sciences, along with the spirit

of encyclopedism fostered by the translation movement for thecaatfiry before his time, led

him to develop a&esearch progranwhose aim wao acquire and complete the scientiest were
transmitted from the ancients (our emphasis, Gutas pp120p
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The underlying idea of encyclopedism is that science is concag/advhole or unity and not

as a mere collection of scientific disciplines which have nothing to do with each other, and the
crossfertilisation of the various scientific branches is the means by which the whole body of
knowledge can make further and sustd development. AKind"Os answer to the
fundamental task that he sets himself inaugurates a new and fruitful approach to science. By
seeking the progress of knowledge through the dmtifisation of scientific disciplines, the

first Arabic philosopheintroduces a major shift in the role of the philosopher since his path
was closely followed by all his successors. IndeeKimd"Os successors have further
specified that logic, as explained above, is the knowledge which could unify all knowledge.
Strikingly, we have to wait until the twentieth century to see the very same idea explicitly
expressed by Otto Neurath

Encyclopedism based on logical empirism was the general historical background which underlay

the proposal of an international encyclopedfaunified science. The general purpose of the

International Encyclopedia of the Unified Scienseo bring together material pertaining to the

scientific enterprise as whole. [E] The collaborators and organizers of this work are concerned

with the analyis of sciences, and with the sense in which science forms a unified encyclopedical

whole. The nevEncyclopediaso aims to integrate the scientific disciplines, so to unify them, so to

dovetail them together, that advances in one will bring about advanttes athers (Neurath 1938,

p. 24).
That is what all the papers of the present volume have in common: they illustrate the idea of
the unity of science in the Arabic tradition by exposing the connection, established by Arabic
scientists and philosophers,tlween different scientific disciplines that contributed to the
growth of knowledge. Bearing in mind that this is just only a start and a sample of the way in
which interdisciplinary scientific exchanges were constantly sought and systematically
practised hroughout the classical Islamic period, we hope that our volume will inaugurate a
new and fruitful approach to the study of the Arabic tradition. Furthermore, according to our
view, the aim of this volume coincides with the general aims and motivatidre of/thole
collection Logic, Epistemology and the Unity of Science. One can even see the research
project of the encylopedsas a resumption of an old research programme that goes back to
the first Arabic philosopher, but this is the start of another story
The book is divided into two parts, the first on Epistemology and Philosophy of Science and
the second on LogicPhilosophy and Grammar. Ibn S"n! receives the lionOs share in both
parts. This is hardly surprising given the great interest in Ibn S"n!Os philosophy due to the
wide availability of his philosophical and scientific writings and to both the originalitysof
thought and his encyclopaedic approach to knowledge. Scholars and historians have come to
recognise Ibn S"n!Os works as a watershed in the history of Arabic science and philosophy. As
more Arabic philosophical and scientific documents become availabkn be expected that
in the coming years we will witness new research on other major Aidamaic thinkers with
a similarly thorough and depth investigation as that on Ibn S"n!.

I OVERVIEW

As already mentioned, Part | contains papers which &xwh the connection between,
epistemology and science. In the first chapter of this part Mohammad Ardeshir discusses the
question of the foundation of mathematics underlying Ibn S"n!Os philosophy: what and where
are mathematical objects? From the analgéithe role of abstraction in the emergence of
some fundamental concepts such as existence, object and unity, Ardeshir concludes that for
Ibn S"n! mathematical objects are those that have mental existence. In relation to
epistemology of mathematics Ardéstiscusses Ibn S"'n!Os answer to the question: how can
we know mathematical objects? Ardeshir explains that for Ibn S"n! intuition and thinking
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involved respectively in the discovery of mathematical propositions and the construction of
mathematical proofare eventually the means by which mathematical knowledge is attained.

Deborah BlackOs paper goes a step further in investigating Ibn S"'n!Os epistemology by
tackling the difficult question of seknowledge. The question now is not how we know
mathematichobjects for example but how we know that we know mathematical objects? To
deal with the complex problem of sédfiowledge, Ibn S"n! adopts a new way of reasoning
that we nowadays call thought experiment. Black explains that lbn S"n! recognises two
distinct levels of selknowledge. (1) Primitive sefiwareness: soulOs awareness of itself and
(2) reflexive seHawareness, which comes from our awareness of cognizing some object other
than ourselves. But for Ibn S"n!, the latter is a kind of second ordewxlédge and it
presupposes primitive sedfvareness which ensures the unity of the soulOs operations. Black
presents Ibn S"n!Os flyimganargument that might be considered one of the earliest uses of

a mental experime®in order to discuss the relatiaf selfawareness to the other reflexive
varieties of seknowledge. The paper could be seen as Ibn S"'n!Os answer to some of the
guestions that Hans van Ditmarsch searches in his contribution on Ibn Khald$n.

Albrecht HeefferOs contribution challendes grevailing myth according to which OEuropean
mathematics is rooted in Euclidean geometryO. This view, cultivated and sustained by modern
historians of mathematics, was influenced by the growing epistemological dominance of the
Euclidean ideal doctrinerdm the seventeenth century onwards. OMathematics consists
entirely of calculationsO seems to be the conclusion drawn by Wittgenstein following the
collapse of HilbertOs aprioristic programme. Heeffer ironically finds that this image of
mathematics as predures performed on the abacus fits in very well withsprenteenth
century conception of mathematical knowledge. He shows how the practice of algebraic
problem solving within the abacus tradition, which leads to the emergence of symbolic
algebra, grew wt of Arabic sources. Indeed early Arabic algebra provides rules and
procedures for solving problems and the validity of the rules was accepted on the basis of
their performance in problem solving. The prime motivation of HeefferOs analysis of the basic
concepts of early Arabic algebra is to provide an explicitation of the epistemic foundations of
the conception of mathematiascalculation developed in the Arab world. Interesting is the
fact that the conception of mathematasscalculation is not confireeto algebra but seems to

be a more unifying approach to the practice of mathematics since it is also applied to
geometry (see Roshdi RashedOs contribution, third section).

In his Ibn S#n! naturalized epistemolqggion McGinnis reveals the dynamic aspects of the
author ofal-Shif!& epistemology when it applies to empirical sciences. McGinnis focuses on
the study ofKit!b al -Burh!n which attracted little attention so far from thénglars and in

which Ibn S"n! exposes what can be called his theory of the logic of scientific discovery. The
study is divided into two sections. The first treats Ibn S"n!Os theory of demonstrative
knowledge, and how Ibn S"n! envisions the relation betwegit and empirical science,
where it is argued that one of the primary functionKitdb al -Burh!n is to provide heuristic

aids to the scientist in his causal investigation of the world. The second half concerns Ibn
S"'n!Os empirical attitude ikitlb al-Burh!n towards acquiring the first principles of a
science, where such cognitive processes as abstraction, induction and methodic experience are
considered. McGinnis discusses Ibn S"'n!Os scepticism towards empirical induction and Ibn
S"n!Os preference forethodic experienceajriba). Method experience; explains Mc Ginnis,

is a type of reasoning that applies to empirical science and purports the need of revision when
new empirical data become available. According to McGinnisO paper, it turns out tivad the k

of logic suitable for the formalisation of empirical sciences intended by Ibn S"n! is not
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deductive logic but something what we would nowadays call some kind efmanatonic
and/or ceteris paribus reasoning.

Roshdi Rashed paper tackles the following crugakstion: is there a philosophy of
mathematics in classical Islam? If so, what are the conditions and the scope of its presence?
To answer these questions, it is not sufficient, points out Rashed to present the philosophical
views on mathematics, but onbosild examine the interactions between mathematics and
theoretical philosophy. RashedO paper proposes to tackle the question in a new and
unexplored way and that touches the main conceptual target of our volume, namely: the unity
of science in the Arabicrdadition. Indeed, as remarked by our author, the links between
mathematics and philosophy are sometimes tackled in the works of the philosophers of Islam
as alKind", atF!r'b", Ibn S"n!, etc.; but in a sto-say totally external way In fact, there is a
remarkable lack of studies aiming to understand the repercussions of the mathematical
knowledge of the thinkers of classical Islam on their philosophies, or to discuss the impact on
their own philosophical doctrines of their activities as scientists. RashadOments
Mathematics has provided to theoretical philosophy some of its central themes, methods of
exposition and techniques of argumentation. The aim of RashedOs paper is to study some of
the numerous interactions between mathematics and philosopghg, gontext of tackling the
guestion of philosophy o mathematics in classical Islam. More precisely, some of the themes
discussed in this rich paper are mathematics as a model for the philosophical activity (al
Kind", Maimonides), mathematics in the pbophical syntheses (Ibn S"n!, laatD"n al

$s"), and finally the constitution afs analytica(Th!bit ibn Qurrd'lbn Sin!n!"al-Sijz", Ibn
al-Haytham). From the point of view of logic; this remarkable paper can be also understood as
complementing the tsdies of Ahmed, SchSck and Thom who studied the interactions
between logic; grammar and metaphysics but did not tackle the interaction between logic and
mathematics as Rashed does.

Hassan TahiriOs paper stresses the epistemological consequences -bfajfthyamOsl-

Shuk$k The author presents Ibn-ldhythyamOs systematic refutation of Ptolemyagest

as paradigmatic for the creative attitude of the Arabic Tradition towards the heritage of Greek
science. Contrary to hidptics explains Tahirial-Shuk$kis notonly a book of science but a

book about science since it is motivated by epistemological considerations designed to break
the deadlock caused by the Ptolemaic exposition of science. TahiriOs main contribution is that
it bridges the assumed historical gagivieen ancient and modern science by emphasising on
the huge impact ofl-Shuk$kon later astronomical researches up to Copernicus. This
historical fact, which shakes the basis of the received viewOs claim according to which
CopernicusCRevolutionibuswas the starting point of the scientific revolution, should,
according to &hiri; prompt the historians to revise the prevailing periodisation of the history

of science. One remarkable point suggested in TahiriOs paper is his perspective on
controversies that offers a new way to understand the relation between logic, epistemology
and the role of the Arabic tradition. The point suggested by Tahiri is that through
controversies; particularly in relation to the heritage of Greek science, the Arabic tradition
expressed one of their most important achievements: the development efcma&ls to the
stagnated model of the ancient Greek science and therefore motivated the impulse to
unexplored new paths of scientific enquiry.

Part 1l is composed of papers which exhibit the connection between logic, philosophy and
grammar and starts thi a paper of Asad Ahmed on the dichotgrhg-m!dda in the work of

Ibn S"nlas compared with the Greek verstooposh$I%The paper begins with the study of

the word(tropos)in Aristotle, it shows how it became a technical term for the Commentators;



INTRODUCTION 33

how, as part otidos it came to be dichotoous withh$1% how theeidosh$l%andtropos
h$l%dichotomy was known to #!rlb"; how Ibn S"n! inherited this dichotomy; and finally,

what role this dichotomy, along with several associated concepts, had to play in Ibn S"'n!Os
modal logic. According to Amed, the dichotomyiha-m!dda seems to have become a
determining factor for Ibn S#®s conversion rules of modal propositions and thus play a
central role in his modal syllogistic. Moreover, the author suggests that this distinction is at
the base of thdistinction between unconditioned and conditioned necessity expressed by the
couple dh##wa{t# While this paper explores the purely logical reasons underlying these
distinctions. CorneliaOs Schick and Paul ThomOs contributions to our volume complete the
picture of these and related notions by providing the grammatical and metaphysical
background.

Allan BSck chooses, in his paper, to deal with the epistemological implication of a socio
cultural phenomenon which pervades our modern societies: multicisitarahccording to

the author, the fact of the matter is that the emergence of the multiculturalism doctrine or at
least its current surge can be seen as symptomatic of the abandonment of the flawed
systematic philosophical approach, either to the foundaticcience or to the explanation of

its development, following the epistemological triumph of the histesoaiological
approach to science. The author explains what is wrong with the current understanding of
multiculturalism which, according to theew of BSck, is related to the politically corrected
practice reflecting the balance of power of the various conflicting social forces rather than to a
philosophical position. The Arabislamic tradition offers another approach to
multiculturalism based othe principle of diversity which succeeded in producing a more
tolerant society in which different communities lived together side by side according to their
own customs and beliefs but without degenerating into a kind of relativism that serves as a
justification of the Oequal validity of all cultures.O The search of certain form of unity or
objectivity into the extant diversity seems to be the hallmark of the Atslaimic tradition.

Islamic Logicis designed to show how this approach is actually imphkedein logical
studies and more precisely in the investigation conducted by some Askoigc thinkers

into the relationship between Greek logic and the Arabic language. It might be worth
mentioning that the author of this contribution begins by disegsa motivation and
invitation letter penned by Shahid Rahman. Now, perhaps it might be important to point out
that RahmanOs aim was to avoid contributions where the main argument is to show that;
Arabic author X, wrote the same as the nowadays authdrtiieoEuropean (and modern)
tradition. Interesting is the fact that BSckOs paper brings out what the editors were seeking for:
a new alternative concept to our modern notion of multiculturalism based in the study of the
Arabic tradition.

Hans van Ditmardtcontribdion relates to the work of Ibn Khald$n who was a 14th century
historiographer. From a family originating in Seville, prior to its conquest (OreconquestO) by
the king of Castille, Ibn Khald$n lived an itinerant life serving as a magistrate for Spanish and
Moroccan Islamic courts. He is very well known in History but his epistemological and
logical writings have not yet captured the attention of the specialists in the field. The
unfortunate lost of Ibn Khald$nOs book on logic is a major impediment to tlyec$this
thought on those issues. Hans van Ditmarsch, an international expert in dynamic epistemic
logic, explores those fragments of lbn Khald$f@@egomena the Mugaddimah More
precisely, the hypothesis van Ditmarsch was trying to confirm or rejastwhether lbn
Khald$n considered the three properties of knowledge as formalized in the logic S5:
truthfulness, positive introspection, and negative introspection. In a recent publication of the
authorN not accidentalyN entitled OProlegomenaO refethécexistence of text fragments
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that suggest that the answer to that tripartite question is: yes, yes, no. The two relevant parts in
Ibn Khald$nOProlegomenastudied by van Ditmarsch are the chapters Oon reflectionO, and
Oon the nature of human and andetowledgeO in volume 2 (4280 and 433135), and a
chapter OlogicO in volun®(149160). The author summagis these notions as follows.
Reflection is the faculty that distinguishes humans from animals, who only possess the faculty
of perception. Reflction provides proof of the existence of the human soul, because it allows
us to know things that are not directly observed. Reflection also allows us to interact with the
sphere of angels. The power of reflection can be measured as the maximum |lencpise

effect chain: Osome people can still follow a series of five or sixO, and as the ability to avoid
actions that result in unpleasant consequences (the remark on the power of reflections
suggests for the modern modal logician transitivity of the kedge operator). It is tempting

to see such reflection on acquired knowledge as a form of introspection in the modern
epistemic logical sense. It is then comforting for a modal logician that awareness of
knowledge provides proof of the existence of thel.sdihat knowledge of something
corresponds to its being true seems also easily read into various phrases. The author did not
find a reference to negative introspection. However it worth recalling that in the epigraph on
the introduction of our volume it Babeen stated that the awareness of not knowing is
considered to be in the Arabic tradition a condition of learning. Certainly this is a weaker
statement than negative introspection that requires that for any propgsifiame do not

know p, then we knowhat we do not know it.

The contribution of Ahmad HasnawiOs is intended to shed new lights on the little known but
complex issue of the treatment of the quantification of the predicate by B@a&frcontains

the first translation of the first two chaps of Al-"Iblra N the third book of the logical
collection of his philosophical encyclopedia entitieShiflO(The Cure). Ahmad HasnawiOs
paper can be seen as a response to Wilfrid HodgeOs forthcoming @deAISh#f # on
multiple quantification: howEast and West saw the issuesO (presented at Trinity collegeOs
colloguium on the AristoteliarPeri Hermeneias2005). Among the points discussed by
Hodges, we mention in particular the reduction of the sixteenth doubly quantified sentences
generated by thadjunction of the four quantifiers (every, not asgme and not every) to the
subjectpredicate sentences. Unlike Ammonius and Tarfn, Hodges points out that #bn S"n
succeeded in halving the list by Onoting that if we replace the subject determiner in one of
these sentences by its contradictory, then eteagsentence that is true if and only if the
original sentence was false.O For Hodges then, this is not a rule becauset lfailsStm

further halve the resulting list. According to Hodges, the real rule applied by Baugthat
prevented him fromanducting the second reduction is stated much later. Hodges formulated
it as follows: OIn a sentence with a determined predicate, take the predicate as a whole,
including the determiner, and regard it as a single universalO. A claim challenged by Ahmad
HasawiOs paper. First of all, he reminds the reader that IBrb@4dened the study of the
guantification of the predicate by systematically discussing the significance and the logical
status of singular and indefinite sentences. On the question of dpasiafication, Hasnawi
argues that what Hodges considers as a mere observation, which allows#bm [&ive the

list of sixteen doubly quantified sentences, is in fact a rule since it follows a systematic
procedure. And contrary to HodgesOclaim, Haismamtions a passage where Ibn#States

the equivalence of two sentences of the reduced list indicating that he was aware of the
possibility of reducing further the remaining eight sentences. This evidence suggests,
according to Hasnawi, that Ibn &'seems to be more interested in the systematic explanation
of the quantification of the predicate, designed to interpret the logic of doubly quantified
sentences on the model of the sentences with an indefinite predicate (®)sthan with the
systematt reduction of the doubly quantified sentences. More significantly, Ib# &ifs
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Odeviating® propositions such propositions where the predicate is quantified because,
according to Ibn S# they do not correspond to the common use of language. Thayis wh

lbn S"mt declares that Othere is no great utility in studying them in depthO since they have
little application. This, according to HasnawisOs Appendix II; explains also why #BsS"n
successors seem to follow his advice by generally dismissing dgviatapositions from

their logical studies. An important point missed out by Hodges since his paper gives the
misleading impression that Ibn $®s treatment of the quantification of the predicate is
representative of the entire eastern tradition.

Cornelia Schsck tackles the issue of the relationship between Neoplatonic and Peripatetic
metaphysics and logic on one hand and Arabic grammar on the other hand. She first reminds
the reader of the little known fact that this relationship has its roots in a nderhdsspute
between the grammarians and the theologiamgakallim$n in relation to the meaning of the
Oderived name@rt mushtagq By broadening the perspective of her investigation, Sch3ck
seeks to explain the origin of the distinction between the understanding of predications Owith
regard to essence/estiallyO dh## and Owith regard to description/descriptionavisdi.

The first is derived from a technical term of Aristotelian logic, namely the logical term
OessenceO, and the second comes from Arabic grammar. On the basis of the grammatical
distindtion of the Arabic notion of OderivationShfig#), Schick shows how lbn S¥ds
logico-linguistic analysis arrived at his famous two types of use of the Odenvest@agin
language. Schick explains that according to Ibr ®the derived@l{mushtaig) N namely

O[the name of] the agentdr{ al-f#'il) and Othe description/attribute which is similar to [the
name of] the agent@l{{ifa al-mushabbaha bi-f#il) (cf. above & 4N can be used in
language to indicate five different meanings, namely:

[1.] It can stand Owith regard to essence/essentitigtd (o indicate:

[1.a] an essence and a quiddity to which is attributed an essential potency and quality, as for
example Orational@¥1iq) in the statement OAIl rational have the power of volitionO;

[1.b] an essence and a quiddity to which is attributed a pagsteacy quwwag to be in a

state (#) of being and to be in a contrary state of being, as for example Omoving®
(mutaZarrik) in the statement OAIl moving are restingO;

[1.c] an essence andjaiddity to which is attributed an actip®tency quwwaqudra) for an

action (i"l/"ama) and for a contrary action, as for example Ospeakig(@) (in the
statement Oall speaking are keeping quietO or as for example Ostdingd the
statement Oall standing are sittingO.

[2.] It can stand Owith regard to description/desenallyOwa{# to indicate:

[2.a] an essence and a quiddity to which is attributed a quiyfiyyg by which the
substance is in a staté4) of being, as for example OmovingDtéZarrik) in the statement

OAIl moving are changing [when moving]O;

[2.b] an essence and a quiddity to which is attributed a quadityfiyyg by which the
substance is connectedhigtarin (cf. above & 6) and relatech( #4) (cf. below =@ 8) to an
acting/doing fi"l/fa"l/"amal)), as for example Owalking&¥hin) in the satement OAIl walking

are changing [when walking]O.

One of the most significant products of this process of mutual rapprochement between
grammar and logic, the author points out, is the synthesis of the Aristotelian accidental
predication with the Arabicd@scriptionOn@{f). This explains why statements of empirical
sciences belongs to thea{f#Ereading in which the necessary relation between the two terms

is restricted to the time of the duration of the attachment of an accident to the essence and
substance denoted by the subjeect. This is the timevhenthe essence and substance is
descriled as either being in a certain stat#) or as performing an actiorfi"(/"amal.
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Schsck further examines the metaphysical implications ofdtig#wa{f# distinction. She

argues that the latter is not only basic for Ibr##898 modal syllogistic andigiemology, but

also for alGha#1"Os semantichlgical explanation of the names of God. The modern
philosopher of logic might learn form AhmedOs, SchickOs and ThomOs contributions that the
distinction between definite descriptions and proper names maylat a long and fascinating
history.

Paul ThomOs contribution starts where Sch3ckOs contribution ends, namely with the
investigation of the relationship between logic and metaphysics in Ib#OS"modal
syllogistic and therefore completes the logical gndmmatical researches of Ahmed and
Schsck.

Thom points out that Ibn S#nunlike Aristotle, states trutbonditions for the propositions

that constitute his modal syllogistic. Ibn 8Js characterisation of the subject of an absolute
or modal propositio as standing for whatever it applies to, Obe it so qualified in a mental
assumption or in external existence, and be it so qualified always or not always, in just any
mannerO, leaves open two ways to construe the propositions, nizmebndde dictobthe

author remarks that his formulation setinsciously rejects the idea that the subjecn of

an absolute or modal proposition applies just to what actually exists. Recent discussions of
lbn S"#Os modal syllogistic have adopted a simgsere reading of lbn S%Osdh!t#
propositions, and therefore either ignored or rejected the possibility of metaphysical
applications for his modal theory. Thom contests this interpretation and ideatifiass of
metaphysical propositions (such as absolute propositions, statements of final causality and
those of which the predicate is constitutive of the subject) which do not exhibit a denge

form but involves botlde dictoandde reelements. Inteestingly, his attempt of interpreting

lbn S"mOgh!t# propositions that incorporatele dictoelement shows that the combingel
dicto/de re analysis gives just as accurate a formal representation of 1BOS"'modal
syllogistic as does the simpte re analysis. Besides its application in taghysics, Thom
provides theoretical reasons for preferring it over the siapleeanalysis.
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Notes

! Although this fundamental feature of scientific practice in the Arabic tradition has yet to attract the attention of
many scholars and historians, we nevertheless find theatspirit of continuous research and the close
cooperation between Arabic and Islamic intellectuals are best illustrated by the work of a series of astronomers
and mathematicians of the thirteenth and the fourteenth centuries. They are called the Behigiliebecause
they worked in close collaboration thte observatory of Mar!ghésituatedin northwestern Iranpn a specific
astronomical research project which was clearly defined in the eleventh century byHbagttem in his
landmarkal-Shuk (for more details, see TahiriOs paper).
2 One of the fruitful direct contacts between the Arabs and the Chinese was the introduction -ohigiapgr
technology into the Islamic world in the early eight century, making obsolete all other writing materials. The
quick use of paper in writing leads to the unprecedented spreading knowledge. Jonathan Bloom devotes a whole
book to this worldwide phenomenaneated by the emergence of the paper industry. By discussing the social
and scientific impact of papenge showshow its use in the islamic lands during the Middle Ages influenced
almost every aspect of medieval life, [Epw paper utterly transformed the passing of knowledge and served as
a bridge between culturesO (Bloom 2001).
% Gutas is referring here to a nuerbof scientists (mainly algebraists and astronomers) suchksadtizm",
Yaly! ibn Ab"-Man{ $r and Ban§M$s!.
:Gutasc") claim seems to be challenged by RashedOs recent stiityddOal works, see fn. 5.

