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Aiostract

This article is aimed at expioring the implications of the introduc-
tion of self-control and temptation motives in inter temporai preierences
within an eiementary competitive equiiiiarium with prO(iuction. Letting
iieterogeneous agents differ from both their (iiscounting parameters and
their temptation motives, this article is interested in the iong—run dis-
tribution of consumptions and wealths. Results are at odds from the
ones obtained in a standard Ramsey benchmark setup in that iong—run
distributions are commoniy non ciegenerateci ones.

Keywor(is: impatience, Temptation7 Seif—Controi7 Ramseyis Conjecture.

JEL Classification: E32, 041.
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I. Introduction

Within a breakthrough contri]oution, Gul & Pesendorfer [4] has come to introduce a new

model of inter ternporai choices based upon preferences with an interaction between a
temptation motive directed towards immediate consumption and a long—run concern that
springs from the discounting the future. More expiicitly, they built a new axiomatisation
of preferences rnainly based upon three distinct assumptions. F irstiy, preferences will not
oniy depenci upon the actual consumption sequences, but also upon the set of all admissible
trajectories. Seconcﬂy, a set betweeness axiom pictures a preference for commitment and
self-control. FinaHy, resting upon an axiom of temptation for an immediate consumption
plus a list of more standard axioms, a new ternptation—base(i representation theorem for
preferences is established. More expiicitiy, for Ty that denotes the quantity of wealth held
]oy an individual agent and Ct that denotes his consumption, 1etting Bt(:vt) feature the set
of reachable levels of consumption and wealth aiong: (ctymiqq) € Bt(act), preferences are
then to be represented through a function Jt that satisfies:

Ty i=  max {ufe) +yole) + 8l @) - max  {ye(en),

(ct,xi4q)€E B (z+) (ct,xi41)E By ()

for & €lo, 1] the discounting parameter and Y=o the temptation parameter. Through
his very c]noice, an agent will cornpiete an ari)itrage between his 1ong—run welfare and
the short-run temptation of a maximal amount of immediate consumption. [t is worth
emphasizing that, with respect to the standard model of inter temporai choice, the Gul and
Pesendorfer model introduces a function v(-) and a parameter y that will jointiy illustrate
the temptation motives of the agent.

This contribution considers a basic model with ]neterogenous individuals where preferences
are defined through similar functions u(-) and v(-), but differ from the parameters 5 and v.
[t will then specialize the analysis to a comprehensive account of the long—run distributions
of consumption and wealth. In this regarci, it is to be recalled that the decentralized
formulation of the standard growtii model with heterogenous agents has been the core
of numerous contributions dating from the seminal article of Ramsey [9] The so-called

associated Ramseyjs conjecture, that was forrnaﬂy established i)y Becker M, introduces

the foHowing result. Within a model with inﬁniteiy—iived agents that differ t}irougii their
discount rates, On]y the most patient of the agents benefits from a positive iong—run amount
of consumption, the other agents Ioeing constrained to have nil levels of consumption.
Capita] therein corresponcis to a modified goicien rule defined from the discount factor
of the most patient amongst the agents. Further, soieiy the most patient of the agents
is to hold a 10ng—run positive amount of consumption. The Ramsey {9] model was then

augrnente(i l)y Becker m, Le Van & Vailakis [6] and Mitra & Sorger m through the

introduction of irnperfect financial markets that singie out the irnpossi]aiiity of indebtedness
for the individuals. Within such an augmented framework, the most patient amongst
the agents holds the whole stock of capitai of the economy and benefits from a level of
consumption that exceeds his wage payments. [n contradistinction with this, all of the
other agents have a level of consumption that boils down to their wage payments and
do not hold any capitai units. FinaHy, the level of the capitai stock results from the
modified golden rule that corresponcls to the discount rate of the most patient amongst
the agents. For both of these cases, the model eventuaHy leads to (iegenerate(i distributions
of consumption and wealth.

i
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Under the assumption of a Gul and Pesendorfer’s class of preierences for the agents, the
iong—run features of the ileterogenous agents reveal as i)eing strongiy modified. First, un-
der a coniiguration with periect financial markets and even tiiougii tiiey differ from their
discount rates, all of the agents may dispiay iong—run positive levels of consumption. [nter-
estingiy, under a conﬁguration where their temptation motives will be lower than the one
of the most patient agent, their levels of iong—run consumption could even overcome the
one of the benchmark individual. Considering then an economy with imperiect financial
rnariiets, this results in a direct modification of the preierences of the agents. The maxi-
mum attainable level of consumption i)y individuals who succumb to temptation is indeed
accordingiy modified. In the iong run, constrained agents will consume their wage whilst
the unconstrained agents will benefit from a greater level of consumption. The very fact
of i)eing constrained depends upon both the discounting and temptation parameters. Asa
sirnpie iiiustration, would the most patient amongst the agents be equaiiy associated with
an exceedingiy iaig level of temptation motives, he could well end up as ioeing constrained.
To sum up, this sirnpie economy with a Gul and Pesendorfer’s class of preierences for the
heterogeneous individuals will result in much more satisiactory iong—run properties, the
distributions of consumption and wealth ioeing far less degenerated than in the standard
case.

The whole model is specii‘ied with a variable degree of irnperiection of the financial markets
that can be represented tinrougil a parameter A, for » = 1 that corresponds to periect
financial markets whilst » = o corresponds to the proiaiioition of any debt. Between these
two extreme Vaiiies7 one is then in position to represent a whole range of interrnediary
scenarios with a limited indebtedness for all of the agents. One can prove that increasing
the imperiection of financial markets results into an increase of the iong—run stock of
capitai. Sirniiariy, the iong—run capitai stock cornrnoniy increases with the level of patience
of the agents but decreases with their temptation motives. A final part is devoted to the
characterisation of the social optimum of the economy. For the optimum, it is aiways
preieraiaie to cancel out the temptation motive. This interestingiy results in the fact that,
considering a decentralization of such an optimum, it will aiways be necessary to constrain
the level of consumption of the individuals in order not to exceed the optimum level. Tt
is further proved that the imposition of such a constraint, togetiier with a redistribution
of the initial weaitils, suffices for decentraiizing this optimum. Within a world where
individuals are suioject to temptation motives, the oniy way to decentralize the optimum
is then to forbid the freedom of the consumption choice. The optimaiity is recovered from
one of the first very principies of communism: to anyone according to his needs.

Section II introduces the benchmark framework and cornpietes the definition of the equi-
librium. Section III characterizes the iong—run equiiiijria with and without financial con-
straints. Section [V anaiyses the comparative statics properties and studies some welfare
topics.

I[I. General Equiiii)rium of an Economy with Heterogeneous
Agents

Ill A Setup and a Ciass Of Preierences

Time is discrete. Consider a competitive economy with n iniiniteiy—iived individuals in-
dexed ioy 1= 1,2,...,n. Let then {C%}t}o denote the sequence of the consumptions of

ii
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individual i = 1,2,...,n whilst {w;}4>0 and {Ri}i=o respectively stand for the wage and
gross interest rates sequences ile iaces to, ior Rt =1+ 7, wilere T cienotes tile rate oi
interest. Let then Ty denote the wealth hei(i ]oy the agent ¢ at date ¢ > 0, Tt = Rtai + wy,
where aj | features tiie capitai held at date t > = 0. o. His iouciget constraint eventuaiiy writes
down at date t > =0 aiong.

Thy, = Rtﬂ( —¢}) + Weta

An individual agent is further suioject to an inter ternporai i)uciget constraint that is
defined over his lifespan. Assuming that S w /TTE R < +00, his discounted future
uman wealth at date ¢t > o is = Wit j ++- and happens to be the same
h lth at date t > 0is b, = S wiy, TIR dh to be th

or any agent ¢ = 1,2,...,n. e litespan budget constraint of an agent ¢ = 1,2,...,n
f t i The lif budget constraint of t

will eventuaiiy formulate aiong

¢ +Z<Ct/HR> a: + hq,

for h, that denotes his discounted future human wealth iay the initial date. The agent will
further face at any period a financial constraint:

ch < a2t 4+ Mgy, AE Jo,1).

Within the above expression, A denotes the fraction of human wealth that the agent may
consume. Lhe occurrence of A = 1 will then correspond to the omission of any iiqui(iity
constraint and periect financial markets: an agent will be in position to consume the
whole amount of his iiiespan wealth. In opposition to tiqis, the occurrence of A = o will
correspond to a conﬁguration for which the agent willn't be allowed to borrow and face
imperiect financial markets.