P. 150.
® One could assume thal-Kind" was spaking here as ihe was, at least implicitly, the director of the
programme oBayt allikma for three reasons: (1) according to Rashed, Ole caliga@in$n se IQattacha et
IQintZgra ~ la OMaison de la sage®a ak Zikma, quOil avait fondZe; [E] iavait dOaillaurs ZtZ chargZ par al
MaOms$n de controler les traductions faiteBayt akZikmaet dOen amZliorer IOarabe.O (Rashed 1998, p. v); (2)
he had the strong support of the ruling power because of his close ties with the caipgBrarand his
successor aMu#tdim (833842). The latter had appointed him as tutor of his sbma&d and was the addressee
of a number of his epistles includi@n the First Philosophy(Gutas 1998, p. 123, Rashed 1998, p. v); (3) he
tries to implement effectively hisrpgramme by gathering around him a circle of scientists and collaborators
(Gutas, p. 119; Rashed 1998, p.Rashed adds: Ode nombreux themes et concepts ZlaborZs chez les Grecs ont
ZtZ choisi et repensZs parkdind", intZyrZs ~ IOluvre originale quili-meme construite.O
" On the distinctive relation that binds the Arabic people to their langttaerabicisNadia Anghelescu writes
in the first chapter of hdranguage et culture dans la civilisation arabe

Le sal prodige que [the prophet] Mammadrevendique comme signe de son investiture divine

cOest le QOh, dort la perfectionsur le plan de IOexpression dZfie toute imita@our IOlslam

N note Louis Massignofl le miracle est verbal, cOegtj!tO coranique la chose essentielle en

Islam, cOest la langue arabe du QurO!n, miracle linguBtReesone ne rZussira ~ atteindre la
perfection de ce monument de landliece que proclama Miammad luimeme, en laneant ~ ses
coreligionnaires un dZfi par del” les sieclis, mais tous sOefforcent dOimiter son vocabulaire, son
style, ses procZdZs rhZtoriques.culture arabe tout entisre est marquZe par cette dZmarche de la
ObeautZO de 10expression, par le haut prix que 1Oon attache " la forme, ~ la sonoritZ, ~ IOemphase,
dZcelables mesme chez ceux qui ne maniaient pas la langue arabe littZraire. Jusqué, testgou

magie du verbe continue ~ sOexercer meme sur un public moins cultivZ ou illettrZ. Le cZlsbre
historien des Arabes, P. K. Hitti, fait mention lui aussi de IQextraordinaire force de la parole dans
IOespace arab@\ucun peuple du monde, probablemenOest tellement saisi dOadmiration devant
IOexpression littZraire et nOest tellement impressionnZ par le mot prononcZ ou Zcrit comme le sont
les Arabes. Il est presque inconcevable quOune langue puisse exercer sur les esprits de ses
dZtenteurs une infence aussi irrZsistible que I0arabe. LOauditoire moderne de Bagdad, de Damas
ou du Caire peut sOenflammer au plus haut point rien quO™ entendre rZciter un posme ou prononcer
un discours dans I|Qarabe classique, meme sOils ne les comprennent que vaguement o
partiellement. Le rythme et la rime, la musicalitZ produisent sur les audituers |Qeffet de ce quQils
nomment la Omagie permissd® (al!l ).O0
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Cette Omagie0, il faut bien le dire, cOest IOarabe littZraire quiNOestteckangue qui fut depuis

toujours placZe sur le piZdestal de la plus haute estime. Ce nOest I" sans doute quOune forme
particuliere de manifestation de ce prestige donit toute langue littZraire ou Olangue standard®

il sOagit dOune attitude qui se manifeste par la OloyautZ linguistique®, par la OfiertZ0, par la OfideltZ
aux normesO, attitude que Paul Garvin considsre comme relevarfodetian symboliquerstZe

" la langue standard, en gZnZral, et qui, dans le cas de IQarabe, acquiert une rZsonance toute
particuliere (Anghelescu 1998, pp. 1131).

This fascination of the arabic language gives rise to the developmment of linguistic studies which begun as early
as he eight century and whose effect will be felt in Eurejgit centuriesater:

On ne peut examiner IOattitude des Arabes ~ 10Zgard de la lamgoe les siscles de leur
Zpanowsement culturel, sans rZvZler IQimportance de la science linguistiqusesadiagerss
ramifications.Reflets du OlogocentrismeO de la sociZtZ-igtatmique, les Ztudes linguistiques

arabes connurent une vogue que IOon ne retrouve guere dans dOautres espaces culturels. Il existe
des milliers dOouvrages consacrZs aux diffZreligeiplines que 10on dZsigne aujourdOhui sous le

nom de grammaire, lexicologie, lexicographie, sZmantique, rhZtorique, et qui constituent IQun des
composants de base du fonds dOor de la culture arabe mZdiZvale. Les rZsultats de cette laborieuse
activitZdOanalyse et de rZflexion linguistiques sont relativement peu connus en dehors du monde
arabe, si IOon fait abstraction des travaux des orientalistes europZens, qui surtout ~ parfir du XVI
siscle prirent les grammaires et les dictionnaires arabes poudetiibid., p. 67).

8 The Arabiclslamic society proudly calls itself the nationigfad(i#®&) in reminiscience of the first verser
rather the first wordto berevealed to the prophéfhe symbolic significance of this lies in the meaninggo&d
which has to do with reading, learning and lecturing.

® Anghelescu explains how-dlhiz* personage became to symbolise the boaked nature of Arabic culture:

Al-J'hiz* lisait tant, quOil impressionnait sesteamporains on raconte quQil Ztaitreaent vu

sans livre ~ la main, quOil passait ses nuits chelgjg libraire pour finir unire qui I0intZressait,

ou quOil faisait de longs voyages pour se procurer des livres dont il avait entendu parler. Il avait
collectionnait un nombre impressionnate livres et la IZgende dit que, vieux et paralysZ, il aurait
trouvZ la mort sous les piles de livres qui sOZtaient effondrZs sur sanuoerpsort on ne peut

plus symbolique pour un personnage symbolique. Dans le Bagdad de 10Zpoque, il existait de
nombreuses librairies (" en croire certains auteurs, une seule rue en possZdait une centaine), mais
surtout des bibliotheques publiques et privZésute personne marquante se faisait un point
dOhonneur de sacrifier sa fortune pour acheter des livress Tesittisciplines sont cultivZes et, ~

ce queQon affirme, en dehors des mathZmatiques et de la philosophie qui restent nZanmoins
IGapanage des spZcialistes, aucune branche de la science nOZchappe ~ cet esprit encyclopZdique
accapareur du siscle (Anghelest998, pp. 556).

10 Al-Jthiz* actually uses the more general tef#$or "ibra which can be translated as lesson. It is rendered by
knowledge here since this the topic discussed in the passddfera is one of the key words in Arabic culture

since itindicates not only the necessity of change but also seems to describe how change is brought about. In its
general sense, it conveys the idea that the good development of a society as well as of an individual depends on
their ability to draw the right lesas from their own experiensand the experiensaf other people (past and
present)lt should be reminded here that Ibn Khald$a@dugaddima(see DitmarschOs paper) is &sown by

its shortened subtitliit!b al -"ibar (the book of lessonsheflecting the Arabidslamicapproach to History.

1 After successfully ousting the Umayyadse #Abbas"ds moved the capital to Bagdad, their new founded city.
Their rule lasted for more than five centuries until it was brought down by the invasion of the Mongol.

12 The Umayyads established Damascus as the capital of the Islamic state. Theiit ndeldst long mainly

because not only of their inability tadaden the basis of their powas Gutas explaingp. 1719), but also of

their failure to win the hearts and the minds of the masses due to their lack of vision for the long term
developmenof the society.

13 For more details on the impact of Islamic teaching, whose exhortation goes back to the seventh century, on the
permanent establishment of the Osearch after knowledge® tradition, see Rosenthal chapter V, section 1 OOn
KnowledgeO, p. 70.

14 Oseeking knowledge is a duty for every believerO and OSeek knowledge, even if it be in ChinaO are among the
most famous sayind$ aboutknowledgeN attributed by the tradition to the prophet.

5 In this chapter Rashed presents a recently discovered asipahanaterial entitled th€onfiguration of the
Movements of each of the Seven Wandering 8thish was written by Ibn aHaytham after his famoual-

Shuk$k The historical significance of this monumental work can hardly be overemphasised since it demonstrates
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that Ibn alHaytham has finally come to the conclusion that astronomy cannot be founded as a physical theory by
just reforming Ptolemy@dmagest

8 The same explanation could be found in Kigh al -Anw!Owhere hecriticisesthe way astronomers usae

Arabic wordfalak. Referring to thédlmagestin which Ptolemy assumes that the heavenly bodies are moved by
spherical bodies, Ibn Qutaybah atsnihat he cannot comprehend PtolemyOs statement speaking of something
that it can hardly be seen Ol haweard" #96M! some who say thatflak (the Arabic plural ofalak) are circles
(atwagqthe plural of}awg) around which move the stars and the and the moon, and that the sky is above
them [alll® and he continues his strong attack by expressing his puzzlement as feddiowas become to refer

in their astronomical works to supposedly large physical bodies that can only be heard of but cha segar

Ol have no way to find out how is that and | do not find it corroboréte®l gh!hid)O by the Arabic tradition

(our emphasis, Ibn Qutaybah 1956, = 139, p. 124).

" A point which is not missed by the eminent historian of science GZrard Simon when he describes Ibn al
HaythamOs approach to optics as a scientific revolutionngikile facto the first scientific revolution in the
history of science. For, he remarks, that the Greek conception of sight finds itself transformed by his work.
Indeed, Ibn aHaytham establishes experimentally that the phenomenon of sight is theofdighit coming in

and not out from the eye as is assumed by Ptolemy:

La rZvolution opZrZe par le tres grand savant arabe 4Haygham, connu en occident sous le nom
dOAlhazen, qui a substituZ ~ une thZorie de la vision faisant sortir de 101il des|tagoreux une
thZorie antagoniste faisant entrer dans 10lil des rayons lumjreugui IQa obligZ ~ se demander

sur de nouvelles bases comment la vision pouvait stre un sens ~ distance, faisant percevoir le
monde extZrieur, alors que cOest dans le quepse produit la sensation (Simon 2003, p.7).

Simon explains that théming of this revolution is rather an evidence once again of the fact that scientific
change is brought about by a change of approach in the conduct of the scientific inquirypatisutarly true

in relation to connection of sight with optics where the empirical turn triggered by-tay#ham has its roots

in the role given to sight by the Arabic science and culture. Indeed as emphasised by Ibn Qutaybah in his
objections to Grek astronomy, sight has been always considered and used in the Arabic tradition not as the
platonic apprehension of ideas but as the instrument with the help of which the validity of utteredd mporte
written statements coulite systematically checkeddtested:

Culturellement, la possibilitZ de gZomZtriser la vision nOest pas surprenante pour des thZoriciens
qui coneoivent le flux visuel comme une Zmanation de I0%.me, et pour des astronomes pensant que
la vue nous livre ce quOil y a de plus noble eplds divin dans le monde, IOharmonie des
mouvements cZlestes. La vision, pour un PtolZmZe, peut Zchapper partiellement ~ la contingence et
au dZsordre du monde sublunaire, car elle est le sens qui nous met en contact avec les rZgions
ZthZrZes, " la manierdont IOouee est un sens intellectuel parce quOelle donne " percevoir les
rapports mathZmatiques des harmonies musicales. LOoptique, I" encore, sOinsere dans la culture de
IQantiquitZ, et plus particulisrement ici dans une tradition pythagoricienne cetipiaine. Avec

lbn akHaytham, et en particulier sofraitZ dOopthuéOmsertlon culturelle de IOopthue change.

Elle reste certes science de la vision et science des gZometres, mais, en tant que dZsormais elle se
donne la lumiere pour objet et IOlil po champ dOZtude, elle devient science de la matisre et tisse

des liens tres neufs avec la mZdecine. En bref, elle sC)autonomise et se complexifie, tout en gagnant
en rigueur expZrimentale (ibid., pp.-88).

'8 Though being a personal physician teMaOm$rand his successors, Gutas points out that it seems that he
Oconducted his research in the course of his practice as chief physician in the hospital in BagdadO (p. 118).

Y9 For further details see-§if}" 1903, pp. 39B92 and Gutas 1998, pp. +189.

20 Al-Ghaz!l" formulates Ibn QutaybahOs first two criteria in the following way: Oknowledge is the perception
(tafawwun) of things through thorough understanditayZéqquq of quiddity and definition, and asseta{{d#q

with regard to them through pure, veeifi muzaqgaq certaintyONlaq! {id, 1I, 86, in Rosenthal p. 62).

L Interesting is the fact that Rahman and Symons (2004,-pB) 8how that NeurathOs Encyclopedism is linked

to a mnception of the relation between theory and practice strikingly closeatoothArabic tradition as
discussed above.
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Abstract. We try to find the answerto two main questions of philosophy of mathematics in 8n!G
philosophy, i.e. what and where are mathematical objects? And how can we know mathematical objects? lbn
S"n!@ ontology implies that mathematical objects memntal objectsin his epistemalgy, IbnS"n! emphasises
onintuition andthinkingas two main ways of attaining mathematical knowledge. MoreoveiS'Ib¥8 analysis

of mathematical propositionmspliesthat they are synthetic a priori juglyents in the sense of Kant.

1. Introduction

In this paper we tryto find the answers of Ibn S"md two main questions of philosophy of
mathematics. These two questions are: (1) what and where are mathematical objects? and (2)
how can we know mathematical objects?

Ibn S"n! elaborated his philosophy in maof his writings without any remarkable change or
modification. It is well known that his most detailed bookliShif!O(The Book of Healing

In QheologyD or AGnetaphysio® (al-llthiyy!t) of al-ShiflQ he discusses mathematics in at
least three book@nag!lat). In book 1, when he tries to characterizeoretical scienceby

their subject matter, he defines and studies the subject matter of mathematics. In book 3, he
puts forward his views on the natures of unity and number. Finally, in book 7, wdere h
criticizes Platonism, he comes back to the subject of mathematical objects, and he criticizes
Pythagoras as well.

A natural question related to the arrangement and the order of the topieStoflOmay be

the following:

Why IbnS#n!discusses mathened in general and, mathematical objects in particular, in
metaphysics? And why that is so crucial to metaphysics?

The same question, of course, may be raised for Ari&diletaphysics There also we find

that discussions about the concept of numbedastebuted almost everywhere in the book.

In the edition that | have now on my degki§totle 1958, the book ends with the section
entitled critique of the other theories of numbels it not surprising that Metaphysics ends
with numbers?

Back to the gestion, we distinguish three plausible answers:

(1) The concept of number originates from the concept of unity, and this latter is a central
notion of metaphysics. So it seems natural a discussion of the concept of number to be
included in any book on maghysics likeal-llthiyy!t of al-Shif!O

(2) The Pythagorean metaphysics was a dominant philosophy in Af&ttittee and he
should have defended his philosophy against Pythagora&"idis more or less a follower

of Aristotle. So he does the same as Aristotle, akénis not clear whether Pythagorean
philosophy were still active in his time.

(3) There is a third reason that makes it more plausible to me why numbers are discussed in
metaphysics, and that comes from a wealbwn postulate of Aristotle, accordingwdich the
concepts of existence and unity are two universal concepts which have the same extension.
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Existent and unit are the same and have the same nature, in the sense that they accompany each
other... since if we sagpne huma@and GhumarQ both referto one thing... @ne huma®and
Cexistent huma@does not show anything eléristotle 1958 book ofGamma chapter 1)

This postulate of Aristotle is accepted by almost all Islamic philosophers. For example, Ibn
S"nladmits it when he discusses abdwt subjects of philosophy

And since unit and existence have the samensibn, it is necessary that stidy unit as

well*. (Ibn S"n!1997 book 1, chapter 4, p. B6

And Mull! |adr! says:

Existence and unity are really the same or it [existenca]riecasary corollary of unitfMull!
[adr! 1981, chapter 4, vol. 3, page 298)

In other words, whatever really exists is really one, and vice versa, i.e., whatever is really one
is really existent. Nowsince Gexistenc®is clearly the most crucial notion of taphysics,

this would imply that the notion ofbnedis as important as the notion Gexistenc®in
metaphysics.

2. Ontology of mathematical objects

In this section we want to find out the place whereSbm believes that mathematical objects
exist. We bekve the ontology of a particular science, like mathematics, is highly related not
only to the subject matter of that science, but also to the philosophical tradition in which the
latter is characterized. Let us see then how3bm classifies the subjechatter of different
theoreticalsciences.

2.1.The subject matter of mathematics

According to IbnS"n! (Ibn S"n!1997, book 1, chapter 1), philosophical sciences are divided
into two categories,theoretical sciences andpractical sciences. Theoretical sciences
themselves are subdivided into three parts: physigs &b#iyy!t), mathematics &(-
Ta'l#miyy!tf and metaphysical-llthiyy!t ):

As we said [in other places], theoretical sciences are of three kinds, physics, mathematics and
metaphysics.

And also it wassaid: the subject matter of physics is bodies, in so far as it is in motion and at rest,
andits problems are about accidents that occur to bodies with respects to motion and rest.

The subject matter of mathematics is quantity abstracted from matteoror vihatever has
quantity. The problems of mathematics are the ones that bear upon the quantity, as quantity. And
in the definition of [science of] mathematics, there will not be any reference to a particular kind of
matter orpower of motion.

Metaphysics § about things that are apart from matter, in bopeets, existence and definition
(Ibn S"n!1997 book 1, chapter 1, pp. 4112.).

In his classification of philosophical science, B! follows Aristotle (see als®isnovsky

2007). He argues that thelsject matter of sciences @xisten©O(mawj d) and an existent (a)

may be found combined with matter in both existence and definition (or téaahd)( or (b)

is combined with matter neither in existence nor in definition, and finally (c) is not combined
with matter in definition but with matter in existence. The first kind of existent is the subject
matter of physics, the second one is that of metaphysics and the last one is that of
mathematics. In the same place, I1Bfn! describes the subject matter of mathematics in
detail.

But the subject matter of mathematical sciences is magnitude, either abstnaufdad from
matter in the mind, or accompanied by matter in the mind, and is number, either abstracted from
mater or accompanied by matter. And mathematics does not discuss the existence of abstract
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magnitude or abstract number or number with matter, but after accepting the existence of quantity,
it is concernedvith the accidents of quantifybn S"n!1997 book 1 chapter 2, p. 18)

These four kinds of mathematical objects described above correspond to four branches of
mathematics, namely (a) geometry, (b) astronomy, (c) arithmetic and (d) music.

Magnitude, which meanguantum continuuror continuous quantityn the above passage, is

the subject matter of geometry and astronomy. Geometry studies magnitude and quantity
abstracted from matter in the mind, even if they are accompanied by matter in the external
world. It means that quantum continuum is accompaniedditemin the real world, but mind

can separate it from matter and considers its properties. In astronomy, magnitude is
accompanied by matter, both in mind and in the real world. A similar distinction holds
between arithmetic and music. In arithmetic, thetact number is studied, and in music the
number and relations between them are discussed when accompanied by sounds.

It is clear that if the subject matter of mathematics is magnitude (quantum continuum) or
number (quantum discretum), there is no piaceathematics for questions likhat is the

nature of magnitud€Por Gs magnitude a substance or accident®or Qvhether quantum
discretum must be realizéd matter or outside of matt&b®tc. Since in mathematicthe
accidentsof magnitude and nubers are studied, not thessenceand states of existence.
These questions lie in the domain of philosophy or metaphysics.

There is a minor point in the above citation that is worth mentioning. The concept of
Gabstraddused in the above passagedt the same as the one IBin! uses often elsewhere

in his philosophy. In his philosophical research, when 3n! uses this concept, it is in
opposition withOnateriaD What he means here Iiabstractio®is the possibility for the
estimation \ahmn) to seze magnitude and number apart from matter. When we discuss the
epistemology of Ibris"n!, we will come back to this again.

Coming back to the subject matter of mathem3tiwe can say that according to IBfn!, it
consists ofthings that are accompanied/ matter in the external world and are abstracted
from matter in mindHe continues:

But number can be applied to both sensible objects andemsible objects, so number, in so far
as it is number, doe®mt belong to sensible objegtbn S"n!1997 book1, chapter 2, pp. 120).

His main point here is that discussion about number and its relations should be understood as
abstracted from sensible objects, not when it may belong to sensible objects. So discussion
about numbers is not about sensible objesbout Onagnitud€ the question whether it is a
Gubstanc®or anCaccidendis less clear:
But magnitude, [then] is a common name. Some times it is referred to dimension, which is the
substratum of natural body, and sometimes, what is meant by it gaiémeum continuum, which

is referred to line, surface and solid. You have already learned theedifeebetween these two
meaningglbn S"n!1997 book 1, chapter 2, p. 20

Here IbnS"n! recalls his previous discussion of the difference between theseé&anings of
Onagnitud® | believe he refers the logic aF-ShiflQ(third section, chapter 4), where he says
two bodies that are different with respect to size, are not different in receiving three
dimensionsthis is exactly the first meaning of magme. What is the source of difference in
any two bodies and is subject of change is the quantum continuum susceptible of admitting
three directions, that is, length, width and depth.
Then IbnS"n! continues his discussion on the subject matter of metagghy$e says:

From what is said until now, it became clear that existent, as existent, is the basis of all these

subjects, and it must be the subject matter of this science [phildsdph the reason we
mentionedlbn S"n!1997, book 1, chapter 2, p. 21

It is a weltknown fact in the tradition of Islamic philosophy that tiroblem®of every
science aréhe essential aadents of the subject mat€@of that science (see, e.¢hn S"n!
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1997 book 1, chapter 2). The essential accident@sfstenc®includes, in the first place,
among other thinggunit and pluraf) Gpotential and actu@ Quniversal and particul@and
hecessargnd possibl®(seelbn S"n!1997 book 1, chapter 1).
It is very interesting to know that when I&i'n! tries to explain lie reason for which
metaphysics is callech!ba"d-a}-}ab#iyyi (whatever isafter physicy he encounters to some
difficulties with regard to mathematics.
And the meaning of(Qnetadin]Anetaphysic®is relative with respect to our perception, since
when weobserve the world for the first time, we perceive the natural existence. But if we consider
this knowledge in itself [not in relation to us], it is better to be namépraphysic®(m!qgabl-aj}-

Jab#iyyi), since it discusses matter that is prior to physitdoth its substantiab{-dh't) and
conceptuallgi-al-"umun) aspectglbn S"n!1997 book 1, chapter 3, p. 31

lbn S"n! argues that the prefiinetad in Onetaphysic® is related to the stages of our
perception. As we will see later in his epistemologgnse perception is the first level in
human understanding of the world. This level of perception and some other levels that are
closer to sense perception than to intellection, are ways of knghigicsor nature. On the
other hand, if we consider pbsophy in itself, it is prior to physics, since its questions are
about matters that have priority relative to natural objects. For example, philosophy discusses
the Separate, or abstracts that are the cause of natureyemydcause is prior to its etfie
Moreover, in philosophy we discuss subjects that are more general than natural objects and
every general matter is prior to a particular ortée then says:

But perhaps somebody may claim: the subjectsuoé mathematicgriy! /iyy!t-al-mal/a) which

arediscussed in arithmetic and geometry, are also before physics and in particular, number, whose

existence is not related to physics, since it sometimes exists even-physinal objects, so the

sciences of arithmetic and geometry might be countetpashysic©(Ibn S"n! 1997, book 1,
chapter 3, p. 31

It is worthwhile to note that Ib&"n! distinguishegpure mathematics from the other parts of
mathematics, which nowadays are knowrapplied mathematics. We d@know if that is
the first time in the history adcience that this distinction is made. However, what interests us
here is that he does not count astronomy and music as belonging to pure mathematics.
According tolbn S"n!, in arithmeticOumbeis discussed exactly &he pure magnitud®is
in geometry In astronomy and music, on the contrary, the subject is quantities and numerical
proportions between stars in astronomy, or numerical proportions between sounds in music.
The main point of the above critique is that arithmetic and geometry discus®shjests
without any relation to external objects exactly as subjects discussed in metaphysics. We
count things in the Separate as well.
In answering to the above critique concerning the subject matter of metaphysiB'%)!lfrst
considers geometry:
What can be said as answer to this critic is this: the subject of that part of geometry in which lines,
surfaces and solids astudiedis clearly not separated from physics as regards existence, so the

predicates of such sjdets are not separated from physiasfortiori (lbn S"n! 1997 book 1,
chapter 3, p. 32

In this part of geometry, he says, line is divided, for example, into straight, curved and other
types of lines and surface is divided into affine surface orafiome surface and also nen

affine surface is divided into convex and concave. It is clear that the subject matter of this part
of geometry is based on matter, since in the universe of abstracts there does not exist line,
surface or solid. We can only haweds, surfaces and solids in physical objects. Line without
surface, surface without solid and solid without bodyrisealizablé. For the other part of
geometry, whose subject matteCbsolute magnitud® Ibn S"n! argues:

In parts of geometry where the subject matter is absolute magnitude [not line, or surface or solid],
the absolute magnitude is the subject with respect to its potentiality for every proportion, and this
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potentiality for proportions is realizewt for magnitude that is a form for body or a principle for
physics, but fomagnitude that is an accidgittn S"n!1997, book 1, chapter 3, p. 2

lbn S"n! says that we sometimes stu@bsolute magnitud®in geometry, and not special
properties of lnes, surfaces or solids. If we consider this part of geometry, the above critique
becomes more serious. We did not accept geometry as part of metaphysics, since lines,
surfaces and solids arealized only in nature where@sbsolute magnitudadoes not deend
on physical world and is something abstracted from matter. Does this mean that we should
consider this part of geometry as a part of metaphysics®'ib¥8 answer is negative. He
argues that when we discuss absolute magnitude in geometry, we mean magnitude in so far as
it accepts different relations. That finds determination in lines, surfaces and solids. The other
meaning of absolute magnitude, namehe form of body, is not related to geometry. This
meaning of absolute magnitude as the form of body is the principle of natural objects and
prior to them, and so discussion about it belongs to metaphysics.
Mull! |adr! does not accept IBB"'n!@ argumenand argues

Magnitude, as it is, does not exist unless in one of these three species; as every genus is related to

its species. How then he [II8i'n!] believes that the absolute magnitude [as a genus] is possible to

be apart from physics but apartness ioé| surface and solid [as species] from physics is not

allowed in physicsMoreover, each of these species is realizable inpiysical world- as it will

become clear later so the right answer is this: each one of these three species of magnihg&de is

subject of geometer exactly when it accepts proportions and divisions, like squaring, cubing and

other attributions and it accepts these proportions when it belongsdtalepends on physical

objects(Mull! |adr! 1925, p20).

We believe that the above discussion on the meaniri@@hsolute magnitudgis debatable,

and is outside of the scope of this paper.

Let us see 1b$"n!@ argument against including arithmetic in metaphysics.
And as regards numbhethe critique is more serious and it seems that the science of number
[arithmetic] may be aunted as [part of] metaphysicBut the reason why arithmetic is not a part
of metaphysics will be clear to you soon. The subject matter of arithmetic is nobenimall its
aspects, since number, sometimes is found in the Separatii() [like intellect (‘aql],
sometimes in physical objects and sometimes in estimation, in which it is abstracted from every
accident [whether physical or abstracted], although it is impossible for number to exist in the
external world except in the state of an accident. Thebeu in the Separate is impossible to be
the subject of increase or decrease, but it remains only constant. Aye, nhumber should be in such a
way that has potentiality of every increase and decrease or every proportion, [and this] is possible
only if numberbe realized in bodies, which has the potentiality of being counted, or number be
realized in estimation, and in both cases [realization of number in bodies or in faculty of
estimatior), number is not out of physi¢tbn S"n!1997 book 1, chapter 3, p. 32

The answer of Ibr&"n! to the critics that the science of arithmetic is metaphysical may be
explained as follows: we may consider number in different ways, asking questiofBdike
number a real existend®@@r Os the existence afumber essential or accidentakc; and
seeking answers for these questions is outside of the science of arithmetic and lies within the
sphere of metaphysics.