Foiiowing Gul & Pesen(iorier, the agent’s proi)iern formulates accor(iing to:

W)= max {u(el) +vilv(el) = v(ai + Mhesn)] + 81 (2i1) |
It+1 Rt+1(1‘t — Ct) + Wit

Assumprion P1. For Y; =0, u() and v(-) are defined on R, of class €2, with! Du(cf) >
0, D*u(¢) < o, Du(c¢') > 0, D*v(c%) = o, D7u(c )+YZD v(c®) < o for ¢ > 0 and where

limi Du(c’) = +o0, limgi_, Du(c’) =

Within the above formulation, the non-positive component v, [v(ch) —v(xi+Ahyt,)] pictures
the welfare loss when one withstands the temptation of consuming the whole amount. It is
then worthwhile noticing that this component cancels out when the individual oppositeiy
succumbs to the temptation. The integration of the parameter vy, > 0 in the preierences of
the individual allows for ietting the Weigiit of temptation vary Winist d; €]o,1] describes
the psyciioiogicai discount factor. Otherwise stated, this class of preierences ilappens to
exhibit a ciepen(iency with respect to the maximal level of consumption. The introduction
of a iiquiciity constraint results in a direct modification of the preierences. Finaiiy, it is
worth emphasizing that these preferences reformulate aiong:

—+00

> (3) {ulel) +vilo(ch) = vlai + )]}

t=o0

1Du(c) := du(c)/de.

iii
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The consumer problem lists along:

“+oo

(1) max Z(Bz)t{u(ci) +v, [v(c%) — v(wi + )\ht+1)] }

{c%’x;bH’l}t)o t=o0
st. xp, = Rt+1 (w% — cé) + Wity
0 < ¢f < Ty + Mipgq,

) .
T, given

Under Assumption Pl, the problem is concave as it builds from an ol)jective function
that is concave as a function of Ct and concave with respect to x@ + MNapgq. The holcling
of d>o always prevails and the foHowing conditions are thus necessary and sufficient for
optimahty:

(2&) Du (c%) + YZ-DU (ci) = Bipi+lRt+1 + v,
(210) i =8, Rery — v, Do(af + M) + i,
. tq g
(2c) 11mt_>+oo (61) Wy = 0,
for ui and vi that denote the shadow prices respectively associated with the constraints
b t
zl, = Rt Lzt =) +wipy and ¢ < xt + My, Taking differences between the two first
t+1 +1\Ty — ¢ + t t +
equations delivers ph = Du(ch) + Y, [Do(cd) — Dozt 4+ nhyys ). At some date t > o, an agent
can be constrained or unconstrained. An unconstrained individual has a consumption level
c that satisfies ¢ < xt 4+ Ny, whilst Vi=o0 prevails. In opposition to this, a constrained

agent loy date t > o is singled out by a consumption level c such that ¢ = b 4+ Nhiy
whilst vi > o .

It 18 further assumecl that:

ASSUMPTION P2. . >0, >0, > -+ > 0.

This economy encompasses a competitive representative firm with a production function
F(Kt, Lt), for Kt the capital stock at date ¢ > o that (Jepreciates at the rate ne€lo, 1| and
Lt the quantity of labour at that same date. Any of the individuals inelasticauy offers 1 /n
units of la]oour, so that the glo]oal amount that is offered summarises to 1. The average
wage at date t > o is hence available as w; = (1/n)DF(K;, 1) for any of the individuals.

Assumprion T1. F(K,L) is a strictly increasing function that is concave, of class ¢,
homogeneous of degree one and such that DKF(O, 1) = +o0, DKF(—i—oo, 1) <.

Under Assumption Tl, there exists a critical level of the capital stock K such that
DKF(K, 1) =, for K that corresponds to the golden rule of accumulation.

1.2 Equilibrium

DEFINITION IL.1. An inter temporal equﬂibrium of the economy populated loy the n agents,
t=1,...,n,Iis defined by a sequence {c}f, x%, he, Kt, Wy, Rt, pfg, v%}t% such that, for anyt = o
and for any ¢t = 1,2,...,n:

(33) $i+1 = Rt+1 (xé - Ci) + Witq,s

(3b) Du(et) +v,Do(c}) = sy, Revs + i,

v
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30) pi = Bini+1Rt+1 — YiDv(aci + )\ht+1) + vf;,
3d)  limy oo (8:) 'ujaf = o,

3e> for Vi > 0,ch = xt + My,
) iorvi =0,ct < 2L+ Mgy,

—+00

b = 3 R
o J RtJr‘r ’