Number as it is considered in arithmetic is such that it accepts variatnehshanges. In
arithmetic, when we add, subtract or divide two numbers, in fact we look at it as a decrease or
an increase of number. Such concept of humber is not the same as the one discussed in
metaphysics, where it is considered tacbastant The r@ason that such numbers are constant

is based on the fact that theaferents i.e., separated matters, a@t subject to any change.

So the natural question is this: what kind of number is subject to change, i.e., to be increased
or decreased? The ansvi&rin two cases number has the potency of different proportions. In
one case where number is related to physical objects, and since the physical universe is
subject to changes, then the number, i.e., the quantity of those objects, will necessarily
change The other case is when number has potency of different proportions in estimation
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(wahm). That means the estimative faculty is able to abstract a number from every numbered
object, and to add, subtract and multiply it by other numbers. Even in thislioasgn!

believes that the source of these changes in the estimation faculty is states and proportions of
the physical universe, and if there were no changes in the physical universe, the estimative
faculty would not be able to imagine the abstracted numbénsdifierent proportiors

2.2.0ntology of mathematical objects

According to the tradition of Islamic philosophy, the objects of mathematicquargities
and quantities areot substances. In hial-ShiflO(al-ll! hiy!'t, chapters 3 and 4), 1b&"n!
argues thaboth number as a discrete quantity amsagnitudeas a continuous quantity, are
accidents That means quantities do not haveradependent existende the external world,
and so they need soregbstratato exist.

It is worth knowing that in chapter 2 the same book, he explains the differemtamngs of
the concept o€unitQ which is the basis of his notion of quantity. Despite differeaanings,
the concept o€unitOshares the property @hot keing divisible actuallf(seelbn S"n!1997,
book 3, chapter)3 andQnot accepting plurah@(lbld) He divides the notion diunitOinto
essetial unitOand Gaccidental uni® The notion ofumericalunitOis defined as a kind of
Qessential un@) which is senetimes calledparticular uniQ

And as regards plurality, it is evident that it must be defined in terms of unity, since the unit, is the
principle of plurality and existence, and the essence of plurality derives from that [unit]. Besides,
in order to give any definition oflprality, we use the terraunitQ And it is for this reason that in

the definition of plurality, you may say'plurallty is exactly the setfujtamd) of unit9d You note

that in this definition of pluralityQunitOis used, and somethingse, which is the notion of set

(Ibn S"n!1997 book 3, chapter 3, p. 112

Ibn S"n! then criticizes the people who believe that the above explanationessanal (or
real) definition of (pluralityQ By an essential definition, he means, like other Islamic
philosophers and logicians,definition by termgZadd), which refers to the essence of the
defined objectdefiniendu A common example for an essentiafidi¢gion is the definition
of humarOas Qational animad lbn S"n! argues that the concept @fe) which is used in
the above definition, conceptually includ@ountingd and QepetitiorQ In his argument
against any possible essential definiton of the conceptQofitQ he uses some
epistemologicapremises.

But it seems that plurality is more known in the imaginatikimag!l) than unity, as unity is more

known in the intellect than plurality, and both are universal matters and are immediately imagined,

neverthelss we first imaginépluralityOthrough sensible thgs, and we understand unity without

any OntellectuaDprinciple, and even if we believe sor@atellectuaDprinciple for that, it is an

imaginative one. So our definition of plurality in terms of unity isCaellectuaDdefinition, in

the sense thahe termQunityOin the defnition is immediately imaginedibn S"n!1997, book 3,
chapter 3, p. 113)

lbn S"n! admits that our perception @bluralityOhappens befor@inityQ and that is because
oluralityOcomes directly from sensible objects. The first notiogpddiralityOis made when
we see something that hotQhisO Contrary ta(pluralityQ QunityOtakes place in imagination
as anegationof (pluralityQ so it will be formed in perception in the next step. Since our
perception ofunityOis immediate and netheoretical, we may defingluralityOin terrms of
QunityOonly through intellection. When it is said tr@inityOis something that does not have
OoluralityQ it means that the meaning @fnityQ which is sekevident for us, is against the
meaning ofluralityQ So in this setting, it hints tha@unityOis the negation ofpluralityQ

He finally argues that the above explanation is just afickion of the concept&unitOand
luralg and thatpluralityOis just anothenamefor Ga set of unit®

He then says:
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Now, we investigate the nature nfimbers and its propertiesNumber exists in the external
existent objects, and it also exists in our soul (mind), and this sa@inmber has no existence,
except in our sodis not noteworthy. Aye, if he [who holds this view] means that numberdas n
existence apart from any existent object, except in our soul, then he is right, since we have already
proved that it is impossible for the unit to have external existence, and naturally, number which its
existence idased on unit, is also the likdkon S"n! 1997 book 3, chapter 5, (126).

So, according to 1bis"n!, we may say that number has two levels of existence. On the first
level, it exists only in the mind, that is, abstracted from any existent matter, on the second
level, it exists with the extaal objects. His argument for the existence of the second level is
the following: in nonunit objective things, i.e., a collection including more than one object,
there are clearly sorfi@nits. So number necessarily exists, since number is nothing except
units that possesses some place in the order of numbers, and each place, itseifjus a
species. In this way, each number, aspaciesis itself a unit, and so it has some special
properties attributed to its unity. It is clearly impossible to preeene properties for
something that has no reality in the outside world.

So each number has a particular nature and a form, and the imagination of that in the soul comes
from that nature, and that nature is the unity, which constitutes the essencenafitbat. And the
meaning of a number is not a plurality without a form of unity. So it is not true t@saybe is

the sum of units, not urdt since a number, as it is a sum, is a unit that carries some properties
such that a number with other sum amdev does not have. And it is not surprising for something

to be unit with respect to its kind, like 10 or 3, and also to be phuiti respect to other aspects

(Ibn S"n!1997 book 3, chapter 5, p. 127)

A number like 10, as a specianit, has a spedidorm and so possesses properties of being
10, but as a plurality, it may not be the subject of those properties. Instead it has some
properties of plurality in opposition to that unity. That is exactly the meaniqplwfality in
unityOand Qunity in pluralityQ and there is no contradiction here. Wew a number in two
differentways.

Ibn S"n! believes that the definition of, for example, 10 as the sum of 9 andrbmg His
argument is:

It is not true to say that: the number 10 is 9 and 1, or that is 5 and 5, or thatis 1 and 1 and ... until it
ends up to 10; since in tlgatemen@enis nine and on@ nine is predicated of ten, and then you
conjoin to it the one. This is similao sayQen is black and swe@twhich in this sense, the
meaning of the original claim will b&en, isboth nine and or@ and if what you mean by that
conjunction is not a definition, but it [has the meaning] like the statemman is animal and
rationalQ namely, human is such an animal that is rational. In this sense, the meaning of your
claim will be: Qhe numberdn, is nine, and it is also oBeandthis is impossibl€lbn S"n! 1997,

book 3, chapter 5, pp. 18).

It is clear that Ibr§"n!is considering here the case wheoajunctionsplay alogical role. A
statement likeOA is B and CQ logically means thatA is BOand QA is CO By this
interpretdion for Gand) it is impossible that both stateme® is andAO is Obe true.

But there is a mathematical interpretation @GandOwhich simply meang€additiorQ That is

what IbnS"n!ignores. We will explain the origin of his ignorance afterrtbgt passage.

Ibn S"n! then considers other possible meanings that the above definition may have. He
concludes that,

And the number ten is the sum of nine and one, when both are present and the conclusion is
somethingdifferent from each one of theftbn S'n! 1997, book 3, chapter 5, p. 128)

Contrary to modern axiomatic definition of natural numbers, where for example, 10 is defined
by 9 + 1, namely, ten is th&uccessoof nine, IbnS"n! will not accept it as an essential
definition. The notion oaddition for natural numbers as is defined in set theorfinaly in

term of two primitive (ndefinedl concepts, i.e.setand membershipwith familiar symbol

Q® It may be suggestivi interpretGein lbn S"'n!@ philosophy, by(luralityQ This
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interpreation, of course, is debatable. Even if we have some support for the mentioned
interpretation, it is too hard to find a similar interpretation for the set theoretical notion of
membershipwhich is atwo-place relation It is a weltknown fact that Ibr5'h! @ logic does

not permittwo-place relations

He finally goes to the conclusion that we ar able to present aessential definitiorfor
number, i.e., it isindefinable

And since it is hard to imagine a definition for number in terms of unitsefieition necessarily
is nothing more than a descriptiaagm)(lbn S"n!1997, book 3, chapter 5, p. )28

Recall that adescription (rasm) is a definition in terms ofaccidental properties of
definiendumlbn S"n! then concludes that

As the great ancienphilosopher, the First Teacher [Aristotle] sa(ﬂ)g not suppose that the
number six is three and three, butstsix, at once and immediatelyldn S"n! 1997, book 3,
chapter 5, p. 129)

2.3.Existent and Object

In book 1, chapter 5 ddl-Shif!Q Ibn S"n! begins a long discussion on the relation between
GexistenOand bjec His objective is, among other things, to establish the following two
facts:

(1) OExistentO and OObjertsekevident and immediately imagined concepts.

(2) OExistentO and OObjectconceptually different, but extensionally the same.

On the first fact, Ibri5"n! emphasizes thepistemologicalalue of the two concepts, in the
sense that they are the most general concepts.

So we say that the meanings of existent, object and necessity are immediately pictured in soul,
namely, their imagination do not need angrenknown objects to be imagingtbn S"n! 1997,
book 1, chapter 5, p.39

In this section we are more interested in the second fact. He asserts:

We say: the meanings of OexistentO and Ogbgeet@oth imagined in soul and they have two
different meanigs. So OexistentO and Oaffirm@uiBitive, (al-muthbaf) and Orealized(al-
mula{{al), are [different] names with the same meaning, and we are confident that the meanings
of these words are present to the soul of anyone whe thalbook Sometimes Oolajd and all

its synonyns in all other languages refer to anotmeeaning [other than Oexistdnt€ince
everything has a reality [an essence], which is due to that reality [essence], that the object is what
it should be. So a triangle has the reality [ass¢of being a triangle, and whiteness has the reality
[essence] of being whitend this is a meaning of Oobjewtflich sometimes we call &&pedfic
existentO, and by Ospecific existewdo not mean an affirmaé existent. The word OexistentO
also refers to several meanings, one of which is the reality [essence] an object has, as if the
specific existent of a thing is exactly the reality [essertta] the thing were based or(libn S"n!

1997 book 1, chapter 5, pp. 4.

We may summarize lbn S"n!Os view in this way: Ooligti® same as Ospecific existentO
and they both refer to the essence afdhi So, in some sense, Oobjec@®pecific exstentO
refer to the essence thfings, and®xistenOrefers to the things themselves.
lbn S"n! continues his argument to esiabl that OobjectO and OexistanéOconceptually
different. He tlen provides an argument to shdkat these two concepts have the same
extension, i.e., we caconsider something as the exg®n of the concept of OobjedfGnd
only if it is an extenien of the concept of Oexisteni@., OobjectO and Oexisterdaée
extensionally equivalent.

And the necessity of the meaning of existenaanot be separatedom OobjectChamely, the

meaning of existent is always necessary for an object, since an object either exists in the external
world, or inestimation or in the intelle¢tbn S"n!1997, book 1, chapter 5, p. 13
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As Ibn S"n! says, if an object is in the external world, it satisfies the predigatstenQ and

if it is not in the external world, it can be considered as existent only when we imagine it in
the mind, and if @mething exists neither in the external world nor in the mind, nbtsan

object at all. So the necessary condition for something, which does not exist in the external
world, to be an object is to exist in the mind (estimation or intellect).

Before closng this section, we would like to consider another ontology of mathematical
objects that we believe srongly attributed to IbrS"n!. In Rashed 1984R. Rashed argued

that IbnS"n! codified a comprehensive doctrine of philospsuch that embracesRirb" &
admission of irrational numbers as mathematical object®ashed 1984it is argued that

since algebra is the intersectiaf arithmetic and geometry, itsdb i.e., Oan algebraic
unknownO, can be read as an Oobjetiich represents a number or a geometric magnitude.
Something more can be said, since a number may be irrational, so an object can represent a
quantity that ca only be known by approximans. Although this algebraistsédl must be
universal enough to cover different contents, it also must exist independent of what is
determined so that getting better approximations be possible.

R. Rashed rightly believes thamh Aristotelian theory is not able to have such ontology, so it

IS necessary to suggest a new ontology by which we are able to speak of an object without any
specific property, an ontology that permits us to know an object without being able to
represenit in an exact wayHe finally claims:

Ainsi, tout existent est une chose, mais la rZciprofdeshpas exacte, bienikjg@it impossible
guOune choseax(3te ni comme sujet concret, ni da@sprit(Rashed 1984, page 35)

But Ibn S"n! argues against people who clai@he concept of objecsimore general than of
existentQ(lbn S"n! 1997 book 1, chapter 5). His argument is based on this fact that in
predication in statements and in our knowledge of objects, knowledge is aboeptsahat

arein our mind so they havenental existengealthough they may not exist in the external
world. In fact, as already mentioned, a necessary condition for something to be an object is
that it should existnentally

And this happened to them, laerse of their ignorance to this truth that [the subject of] predication

is something that has existence in soul, although they may be nothing in the external world, and
the meaning of predication of such things is that they have some relations with téragx
existent(lbn S"n!1997 Article 1, book 5, p. 46

3. Epistemology of mathematical sciences

In this section we briefly explain Ib&"'n!@ epistemology to find the answer to our second
question, i.e.(how can we know mathematical obj&®sAs D. Guta pointed oufGutas

2001) Ibn S"'n!®@ epistemology was undénevitable shifts of emphasis and terminology
over the yea® These modifications culminated in the writings of the final period of Ibn
S"n!@ philosophical activity, especially Pointers al Remindergal-Ish!r!t wat -tanb#h!).

In description of his epistemological theory, we essentially make use of this book.

In this book, as elsewhere, II&in! identifies the mental faculties of the soul in terms of their
epistemological function. Accordinto lbn S"n!, knowledge begins witlabstraction The
concept ofGabstractio®(tajr&d) in Islamic Philosophy, and in epistemology in particular, is a
significant notion. In fact what distinguishes the levels of perception boils down to the degree
of GabstactiorO(tajr#l). We briefly mention that contrary to Arabic wotitajtdQ the word
(abstractio®loses the sense of the intensification of existence and reality that takes place as
the degree ofajr#d increases. So a better translation for the Aratmov®tajidQ may be the
English word Qlisengagemef} or Qletachmer® Nevertheless, in this paper we use the
common wordbstractio®and its derivatives foDtajtdOand its corresponding derivatives.
There are vast investigations on different possibéanings ofGabstractio®in the Islamic
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philosophy, and in 1bi$"n!®@ philosophy in particular. We refer the reader to a survey of this
topic inHasse 2001

In the purest sens&abstracd(mujarrad) is an attribute of God, the Necessary Existence in
itself, since the Necessary Existence has no attachment to or dependence upon anything other
than itself.

More specifically,GabstradDis the attribute of the intellect that is able to see things as they
actually are, that is, without their entanglementha bbscurities of imagination and sense
perception. It is also the essential attribute of the forms or quiddities that the intellect
perceives (In this final use, it comes close to the taxstracted).

Perceptioni@r!k ) of an object consists in attaining a true image (ideéh{ ) of the object by the
one who perceivesn(udrik) [subject], and themudrik observes that. So either when that is
perceived object is exactly the same object outside omtindrik which possibility is incorrect;
since then something which does not exist outside [ofntlril], should necessarily exist
[outside]. The examples are many geometrical figures, or many impossible hypetiésgs that
do not exist. Or the perception [of ahject] is a true image of the object pictured on riedrik
himself in such a way that it has no difference in quidditih{yya) with that [the object], ahit is
the form, which remain@bn S"n! 1960 physics, chapter 3, p. 33)

What Ibn S"n! intends here is amxplanationof the concept of perceptiond(lk), not
presenting a (reaklefinition He explains that percepticof an object may be described in
two ways. He argues against the possibility that perception constsésgfierring of things
outside of themudrik to mudrik His argument is based on some evidsminterexamples
e.g.,assumptiongn geometry, which wknowthat they daot exist in the outside world, but

we know them. He then accepts the other possibility, according to which perception is to
attain the form and the quiddity of the object. An immediate consequence of his description
for perception isltat we may perceive objects that may not exist outside us, and only the form
of the objects are perceived tmudrik

Now let us see how Ib&"n! stratifies the levels of perception:

Sometimes an object is sensible, and that is when it is seen; [and]memétis imagined, and

that is when the object itself is absent and its form is presenudrik as when you have seen
Zayd; and then when he is absent from you, you imagine him. Sometimes an object is intelligible
(md'qul), and that is [like] when younderstand the meaning of human from Zayd, a meaning that
holds for other things as well. When Zayd is sensible, it is with appearances [which are different
from his quiddity] which do not affect his quiddity, whenever they [appearances] have been
disappeeed; like to have place, position, quality and determined quantity, such that if they are
replaced by something else, the reality of hu@ayuiddity would not have been changed. Sense
will perceive Zayd in a state that has these appearances, namelyraappeawhich are
interconnected with him, because of the matter from which he was created. Sense will not remove
those appearances from Zayd and will not perceive him unless by the connection that exists
between sense and its matter; for this reason, wieerthis connection is lost, the form of that
[Zayd] will not be present to the sense. Bumaginative faculty imagines Zayd with all these
appearances and cannot abstract him absolutely from these appearances. But it can abstract him
from the positional elation upon which sense was dependent; so Zayd is present in imagination
even when his positional relation is absent. But intellect can abstrgotddity from all its
personabppearances and establish it in such a way as if it [intellect] manipuiatesrisible to a

form of intelligible. But an object without these appearancappearances not necessary for its
quiddity B is intelligible in itself and does not need any manipulation to be prepared to be
intelligible; but it may need to be abstracted&faculty thats responsible for intellectiofibn

S"n! 1960 physics, chapter 3, p. B4

In this passage, Ib&"n!is going to describe different stages of perception. In his description,
perception is classified into four stages based essentially vararchy of abstractions of
objects. These four stages are: (1) sense perceds), (2) imagination takhayyu), (3)
estimation wahn) and (4) intellectiont@"aqqul). A natural objection may be the absence of
the third type, i.e., estimation, indlpasage quoted froral-Ish!rlt wat -tanb#h!t The answer
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is this: in the above passage, B!, as a definite example, considéFayd] that cannot be
perceived by estimation, as we will see the reason when we explain the meaning of the term
GestimatimOaccording to IbrS"nl. In his other books, likal-Shif!Q he does not take any
definite example, and so he is able to distinguish all four types of perception. Now we explain
these four types of perception in more details:

(1) Senseperception (1is9)

Sense perception responds to the particular with its given form and material accidents, such as
place, time, position, quality, etc. As a mental event, being a perception of an object rather
than the object itself, perception occurs in the particular. Sensible object has three
conditions: (i) presence of the object, (ii) with material accidents, and (iii) particularity. All
these conditions hold for a definite object like Zayd, when we see him. Then such a concept is
definite and does not hold for madiean a person. Now let us analyze this attief the soul

in details. Toclassify the formal features in abstraction from material accidents, we must
retain the images given by sensation and also manipulate them by disconnecting parts and
aligning them acording to their formal and other properties. However, retention and
manipulation are distinct epistemological functions, and cannot depend on the same
psychological faculty; therefore If8"'n! distinguishes faculties of relation and manipulation

as appropriate to those diverse epistemological functions.

(2) Imagination (khay!l)

In imagination, among three above conditions, the first condition does not hold, i.e., the same
Zayd is absent. b S"n! identifies the retentive faculty &@epresentatioBand charges the
imagination with the task of reproducing and manipulating images. To conceptualize our
sense perception and to order it according to its quiddities, we must have and be able to re
invoke images of what we experienced but is now absent. For this we need sensation and
imagination; in addition, to order and classify the content of representation, we must be able
to discriminate, separate out andcmmbine parts of images, and therefanust possess
imagination and reason. By carrying out this manipulation, imagination allows us to produce
images of objects we have not already seen out of the images of things we have experienced.
So imagination can also generate images of intelligibles.

(3) Estimation (wahm)

That is to perceive the particular meaning of4sensible, like perception of kindness a father

has for his child. So estimation is also of particular concepts, which have not been perceived
by any senses. Among the conditions nsagsfor sense perception, only the condition (iii)
holds for estimation. This is a faculty for perceiving +semsibleOntentions that exist in the
individual sensible objed®A sheep fears a wolf because it estimates that the animal may do

it harm; ths estimation is more than representation and imagination, since it includes an
intention that is additional to the perceived and abstracted form and concept of the animal.

(4) Intellection (ta"aqqul

Intellection is the final stage of perception in whiaimeof the three conditions holdt is to
perceive the universal concepts, e@ymarOby abstraction of Zayd, removing all material
appearances that will not change the quidditghofimar®

According to Ibn S"nl, intelligibles divide into two kinds, aterial intelligibles and
immaterial intelligibles. So we have two kinds of intellection, depending on the corresponding
objects. In material intellection, we first perceive a particular human, like Zayd, by sense
perception in the presence of the matestgect, as described in the stage of sense perception.
Then it is understood by common sense while the object is absent; and then the object will be
abstracted from all material features such that it will be prepared to be understood by
intellection. In mmaterial intellection, the object itself is intelligible such that it does not need

to be abstracted from material accidents, like abstract realities, souls, etc.
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Now our main question reduces itself @n what stage of perception we perceive
mathematichobjects, in particular, number and magnit®de

Corresponding to the classification of philosophical sciences in terms of their subject matter,
intellection is divided into two kindstheoretical intellection andpractical intellection.
Theoretical intekction is responsible for knowledge and perception of intelligibles, and
practical intellection is like a ladder to attain moral values, E. #3n! distinguish four levels

or layers for theoretical intellection, (pptentialintellection @l-"agl aFhayaul!ni), a stage
where no intelligible is perceived yet, but it has the capacity or potentiality to gcoepty
intelligibles, (b)dispositionalintellection @l-"agl biral-malakg, a stage where intellection

has passed from the pure potentiality and paseived the primary intelligibles, and is
prepared to acquire treecondanyintelligibles, either bythinking or by intuition (Zads), (c)
actualintellection @l-"ad bi-al-fi"l), a stage where the intellectianowsthat he has acquired

the secondaryintelligibles, and finally, (d)active intellection (aql mylaq), where the
inellectionobservesghe secondary intelligibles (see Ibn S"n! 1960, physics, chapter 3, section
10).

So in the levels (a) and (b), intellection has only the potentiality to r@ctju¢ secondary
intelligibles whereas in the levels (c) and (d), it can present, observe and study them. For
acquiring the secondary intelligibles in the stage (b), $Jn! mentionstwo ways first
thinking and the seconahtuition. In the next chapteof the same book, he describes four
differences betwee@hinkingdand OntuitionQ These characteristics may be summarized as
the following: (i) contrary taQhinkingQ there is nasearchin OntuitionQ and that is when,
without enough background or pres®s, we sometimes acquire the middle term [of a
syllogism], intentionally, or unintentionally, (and in both cases, without any movement of the
mind), (i) in contrast ta@hinkingOwhich may be unsuccessful in its sear@htuitionOhits
spontaneously thmiddle term and comes to the point immediately, @fijnkingOis often

about patrticulars, since it searches by the assistance of the imaginative faculty, and (iv)
QhinkingOtakes place in time b@ntuitionOis immediate and spontaneous.

According b Ibn S"n!, knowledges acquired in the second level of theoretical intellection,
which is incontactwith the third level, i.e., the active intellect through thinkamgl intuition.

For the mathematical sciences, the meaning of thinking is not much deb#tab'n!
himself was a welknown logician of his time and also knew tlementf Euclid. So it is

clear that, for himQhinkingQin mathematical sciences is nothing else tbaductionsor

proofs of mathematical propositions by means of axioms anesrurhissimple or formal

picture of mathematical thinking doesot explain what really is going on in the
mathematicia® mind. The process of catching théldle termsas the medium or means, to
prove the main claim or proposition, is not explained his tsimple picture of the
mathematical thinking. In the mathematical scienemmataplay the same role asiddle
termsin a syllogism. Here Ibi$"n! introduces a new way or method to fill the gap. That is
called OntuitionQ His description of the concept of intuition establishes a crucial element in
the process of mathematical discovery. It is worth mentioning that, as D. Gutas interprets in
Gutes 2001 Ibn S"n! probably came up to his theory of intuition by his own experience as a
mathematician. His example to explain different ways where intuition occurs is the states of
problems solving in geometry. As D. Gutas explaineGutas 200lin stan@rd version of

lbn S"n!@ theory of intuitionall intelligible knowledge is acquireshly through intuition. In

his Qevisedversion, which is met with in the writings of the later period of Sin!@
philosophical activityGa second way of acquiringié middle terms and the intelligibles is
introduced. This is thinking, which is now defined as a movement of the soul in search of the
middle terms, thus taking over a large part of the former definition of intuiti¢Bee Gutas
2001, for details)
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The thery of intuition in epistemology of mathematical sciences is very involved and
complicated. In modern epistemology of mathematical sciences, there are different and
variousinterpretations and explanations for the concepimbitionQ The most attracte

ones are G3d& and BrouwdB concepts of intuition. Each one of these concepts of intuition
has been interpreted in different ways. For the GSdabtion ofintuition, see, e.g., Maddy
1996 andParsons 1996and for the Brouwé concept of intuitionsee, e.g.yan Stigt 1990

To locate the place of Ib8"n!@ theory of intuition in this complicated geography of theories

of intuitions needs a separate paper.

Before closing this paper, we will briefly investigate the status of mathematical propositions
in Ibn S"n!@ philosophy. According to his logic, ueisals, apredicatesn propositions, are
either essences or accidentals. Note that the concéptcitlentaDhere is different from the
concept ofCacciden® ("ara’), which is against the concept @Gubstanc® (jawhar. The
concept of Gaccidentad ("ara/# is in opposition to the concept @EssentidD (dhit#).
Accidentalsare divided into two types)ecessarnandunnecessaraccidentals. A necessary
accidental is defined as an accidental which is impossible to be separated from the essence. In
fact, every science discusses the necessary accidentals of its subject matter. A necessary
accidental is necessary either éxistenceor for quiddity. For exampletheaOis a necessary
accidental for theexistenceof the GireQ On the other hand, the necegsaccidentals for
quiddity are divided again into two typeselfevident necessary andonselfevident
necessaryA self-evident necessary accidental itself is divided into two smaller types, it may
be strictly selfevident ornonstrictly selfevident. Instead of giving definitions of theses
nested terms, let us look at some examphas $"n! 1960 logic, chapter 2):

1. In the propositionOA triangle has angle§ the predicat€angledis a strictly seHevident
necessary accidental for the subj@dangleQ

2. In the propositiorOrhe number four is evéhthe predicat€everOis a nonstrictly self
evidentnecessary accidental for the subj@be number fou®d

3. In the propositionOrhe sum of angles of a triangle is equal to two right afpite
predicateQhe sum of angles being equal to two right ar@ies nonself-evident necessary
accidental for the subje@riangled

According to IbnS"nl, a demonstration transfeteuth, certainty and necessityom the
premises to the conclusions. Premiseéiret principlesare generally divided into two parts,

the first principles foall sciencesare calledcommon principlegal-u{$l al-mutd'raf a), and

the first principles for every special science calpabtulates(al-u{$l al-maw $'a). For
example,Qvhole is bigger than [its] pador Gontradiction is impossib@ etc are common
principles, anddhe shortest line between two points is a shialpeOis a postulate for the
science of geometry. I0®"n! has a vast investigation in his different writings onwlagsthe
common principlesre acquired by the mind. A class of theses common principles called as
awwaliyylt, are acquire@nly throughthe intellective faculty. These are propositions that are
obviousfor the intellective faculty and accepting themmexessaryThe above two examples

of the common principles are of this category. Contrary to the common principles, which are
certain, thegpostulates arsusceptible of doubt (mads$k).

Mathematical science is one of the main parts of the demonstrative sciences, which is based
on the certain premiseand demonstrations or proofs which transfer certainty from premises
to conclusions. Mathematical premises are either the commonptemdwwaliyy!t), like

the propositior@he whole is bigger than [its] p&tor innatesf{}r#), like the propositior@he
number four is eved (see lbn S'n! 1960 logic, chapter 9). According to lb&"n!,
mathematical propositions atertain necessarand havesssential truth

A natural question for a philosopher of mathematics is:

What relations may exist between I8#n!€ characterization of mathematical propositions
and mathematical knowledge, on the one hand, and@atgssification of proposins into
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analytic and synthetic propositions and mathematical knowledge into a priori and a
posteriori knowledge, on the other hand?
The following quotation gives partial answer to the above question:

It is not the case that every science uses postulatgsin some sciences only definitions and
awwaliyylt are used, for example in arithmetic. But in geometry, all kinds of principles
[definitions, common pringiles and postulates] are ug#oh S"n! 1956 chapter 1p

The immediate conclusion is, according to B!, thatarithmetical knowledgesia priori
andgeometrical propositions are syntheiicthe sense of Kant. Moreover we can conclude
that, by 1bnS"n!®@ analysis, arithmetical propositions aat analytic, since the negations of
arithmetical propositions aneot self-contradictory. So @ording to IbnS"n!, arithmetical
propositions are synthetin the sense of Kant as well. We admit that our conclusion about
nonanalyticity of arithmetical propositions is debatable. One may argue tha®'ii®
concept of the common principleawwaliyy't) is wider than theusual set of the logical
axioms. That would imply that arithmetical propositions are analytic. We lepgg this
problent.

We have not found angxplicit claim of IbnS"n! on priority or posteriority of geometrical
postulates. Howeer, based on his writings, in particular his discussion on the difference
between common principles and postulates, and an example from geonibinsiim! 1956
chapter 12, we believe that, most probably, he will admit geometrical knowledgprisi
knowledge®
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Notes

1. All translations from Arabic into Farsi are my translations, andeaths and expressions inside [ ] are my
interpretations

2. Mathematics is translated int@lda'#miyy"O, which literally means Owhat is related t&#d®, and

Qa"#n® itself means Oteaching and learningO. This translation of OmathematicsO into Arabic is very close to the
original meaning of the wor@math%maO

3. It should be mentioned that éfthaving presented his definitions of the subject matter of three branches of
philosophical sciences, i.e., physics, mathematics and metaphysics, Ibn S"n! immediately discusses the subject
matter of logic. Apart from how he describes that, the pointaistta includes OLogicO in theoretical philosophy,

at least as far as the description of its subject matter is concerned. That is, somehow implausible in his doctrine.
Note that metaphysics al-Shif!Ois as called Othirteenth arf@n(). The best way tqustify counting the

different parts ofal-Shif!Q is to start with physics including 8 arts, and then mathematics including 4 arts, and
finally metaphysics starts from thirteenth art. In this way, metaphysics matches with the overall plan of the book.
There is no place for logic in metaphysicsadShif!O That means, according to Ibn S"n!, loginist a branch

of theoreticakciencegSee also Sabra 1980 for more details.).

4. According to Mull! jadr! the estimative faculty abstracts line, surface aid rom matter, but these are not
separated from matter in external existence (see NadH 1925, page 20). He then concludes that, at least, this

part of geometry cannot be counted as a part of metaphysics.

5. Here Mull! |adr! has a third reason faot considering arithmetic as part of metaphysics. He says that number,
which is the subject of arithmetic, and the unity, which is the principle of arithmetical numbers, is different from
the unity that exists in the Separate and, moreover, the Separssichdve numbers constructed of units. A
number, which is a quantity, may have proportions and such a number can be only found in matter, since such a
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number is an accident of physics, not something as a principle of the physical objects (sgadviul®25,

page 20).

6. Here OsomeO means Oat least twoO. It is worth knowing that according to Ibn S"n!, OnumberO is another name
for OpluralityO and this concept is applied only for setsawitbast two elementso OnumbersO starts from 2,

i.e., zero and e arenot numbers. Units the building block of all numbers, but itm®ta number itself (selon

S"nl'1997, book 3, chapter 3). 8mpty seandsingletonsdo notexist even in the mind.

7. See, for example, tlamissiblesyllogisms in Ibn S"n! 1956.

8. A natural question may arise here: Is there any relation between Osecondary intelligiblesO and Oimmaterial
intellectionO? It is plausible to assume that the objects of immaterial intellection that can be penerigéd
OformsO of objects amecessdly secondary intelligibles. However, there are also objects of immaterial
intellection that are perceivedtiwout having OformsO, like e@ee also Sabra 1980).

9. KantOs notion of intuitioniisterpretablein the concept of construction, and his caisan on the synthetic (a

priori) property of mathematical statements is based on his notion of intuition. The term OconstructionO in KantOs
time had an established use in at least one part of mathematics, i.e., in geometry. It is natural to assuate that wh
Kant primarily has in mind are constructions in geometry (see Hintikka 1992 for more details). As is mentioned
before, Ibn S"n! came up to his notion of intuition mainly through his experiences in geometry. So Ibn S"n!Os
notion of intuitionmayhave rehtion to what is calledonstruction of middle terms

10. There are many other important questions in philosophy of mathematics that are not considered in this paper.
One of the most controversial is the concept of OinfinityO. Ibn S"n!Os theory of infirgty similar to
AristotleQs, in the sense that he duesbelieve inactual infinity, and he believes in potential infinity as a
procedural character, see, e.g., Ibn S"n! 1880,ab#iyy!t.
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Abstract. One of the most weknown elements of AvicennaOs philosophy is the famous thoughinesipier
known as the OFlying Man.O The Flying Man argument attempts to show that the soul possesses innate
awareness of itself, and it has often been viewed as forerunner to the Cactagitan But AvicennaOs
reflections on the nature of salivareness andelf-consciousness are by no means confined to the various
versions of the Flying MaTwo of AvicennaQOs latest works, theestigationsand theNotes contain numerous
discussions of the soulOs awareness of itself. From an examination of these wmks tha Avicenna
recognizes two distinct levels of sé&ifiowledge: (1) primitive selawareness, which is illustrated by the Flying
Man; and (2) reflexive seliwareness, which comes from our awareness of cognizing some object other than
ourselves. WhileAvicenna assigns primitive sedfvareness a central role in ensuring the unity of the soulOs
operations, he encounters a number of difficulties in his efforts to explicate the relation of primitive self
awareness to the reflexive varieties of g¢elbwledge that he inherits from the Aristotelian tradition

It is a commonplace in the history of philosophy that issues surroundirgwsainess,
consciousness, and sé&liowledge do not become prominent until the early modern period.

For medieval philosopherparticularly those in the Aristotelian tradition, the nature of-self
knowledge plays only an ancillary role in psychology and epistemology. This is a natural
consequence of AristotleOs characterization of the intellect as a pure capacity that has no
natue of its own: OThus that in the soul which is called mind ... is, before it thinks, not
actually any real thing*QUntil the intellect has been actualized by some object, there is
nothing for it to reflect upon; hence s&liowledge for AristotleN at leas in the case of

human knower§l is derivative upon knowledge of other things: OThought is itself thinkable

in exactly the same way as its objects &re.O

Like all historical generalizations, of course, this truism admits of striking individual
exceptionsThe most obvious and wethown exception in the medieval Islamic tradition is
Avicenna (bn S"n!, 9801037), whose famous thought experiment known as the OFlying
ManO centres on the human soulOs awareness of itself. But AvicennaOs reflections on the
problems of awareness and consciousness are by no means confined to the various versions of
the Flying Man? In particular, two of AvicennaOs latest works, Itheestigationsand the

NotesN both of which are in the form of remarks compiled by AvicennaOs stuiffents
contain a wealth of tantalizing and often problematic reflections on the soul@sessanf

itself (shu'$r bi-al-dh! t).°> The purpose of the present study is to consider the account-of self
awareness that emerges from these works against the backdrop of AvicennaOs Flying Man. |
will show that Avicenna recognizes two distinct levels of-katiwledge, thenost basic of

which is exemplified in the experience of the Flying Man, which | will label Oprimitive self
awareness’OPrimitive selfawareness violates many of the strictures placed on self
knowledge by the Aristotelian principles rehearsed above, amaiva differentiates it from

the reflexive awareness of oneself via oneOs awareness of an object that is characteristic of
Aristotelianism. He also distinguishes primitive salfareness from our knowledge of our
bodies and psychological faculties andnfr@ur scientific understanding of our essential
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natures as humans; and he explicitly recognizes the capacity for Oknowing that we knowO as a
distinctive form of selknowledge. Primitive seldwareness plays a central role in ensuring

the unity of the sod@s operations, especially its cognitive ones, and Avicenna appears to have
seen the absence of such a unifying centre of awareness as a major lacuna within Aristotelian
psychology. But in the end it remains unclear whether Avicenna is able to providerantoh
account of the relations among primitive salareness and the other varieties of-self
knowledge that he inherits from the Aristotelian tradition.

1. The Flying Man: A Sketch

The broad contours of the Flying Man are generally-edwn, so | will mery summarize

the salient points here. To set up the thought experiment, Avicenna admonishes the reader to
imagine herself in a state in which all forms of sensible perception are impossible, and he
identifies two fundamental sources of sense knowledgeetdrbcketed: (1) everything
previously acquired from experience, that is, all knowledge anchored in memory and
imagination; and (2) any occurrent sensations. In order to accomplish this, she is supposed to
imagine herself: (1') in a pristine, newdyeatedstate, but fully maturek{milan):’ this allows

her to disregard all empirical knowledge, while presupposing an intellect with full rational
capacities; and (25uspended in a void so that her limbs do not touch one another and she can
neither see, hear, touch, smell, nor tastghang. This prevents her both from feeling her own
body and from sensing external objét®vicenna then asks whether selfiareness would

be absent in such a state. Would a person, while deprived of all sensory experience, be
entirely lacking in selawareness? Avicenna believes that no one Oendowed with insightO
would deny that her awareness of herself would remain stable even in these cohHigass.
confident that even under these extreme conditions, the subject would continue to affirm Othe
exisence of his selfGv(j$d dh!ti-hi).'° Assuming that we share his intuition on this point,
Avicenna points out that this affirmation takes place despite the fact that all sense perception,
both internal and external, is cut off. We remain aware of the egestef our selves, but

under the state hypothesized in the Flying Man we are entirely oblivious to the existence of
our bodies; hence this affirmation of our existence cannot be dependent upon the experience
of having a body. Avicenna thus concludes tirates Oit is not possible for the thing of which

one is aware and not aware to be one in any respect,O it follows that the self cannot be either
the whole body nor any one of its parts.

This last move in the Flying Man, which is repeated in all of itsimess is of course
problematic, since it seems to contain the obviously fallacious inference pattern, Olfd know
but | do not knowy, thenx cannot be the same g The question of whether Avicenna
explicitly or implicitly commits this fallacyN a chage often laid against the Cartes@ogito

as wellN has been much discussed. It is not a question that | plan to take up here for its own
sake, however, since it is primarily of relevance to the question of Avicennian dualism. It is
noteworthy, however, hat while the Flying Man argument focuses primarily on the
impossibility that seHawareness is a mode of sense perception, the primitive character of the
experience exemplified in the Flying Man poses parallel and equal difficulties for the claim
that itcould be a mode of intellectual understanding as well, as we will see Helow.

2. Primitive Self-Awareness

The scenario imagined in the Flying Man is designed to show thadvsaibness is always
present in the human soul, independently of our awareneshesfatjects, in particular the
objects of sense faculties. In tNetesandDiscussionsAvicenna attempts to provide a more
systematic account of the epistemic primitiveness ofasetfreness over all other forms of
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knowledge by employing the fundamenggistemological distinction between innate and
acquired knowledg& Selfawareness is placed in the realm of innate knowledge, and
comparisons are drawn between saifareness and other paradigmatic cases of innate
knowledge:

Self-awareness is essentialttee soul(al-shu'$r bi-al-dh! t dh!t# li-l-naf9, it is not acquired from

outside. It is as if, when the self comes to be, awareness comes to be along with it. Nor are we

aware of [the self] through an instrument, but rather, we are aware of it throeljraitd from

itself. And our awareness is an awareness without quaiificethat is, there is no condition for it
in any way; and it is always aware, not at one time and not arféther.

A bit later in this passage, he makes this same assertion in evenstnkirgy terms,
identifying seltawareness with the soulOs very existence:
Our awareness of egelves is our very existenceh('$r-n! bi-dh! t-n! huwa nafs wujsen!). ...
Selfawareness is naturagi{ar#zahto the self, for it is its existence itself, so there is no need of

anything external by which we perceive the self. Rather, the self is that by which we perceive the
self™®

We can isolate a number of claims made in these passages regarding the nature of primitive
sel-awareness and what it means to say that it is OinnateO or OnaturalO:

1. It is essential to the soul; nothing could be a (human) soul if it did not possess

selfawaraness;

2. There is no cause outside the soul from which it acquires awareness of itself;

3. No instrument or medium is required in order to becomeasedire; we perceive

the self Othrough itselfO;

4. Seltawareness is direct and unconditioned;

5. Itis present in theoul from the beginning of its existence;

6. It is continual, not intermittent and episodic; and

7. The selfjust isawareness: for the self éxistat all is for it to be aware of itself.
These points are closely interrelated and can be further reduced goawas: 1, 5, 6, and 7
all articulate the basic thesis that the selfareness is an essential attribute of human
existence, constitutive of the very fabric of our being; 2, 3, and 4 express the principal
consequence of this basic thesis, namely, thatasedfeness cannot be causally dependent
upon anything at all outside the soul. SeMareness is direct and unmediated in any way.
It seems obvious that such a view is entirely at odds with the Aristotelian thesis that the
human soul can only have knowledgf itself concomitant with its awareness of an object.
Indeed, the points that Avicenna emphasizes in these passages seem deliberately formulated
SO as to invoke and at the same time to reject the Aristotelian claim thatveeéness is a
derivative pgchological state. But what are the grounds which entitle Avicenna to make this
claim? If Avicenna is correct that sefvareness is indeed innate, not acquired, then it will
have the epistemic status of a smlident principle or axiom which need not azahnot be
demonstrated on the basis of prior principles. Yet everesalent principles can become
subject to doubt, and in such cases they will require something in the way of argumentative
support. Thought experiments are one technique that can led aabon in such
circumstances, so we might expect Avicenna to appeal to the experience of the Flying Man to
confirm the primitiveness of seffiwareness. Yet the Flying Man, colourful though it may be,
does not go far enough towards establishing the pvienieéss thesis, since it merely prescinds
from all sensory awareness. The claim made here is a stronger one epistemologically, since it
asserts that seHwareness is not merely prior to and independent of corporeality and
sensibility, but of all forms otognitive awareness of other objects. Hence, Avicenna still
needs to show that sedfvareness is absolutely primitive in every respect, in the sense that it
is presupposedy our capacity to understand anything at all. As evidence for this claim,
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Avicenna offers the following analysis of the conditions under which awareness of other
objects is possible:
My apprehensioniqr'k-# of myself is something which subsists in me, it does not ariseein
from the consideration of something else. For if | say: Ol did this,O | express my apprehension of
myself even if | am heedless of my awareness of it. But from where could | katwdid this,

unless | had first consided my self? Therefore | first considered my self, not its activity, nor did |
consider anything by which | apprehended my¥lf.

A bit later, Avicenna repeats the same point:

Whenever we know something, there iour knowledge of our apprehension of it an awareness

of ourselves, though we do not know that our selves apprehended it. Foraveaageprimarily of
ourselves. Otherwise when would we know that we had apprehended it if we had not first been
aware of ourslves? This is as it were evidentayyinal), not a demonstratiorbgrh!n), that the

soul is aware oitself.'”

Seltawareness is innate to the soul and cognitively primary because only if | first know my
self can I: (1) know anything else about myselfg 42) become aware of other things. Self
awareness is presupposed by any attribution of properties or actions to myself, since such
attributions presume the existence of a subject for those attributes; aadvaedhess is
equally implicit in all the sods acts of knowing other things, since it is a condition for the
recognition of these objectss objects distinct from ourselves. Though Avicenna does not
explicitly say so here, his position seems to allow that one can be aware of oneself without
being cacomitantly aware of any object. Selvareness seems to be an exception to the
general rule that all thinking is in some wenentional and directed toward an object. In
contrast to the Aristotelian orthodoxy, then, the primary object clasefenesssitheselfas

a bare subject, not ietivity of thinking.

3. Awareness and Consciousness

If primitive sel-awareness is absolutely primary, as Avicenna urges, indeed even identical
with the soulOs existence, why would we ever need to be alerted to sigiti dahan of
experience? Avicenna himself admits that despite its primitive statusveaiéness is often
something of which, paradoxically, we remain ignorant. Thus inNtheshe remarks: OA
human being may be inattentive to his salfareness, andhgreafter] be alerted to itO; and
again, OBut the soul may be oblivious to [itselfflfilah), and need to be alerted, just as it
may be oblivious to the primaries, and need to be alerted to fia@edmplication, then, is

that consciousness %t the same thing as seafvareness, and that we often fail to be
conscious of our own selves.

The most striking illustration of the distinction between consciousness araivsgtness is
AvicennaOs assertion that even in sleep or drunkenness no one would fail to affirm his own
existence. This declaration occurs in the version of the Flying Mamdfin theDirectivest®

and a similar point is made in thevestigationsIn the latter work, Avicenna appeals to the
existence of imaginative activity in sleep (i.e., dreaming), and he argues thavasthess

must necessarily be present in a persowhom there is cognitive activity of any kind. The

fact that we are not fully conscious of that activity, and that we may fail to recall it when we
awaken, is irrelevant. Thus understood, consciousness is not awareness, but rather; a second
order, reflexie operation for which primitive sewareness is a necessary but insufficient
condition:

A doubt was raised to him that someone who is asleep is not aware of himself. So he said: the
person who is asleep acts upon his images just as he acts upon liksenile awake. And
oftentimes he acts upon cogitative intellectual matters just as he does in waking. And in this state
of his acting he is aware that he is the one acting, just as he is in the waking state. For if he
awakens and remembers his actingrémembers his awareness of himself, and if he awakens and
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he does not remember this, he will not remember hisasedfeness. And this is not a proof that he
was not aware of himself, for the memory of seMfareness is different from selivareness, or
rather, the awareness of salfiareness is different from seifvarenes§’

The claim that we can beanconsciouslyaware of ourselves at first glance seems an
oxymoron. Yet the property of being an object of awareness even in the absence of conscious
though is a basic feature of all innate or pary knowledge for Avicenna, armimitive self
awareness too possesses this property in virtue of being innate. Thus the primary concepts and
propositions on which all our thought depends are likewise absolutsiy, lzend we often

take them for granted because of their pervasive role in all our cognitive opefatidasire

seldom consciously aware of our employment of the principle of contradiction, for example,
even though we cannot entertain any propositionssniteconforms to that principle. By the

same token, we cannot think of any object unless we are at the same time aware of our selves
as the underlying subject of the thought. But in neither of these cases need we be conscious of
the role played by our irmte knowledge in our knowledge of other things. Indeed, Avicenna
seems to imply that it is unusual for innate knowledge of any sort to rise to the level of full
consciousness.

Still, the separation of consciousness from awareness is problematic in anrasceontext,

since Avicenna does not have open to him the obvious appeal to memory as a means of
explaining how | can be aware of objects of knowledge which | am not consciously
entertaining? For it is a key tenet of AvicennaOs cognitive psychologythieatoncept of
memory applied to the intellect is meaningless. Avicenna argues for this controversial
conclusion on the grounds that Oit is impossible that [an intelligible] form should be existent
in complete actuality in the soul but [the soul} nndestandit in complete actuality, since Oit
understands it©® means nothing other than that the form is existedt Wiiaf) then, can it

mean to claim that | am aware of any objscincluding my selfN and yet not actually, that

is, consciously, understding it?

In the case of other examples of innate knowledge, this problem is fairly easily resolved. For
primary intelligibles are not fullynnate for Avicenna in the way we ordinarily understand
innateness. In this respect, the legacy of the Aristotedamtification of the human intellect

as in pure potency to its intelligibles retains its hold on Avicéhiffere are two principal
characteristics of innate knowledge as it is manifested in the primary intelligiblese (1)
never actively seek to leathem and we are not conscious of when they are acquired; and
(2) under normal circumstances we do not consciously differentiate these intelligibles from
the derivative intelligibles in which they are implicitly contained. The second of these two
charactestics is what allows Avicenna to make sense of the claim that wavwaee of

innate intelligiblesN in the sense that they are actually pregeour mindsN even though

we are not consciously thinking dfiem Their innate presence in us is in virtuetogir
containment inother concepts, and hence they do not violate AvicennaOs rejection of
intellectual memory. If our minds were totally empty of all other thoughts, we would not
possess these ideas either.

This solution is open to Avicenna to a limitegtent in the case of primitive salfvareness,

since selawareness is a precondition for thinking about any object other than the self. But
Avicenna has made the stronger claim thataetirenesss the soulOs very subsistence and
existence. At no pointan the soulexist unless it is aware of itself, even if it is not
consciously or actively thinking of itself. This is not true even of the most fundamental of
primary intelligibles. Selawareness, then, cannot be the soulOs implicit consideratiaifof its

as the subject adtherthoughts, since that would, in effect, reduce primitive-gaelareness to
Aristotelian reflexive awareness. In primitive salareness the self is not present to itself as

an intelligible object in the way that other objects present in its thought. Of what then, is

the soul aware when it is aware of nothing but the existence of itself?
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4. Awareness and ldentity: What Self{Awareness is Not

In my overview of the Flying Man argument, | noted that Avicenna identifies the object to
which we are alerted by the thought experiment as the existeng®dl or individual
existence gnn#ah) of the self or souldh!t; nafs). While the same terminology is also found

in theNotesandInvestigationsin these works Avicenna prefers to speak of our awareness of
our huw#ah or Oindividual identity.O Like then@us terms for Oexistence,O OidentityO serves
to convey the primitiveness of selfvareness, the fact that it is empty of any specific
cognitive content. But the term OidentityO also captures two additional properties that are
distinctive of primitive sdtawareness. First and most fundamentally,-aethreness is the

only form of knowledge in which cognitive identificatidd the identity of knower and
knownN is on AvicennaOs view completely realized in human thétght.

When you are aware of yourself, & mecessary that there is identiyny#ah) here between the

one aware and the thing of which there is awareness. ... And if you are aware of something other
than yourself, in this case there will be an otherness between the one who is aware the object of
awareness. .As for awareness of the self, the one who is aware of that which he is, is his very
self, so here there is identity and no otherness in any respect.O

The second property follows as a corollary of the complete identity between knower and
known: seltawareness must be direct and cannot be mediated in any way at all. While the
denial of intermediaries in sedfwareness is usually linked with attempts to show that self
awareness cannot be a form of sense perception, this is nonetheless fediastc of
primitive selfawareness whose consequences extend to the intellectual as well as the sensible
spherée’’

In the course of elaborating upon the claim that we are primitively aware only of our
individual identity and existence, Avicenna eliminate®e distinct but closely related theses
regarding the nature of sedfvareness and in particular the sort of knowledge of the self that
can be gained in this primitive act. According to Avicenna, primitive-agHreness is
neither: (1) an activity of andiscretepart or faculty within the soul; hence it does not have
any particular part of the soul as its object; nor (2) is it awareness of the soulOs essential nature
or quiddity: nor (3) is it awareness of the aggregate or totality of the soulOsdqgitets.

Parts and Faculties.That selfawareness cannot pertain to a part of the soul in the sense of a
particular faculty within the soul follows directly from the claim that the sole object of
primitive selfawareness is oneOs individual identity. Sihe self is not identical with any

one of its parts or faculties, s@fvareness cannot be reducible to any limited form of
reflexive understanding by one cognitive faculty to the exclusion of the others, even though
the individual faculties of the sodre all capable, at least in a limited way, of reflexive
awareness of their own activities. When such reflexive awareness occurs, it is not primitive,
but a form of secondrder awareness or knowing that one knows:

And as for awareness, you are aware afryidentity fuw#yatka), but yet you are not aware of

any one of your faculties such that it is the object of awareness. For then you would not be aware
of yourself but of some part of yourself. And if you were aware of yourself not through your self,
but rather through a faculty such as sensation or imagination, then the object of awareness would
not be [the same as] that which is aware, and along with your awareness of yourself you would be
awarzg that you are aware of your schitifafsika) and that yoware the one who is aware of your

soul:

In this passage and remarks elsewhere, Avicenna tends to focus on the impossibility of the
corporeal faculties of sensation and imagination being the powers by which the soul is aware
of itself, in the same way thhe tends to associate the unmediated character afvgateness

with the denial that seliwareness is a sensory act. Nonetheless, the analysis on which
AvicennaOs point is based does not depend in any special way upon the corporeal basis of



AVICENNA ON SELFFAWARENESS 65

sensationN the senses simply provide the most vivid examples of mediated and partial
knowledge of the self. Thus, even in one passage where he is responding to a specific
question about the soulOs ability to understand itself intellectually, Avicenna quicklyteverts
counterexamples based upon the limitations of the senses. The response here adds another
dimension to the denial that selivareness can be attributed to the activity of any particular
faculty within the soul, for Avicenna eliminates not only reflexawareness by a faculty of

its own acts, but also the grasp of any one part of the soul by another. In such cases the
identity criterion for seHawareness is doubly violated, since neither the subject nor the object

of awareness is identical with the saults totality:

And if this power is subsistent through a body, and your soul is not subsistent in this body, then
that which is aware of this body through that faculty would belong to something separate through
another form. So there is no awagss ofyourself in this case in any way, and no apprehension of
yourself through what is proper to hikhu/${iyati-h!).?° Rather, some body would sense with
something other than itself, in the way that you sense your leg with your*hand.

While the example here centres on the limitations of the senses, the conclusion would seem to
be universally applicable tolgbarts of the soul. To the extent that any cognitive faculty
functions as an instrument by which the soul performs a determinate range of activities
directed towards a determinate class of objects, its operations will violate the identity criterion
for sdf-awareness, regardless of whether or not the faculty in question uses bodily organs in
the performance of those acts.

Universal and Quidditative Knowledge.Despite his tendency to focus on examples drawn
from the senses, Avicenna does admit that primitelfawareness cannot be an act of the
intellect in any standard sense. He denies, for example, thatvwssiéness is implicit in the

act of understanding the general concept OsoulO or Ohumanity® which | exemplify as a
particular instance, on the grounthat one cannot simultaneously be aware of a whole as
well as one of parts. In this case the OwholeO is not the self, however, but the universal, and
the OpartO is not a faculty of the soul, but rather, my self as a particular instance falling under
a unversal class:

Next he was asked, OAnd how do | perceive the general intention of the soul; and am | at the same
time also aware of my individual soul?0O He answered, ONo, it is not possible to be aware of
something as well as one of its divisiomstajzi@h-hu).G*

While the denial that seiwareness can be accomplished by any isolated part or faculty of
the soul thus applies as much to the intellect as to the senses, it is more common to find
Avicenna arguing against the identification of selMarenesss an act of intellection on the
grounds that seliwarenesseither consists in nor supervenes upaiversal knowledge of

the soulOs essential nature:

After this he was asked: OAnd if | understand the soul through the general intention, am | in that
casea soul absolutely, not a particularized, individuated soul; so am | therefore every soul?0 The
reply: OThere is a difference between the absolute considered in itself and universality. For
universality is what is said of every soul which has another deregion; and one of these two is a

part of my soul, the other is ndt.

In this passage Avicenna appeals to the distinction between quiddity and universality
articulated in Book 5 of th&etaphysicf the Healing. On this account of universals, any
objectthat | knowexistsin my intellect,and in virtue of that mental existence its quiddity
acquires the additional property of universality. An intelligible universal is thus an instance of
some quiddityN in this case Ohumanity© enjoying a form of concepal existence in

which it is combined with the properties peculiar to that realm of existéfites entails, as
Avicenna here indicates, that when any absolute quiddity is instantiated in mental existence it
is but onepart or constituent of the resultanhiversal. By the same token, when the quiddity
OhumanityO is combined with a set of properties peculiar to concrete, extramental existence to
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form an individual human, it once again is but a part or constituent of an entirely distinct
entity. Thus, whileny own proper self and my universal concept of Ohuman bslfiagéhe

same essence or quiddity, Ohumanity,0 OhumanityO itself is not condeletiely with

either my self nor that concept. While thergastial identity between my universal concept

of OhumanO or OsoulO and my self, then, the identity is not complete. So on these grounds too
intellectual knowledge even of my own nature fails to meet the identity criterion for primitive
selfawareness.

The understanding of the universal under which mm aature falls is thus neither necessary

nor sufficient for selawareness. Indeed, as Avicenna notes in the first of the two passages
cited abové? to the extent that the universal and the particular are two different sorts of
cognitive objects, when Ina actively contemplating the universal Ohuman,0 any explicit
awareness of my individual self will be precluded by another axiom of AvicennaOs cognitive
psychology, namely, that the soul can only consciously think of one intelligible at a time:
OFor it is at in the capacity of our souls to understand intelligible things together in a single
instant.& With this we have yet another explanation for AvicennaOs claim that primitive self
awareness must in most instances be differentiated from conscious atteotibyg and large

my everyday conscious thoughts are focused on olmpdutsthan my own individual identity

and existence, and | cannot, on Avicennian principles, actively and consciously attend to my
individual existence while at the same time actithlpking other thoughts. That is why, one
presumes, thought experiments like the Flying Man are needed.

Collections of Parts.Thus far | have considered AvicennaOs grounds for rejecting two of the
three candidates that might be put forward as sourceslfedvgarenes®l one of the soulOs
particular cognitive faculties, or its intellectual understanding of its own essential nature. But
Avicenna also rejects the claim that smifareness might be nothing more than our perception

of the total aggregate or ¢ettion of our various parts. One question posed in the
Investigationsvonders whether a human being just is the collection of his pam&f-hu),

and if so, whether the totality of that collection constitutes the object of his awareness. In
response Aienna argues that selfvareness cannot be equated with awareness of the sum
total of oneOs parts, since it is possible to be aware of oneOs individual existence while lacking
awareness of the collection in its entirety. This follows from AvicennaOs itiatnself
awareness is the very existence of the self and thus something that is always present at every
moment in which the self subsists. But the totality of oneOs parts does not display any stability
and continuity, for those parts change over timd, rmany of them are hidden from us under
ordinary circumstances. Avicenna casts the Ohidden partsO argument as an inference based on
the mutability and hiddenness of our internal organs, an emphasis that might once again lead
us to supggse that the main ieadiment to setawareness here derives from the bodily side of

our selves:

For many a person who is aware of the being of his existbheau{$d ! n#yéi-hi) is not aware of

the collection, and were it not for autopsy there would have been no knowleddesart, nor a

brain, nor any principal nor subordinate organ. Whereas before all this he was aware of his
existence. Moreover, if the object of awareness remains an object of awareness while, for example,
something of the collection is separated in saetay that there is no sensing of it, in the way that

a limb is cut off from an anaesthetized amputee, then it is conceivable that this could happen to
him and he would not sense it, nor be aware that the collection has been altered, whereas he would
be avare of his self, that it is his self, as if he had not been altered. And as for the thing from the
collection which is other than the collection, it is either the case that it is an internal organ or an
external organ. And it may be that none of the makorgans is an object of awareness at all, but
existence &l-'n#yah) is an object of awareness prior to autopsy. And that of which there is
awareness is different from that of which there is no awareness. And the external organs may be
missing or changed, whereas the existence of which we are aware is one thingdmg an

object of awareness as an individual unitya{datan shakfyatap>’
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In its appeal to the constancy of my awareness of the individual unity that is my self, even in
the absence of complete awareness of my bodily members, this line of reagmmsags to
commit the same suspect fallacy of which the Flying Man argument is often accused: | am
aware of my self; | am not aware of the totality of my parts; therefore my self is distinct from
the totality. But AvicennaOs distinction between primitigi-asvareness and conscious
thought lessens the sophistical appearance of the argument in the present context, and it
allows us to glve the argument a purely epistemological interpretation. On the basis of that
distinction, the OignoranceO of our brainshearts to which Avicenna refers cannot be
understood as a simple failure todmnsciouof them. So the argument merely illustrates the
epistemological conclusion that primitive saivareness is not tlsamekind of knowledge as

bodily consciousness: tells us nothing about the underlying nature of the self nor its
distinction from the collection.

Yet if we follow this line of interpretation, we will also be prohibited from identifying
primitive selfawareness as identical with any conscious state aheaterial mind or soul.

For it can surely be claimed that nphilosophers and materialists lantnsciousnessf their
nonrmaterial parts as well, that is, of their immaterial minds and rational souls, despite the
continuity of their seHawareness. Tt is, after all, what allows them to be materialists. So if
AvicennaOs argument here is meant to apply to bodily parts in particular, and not equally to
the immaterial faculties of the soul, it is inadequate. What it does establish is that if self
awarenss is indeed a necessary concomitant of our existence underlying all our derivative
conscious states, it must be an entirely different mode of knowing from any of those states, be
they sensible or intellectual.

5. Individuation and Self-Awareness

We have seerthen, that despite a few indications to the contrary, Avicenna generally appears
to recognize that he cannot draw any determinate conclusions regarding the nature of the self
based on his analysis of salivareness alone. Given the very primitivenesthaf state, the
most one can do is to establish what -aglhreness is not. But there is one suspect
presupposition that continues to inform AvicennaOs discussions of primithesvasdiess,
and that is the assumption that thesen underlying self oome sort which is, at a bare
minimum, a single, individual unity to which all the soulOs manifold activities are somehow
ultimately referred.
The problem that is lurking here is one which brings Avicenna up against the anomalies in his
dualistic accountfcthuman nature. Avicenna claims that human souls are subsistent entities in
their own right, and yet, since there are multiple individuals in the species Ohuman,O those
individuals can only be distinguished from one another by the diversity of their fiattere
self is indeed a unity, as AvicennaOs account ohwelfeness implies, and if its unifying
function is incompatible with corporeality, then salfareness would seem to be a function
of the soul itself® But Avicenna has admitted, perhaps redndly, that seHawareness cannot
be a function of the intellect, since the self is not a universal. So we are faced with the
guestion, what mode of cognition corresponds to a self that is at once subsistent and
individual, but not entirely immaterial, dnnot the sole exemplar of its own nature or
quiddity? The dilemma that Avicenna faces here is nicely captured invbstigations

He was asked: By what faculty do we perceive our particular selves? For the soul®s apprehension

of intentions is either tiough the intellective faculty but the awareness of the particular salf (

dh't al-juz@®) is not intellected; or through the estimative facitybut the estimative faculty

apprehends intentions conjoined to images. And it has been shown that | aaohwegr essence
even if | am not aware of my limbs and do not imagine my B8dy.
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AvicennaOs immediate response to the problem is simply to note that the impediment to the
intellectual understanding of an individual is matter, which is intrinsically ungitd#, not
individuality per se.Hence, if there is some aspect of the human soulOs individuation that is
not simply reducible to matter and material accidents, the individual self may in some way be
intelligible. Still, Avicenna remains necommittal aso the exact faculty to which primitive
selfawareness should be traced:

He answered: It has been shown that the universal inteistinat apprehended through a body,

and that the individual intention which is individuated through material accidentdet®@aninate
magnitude and a determinate place is not perceived without a body; but it has not been shown that
the particular cannot be apprehended at all without a body, nor that the particular cannot be
converted into the judgement of the universal. Rativben the individuation of the particular is

not by means of magnitude, place, and the like, then there is no hindrance to the oneQs being aware
of itN so | suppose it would be the intellect. The impossibility of this has not been shown
anywhere. And theris no harm in there being a material cause of this individual, and of its being

a material thing in some respect, so long as the concomitant individuating form is not itself a
material form, but is instead one of the forms characteristic of that whdsédimation is not

through a body. The intellect or the intellective soul cannot, however, perceive an individual
particular by means of material forms with magnittite.

Even if we grant that the material aspects of human nature in and of themselvesude not

out the possibility of an intellectual grasp of ourselves as individuals, it is difficult to see how
such knowledge would fit the account that Avicenna has given of primitiv@saleness.

When Avicenna does attempt to describe more precisely hchwistellectual sefawareness

might be accomplished, the explanation turns on the possibility of singling out an individual
by means of its accidents through a process whereby | understand myself by combining my
grasp of OhumanityO with my understandfmqaperties that are peculiar to rife:

So he replied: If this seliwareness is not called an Ointellectida@lgr), but rather, the term
OintellectionO is proper to what belongs to the awareness of the abstract universal, then one could
say that my awareness of myself is not an intellection and that | do not understand my self. But if
every perception of whaubsists abstractly is called an Ointellection,O it need not be granted that
every intelligible of everything is a universal intention subsisting through its definition. Though
perhaps if it is to be granted, it is only granted in the case of externéigjibtes; nonetheless it is

certain this is not to be granted absolutely. For not everything has a definition, nor is every
intelligible just a simple concept, but rather, the thing may be understood through its states, so that
its definition is perceivednixed with its accidents. In this way, when | understand my self |
understand a definition to which is conjoirainseparablaccident (Irid I!zim ).*3

AvicennaOs point, then, seems to be we can conceptualize complex intelligibles such as
Olaughing human@ Opolitical human,O and that these concepts can provide a model for
intellectual seHawareness of our individual identities. My understanding of my self on that
model would consist of the definition of OhumanO plus a series of necessary accidents
conjaned to that definition, which in concert would contract that definition to pick out me
alone?® But there are obvious difficulties with this solution. From a metaphysical perspective,

it is not clear what property or set of properties could count as asageaccident singling

out my individual self, since Avicenna generally rejects bundle theories of individdation.
More importantly in the present context, however, this model seems to lack entirely the
immediacy which is the characteristic feature ofmpive selfawareness. Even if it is indeed
possible for me to grasp my own individuality intellectually through a process such as the one
just described, such an intellection could in no sense be counted as one in which | am simply
aware of my individuakxistence and identity prior to any conscious awareness | have of
either my essence or my attributes.

AvicennaOs account of primitive salfareness thus seems to require a different paradigm of
intelligibility which would allow for direct acquaintance Wian immaterial particular. In a

few places Avicenna indicates that such an account might be developed on the basis of
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parallels between sedfwareness and sensible observation. This, at least, is implied by
AvicennaOs inclusion of propositions expresssetf-awareness under the category of
Oobservational@l{mush!had!t) premises in th®irectives,a category which is principally
comprised of sensible propositions such as Othe sun is shining,0 and Ofire is hot.O In this
context, however, Avicenna does rstinguish sharply between primitive salivareness

and our awareness of our mental states, since the task at hand is to classify propositions based
upon their reliability, rather than to explore the cognitive processes that underlié®tBem.

these propsitions have already been filtered by the intellect and no longer display the
immediacy of the perceptual acts on which they are based. IiNdhestoo Avicenna
compares seldwareness to the knowledge we gain of an individual by direct acquaintance
(al-ma"rifah) and through observatiorml{mush!hadah).*” But ultimately Avicenna fails to
develop these suggestions in any comprehensive way, so that the exact nature of primitive
self-awareness remains somewhat mysterious.

6. SecondOrder Awareness and Knowing that One Knows

Thus far | have focused solely on AvicennaOs account of primitivaveaiéness, since that
is the form of selknowledge to which Avicenna devotes the most attention. But Avicenna
does not entirely neglect other forms of deibwledge, andnh the course of his accounts of
selfawareness he often invokes the distinction between primitiveaselfeness on the one
hand, and awareneisatwe are aware on the other hand. Whereas primitiveasedfeness is
a form of innate knowledge and thusfsa piece with the soulOs very existence, awarefess
awareness is something which we must acquire through conscious effort:

As for its awareness that it is aware of itself, this it has through acquisition. And for this reason it

does not know that isiaware of itself, and likewise for the rest of the things for which it acquires

the power to become aware. And this is something which is not existent in it, which it needs to
procure for itself'®

Unlike primitive selfawareness, whose exact character aiaen obscure despite its
pervasiveness, awareness that we are aware is an intellectual act, and hence it is always at the
level of actual conscious thought:

But our being aware that we are aware is an activity of the intellecta®Bateness belongs toeth

soul in actuality, for it is always aware of itseMnd as for the awareness of the awareness, it is

potential. And if the awareness of the awarenes® wetual, it would always be [so], and there
would be no need for the consideration of the intefféct

At first glance it might appear that this acquired form of awareness is the Avicennian
counterpart to the traditional Aristotelian conception of-aelareness as an act concomitant
with the understanding of other things. Yet there are reasons tothlainkuch a comparison

is not entirely apt. AvicennaOs model is clearly a propositional one, whereas the Aristotelian
notion of an awareness that is concomitant with our knowledge of an object seems prior to
any propositional judgment. | suspect, howetleat Avicenna would claim that there really is

no such thing as reflexive safvareness in the Aristotelian sense, since he rejects both of the
principles upon which the Aristotelian account is ba8é&&b Avicenna would probably agree

that Aristotelian réexive knowledge is either nothing but awareness that we are aware, and
hence it is indeed propositional; or that it offers a flawed account of primitivawsateness

and is to be rejected outright. Similarly, it is not clear whether our intellectasp gf our

own natures or quidditie§ i.e., our simple understanding of the intelligibles Ohuman® and
Osoul® would count as instances of awarenibss we are aware in AvicennaOs eyes. Here
too it seems unlikely that Avicenna would consider such knayeléd be a form of second

order awareness For in order to count as Oawareness,O it would seem necessary for the
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knower to apply the concept OhumanO to her understanding of herself. Failing that, her
knowledge of humanity would seem to constitsgdknowledge only incidentally.

Despite his relative silence on the exact scope and nature of serciencwareness, there are

a couple of short and provocative passages in which Avicenna attempts to offer some account
the role it plays within human knowledgewd functions seem paramount: €8conedorder
awareness is necessary for conscious thought to occur; and (2)-sedendwareness plays

a role in the attainment of certituds-facg).

With respect to (1), Avicenna argues that the complete identity that characterizes primitive
self-awareness necessitates that a different sort of cognitive act must occur in order to acquire
knowledgethat one is aware: OFor so long as you knt@frifu) yourself, you do not know

that this awareness of it from yourself is yours&lf.This is a direct consequence of
AvicennaOs distinction between awareness and consciousness. Siaverseléss under
normal circumstances is something that we are mettate to, it must be made the subject of
conscious reflection by the intellect in order to play an active role in our cognitive pursuits.
And the role that secoratder awareness plays in those pursuits seems to be in its own way a
central and foundati@h one, especially for the philosopher. For certitude, the epistemic goal

at which philosophy is supposed to aim, is defined as an act of seaterdknowledge.

Hence, with respect to (2), Avicenna argues, in a very compact statement prefaced to one of
his accounts of primitive sedwareness, that insofar as certitude entails knowing that one
knows, it is akin to and perhaps dependent on secaiet awareness:

Certitude is to know that you know, and to know that you know that you kadwfinitum.And
the apprehension of oneOs self is like this. For you apprehend your self, and you know that you
apprehend it, and you know that you know that you apprehdhdai infinitum@?

Avicenna does not make it entirely clear here whether Oknowing that one lemulvGBeing

aware that one is awareO are synonymous. Does Avicenna believe that knowing that one
knows is simply a special case of seconder awareness focused on oneOs awareness of a
particular object, or does he intend to make the stronger claim thatde is ultimately
dependentupon our capacity to bring primitive selfvareness to the level of conscious
attention? Some remarks on the nature offealing of certitude in thé®sychologygive us

reason to think that Avicenna would indeed assignae#reness a foundational role in all
certain knowledge.

In the passage in question, Avicenna presents the phenomenon of a person who feels certain
that she knows the answer to some question as soon as it is posed to her, even when she has
never actually wrked out the point at issue before. In effect, she teaches herself as well as her
audience during the course of her articulation of the reply. AvicennaOs account of what is
going on in such cases is somewhat problematic, although it coheres well wigantral
principles that are laid out in this part of tReychologyWhat Avicenna argues is that in

cases such as these the knower is actually certain of the reply she is about to give, and that
actual certitude is only possible if oneOs belief is intteedand oneOs knowledge actual.
Given the respondentOs actual certitude, the knowledge in question cannot be potential, even
proximately so, Obecause it is impossible to be certain that something actually unknown is
known by him but stored away. For hoautd you be certain of the state of something unless

the thing &l-amr) itself in relation to which you were certain were knowA?0

Now in the case of our knowledge of things other than ourselves, the inference from the
strength of our psychological certkel to the reality of that about which we are certain is
clearly suspicious. But the point does shed light on the role that Avicenna envisages for self
awareness in the attainment of certitude. For as weOve seen, primitangasetfess is the

only form of knowledge that is, from the first moment of our existence, always actually
present in us. And certitude, as here described, restsaxtuwairelation between the knower

and that of which she is certain. Primitive smNareness, then, is the only forfrkaowledge
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in which the actual relation between the knower and the object known is guaranteed.
Moreover, since the person who is actually certain of anything must grasp the relation
between herself and the other objects of which she is certain, priseliv@vareness would

also seem to be an ingredient within any additional claims we have to be certain of the nature
of things other than ourselves. Certitude thus consists in the awareness that we are aware; it is
not a distinct form of secorarder knowlelge in which primitive selwareness plays no
central role.

7. Knowing that We Know and the Problem of Infinite Regress

AvicennaOs identification of certitude as a form of knowing that one knows is not
unprecedented in the Islamic philosophical tradition-FRIb" (ca. 870950) had already
stipulated this as one of the conditions of certitude in his discussions of the nature of
demonstrative science:

Certitude is for us to believe concerning the truth to which assent has been given that it is not at all
possitbe for the existence of what we believe of this thing to be different from what we believe;
and in addition to this, we believe concerning this belief that another [belief] than it is not possible,
even to the extent that whenever there is formed somef loelhcerning the first belief, it is not
possible in oneOs view for it to be otherwise, and sal amfinitum>*

The principal function that this claim plays aF!rib"Os epistemology is to differentiate
knowledge from true opinion: while true opinions mageed correspond with realityl-a

F!rib" argues that only when wknowthat our belief in their correspondence is necessary
does our opinion rise to the levef certitude. AlF!rlb" himself often uses the term
Oawareness€h("$) to explicate this second ordkemowledge, and what he appears to have

in mind is a criterion that involves the subjectOs direct acquaintance with the evidence upon
which her belief$ based, the fact that it rests on the subject®s Oown VisibisGn turn

entails concomitant sedwareness, df!rlb" suggests, since | must also recognize that it is
my knowledge that is the guarantor of my belief. If a subject is certain of hisf,beis
cognitive statemust be that of Osomeone who considers the thing at the time when he is
considering it and is aware that he is considerin®it.O

One striking feature ofl&!rlb"Os account of knowing that one knows is the claim that
certitude entds an infinite regress of secowdder acts of awaness. It is this feature of-al

Firib "Oscriterion that Avicenna himself echoes in tNetes,and it is also a point of
contention in a debate over secander knowledge between-&@haz!|" (10581111) and
Averroes (Ibn Rushd, 1126198). AFF!rlb" himself does not comment much on the infinity
condition: he does not state whether the infinity is potential or actual, for example. Given the
Aristotelian prohibition against actual infinites, we might presuh@¢ the regress here is
necessarily potential. If | am certain of something, then | will be able, if challenged, to assert
seconeorder, thirdorder, etc. claims as required, but | need not and perhaps cannot actually
accept an infinity of metaropositiors. The secondrder claim is sufficient to establish
certain knowledge, since it secures my grasp on the evidentiary basis for my belief. Hence,
there is no danger that a sophistical challenger might disturb my certitude by charging that
while | may know hat | knowp, | may notreally know that my knowledge wonOt falter when

| reach a tentlorder or hundredtiorder claim, for example.

Yet some version of the possibility of an infinite regress oftagHreness claims does seem

to worry Avicenna. It is nothowever, the infinite regress of secemdler awareness that
concerns him, but rather, the view that holds that our becoming alerted to our primitive self
awareness (as, for example, by performing the Flying Man), constitupgt#ionof the act

of primitive seltawareness itself. This Avicenna denies: OA human being may be inattentive
to his selfawareness, and be alerted to it; but he is not aware of himself ffider®, the
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core of AvicennaOs concern seems to be the preservation of the prieflageder of self
awareness amongst the soulOs cognitive acts. But the prohibition against the OrepetitionO of
our selves in ourselves does not prevent an infinite regress of acts of krbating know.

Rather, secondrder awareness must necessarilyoba different kind from primitive self
awareness and have a distinct object from it: there must be some form of epistemic ascent
here.

The problem posed by the infinite regress of awareness resurfaces in an exchange between
AvicennaOs critics, -@haz!l" and Averroes. This debate is especially instructive for our
purposes since many of-@haz!l"Os claims presuppose the Avicennian paradigm ef self
awareness, in which secendder awareness is a distinct act of understanding from primitive
selfawareness, hereas AverroesOs responses are more faithful to the traditional Aristotelian
picture. Unlike Avicenna and-&!r'b", however, alGhaz!l", explicitly rejects the possibility

of an infinite regress of secomader acts>®

Rather, he knows his being a knovigr another knowledge, [and so on] until this terminates in a
knowledge of which he is oblivious and does not know. We do not say that this regésses
infinitum but that it stops [at a point] with a knowledge relating to its object, where [the individual

is oblivious to the existence of the knowledge but not [to that] of the object known, This is similar
to a person who knows blackness, being, in his state of knowing, psychologically absorbed with
the object of his knowledg& namely, blacknes®\ but unavare of his [act of] knowing
blackness, paying no heed to it. If he pays heed to it, it will require another knowledge [and so on]
until his heeding ceasés.

Al-Ghaz!I'"Os perspective here is ultimately far removed from AvicennaGisaZll' seems
to makeselfawareness entirely dispensable to human knowledge, and its incidental character
is even more pronounced than in the classical Aristotelian picture, where reflexive self
awareness, while not a necessary condition presupposed by all other knowledge, is
nonetheless an inevitable pyoduct of it. Certainly aGhaz!l"Os remarks are incompatible
with the claim that certitud8l that is, demonstrated, scientific knowledgedepends upon
secondorder acts of awareness. OrGtiaz!I"Os view, secomider awareess actually seems
to be animpedimento complete awareness of the object of oneOs thought. For according to
the above passage, in order to thwart the objectionable infinite regress of reflexive acts, we
eventually posit a stage in which our absorptiothanobject known and our attention to it is
so allembracing that we lose ourselves entirely in the object and fail to note the otherness
between it and ourselves.
AverroesOs response teGdlaz!l'Os remarks in thecoherence of the OlncoherenceO
staunchly defends the Aristotelian view that $&lbwledge is indistinguishable from our
concomitant awareness of other things. Averroes does allow for an exceptiagdiaithi in
cases where we are talking about my knowledge ofndiidual soul (ilm bi-nafsihi al-
shakKiyah), by which Averroes means nothing but my ability to perceive my own
individuating states and actioffsBut on AverroesOs view this sort of indival self
knowledge is clearly inferior to the sédhowledge thats identical with what is known, since
in the latter case the knower has universal, essential knowledge of Othe quiddity which is
proper to him.O AverroesOs point here is not simply thahlweruly know ourselves when
we have attained a scientific understanding of human nature. Rather, Averroes makes the
following assertion based upon the identification of rationality as the essential difference of
humanity:

The essence of a human beidg!¢-hu) is nothing but his knowledge of thing$irh al-ashy!Q. ...

The quiddity of a human is knowledge, and knowledge is the thing known in one respect and

something different in another. And if he is ignorant of a certain object of knowleugjdsm

m!), he is ignorant of a part of his essenpe®an midh!ti-hi), and if he is ignorant of all
knowables, he is ignorant of his essefice.
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Despite its reliance on the identity of knower and known, AverroesOs claim here is stronger
than the Aristotelian pdson that the soul knows itself in the same way that it knows other
things. The Aristotelian claim is simply that salflareness can only occur reflexively, once
another object is known. Aristotelian s&Howledge in this sense is episodic. Avicennian
sdf-awareness, by contrast, is continuous and uninterrupted. Averroikheelfedge, unlike

either of these models, is progressive and cumulative: the acquisition of knowledge is a form
of selfrealization for Averroes, and hence my deibwledge increas in proportion to the
increase in my overall store of knowledge.

On the basis of this stronger understanding of the identity of knower and known, Averroes
denies that there could be any problem in positing an infinite regress ofleweis of
awarenessThere is no need to cut off an infinite regress by positing some mysterious stage at
which the knower fails entirely to be conscious of herself, because there is nothing
problematic about the sort of infinity that is implied by a series of claims thatjact knows
thatshe knows:

Now akGhaz!l"Os answer, that this knowledge is a second knowlédgeh(n#) and that there is

no infinite series here, is devoid of sense, for it iseeiflent that this implies such a series, and it

does not follow fronthe fact that when a man knows a thing but is not conscious that he knows
the fact that he knows, that in the case when he knows that he knows, this second knowledge is an
additional knowledge to the first; no, the second knowledge is one of the cosdifidthe first
knowledge, and its infinite regress is, therefore, not impossible; if, however, it were a knowledge
existing by itself and additional to the first knowledge, an infinite series could not®8ccur.

| take AverroesOs point here to be the follgwsince my knowledge of an object is one and

the same act of knowledge as my knowledge of myself, there is implicitly contained in that
single knowledge a potentially infinite series of propositions asserting my knowtlealge

know, that | know that | know, and so on. Seknowledge is anngredient within our
knowledge of other things to the extent that certitude requires us to know that we know.
Knowing that we know does not, then, generate an infinite series of distinct acts of knowing
as alGhazl" maintains, and hence there is no need to terminate the series by positing some
act of awareness in which sé&iowledge is entirely absent. Such a move is absurd in
AverroesOs eyes, not the least because it places a form of ignorance at the core of the
explanation of knowledge. There is no little irony in the fact that much the same objection
could be made against the function that Avicenna assigns to primitivaveaiéness: both
primitive selfawareness and seabsorption into the object known restir knowledge on

modes of awareness that lie below the threshold of consciousness and that, as such, remain
actually unknown.

8. Conclusion

It is clear from the many attempts that Avicenna makes to clarify the nature of primitive self
awareness that he considd it to be a fundamental principle in his own philosophy and a
necessary and important corrective of the prevailing philosophical view that made self
awareness of secondary importance in the explication of human knowledge. It appears from
his various chracterizations of primitive sefwareness that emphasize its utter basicality and
complete seHdentity that Avicenna believed that some such state e€@mecious awareness

was necessary to ground tineity of the human being as the single knowingjscito which

her diverse cognitions, grounded in various faculties, are referred. It is this concern with the
unity of awareness, rather than the desire to establish the immateriality of that unifying
subject, that is of paramount importance to Aviceenan in the Flying Man experimeRt a

point which is attested to by AvicennaOs decision to incorporate two of the three versions of
the Flying Man into arguments for the unity of the $8ul.
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Nonetheless, it is impossible to deny that Avicenna is strontgiyctgd by the possibility of
moving from an analysis of the primitiveness and simplicity of-@ekreness to the
conclusion that a being possessed of this capacity cannot be essentially corporeal. Thus in
both the contexts in which the Flying Man is usedupport the unity of the soul Avicenna
eventually makes the additional claim that no body could act as the unifying or binding entity
that he has discovered. And while Avicenna is in general careful to differentiate primitive
selfawareness from simplatellectual understanding, his focus is in most instances fixed on
establishing its nosensory character.

More fundamentally, it seems reasonable to suppose that AvicennaOs insistence on the
necessity of positing some unifying principle of awarenesiseff rooted in his commitment

to the subsistence of the human soul and the merely relational character of its link to the body.
It can hardly be an empirical inference, after all, for by AvicennaOs own admission primitive
selfawareness, as such, is prio all conscious thought. Yet AvicennaOs claim that self
awareness is indistinguishable from the very existence of the human soul follows quite
naturally on the assumption that the fundamental attribute of the separate infelletsof

being always etually engaged in a Othinking of thinkin§Omust also be manifested in
human intellects if they are to be intellects af3While Avicenna may agree with Aristotle

that the human soul is indeed in mere potency to objects of knowdéugehan itself,if the

soul is essentiallimmaterial and rational, then there can be no point in its existence at which
it is not in some sense actually cognitive. To the extent that the human soul is truly an
intellective soul, it must have the characteristic propeftall subsistent intellects, that of
being actually intelligible to itself. No intellect can ever be empty of this bare minimum of
selfawareness. The Aristotelian view of skifowledge, then, can be accommodated into
Avicennian psychology to a limitecktnt. But that view, like the more basic characterization

of the soul as the form or perfection of the body, captures only those limited aspects of human
knowledge that pertain to its tempolaland temporarf physical state.
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Abbreviations

Primary texts are cited by the followingabbreviatedtitles:

Averroes: 1930 (1954)ncoherenceTah!fut al-Tah!fut (The Incoherence of OThe Incoherence®),by M.
Bouyges Beirut,Imprimerie Catholique, Trans. Man Den Bergh 954.

Avicenna: 1892Directives Al-Ishlr!t wa -t-tanb#h!t(Directives and Remindersd. byJ. ForgetLeiden.

Avicenna: 1956,Demonstration: AiShifl®: AlBurh!n, ed. by A. E. Affifi and I. Madkour, CairoGeneral
Egyptian Book Organizain.

Avicenna: 1947|nvestigations: AMub! Zath!t in A. R. Badawi (ed.)Aris}$"inda al"Arab, Cairo, pp. 12239;
| have not had access to the more recent and more complete editionvbitthéath!t by M. Bidarfar,
Qum, 1992.

Avicenna: 1952 Isagoge: AIShiflO, AtMadkhal ed. by G. Anawati, M. EiKhodeii, F. aFAhwani, and .
Madkour,Cairo, General Egyptian Book Organization.

Avicenna: 1960Metaphysics: AShiflO, Alllh#ylt, ed. byG. C. Anawati, S. Dunya, M. Y. Musa, and S. Zayid
2 vols., CairoGeneral Egyptian Book Organization.

Avicenna: 1973Notes: AlTa"l#q!t,ed.by A. R. BadawiCairo.

Avicenna: 1975Psychology: AShiflO, Al ab#"y! t, Part 6,Al-Nafs,ed. byG. C. Anawati and S. Zayed, Cairo.

Al-FIrlb": 1986-87, Conditions: Shar!) al-yag#n (Conditionef Certitude),ed. by Majid Fakhryin R. Al-
"Ajam and M. Fakhry (eds.pl-Man}iq "inda atF!rib#, vol. 4, Beirut, Dar etMachreq.

Al-F!rlb": 1986-87, Demonstration: Kit!b aiBurh!, ed. by Majid Fakhryr R. Al-"Ajam and M. Fakhry (eds.),
Al-Man}iq "inda alF!rib#, vol. 4, Beirut, Dar eFMachreq.

Al-Ghaz!l": 2000,Incoherence: Tah!fut aldl!sifah (Incoherence of the Philosophergq. and trans. biyl. E.
Marmura, Provo, UtalBrigham Young University Press.

Al-Ghaz!l": 1998,Niche: Mishk!t al-anw!r (The Niche of Lights)ed. and trans. bipavid Buchman, Provo,
Utah,Brigham Young University Press.

Leibniz: 1962, New Essays: Nouveaux essais sur IOentendement hathdiyA. Robinet and H. Schepeirs
SSmtliche Schriften undiBfe VI: Philosophische Schtién,Bd. 6 Berlin, Akademi&/erlag.
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A Conceptual Analysis ofEarly Arabic Algebra
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Abstract. Arabic algebra derives its epistemic value not frawofs but from correctly performing calculations

using coequal polynomials. This idea of Omathematics as calculation® had an important influence on the
epistemological status of European mathematics until the seventeenth century. We analyze the bpsimtonce

early Arabic algebra such as the unknown and the equation and their subsequent changes within the Italian
abacus tradition. We demonstrate that the use of these concepts has been problematic in several aspects. Early
Arabic algebra reveals anomaliediich can be attributed to the diversity of influences in whichakjabr

practice flourished. We argue that the concept of a symbolic equation as it emerges in algebra textbooks around
1550 is fundamentally different from the OequationO as knowrbiis Algebra.

1. Introduction

The most common epistemology account of mathematics is based on the idea of apriorism.
Mathematical knowledge is considered to be independent of experience. The fundamental
argument for an apriorist assessment of mathematicsuiiéal on the concept of a formal
proof. Truth in mathematics can be demonstrated by deductive reasoning within an axiomatic
system. All theorems derivable from the axioms have to be accepted solely on basis of the
formal structure. The great mathematicidardy cogently formulates it as follows (Hardy
1929):

It seems to me that no philosophy can possibly be sympathetic to a mathematician which does not

admit, in one manner or another, the immutable and unconditional validity of mathematical truth.

Mathemattal theorems are true or false; their truth or falsity is absolute and independent of our
knowledge of them. In some sense, mathematictl tsupart of objective reality

When some years later, GSgwebvedthat there are true statements in any congistemal
system that cannot be proved within that system, truth begemmptorydecoupled of
provability. Despite the fact that G3delOs proof undermined the foundament of apriorism it
had little impact on the mainstream epistemological view on mathem@&iidy during the

past decades the apriorist account was challenged by mathematical empiricism, through
influential works from Lakatos (1976), Kitcher (1984) and Mancosu (1996). These authors
share a strong believe in the relevance of the history of maties for an epistemology of
mathematics.

The apriorist view on mathematics has not always been predominant in western thinking. It
only became so by the growing influence of the Euclidean axiomatic method from the
seventeenth century onwards. With resgealgebra, John Wallis was the first to introduce
the axioms in an early workcalled Mathesis Universalis included in his Operum
mathematicorum(1657, 85) With specific reference to EuclidB&ments he gives nine
Axiomata also calledcommunes notenes From then on, the epistemological status of
algebra was transformed into one deriving its truth from proof based on the axiomatic
method. Before the seventeenth century, truth and validity of an algebraic derivation
depended on correctly performintpe calculations using an unknown quantity. While
Wittgenstein was heavily criticized for his statement @ie Mathematik besteht ganz aus
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Rechnun@ (Mathematics consists entirely ofilculatiors), (1978, 924; 468), his image of
mathematics as procedsr performed on the abacus, fits in very well with-ggeenteenth
century conceptions of mathematical knowledge. Algebraical problem solving consisted
formulating the problem in terms of the unknown and reducing the form to one of the known
cases. Eayl Arabic algebra had rules for each of six known cases. While geometrical
demonstrations exist for three quadratic types of problems, the validity of the rules was
accepted on basis of their performance in problem solving.
The idea that European mathemsitn@as always been rooted in Euclidean geometry is a myth
cultivated by humanist writings on the history of mathematics. In fact, the very idea that
Greek mathematics is our (Western) mathematics is based on the same myth, as argued by
Jens H¢yrup (Heyrupd®6, 103):

According to conventional wisdom, European mathematics originated among the Greeks between

the epochs of Thales and Euclid, was borrowed and well preserved by the Arabs in the early

Middle Ages, and brought back to its authentic homeland by fearts in the twelfth and
thirteenth centurySince then, it has pursued its career triumphantly.

H¢yrup shows that OMedieval scholastic univedidyproduce an unprecedented, and hence
specifically European kind of mathematicsO (ibid.). But also outiseleniversities, in the
abacusschools of Florence, Siena and other Italian cities, a new kind of mathematics
flourished supporting the practical needs of merchants, craftsman, surveyors and even the
military man.

Symbolic algebra, the Western mathemagias excellenceemerged from algebraic practice
within this abacustradition, situated broadly between Fibonactier Abbaci(1202) and
PacioliOSumma(1494). Practice of algebraic problem solving within this tradition grew out
of Arabic sources. Thepistemic foundations of a mathematasscalculation was formed in

the Arab world. An explicitation of these foundations is the prime motivation of our analysis
of the basic concepts of early Arabic algebra.

2. Starting point

While the original meaning of éhArabic concepts of algebra will be an important guideline

for this study, we relinquish the search for the Oexact meaningO. Several scholars have
published studies on the origin of the term algebra, the meanmlgadr andal-much!bala

and the Arabic terms for an unknown. Some have done so with the aim of establishing the
correct meaning with the aid of Arabic etymology and linguistics (e.g. Gandz 1926, Saliba
1972, Oaks and Alkhateeb 2005). Strictly taken, the precise ngeahithese Arabic terms

and concepts is irrelevant for our study. Even if there would be one exact meaning to be
established, it was not available for practitioners of early algebra in Europe. With a few
exceptions, such as Fibonatcihe flourishing ofalgebraic practice within the abacus
tradition depended on a handful of Latin translations and vernacular interpretations or
rephrasing of these translationsaduiestionablycertain shifts in meaning took place within

the process of interpretation andfdgion during the twelfth and thirteenth centuries. Rather
than the Arabic terms and concepts, the concepts conveyed by the first Latin translations will
be our starting point.

2.1.Latin translations of al-Khw"rizm!Os Algebra

Three Latin translations of-&hw! rizm"Og#\lgebraare extant in sixteen manuscripts (Hughes
1982). These translations have been identified as from Robert of Chester (c. 1145), Gerard of
Cremona (c. 1150) and Guglielmo de Lunis (c. 1215), although there is still discussion
whether the la#r translation was Latin or Italian. What became available to the West was
only the first part of akhw! rizm"Os treatise. The second part on surveying and the third on
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the calculation of legacies were not included in these Latin translations. The fudf tive
Algebrabecame first available with the edition of Frederic Rosen (1831) including an English
translation.Rosen used single Arabic manuscript the Oxford, Bodleian CMXVIII Hunt.

214, dated 1342. The value of his translation has been queshgredska (1917), Gandz
(1932, 613) and H¢yrup (1998, note 5). Some years later Guillaume Libri (138, XII,
253-299) published a transcription of GerardOs translation from the Paris, BNF, Lat. 7377A,
an edition that has been qualified as Ofaulty@aretted on eighty accounts by Hughes
(1986, 211, 231). Later during the century, Boncompagni (1850) also edited a Latin
translation from Gerard, but it was later found that this manuscript was not GerardOs but
Guglielmo de LunisO (Hughes 1986). RobelésterOs translation was first published with

an English translation by Karpinski (1915). However, Karpinski used a manuscript copy by
Scheubel, which should be seen more as a revision of the original.

It is only during the past decades that criticakieds of the three Latin translations have
become available. The translation by Gerard of Cremona was edited by Hughes (1986), based
on seven manuscript copies. Hughes (1989) also published a critical edition of the second
translation from Robert of Chestbased on the three extant manuscripts. A third translation
has been edited byolfgang Kaunzner(1986) Although this text (Oxford, Bodleian, Lyell

52) was originally attributed to Gerard, it is now considered to be a translation from
Guglielmo de LunigHughes 1982, 1989). An ltalian translation of 1313 from the Latin is
recently published by Franci (2003). It has been argued by several scholaBerthat of
CremonaOs translation is the best extant witness of the first Arabic algebra (H¢yrup 1998).

2.2.Latin translations of other Arabic works

Apart from atKhw! rizm"Oglgebrathere have been Latin translations of other works which
contributed to the diffusion of Arabic algebra. Thiber algorismi de pratica arismetricey

John of Seville (Johannes Hispalensis) precedes the first Latin translations and briefly
mentions algebra (Boncompagni 1857, -B)2 Also of importances Ab$ BakrOsLiber
mensurationumtranslated by Gerard d@remonain the twelfth century (Busard, 1968).
Although this work deals primarily with surveying problems it uses the methods aasviied
terminology of the early Arabifbr tradition. JendH¢yrup, who named the method Onaive
geometryO or Othe tradition of lay surveyorsO, has pointed out the relation between this work
and Babylonian algebra (H¢yrup, 1986, 1990, 1998, 2002). FolloBumpard, he has
convincingly demonstrated that the operations used to solve these problems are concretely
geometrical. Therefore this work can help us with the interpretation of operations in early
Arabic algebra.

The Algebraof Ab$ K!mil waswritten some decades after that ofkdiw! rizm" and bears the
same titleKit! b f#al-Jabr wa d-muq!balah Several versions of the manuscript are extant.
An Arabic version MS Kara Mustafa KYtYbhane 379 in Istanbul; a fourteentary cpy of

a Latin translation at the BNF at Paris, Lat. 7377A, discussed with partial translations by
Karpinski (1914) and published in a critical edition by Sesiano (1993) who attributes the Latin
translation to Guglielmo de Lunis (1993, 32 A fifteenthcentury Hebrew version with a
commentary by Mordecai Finzi, is translated in German by Weinberg (1935) and in English
by Levey (1966). Levey also provides an English translation of some parts of the Arabic text.
Other texts includébn BadrOskhti{!r al -Jabr wa da-mug!bala which was translated into
Spanish (Stnchez PZrez, 1916) andaahj'Ogakhr#f#al-Jabr wa d-mug!balah with a

partial French translatiom(oepcke 1853).
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3. The evolution of the concept of an unknown

3.1.The unknown in early Arabic algebra

The unknown is used to solve arithmetical or geometrical problems. The solution commences
with posing an unknown quantity of the problem as the abstract unknown. By analytical
reasoning using the unknown, one arrives at a value for it. In algeboalem solving before
Arabic algebra, the abstract unknown is not always the symbolic entity as we now understand.
As an essential part of the analytical reasoning, it is an entity related to the context of the
problem and the model used for problem s@vifor Babylonian algebra, it is shown by
H¢yrup (2002) that the model was a geometrical one. The unknown thus refers to geometrical
elements such as the sides of a rectangle or a surface. In Indian algebra we find the unknown
(or unknowns) used for moneyavalues or possessions as in the rulegafik!ntara
(Colebrooke 1817, 334 The terms used in Arabic algebra reflect both the geometrical
interpretation of the unknown as well as the one of a possession. We will argue that the
difficulties and confusions in the understanding of the concepteofAthbic unknown are
induced by diverse influences from Babylonian and Indian traditions.

3.1.1.Arabic terminology

The central terms in Arabic algebra andl, shayGndjidhr. In addition, the monetary unit
dirhamis also used in problems and in their algebsaittions. It is generally accepted that
the termm!| refers to possession, or wealth or even a specific sum of monegh#@ijés
translated as OthingO ever since the first commentators wrote about it (CosSi AroaT

the beginningshay@as conglered the unknown (Colebrooke 1817, xiii).

The difficulties of interpretation arise when we transtate by OsquareO astthy®y OrootO.
Rosen (1831) and Karpinski (1915) both use Osquarefl fon most occasions. Karpinski
even uses the symbolié. However, when the problem can be stated without the use of a
square term, they both change the interpretation oftthe For example in problem II1.11,
Rosen uses Onumber® and Karpinski emplogtead of® as used for the other problefns.
This alreadycontributes to the confusion as the Latin translation uses the same word in both
cases. Moreover the choice of the word OsquareO is misleading. Neither the geometrical
meaning of §yuar®, nor the algebraical one, efy.are adequate to convey the megnof

m!l.2 For the geometrical problems)-Khw!rizm" elaborates on the use wfl for the
algebraic representation of the area of a geometrical square. If the meamithgvafuld be a
square, why going through the argumentation of posirigfor the area® The algebraic
interpretation of a square is equally problematiellf would be the same as the square of the
unknown thenidhr or root would be the unknown. However, this is in contradiction with the
original texts in whichm!l, if not the original unknow by itself, is at least transformed into
the unknown. H¢ yrup (1998, 8) justly uses the argumentihas used in linear problems in
al-Karaj'OK!f# (Hochheim 1878ijii, 14). This corresponds witthe use of a possession in
Hindu algebra, in formulatmalgebraic rules for linear problems, such agth!ntara.

Arab m!| shayO | jidhr dirham | Oadad mufrad
Hispalensis (none) res radix (none) numerus

Robert substancig res radix dragma | numerus

Gerard census res radix dragma | numerus simplex
Guglielmo census res radix dragma | numerus

Ab$ K!mil (latin) | census res radix dragma | numerus simplex




A CONCEPTUAL ANALYSIS OF ARABIC ALGEBRA 83

Tablel: The terms used in early Latin translations of Arabic texts

3.1.2.The ambiguity of m!|

The interpretation ofm!l as the unknown, pure and simple, is not as straightforward as often
presentedWhile m!l (in RobertOs translatisubstancisand in GerardGznsu} is used to
describe the problem, the algebraic derivation depends on operations on other terms than the
original OpossessioIso Hughes points out the problem in his commentary of Robert of
ChesterOs editidn:

Terminology also must have jolted RobertOs readers. In problems four and six of Chapter | and in
five, ten, and thirteen of Chapter $siubstancian the statement of the initial equation becomess
or radix in its solution. Excursions such as thesest have challenged the reader.

Let us lookmore closelyat problem 111.13, as it is instructive to point out what constitutes a
transformation in thera@yinal concept om!l:

Karpinski 1930, 118 Hughes 1989, 61
| multiply a square by twohirds of Substanciam in eius duabus terciis
itself and have five as a product. multiplico, u fiant 5. Exposicio est, ut rem i

Explanation. | multiplyx by two-thirds duabus terciis rei multiplicem, et erunt 2
X, giving 2/3 X, which equals five. unius substancie 5 coequancia. Comple €
Complete 2/3x by adding to it one 2/3 substancie cum similitudine earum mes
half of itself, and oned is obtained. et erit substancia. Et similiter comple 5 ct
Likewise add to five ondalf of itself, sua medietate, et erit habebis substancii
and you have 7 1/2, which equats et medium coequantem. Eius ergo radix est
The root of this, then, is the numb que quando in suis duabus terciis multiplici
which when multiplied by twahirds of feurit, ad quinarium excrescet numerum.
itself gives five.

Substancidiere is used in the problem text as well as the solution. But clearly it must have a
different meaning irthese two contexts. In the beginning of the derivasobstanciais
replaced byres In the English translation, Karpinski switches from Osquare® Byp
multiplying the twores terms,x and 2/, two thirds of a newsubstanciais created. This
secondsubstanciais an algebraic concept where the first one, in the problem text, is a
possession and may refer to a sum of money. While Gerard of Cremor@ensesnstead

of substanciahis translation has the same ambiguity with regamtsug

3.1.2.1.The root of real money

This anomaly of Arabic algebra is discussed now for almost two centuries. Libri (1838),
Chasles (1841, 509), and others have noticed the problem. Some have chosen to ignore it
while others pointed out the inconsistency, but did not proviglesatisfactory answer. Very
recently, two analyses have reopened the discussion. In the yet to be published H¢ yrup (2006)
and Oaks and Alkhate€B005) the double meaning of th@l is prominently present in their
interpretation of early Arabic algebfad¢yrup (2006) adequately describes the anomaly as
Othe square root of real moneyOmAlsor censusoriginally is understood as a possession,

and the unknown is designated slyayCor res which isthe root of thecensus problems

looking for the value of @ossession thus deal with the root of real money when they use the
shayQn their solution. According tdd¢eyrup the difference between the two was already a
formality for atKhw! rizm".

3.1.2.2.Ab# K"mil towards a resolution of the ambiguity

We find the anomaly ab in the algebra of Ab$ K!mil, almost a century later. But Ab$ K!mil
is the first to point out that the transformation of a value or possession into an algebraic
guantity is an arbitrary choice. His double solution to problem 52 is very instructivesin thi



84 ALBRECHT HEEFFER

respect. The problem commences as follows (translation from the Arabic text, fex8y
1966, 164, note 167):

If one says to you that there is an amdumi ] to which is added the root of i&. Then the sum is
multiplied by itself to give 4 times éhfirst amount. Put the amount you have equal to a thing and
to it is added the root of i& which is a thing plus the root &f a thing, (then multiply it by itself
[sic]. It gives a thing plus the root &f a thing. Then one multiplies it by itself give a square
plus& a thing plus the root of 2 cubdabin, a dual oka'b] equal to 4 things.

The Latin translation makes the anomaly apparent (Sesiano 1993, 392653)8

Et si dicemus tibi: Censui adde radicem medietatis eius; deinde duc additum in se, et [pidvenie
quadruplum census. Exemplum. Facmsen tuum rem, et adde ei radicem medietatis eius, et
[prov-] erunt res et radix & ieQue duc in se, et proveniefrdensus et & rei et radix 2 cuborum,
equales 4 rebus.

In symbolic representation the solution depends on:

2
! n
X+ /lx§=4x
b V2 &

As is common, the translator usesnsusfor the possession or amount of money in the
problem formulation. The solution starts by stating literally Omake frooettseisyour resO
(Faccensum tuum ref) which could easily be misinterpreted as Oméiam x°O In the
rest of the solutiorresis used as the unknown.

Ab$ K!mil adds a second solution: OYou might as well esesusfor the possessionO, he
reassures the reader (Sesiano 1993, 399,-270%),

Et, si voleris, fac censum tuum censum, et adde eicesmlimedgtatis ipsius, et erunt census et
radix medietatis census, equales radici 4 cens[ibusjuum, [et] quia di[x]cis: OQuando ducimus
elumJa in se, [erit] proveniet quadruplum censusO. Est ergo census et radisu&, eguales

radici 4" censu[um]s. Ehoc est 2 res.

Here, the symbolic translation would be:

! 1 "
X? + —x2§=4x2
h V2 &

Thecensuss now used for the possession. But there is still a difference betweeansiesof

the problem formulation and tfeensusof the problem solution. @& cenam tuum censu@

should here be understood asitQpe amount you have equaltte square of thingO. What

Ab$ K!mil seems to imply by providing alternative solutions to a single problem, is that there
are several ways to Otranslate® a problem intoaédgielbm. The possession in the problem

text is not necessarily the unknown. You can use the unknown for the possession, but you
might as well use the square of the unknown. In the abacus tradition from the thirteenth to the
sixteenth century, this freedoaf choice was highly convenient for devising clever solutions

to problems of growing complexity. The ambiguity in the conceptmdf, by many
understood as a nuisance of Arabic algebra, could have facilitated the conceptual advance to
the more abstract concept of an algebraic quantity.

3.1.3.Conclusion

There is definitely an anomaly with the original concept of an unknown in early Arabic
algebra. One the one hamd!l is used as the square term in quadratic problems of the type
On!l and roots equal numberO such as the prototypical case four-Homv!aizm"
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x> +10x = 3¢

Early Arabic algebra provides procedures for problesngh can be reduced to one of the six
standard types. On the other hamd| is also used for describing the quantity of a problem,
mostly a sum of money or a possession. Possibly, at some time beftheviaizm"Os
treatise, these two meanings were cmetad in a single word and concept. As problems
dealing with possessions were approached by algebraic method frahjdbe tradition, a
transformation of the concept!l became a necessity. We notice ifkalw! rizm"Odlgebra

and all the more in that &b$ K!mil, a shift towardsm!l as an algebraic concept different

from a possession or a geometrical square. The confusion and discontent expressed by several
twentiethcentury scholars with terminology in early Arabic algebra stems from a failure to
see tle conceptual change of thel .

We do not know much about the origin of thigabr tradition, preoccupied with quadratic
problems and their OnaiveO geometric demonstrations. Jens H¢yrup (2994p&00lates

on a merger of two traditions. The firsttise class of calculators employing tliis!b for
arithmetical problem solving. The second stems from the tradition of surveyors and practical
geometers, going back to Old Babylonian algebra. We would like to add the possible
influence from Hindu algebra. ke the al-jabr tradition is definitely different from the
Indian one in methods and conceptualization, the type of problems dealing with possessions
are likely to have been imported from the Far East. The ambiguities within the concgpt of
reflects tle variety of influences.

3.2.Multiple solutions to quadratic problems

A second particularity of Arabic algebra is the acceptance of double solutions for one type of
guadratic problems. The recognition that every quadratic equation has two roots is generally
considered as an important conceptual advance in symbolic algebra. We find this insight in
the mostly unpublished works of Thomas Harriot of the early seventeenth century. More
influential in this respect, is Girard@wention Nouvelle en Algehrgublishedin 1629.
However, it is less known that early Arabic algebra fully accepted two positive solutions to
certain types of quadratic problems. It is significant that this achievement of Arabic algebra
has largely been neglected during the abacus traditioite whmight have functioned as a
stepping stone to an earlier structural approach to equations. We believe there is an
explanation for this, which is related to the concept of an unknown of the abacus rhasters.

us first look at the first occurrence a@duble solutions in early Arabic algebra.

3.2.1.Two positive roots in Arabic algebra

Two positive solutions to quadratic problems are presenteekihval ri;m"@s fifth case of the
guadratic problems of Opossession and number equal to rootsO. This problerbplic sym
form, corresponds with the normalized equation

al-Khw!rizm" talks about addition and subtraction leading to two solutions in the following
rule for solving the problem:
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From RobertOs translation ~ The ruk from the Arabic manuscript
(Hughes 1989, 34): (Rosen 1931, 42):

Primum ergo radices per mediu When you meet with an instance which refers yot
dividas et fient 5. Eas ergo in ¢ this case, try its solution by addition, and if that do

multiplica et erunt 25. Ex hiis erg serve, then subtraction certainly will. For in this c:
21 diminuas quem cum substanc both addition and subtraction may be employed, wt
iam pretaxauimus, et remanebunt will not answerin any other of the three cases in whi
Horum ergo radicem accipias id € the number of the roots must be halved. And kn
2, que ex medietate radicum id est that, when in a question belonging to this case

diminuas et remanebunt tria, vha have halved the number of the roots and multiplied
radicem huius substancie constitue moiety by itself, if the product be less than the num
cia, quam scilicet substancia of dirhems connected with the square, then the insti
novenus complet numerus. Et isimpossible; but if the product be equal to the dirhe
volueris ipsa duo que a medieta by themselves, then the root of the square is equi

radicum iam  diminuisti, ipsi the moiety of the roots alone, without either additior
medietati id est 5 a®0 dicias, et subtraction.
fient 7.

The procedurehus corresponds with the following formula:

b b’
)(1’2—§i gz%#c

al-Khw!rizm" states that the problem becomes unsolvable when the discriminant becomes
negative. When the square loR2 equals the number (of dinars) there is only one solution
which is half the number of roots. Th#ssin Gerards translation of problem Vligives a
geometric demonstration with the two solutioi$is poblem fromal-Khw!rizm" is also
treated by Ab$ K!mil (Karpinski 1914, 42; Sesiano 1993, 338). A lesser known Arabic
manuscript, which most likely predateskdiw! rizm", also has the geomietdemonstration

with double solutions (Sayili 1985, 14).

Chasles (1841, 504) mentions a Latin translation of Gerard (Paris, BNF, anciens fonds 7266)
from a treatise on the measurement of surfaces, by an Arab called Sayd. A problem of the
same type, coesponding with the symbolic equation

X2 +3=4x

is solved by addition and subtraction (OHoc namque est secundum augmentum et
diminutionemO), referring to the valuess 2 + 1 andx = 2 B 1, resulting in the double
solutionx =3 andx = 1.

In conclusion: double positive solutions to one type of quadratic problems were fully accepted
in the earliest extant sources of Arabic algebra.

3.2.2.Speculation on the origin of double solutions

Dealing with quadratic problems, Diophantus never arriveswdildsolutions. If the problem

has two positive solutions, he always finds the larger one (Nesselmann 18424, 318pfke

19334, 45). So, where do the double solutions of Arabic type V problems originate from? If
not from Greek descent, the most likedyigin would be Hindu algebra. However, Rodet
(1878) was the first to critically investigate the possible influence of Hindu sources on Arabic
algebra. One of his four arguments against such lineage is the difference in approach to
double solutions of thquadratic equation. As the Hindus accepted negative values for roots
and numbers they had one single format for complete quadratic equations, namely
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adt+bx=+c

whereas the Arabs had three types. The Hindu procedure for solving compldtatiqua
problems accounts for double solutions as stated by Bhiskara (and his predecgssors):

If the root of the absolute side of the equation be less thamutihéer, having the negative sign,
comprised in the root of the side involvitige unknown, themputting it negatie or positive, a
two-fold valueis tobe found of the unknown quantitthis [holds] in some cases

The Oroot of the absolute side of the equationO refers tatfde Hindu procedure to find

the roots of a quadratic equation can hesitated by the following example (Bfkara stanza
139; Colebrooke 1817, 216y:

The eighth part of a troop of monkeys, squared, was skipping in a grove and delighted with their
sport. Twelve remaining were seen on the hill, amused with chattering to each other. How many
were they in all?

Using the unknowtya 1 for the number of monkeyBh!skara solves the problem as follows:

yav é ya0  rui2 literally transcribed

2
£+Ox+12: 0 +x+C
yavO vyal ru0 64

yavl vya 64 ruo0 bringing to the same denominator:
yav0 vyaO ru76¢ x*1 64x=1 T6¢
making the left side a perfect squar
(x! 32)°= 25¢
yal ru 3D extracting the root results in:
ya0 rulé x! 32=+% 16

The two solutions thus become 48 andx = 16.

In the next problem the acceptance of two $oh# is more challengingBhlskara stanza
140;Colebrooke 1817, 216):

The fifth part of the troofof monkeys]less three, squared, had gone to a cave; and one monkey
was in sight, having climbed on a branch. Say how many they were.

This leads to the equation:

yavl ya55 ru0 literally transcribed
yav0 vya0 ru25C 16! 55% G= O+ Od 25

with solutionsx = 50 andx = 5. Bhlskara has some reservations about the second solution
because one fifth of five minus three becomes negative.

The very different approach towards quadratic problamd the acceptance of negative roots
in Hindu algebra makes it an improbable source for the double solafidpge V problems

in Arabic algebra.

If not from Greek or Indian origin, there is only one candidate left. Solomon Gandz, in an
extensive, andadr that time, exhaustive comparison of solutions to quadratic problems from
Babylonian, Greek and Arabic origin concluded (Gandz 1937, 543):

Greek and Arabic algebra are built upon the rock of the old Babylonian science and wisdom. It is
the legacy of theold Babylonian schools which remain the very foundation and cornerstone of
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both the Greek and Arabic systems of algebra. The origin and early development of the science
cannot be understood without the knowledge of this old Babylonian legacy.

Although therelation should now be qualified and differentiated more cautiously, recent
studies, such as the groundbreaking and novel interpretation by H¢yrup (2002) endorse some
line of influence. If we look again at the type V problem froaKhW! rizm", the resulting
equation

x* +21=10x

which is given in its direct form, corresponds remarkably well with a standard type of
problem from Babylonian algebra:

a+b=10
ab=21

The important difference between the two is tBabylonian algebra uses a geometrical
model for solving problems. The two paasndb are represented as the sides of a rectangle
ab and they function as two unknowns in the meaning we have defined elséutratic
algebra uses geometry only as a destraion of the validity of the rules and its analytic part

is limited to reducing a problem to one of the standard forms using a single unknown. al
Khw!rizm" systematically uses the unknown for the smaller part. Thus in problem VII he
proceeds as follows (de Lunis; Kaunzner 1989, 78):

Ex quarum unius multiplicatione per alteram 21 proveni@ittuna illarum res, altera 10 minus r

ex quarum multiplicabne proveniunt 10 res minus censu, que data sunt equalia 21. Per
restaurationem igitur diminuti fiunt 10 res censui ac 21 equales ecce quintus modus, resolve per
eum et invenies partes 3 et 7.
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al-Khw! rizm" multipliesx with 10 B x, with
value 21. After @storationO this leads to t
standard form of the equation above. While
rule for type V prescribes trying addition fir
and then subtraction (in the Robert translatic
the solutions arrived at here are 3 first and t
7. We believe that the recdgon of two
solutions to this type of quadratic problem i
direct relic of the Babylonian solution metho
Although the geometric proof for this problel
present in the Arabic texts and the three L
translations, does not correspond with ¢
known Badylonian tablets, some ofal-
Khw! rizm"Os geometric demonstrations ot
to be placed within the surveyorOs tradil
which descends in all probability from O
Babylonian algebra.

Heyrup (2002, 41:2) points out that al
Khw!rizm"Os provides two rather dint
geometrical demonstrations to the ci
Opossessions and roots equal numberO.
one corresponds with the procedure descri
in the text. The other, shown iRigure 1,
corresponds remarkably well with tt
Babylonian table BM 13901, nr. 23.

Figurel: A geometrical demonstration
al-Khw! rizm" (from Rosen 1841, 10).

According to H¢yrup, aKhw! rizm"Os proof must have been derived from this tradition. This
way of demonstrating may then have been more familiar thaad-{hbr itself.

3.2.3.Double solutions in the abacus tradition

We continue tdind double solutions in the early abacus tradition. The first vernacular algebra
by Jacopa da Firenze (1307) mentions double solutions to the fifth type, both in the rules and
in the corresponding examples. Maestro Dardi (1344, van Egmond 1983), ireasi\ex
manuscript some decades later, continues to account for double solutions (Franci 2001, 83
Significantly, he leaves out the second positive solution for the geometrical demonstration of
x* +21=10x which is copied from the Arabiexts. Later treatises gradually drop the second
solution for this type of problem. For example, the anonymous Florence Fond. Prin. 11.V.152,
later in the fourteenth century, has an intermediate approberauthor writes that:

In some cases you haveadd half the number afosa, in others you have to subtract from half the
number of cosa and there are cases in which you have to do both.

However, when applying the rule to an examplth two positive solutions, he proceeds to
perform only the additior’ For the equation

X2 +9=10x

he gives the solutior = 9 and does not mention the second rootl. Also Maestro Biagio
mentions addition and subtraction in his sixth rule but only applies the addition operation, as
in problem 3 where twpositive solutions are possible (Pieraccini 1983, 3).



90 ALBRECHT HEEFFER

Later abacus masters abandon the second solution altogether. For example the Riccar. 2263
gives only one solution to the probleat b=10,ab= 22 (Simi 1994, 33). Pacioli only uses

additionfor the fifth case of the quadratic problems (Pacioli 1494, M&gstro Gori, in the

early sixteenth century, generalizes his rules to a form where the powers of the unknown are
relative to each other. The Arabic rule V corresponds with his rule 4 shv@dne finds three
terms in continuous proportion of which the major and the minor together equal the middle
oneO (Siena L.1V.22, f. 79 oti Rigatteli 1984, 16). This corresponds with the equation type

ax" +c= by

Here Gori is in complet silence about a second possible solution, in the explanation of the
rule, as well as in the examples given.

3.2.4.Double solutions disappearing from abacus algebra

Why do we see these double solutions for quadratic problems fading away during algebraic
practie in the abacus tradition? It could be interpreted as an achievement of Arabic algebra
which becomes obscure in vernacular writings. In our understanding, the abandonment of
double solutions has to be explained through the rhetorical structure employdshdis
writers. The strict, repetitive and almost formalized structure of the problem solution text is a
striking feature of many of the algebraic manuscripts in Italian libraries. The solution always
starts with a hypothetical reformulation of the probleawt by use of an unknown. For
example, Gori, as an illustration of the rule cited above, selects a division problem of ten into
two parts with certain conditions given. The solution commences in the typical way Osuppose
that the smaller part equals onesaO (Opongho la minor parte sia 1 co.0, ibid. p. 17). One
particular value of the problem is thus represented by the unknown. The unknown here is no
indeterminate as in later algebra; it is an abstract representation for one specific quantity of
the probém. Given that this recurring rhetoric structure, which is so important for the abacus
tradition, commences by posing one specific value, it makes no sense to end up with two
values for the unknown. For the type of division problems which have descemded fr
Babylonian algebra the quadratic expression leads to the two parts of the division. However,
if one starts an argumentation stating thatabsarepresents the smaller part, one does not
expect to end up with the value of the larger part. The con¢ept onknown in the abacus
tradition is closely connected with this rhetorical structure in which the choice of the
unknown excludes double solutions by definition.

3.3.The unknown in the abacus tradition

With al-Khw! rizm"Os treatise and more so with Ab$ KImM§sbra the unknown became a
more abstract concept, independent of a geometrical interpretation. While the unknown in one
type of quadratic problems allowed for double solutions, this was gradually redueed to
single value through the rhetorical structure of abacus treatises. Let us now summarize the
development of the concept unknown within the abacus tradition.

The ambiguity of than!| was carried over, to some degree, from the Arabic texts to the
abacus tdition by Fibonacci. H¢yrup (2000, -32 has pointed out the inconsistent use of
Latin words forshay@ndm! | by Fibonaccit* For most of the algebra part, Fibonacci uses the
res andcensugerminology of Gerard of Cremona. However, in the middle of enali he
switches fromcensusto avere for m!| (Sigler 2002, 57&01). For H¢yrup this is an
indication that vernacular treatises may have been circulating around 1228, the time of the
second edition of theiber abbaci The Milan Ambrosiano P 81 sup, @$olf-22) is a later
revision of GerardOs translation. Here the authorcesegor res (Hughes 1986, 229). While

this manuscript is probably of later origin, the use of the vernacosarather tharcensuor
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res is characteristic for the abacus ttamh. With the first vernacular algebra extant, by
Jacopa da Firenze in 1308, the useadaremoved most of the original ambiguities. Where
the conversion from then!l as a possession to thel as an algebraic entity will have defied
the student of Arabic algebra, the vernacular tradition eliminated these difficulties. When
Jacopa provides the solution to a problem on loan interest calculation he commences as
follows (H¢ yrup 2000, 30):

Fa cos“: pone che fusse prestata a una cosa el mese de deteoeste a valere I0anno la libra

12 cose delenaro, che 12 cose de denaro sonno el vigensimo de una ‘ibre k& libra vale
I0annd/20 [de cospde una libra.

By posing that the loan wdsnt at onecosain denaroa month, the calculation can be done in
libra leading to a quadratic equation with a standard solution. The rhetorical structure of the
solution text starts from a conversion of a quantity of the problerthis case the number
denarilent, to an unambiguous unknowonsa Reformulating the problem in terms of the
unknown, the problem can be solved by reducing the formulation to a known structure. In this
case tacensiandcosaequal to numbers.

This was baically the function and meaning of thesafor the next two centuries within the
abacus tradition. In all, the notion of the unknown in the abacus tradition was fairly constant
and unproblematic.

4. Operations on polynomials

Most current textbooks on the shory of algebra consider operations on polynomial
expressions as natural to a degree that they do not question the circumstances in which these
operations emerged. This is rather peculiar as most algebra textbooks, from the late abacus
tradition onwardsgexplain these operations at length in their introduction. Focusing on the
operations which have led to the formation of new concepts, we consider operations on
polynomials crucial in the understanding of the equation as a mathematical concept. A
possible eason for this neglect of conceptual innovations is the structural equivalence of
algebraic operations with arithmetical or geometrical ones.

al-Khw!rizm" (c. 850) introduces operations on polynomials in the Arabic version of his
Algebraafter the geometal proofs and before the solution to problems. Strangely, he treats
multiplication first, to be followed by a section on addition and subtraction, and he ends with
division. Algebraic and irrational binomials are discussed interchangeably. Geometrical
denonstrations are provided for the irrational cases. This order is followed in the three Latin
translations. Ab$ K!mil in hiAlgebra(c. 910) extends the formal treatment of operations on
polynomials from aKhw!rizm" with some geometrical demonstrationsd s8ome extra
examples, and moves diwasi of surds to the first part.IACarkh" (c. 2000) improves on the
systematization, but still follows the order of multiplication, division, root extraction, addition
and subtraction. He treats surds after algebm@ynpmials.

Hindu and Arabic treatments of operations on polynomials differ too widely to suspect any
influence from either side. The order of operations and the way negative terms are treated are
systematically dissimilar in both traditions. Nonethelésste is the historical coincidence in

the introduction of operations on polynomials in two dispersed traditions.

4.1.The abacus and cossic tradition

Although FibonacciOs algebraic solutions to problems use operations on polynomials
throughout chapter 15, heeks not formally discuss the subject as known in Arabic algebra.
Typically, such preliminaries are skipped in early abacus writings and the authors tend to
move directly to their core business: problem solving. A formal treatment of operations on
polynomids is found gradually from the fourteenth century onwards.
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Maestro Dardi in hisAliabraa argibra commences his treatise with an extensive section
dealing with operations on surds (1344, Siena 1.VII.17, folsl43 Franci 2001). A short
paragraph deals wi the multiplication of algebraic binomials in between the geometrical
demonstrations and the problems (ibid. ))1%his is the location where we found the subject

in a-khw! rizm"O#\Igebra As far as we know, the anonymous Florence Fond. prin. 112/.15
dated 1390, is the first abacus text which has a comprehensive treatment on the multiplication
of polynomials (ff. 14515Z; Franci and Pancanti 1988:43). It provides numerous
examples with binomials and trinomials, including roots and higher paf¢he unknown.

Some curious examples are

(8x+0)(9x+ 5
a form including a zero term we are familiar with from Hindu algebra, and the complex form
(6x° +6x' +6x°+6X + 6x+ §( 65 + 6X + 6% + 6X + 6x+ |

Still, the examples are limited to multiplying polynomials.

During the fourteenth century, such introduction becomes more common and with the
anonymous Modena 578 (1485, van Egmond 1986) we find a more systematic treatment of
the addition, subtraction and multiplication of unknowns and polynomials. Finally, Pacioli
(1494)raises the subject to the level of an algebra textbook.

5. The symbolic equation as a novel concept

5.1.The concept of an equation in Arabic algebra

Because the following paragraphs will deal with operations on equations, we have to make
clear what the meanings iof an equation in early Arabic algebra. In fabgre are no
equations inArabic algebraas we currently know them. However, some structures in Arabic
algebra can be compared with our prevailing notion of equations. Many textbooks dealing
with the histoy of algebraic equations go back to Babylonian algebra. So, if there are no
equations in Arabic algebra, what are they talking about? Let us therefore try and interpret the
concept within Arabic algebraic treatises more positively.
Some basic observationsa early Arabic algebra should not be ignored:
¥ The Latin translations do not talk about equations but aiodeg for solving certain
types of quadratic problemshis terminology is used throughout: Othe first ruleO,
Odemonstration of the rulesO, Oexasmitilistrating the rulesO, Oapplying the fourth
ruleO, etc. Apparently, these rules can be transformed directly into symbolic equations,
but this is true for many other rules which cannot even be considered algebraic, such as
medieval arithmetical solutiorecipes:
¥ There is no separate algebraic entity irKaw! rizm"Os treatise which corresponds
with an equation. The closest we get to an entity are Omodes of equating® or Othe act of
equatingO, referring to actions, not to a mathematical entity. The wagstto
characterize a mathematical entity is by the operations which are allowed on it. In early
Arabic algebra there are no operations on equations. On the other hand, there are
operations on polynomials.-Ehw! rizm" has separate chapters on these apasat
¥ Early Arabic algebra is preoccupied with quadratic problems. Although linear
problems are later approached algebraicallyabiarkh”, ro rules are formulated for
solving linear problems, as common in Hindu algebra. Therefore, if we consider the
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rules for solving quadratic problems equations, then there is no analogous case for
linear problems.
The correct characterization of the Arabic concept of an equattba &ct of keeping related
polynomials equalGuglielmo de Lunis and Robert of Chestereéavspecial term for this:
coaequareln the geometrical demonstration of the fifth case, de Lunis proves the validity of
the solution for the OequationO

x* +21=10x

The binomial x* +21 is coequal with the monomidlOx, as both are represented by the
surface of a rectangle (Kaunzner 1989, 60):

Ponam censum tetragonum abgd, cuiusceadiab multiplicabo in 10 dragsaquae sunt latus be,
unde proeniat superficies ae; ex quo igitur 10 radices ggnsa cum dragmis 21, coequantur.

Once two polynomials are connected because it is found that their arithmetical value is equal,
or, in this case, because they have the same geometrical interpretation, the continuation of the
derivation requires them toe kept equal. Every operation that is performed on one of them
should be followed by a corresponding operation to keep the coequal polynomial arithmetical
equivalent. Instead of operating on equations, Arabic algebra and the abacus tradition operate
on the coequal polynomials, always keeping in mind their relation and arithmetical
equivalence. At some point in the history of algebra, coequal polynomials will transform into
an equation. Only by drawing the distinction, we will be able to discern and wardkthis
important conceptual transformation. We will now investigate how and when this
transformation took place.

5.2.Operations on OequationsO in early Arabic algebra

Much has been written about the origin of the namgabr and al-much!bala and the
etymdogical discussion is as old as the introduction of algebra into Western Europe itself.
We are not interested in the etymology as such (as does for example Gandz 1926) but in the
concepts designated by the terms. The older writings wrongly refer to tier autinventor

of algebra by the name Geber. Several humanist writers, such as Ramus, chose to neglect or
reject the Arabic roots of Renaissance algebra altogether (H¢yrup 1998). RegiomontanusOs
Padua lecture of 1464 was probably the most damaging foreahistory of algebra. John
Wallis, who was welinformed on Arabic writings through Vossius, attributes the name
algebra toal-jabr w@l-much!bala in his Treatise on Algebrand points at the mistaken

origin of GeberOs name as common before the sevintmrtury (Wallis 1685, 5). He
interprets the two words as operati@msl clearly not as Arabic namEs:

The Arabic verbGjlbara, or, as we should write that found in English lettgiisara (from
whence comes the nowtgj'br), signifies, to restore E Th Arabic verbK!bala (from whence
comes the noual-mullbala) signifies, to oppose, compare, or set one thing against another.

Montucla (1799, |, 382) repeats WallisO comments on Geber by Wallis but seems to interpret
al-much!balaas the act of equatingséif:

Suivant Golius, le mot arabe, gebera ou giabera, sOexplique par religavit, consolidavit; et
mocabalat signifie comporatio, oppositie dernier de ces mots se rapporte assez bien ~ ce quOon
fait en algebre, dont une des principales opZrations denSisformer une opposition ou
comparaison " laquelle nous avons donnZ le nom dOZquation.

We wantto understand theoncept of the Oequation® within the context of the dissemination
of early Arabic algebra in Western Europe. We will approach this conceptalistruction

from the operations that were performed on the structures we now call equations. Changes in
the operations on these structures will allow us to understand the changes in the concept of an



94 ALBRECHT HEEFFER

equation. In a fairly recent publication, Saliba{2Panalyzed the possible meaningsabf
jabr and other operations in the Arabic text of Kigb al -mwkhtafar f#2s!b al-Jabr wa d-
Mug!balah (c. 860) by alKhw!rizm", but also the lessknown worksKit!b al -Bad# f# ai
As!b (Anbouba, 1964)itlb al-K! f#f# alAs!b by alKaraj" (c. 1025), and its commentaries,
theKit!lb al-Blhir f# fim al-As!b by Ibn*Abb!'s (12" century) and th&it!b f# &Jabr waal-
Mug!balah from Ibn*Amr al-Tann$kh" aMa’arr". Concerning the use of operations, Saliba
concludes (1972, 190):

We deduce from them the most common definitions of the algebraic operaifonmsoaly denoted
in those texts by the worgsbr, mug!bala, radd and#kmal

The understanding of the precise meaning of these operations is an ongoing debate since the
last century and earlier. There are basically two possible explanations. Either the Arab
authors of algebra treatises terms used the term inconsistently, or there are fundamental
difficulties in understanding their meaning. Saliba is clearly convinced of the former, and
seizes every opportunity to point at differences in interpretationdantlle uses of some
terms. Others believe that there are no inconsistent uses at all and attempt to give an
interpretation of their own. A recent discussion, onHistoria Mathematicanailing list, has
raised the issue of interpretation once adailefrey Oaks writes that:

the words used to describe the steps of algebraic simplificafiom] (completion), radd

(returning),jabr (restoration) andnug!bala (confrontation), are not technical terms for specific

operations, but are neechnical words usetb name the immediate goals of particular stéps.

then follows, contrary to what was previously thought, thathal!rizm" and other medieval
algebraists weraot confusing and inconsistent in their uses of these words.

We do not want to be unsporting blaiming that a middle position is here more appropriate.

We tend to defend the latter position. While there may be some inconsistent uses of the terms
between authors and possibly even within a single treatise, the proper meaning of the
operations canéwell established within the context in which they occur. We will show that
some confusions can be explained by translating or scribal errors and that a symbolic
interpretation of the operations as SalibaOs is highly problematic. We found out thatwhile o
interpretation of theal-jabr operation is new with respect to most twentiegmtury
discussions, it is not divergent from nineteeogintury studies, as ChaslesO (1841) and
RodetOs (1878).

5.2.1.Al-jabr

5.2.1.1.Early occurrences

The jabr operation is commonly intpreted a§Oadding equal terms to both sides of an
equation in order to eliminate negative terfid®appears first in akhw! rizm"Os book in the

first problem for the OequatiorO= 40x! 4x°. In this interpretation thal-jabr is understood
as the addition ofix* to both parts of the equation in order to eliminate the negative term in
theright-hand part. As a typical symbolical interpretation we give the description from Saliba
(1972, 192):

If f(x) Bh(X) = g(x), thenf(x) = g(x) + h(x); which is effected by addiniyx) to both sides of the

equation and wherix), h(x), g(x) are monomialsE.g. if X* ! 10x= 1Sthen x* =19+ 10x

Saliba (1972) points out that the Arabic rgathara has a double meaning. On the one hand

Oto reduce a fracture®, on the other Oto force, to compelO. He believes the secornoninterpretat
is justified as it corresponds with his mathematical understanding. We will argue the contrary.
Surprisingly, the symbolic interpretation such as van der WaerdenOs and SalibaOs has, until
very recently, never been challenged. The rule correspondsonétiof the later axioms of
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algebra: you may add the same term to both sides of an eqtfai®such, the rule seems to

be in perfect correspondence with our current understanding of algebra. However, we will
show this is not the case.

Let us follow the asilable translations of the original text. The first ofkaiw! rizm"Os
illustrative problems is formulated as the division of 10 into two parts such that one part
multiplied by itself becomes four times as much as the two parts multiplied together. Using
the unknown for one of the parts, the other is 10 minus the unknowhwakizm" proceeds

as follows (Rosen 1831, 39:

Then multiply it by four, because the instance states Ofour times as muchO. The result will be four
times the product of one of the mamultiplied by the other. This is forty things minus four
squares. After this you multiply thing by thing, that is to say one of the portions by itself. This is a
square, which is equal to forty things minus four squares. Reduce it now by the fous;sgodre

add them to the one square. Then the equation is: forty things are equal to five squares; and one
square will be equal to eight roots, that is, sifayr; the root of this is eight, and this is one of the

two portions, namely, that which is to niplied by itself.

Thejabr operation is thus described by Oreduce it now by the four squares, and add them to
the one squareO. Remark that this description is somewhat odd. The operation here seems to
consist of two steps, first reducing the four squares fit and secondly, adding them to the

one square. For the second problem, Rosen (1831, 37) also uses tleslte@m the context
OReduce it to one square, through division by nine twititgO, which is clearly a different

type of operation of divien by a given factor. On most other occasions Rosen translates the
jabr operation as Oseparate the <negative part> from the <positive ‘patz@inskiOs
translation gives a different interpretation. He used ScheubelOs copy of the Latin translation
by Rabert of Chester and translates the passage as OTherefore restore or complete the number,
i.e. add four squares to one square, and you obtain five squares equé) {&afpinski 1915,

105). Karpinski does not use OrestoreQ in the second sense. In, mestoeng describes a
onestep operation. The addition of the four squares to the one square explains the act of
restoration. Can we find this interpretation confirmed by the first Latin translations?

Although we find in Hispalensis (Boncompagni 18572-B) a corrupted version of the title

of akKhw!rizm"Os book, OExceptiones de libro qui digieba mutabili®,al-jabr is not

further discusset The jabr operation is most commonly translated into Latin by the verb
restaurareand appears only once in Robert of ChesterOs translation for this pfidblgmes

1989, 53): ORestaura ergo numerum et super substanciam 4 substancias adiciasO which
literally means OTherefore restore the number and to the square term add 4 squafEhermsO.
other occurrence is in the titlaber Algebre et Almuchabolae de Q@tienibus Arithmetic(i)s

et Geometricisln nomine dei pii et misericordis incipit Liber Restauracionis et Opposicionis
Numeri quem edidit Mahumed filius Moysi AlgaurizRobert also uses the vecbomplere

twice as an alternative translation &#abr (Hughes 1989, 56:1, 57:21).

The second Latin translation by Gerard of Cremona (c. 1150)restsirareeleven times.

For the first problem Gerard formulates jabr operation a®deinde restaurabis quadraginta

per quatuor censufog hoc addes censusr=ii, et erit quod quadraginta res erunt equales
quinque censib@3'® Thus, the two Latin translations agreerahslated in symbolic terms,

when given40x! 4x%= ¥, the 4X is restoredby the 4° and only thenpost hoc the 4 is

added tohe X?. If we look at the actual text used by Karpinski (publishedHhghes 1989,

53) (Restaura ergo numerum et super substancia, 40 rebus absque 4 substancias adicias,
fientque 40 res 5 substancias coequéhtéise same interpretation can be justifie@.altjabr

or restoration operation consists of completing the original tenm 4@ considered to be
incomplete by the missing foeensi The addition of the fourensito thecensuss a second

step in the process, basically different fromdhgbr operation. The other occurrences of the
operations within the problem sections are listed inrdiae 2.
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With this exhaustive list of all occurrences of fabr operation in aKhw! rizm
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we can now daw an interpretation for the meaning of the operation:

¥

The restoration is an operation which reinstates a polynomial to its original
form. We use polynomial as a generalization of the several cases. In V1.4 it is a simple
number which is being restoredisaA cases VII.5 and VII.6 refer to the single number
100, instead of 100 . However in problem VI.5 is the binomial 100 »* @vhich is

restored. This is consistent with the other Latin translations.

¥

. The restoration consists of adding (back) the parthvhas been diminished
(Que fueruntdiminuteO) to the polynomial. The restoring part can itself be a

polynomial, as in problem VII.4 withx D1/6 as the restoring part.

¥

The restoration operation is always followed by the addition of the restoring

part b the other (coequal) polynomial.

sQ\Igebra

Prob

Meta-description

Actual text

pp.

V1.1

X2 =40x! 4%

Deinde restaurabis quadraginta f
quattuor census. Post hoc addes cef
censui

247
248

VI.3

4x =10! x

Restaura itaque decem pem, et adde
ipsam quattuor.

248

V1.5

100+ 2* ! 20 5¢

Restaura ergo centum et duos census
res que fueruntiminute, et adde ea
quinquaginta octo.

249

VIL.1

10x! xX°= 21

Restaura igitur decenexceptare per
censum, et addeensum viginti uno.

250

Vil.4

2

21x+—x! L
3

2x2!-6:1092& 2

Restaura ergdlud, etadde duos censy
et sextam centum et duobus censil
exceptis vigintrebus

251

VIS

100+ Xx* ! 20 %x

Restaura igitur centunet adde viginti
res medietati rei.

252

VII.6

100+ x°! 20 8X

Restauraergo centum, et adde vigin
radicesoctoginta uni.

252

VII.8

523! 10}x= 10 ¥
2 2

Restaura ergo quinquaginta duo et se
per decenradices et semigt adde eas
decenradicibus excepto censu.

253

525:203x! X
2 2

Deinde restaura eaper censumet
adde censumguinquaginta duobuset
semis.

253

VIIL1

100+ x°! 20¢= 8:

Restaura ergo centum et adde vigi
radicesoctoginta uniet erunt centum e

Census,

257

Table 2: All the occurrences of the restoration operation Htal! rizm™sQ\lgebrain the

Latin translation by Robert of Chester
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In such interpretation of Arabic algebra, the basic operati@t-jalr, from which the name

of algebra is derived, doa®t consist of adding a negative term to the two parts of an
equation. Instead, it refers to the completion of a polynomial which is considered incomplete
by the presence of what we now would call, a negative term. An understana@dihglof in

early Arabic algebra isnextricablybound with a geometric interpretation. We conjecture the
al-jabr operation to be a generalization of the basic geometrical acts like cutting and pasting
as we know them from Babylonian algebra. The original use of the restonaéip refer to

the restoration of a geometrical square. As we have discussed aboneg| Heethe Arabic
concept of the unknown is a mixture of the meaning of possession, known from Hindi sources
and from the geometrical square. While the original fortihefabr operation may have been
purely geometrical, the operation can easily be generalized to simple numbers or polynomials.
The demonstration of the solution to the quadratic problems in chapter -Kbivatizm"Os
Algebra gives us the most likely comtt of interpretation. Given thax®+10x = 3¢, the
demonstration depends on the completion of the polynofriab)* ! 25 with value 39 (see
Figure?2). Thejabr operation restores thma!l, the square term, in the polynomial. Hence, the
value of the completed squafe+5)° can be determined through a separate operation of
adding 25 to 39Also the third translation, by Guglielmo de Lunis (c. 1215), uss®uracio

In eight problems the operation is applied in the same meaning as the two other translations.
We will therefore not discuss these furtfier.

However, in two similar problems, 4 and réstaurareis also used for a different kind of

5x m!|

Figure2 :completing the square (from-al
Khw!rizm")

operation. This happens situations where an expression involves a fraction aihthas in

ix2 +l+—1x+—1x:20 andix2 = x+24
12 3 4 12

In these two caseegstaurareconsists of multiplying the polynomials by 12. This operation is
calledal-ikm!l in Arabic and will be discussed below.
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5.2.1.2.Al-jabr in later Arabic sources

Let us verify if this new interpretation of Arabic algebra can be sustained in later texts.
Ab$ K!mil uses the termestaurare(as the Latin translation fgabare) forty times in his
Algebra On other occasions he ugemtegrareor ikm!l as a synonym forestaurare All
occurrences have the same meaning as withall rizm" and can be reconciled with our new
interpretation. For the third problesb$ K!mil constructs the OequationG=410 D x and
proceedsORestaura ergo 10 per rem cumeteappone adde rerh rebus; et erunt 5 res,
equales 10 dragmisO (Sesiano 1993, 361:1¥1Also here the restoration consists of
completing the 10 and the following step is addintp the &« As with one case of al
Khw!rizm", thejabr operation withAb$ K!mil frequently réers to the restoration of a
polynomial. For example the coequal polynomials

42%x! 4:11%: 1000 2¢! 2

are restored as follows (Sesiano 1993, 365:4285

Restaura ergo 100 dragmas et 2 census cum 20 radicibus, et adde illas ad 42 res et & rei diminutis
4 censibus et '; et erunt 62 res et & rei diminutis 4 censibus et ' census, equales 100 dragmis et 2
censibus. Restaura item 62 res et & rei cum 4 censibus et 1/4 , et adde illos 100 dragmis et 2 et
censibus; et erunt 100 dragme et 6 census et ' censiesequantur 62 rebus et & rei.

The first restoration refers to tH®0+ 2x?, the second t@Z% X.

Interestingly, the critical edition adds some omissions in the Latin translation which are
present in an Arabic copyf the original. In this case the original had ORestaura ergo 100
dragmas et 2 census diminitus 20 rebus cum 20 radicibusO. This reaffirms our interpretation
of restoration as Orestore <the defected polynomial> with <the part that was diminished>O.
JeffreyOaks andHaitham Alkhateeldlefend the position on théistoria Mathematicdorum,

that theal-jabr operation forlOx! x*= 21should be interpreted as follows:

Think of 10« Bx* asa diminished 18. Itsidentity as 1@ is retained even thgh x* has been taken
away from it.Its restoration to its former self is accomplished by adsfrtg theother side of the
equation

This was answered byuis Puig, who apparently raised the issue in a publication
previously®® In PuigOs reconstruction the al-jabr operation for the same problem, it is the
10x which is restored: Restaura luego las diez cosas del tesoro [substra’do] y a—tdelo a
veintiuno. Resulta entonces diez cosas, que igualan veinticen dirhams y u® (Psngo
1998) On the discussioforum, Puig refers to the distinction made bifKarkh" between
nombres simplesind nombres composZ3his distinction is indeed quite relevant for an
interpretation of the ghbr operation. In thél-Fakhr# partially translated bWoepcke,al-
Karkh"givesan introduction to algebra treating the trplication of polynomials. A marginal
comment on the distinction of the two types of OnumbersO is as follows (WIGE3;KE0)

Il'y a des personnes qui sont dOavis que ce nomb&a)l€st composZ, puisquil est formZ par
deux expressions dOun ordit#Zdent. Mais il nOest pas ainsi, parce que en disdix moins
chose, vous indiquez un seul nombre de |Qordre des ;usiitas lieu de cela, il y avait eulix
plus chose, cela aurait ZtZ composZ. Cependant, placez les expressions de ce gguediedans
catZgorie vous voudrez, cela ne change rien aux principes du calcul.

The special status of Qincomplete® or Odefectedd simple numbers can further explain the nature
of theal-jabr operation. As the bone surge@igebristain old Spanish, splints adken leg,

so does theal-jabr operation restore an incomplete numffeWhile a negative term is
considered a defect, the addition of a positive term is considered a constructive step for a
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composed number. It also explains that we should not conside® xhén 10 B X as a
negative term, but as the defect of the incomplete number 10. AHlarkh"Os distinction
between simple and composed numbers is essential in contextualizalgaheoperation, it
cannot be stated thal-jabr refers to the comption of simple numbers only. In a problem of
Ab$ K!mil OsAlgebra we find an interesting case in which the Odefected polynomialO consists
of four terms (Sesiano 1993, 33

Et si dicemus tibi: Divisi 10 in duas partes, et multiplicavi unam [in aliarafuha partium in se et

aliam in radicem 8; deinde proieci quod [agregatum] productum fuit ex multiplicatione unius
duarum partium in radicem 8 ex eo quod provenit ex multiplicatione (alterius) in se, et
remanserunt 40 dragmé&xemplum. Faciamus unam duarumpartium rem, religuam vero 10
diminuta re. Et ducamus 10 diminuta re in se, et erunt 100 dragme et census diminutis 20 rebus.
Deinde multiplica rem in radicem de 8, et proveniet radix 8 censuum. Quam prohice ex 100
dragmis et censu diminutis 20 rebus, emnanebunt 100 dragme et census 20 [radicibus] rebus
diminutis et diminuta radice 8 censuum, que equantur 40 dragmis. Restaura ergo 100 et censum
cum 20 [radicibus]rebus et radice 8 censuum, et adde (eas) ad 40 dragmas. Et habebis 100
dragmas et censum, gequantur 40 dragmis et 20 rebus et [rei] radici 8 censuum.

This solution of adivision problem can be described symbolically as follows. Consider the
two parts to bexand 10Dx. Multiplying the second by itself and the first by the root of 8, the
difference equals 40. Thus:

(10! X)(10 X) /& 4

Expanding the square of the second part and bringing thvthin the square root, this leads
to

J

So, now the question is, in-dkarkh"Os terminologwhat is restored here, the composed
number or the simple number ? The text oAb$ K!mil leaves no doubt:Restaura
ergo 100 et censum cum 20 [radicibus] rebus et radice 8 ce@sTioas the polynomial

100+ x? is restored by NS

After that, the two terms are added to 40.

So, if close reading of the original teptovides us with thislivergent interpretation of the
basic operation of Arabialgebra, why did scholars, proficient in Islam sciences and algebra
fail to see it? Take for example Solomon Gandz, the leading expert on Arabic and Babylonian
algebra in the early days tdis and Osiris. Devoting an article on OThe origin of the term
OAgebraOGzandz (1926, 440) concludes that tk-jabr wa d-mug!balah Oought to be
rendered simply asScience of equatio@s Arguing against the older interpretation of
restoration, heaisesan intriguingquestion OVhy should we use an artificial surgitterm

for a mathenatical operation, when there are such good plain wordddessandtammafor

the operation of addition and completion?O (ibid., 439). This should indeed ring a bell. Maybe
al-jabr is not just Oa mathematical operationO as we tend tb Ba/be the operation is
something very different from addition. The specific choice of the w@rabr instead of

other Ogood plain wordsO deserves an explanation within the context of early Arabic algebra
and is no argument against an interpretasi®mestoration.

5.2.1.3.0lder interpretations

Troubled by the question why the interpretationabjabr, as the restoration of a defected
polynomial, is virtually absent in the twentieth century, we looked at some earlier studies. In
Chasles (1841, 60616)we recognize several important aspects of our interpretation:
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Quand, dans un membre dOunegaion, une quantitZ positive est suivie ou affectZme@uantitZ
nZgative, omestaurela quantitZ positive, cOéstlire quén larZtablit dans son intZgralit2our
celaon ajoute aux deux membres d&d@ation une quantitZ Zgale, au signe pres, " latgdan
nZgative. Dans le langage de notrgelale actuelle, nous dirions quOon faisser la quantitZ
nZgative, du mmbre oe elle se trouve, dansalfe membre. Mailes Arabes ne pouvaient
sOZxprimatinsi, parce olls ne considZraient pas de quantitZgativessolZment. Quoi quQil en
soit, cOest, ~ mosens cette opZration deestauration telle que je viens de la fidr, que les
Arabes ont appelZebr, et les traducteuralgebra.

He considersl-jabr as a restoration of a positive quantity to its original integrity. In doing so,
one must Oadd an equal quantity to the two members of the equationO. Chasles rightly adds
that isolated negative quantities are remiognized in Arabic algebra.
Woepcke(1854, 365) is less concerned with the aspect of restoration and coasigdrsas
Othe action of removing a negative particle and consequently replacing it at the other member
to conserve the equality®Rodet (198, 38) based on the authority &reytag(1830) for a
translation ofiabara as Opost paupertalum ditivaitO, wseghissant Thus he interprets the
restoration of 10@20x = 40 by alKhw! rizm" as:

Il commence par faire spara’tre le terme nZgaBf20x, en enrichissant, comme il dit, les 100

unitZs de ditit que leur a causZ la soustraction des Bdur compenser cetrichissantil doit
naturallement ajouter 2@ans le second membde I0equation.

Carra de Vaux (1897) wrote a short note on the meaningl-gdbr in Bibliotheca
Mathematicaafter inspecting a manuscript of Ibn-Blim in the Ambrosiano Library in
Milan (&, 64, sup. f. 28. In that text the term is also applied to thsetoration of a quantity

with a missing fractionOrhus to make 5/6 equal to one whole, you divide 1 by 5/6 which
leads to 1 + 1/5 and then multiply it with 5/6. Otherwise, you can take the differend@ of 1
5/6 and 5/6 which is 1/5 and this you add t6 & obtain on@ Thereis one occasion il-
Khw!rizm"Os problems in which the same operation is performed. In problem 1I1.13,
discussed above ir3dl complerewas used in the same way. By using the same term for the
operation, aKhw! rizm" shows that adding

— to —

is basically the same act as restoration
—  back to the formx?. %

Carra de VauxOmte also includes a reference to the encyclopedia of theshunisitorian

H!d)" Khal'fa (c. 1650).Here adefinition of djebr is given strong support for our favored
interpretation: Ole djebr cOest ajouter ce qui manque ~ IOune des deux quantitZs mises en
Zquation pour quOelle devienne Zgale ~ I0&0treO.

It is with sane surprise that we have to admit the relevance of the ninetemmttiry analyses

in the current discussions on the interpretation of Arabic algebra. It seems that with Hankel
and Cantor the interpretation as adding the term to both parts of an eqwatogenerally
accepted® Many twentiethcentury authors have neglected to look up the studies of
nineteentkcentury scholars and missed their valuable comnfénts.

In summary, we believe that théjabr operation in early Arabic algebra can be characterized
as follows:

¥ An operation aiming at the restoration of a defected quantity to its original
completeness.
¥ The restored quantity could initially have been a simple number in the sense of

al-Karkh", but forAb$ K!mil it also applies to polynomials.
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¥ The operabn is probably derived from or to be interpreted in a geometrical
sense.

¥ The operation is not performed on an equation but on the affected part of one
of two coequal polynomials.

¥ The addition of the defected part to the coequal polynomial is not a daut of

a consequence of the operation.

5.2.2.Al-muq"bala

The second operationa)-mugq!bala, is generally understood as the addition of homogeneous
terms in a polynomial. So the operation allows to rewrite as

(from akKhw! rizm"Os third problem, Hught889, 58). The Latin word for
this is simplysummaand derived from its geometrical interpretation of adding areas together.
A second, equally important meaning aFmug!bala is the elimination of a term by
subtracting it from the coequal polynomial. Tlaén term for this isopponereand is used in
problem I11.5 of alkhw! rizm"Oglgebra(Hughes 1989, 56:3):

habebis 100 et duas substancias absque 20 radisBbuequantes. Comple igitur 100 et 2
substancias cum re quam diximus et adde eam super %htet@0 et due subtancie, 58 et 20 res
coequancia. Hoc igitur oppone id est ex numero 29 proicias et remanebunt 21 et substancia 10 res

coequancia.
Thus al-Khw!rizm" appliesal-jabr to in order to restorel00+ x?,
translated on this occasion bgmplere Omitted here by the scribe is a step which divides
both polynomials by two to arrive at the coequal . Then he appliesl-

mug'balato eliminate the number 29 from the second polym@btoy subtracting it from the

first, resulting in 21+ x* =10x. Hughes (1989, 20) understands the division by two as
complere but we believe this to be mistaken, @smplereis also used, in the meaning
described here, in problem two of thecond chapter Ohabebis 40 et 20 res 100 coequantes.
Hec ergo centeno opponas numero et 40 ex 100 auferas eetemu60, 20 res coequanciaO
(Hughes 1989, 57/23Rosen (1838, 40), who uséae Arabicmanuscript, does include the
missing step a®Reducthis to one square, by taking the moiety of all you have. It is then:
fifty dirhems and a square, which are equal to twemte dirhems and ten thingsO. The Latin
translation ofAb$ K!mil OsAlgebra paraphrasesnug!bala as mukabalaor mucabeleand
explairs it asoppositio(Sesiano 1993, lines 527 and 532), but does not use the term within
the problems. The verbomplereonly appears in its strict geometrical sense. Saliba (1972,
199) finds only one occasion in whi@tKarkh" usesanuqg!bala in the same semsas al
Khw!rizm". He believes thatl-Karkh" also usemugq!bala for the two operations discussed
below.

While ourinterpretation ofal-jabr considers the operation of completion as distinct from the
subsequent step of adding the completed part to theiabeglynomial al-mug!bala appears

to operate on the coequal polynomials within the same operation.

5.2.3.Al-radd and al-ikm"I

The last two operations callattradd andal-ikm!l are less controversial. They normally refer
respectively the division or to the itiplication of coequal polynomials by a constant.
However, in some casdsan!l is used synonymously wilabr by Ab$ K!mil and tamma (to
complete) for theékm!l operation.





































































































































































































































































































































































































































































































































































































































