) .
j=1 T=1
311) wy = (1/n)DLF(Kt, 1),
) R=DF(Ker)+ (),
33) Z i ﬁtwt = Kt-

=1

[11. Long—Rnn Equiiibrium of an Economy with Heterogeneous

Agents
[II.1 Characterisation
Proposrion 1II.1.— 4 stationary competitive equilibrium of the economy with het-
erogenous agents is characterized by consumption levels (¢',c?,...,c") together with an

aggregate capital stock given by K, factor prices given by w and R, that satisfy

n

(4&) Z ¢ =FK, 1) -K,

=1

(4b) R=DgF(K, 1)+ (=n), w=(/mDFK ),
(i) l'in{D’U((l —Nw)/Du((x — Nw)} > 5:R — 1, then ¢ = (1 = Nw;
(

ii) if Yi{DU((l —Nw)/Du((x - MNw)} < 8:R — 1, then ¢ satisfies ¢ > (1 — \)w and is
defined from

R o (Ri—(-nu | Z,
(5) 6i§ _ 1Yz‘DU( R(— L 2 > = D“(Cl) + YiDU(C ).

The first popuiation of in(iiviciuais, described tinrougii Proposition Hii(l), are constrained

and their consumption is available as ¢ = (1—Nw. The second popuiation of individuals,
described tiirougii Proposition Hii(n), are unconstrained and their consumption satisfies

(5). As assessed tiirougil the ioiiowing statement, this results into a consumption function

¢ = C(Bi,yi,R,w,)\):

Lemma Hi.i.—[Unconstraine(i Consumption} Consider a stationary solution for the un-
constrained individual such that:

(6) nQﬂE:l&i<&R_L

Duf(x = Nw)]

(i) The equation (5) determines a unique stationary consumption solution ¢ =
C(Si,yi,R,w,)\) > (1= Mw.

A%
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(ii) The unconstrained stationary consumption ¢! = C(Si,yi,R,w,)\) is non-decreasing
in w, increasing in R and 0;, decreasing in y, and non-increasing in A. Moreover,
limR%JrooC(Bi, Yi,R, w,\) = +o0.

(iii) For \ = 1 and with perfect financial markets, C(Bi, Yy R, w, 1) is independent of w.

[t is noticed that, for perfect financial markets and x = 1, the inequation (6) becomes

BiR > 1. The unconstrained individual consumption function C can be perceivecl as the
consumption resulting from a partial equili]orium argument with w and R exogenously
given.

1.2 An Economy with Perfect Financial Markets

This section will establish the existence and the uniqueness of the steacly state when
financial markets are perfect.

Dermvirion [IL1. A stationary competitive equili]orium of the economy with heterogenous
agents and perfect financial markets is characterized by consumption levels (¢, e?,...,c")
with an aggregate capital stock given ]ay K, factor prices given ]oy w and R that satisfy

n

3¢ Bk
R=DF(K, 1)+ (). w=(1/mDF(K. )
(i) 5. > 1, then ¢t > 0 and s defined from ¢ = O(oy, v, R, 1)
(ii) if 3,R < 1, then ¢ = 0.

Letting henceforward R(K) := DyF(K,1) + (1 — n) and w(K) := D F(K, 1), the frontier
]oetweenfzonstrained and unconstrained behaviours cleﬁnes, for any agent ¢ = 1,2,...,n,
a value KZ such that

R(KZ) = 1/61‘.

Agent ) W}H then have a positive consumption for K < KZ and a nil amount of consumption
folr K> Kﬁ At that stage, it is worth emphasizing that the ranking of the elements of
{Kl, ... ,Kn} is a direct byproduet of the one associated to the 0;, 1 =1,2,...,n under

Assumption P.2: Kl > K2 >0 > Kn From Lemma [I.1 and the expression of factor
prices R(K) and w(K), the stationary amount of consumption ¢’ of agent i can be expressed
as a function of K along:

¢ = 0y, v, RK), wK), 1)
= (K(Bi,YZ-,K, 1).

Moreover, C being independent, of w(K) under perfect financial Hiarl(ets and for x = 1,
this results in ¢ that is a clecreasing function of K for any Ke lo, KZ[

Prorosition 1112, Under the previous set of assumptions:

vi

Documents de travail du Centre d'Economie de la Sorbonne - 2015.81



(i) there does exist a stationary competitive equilibrium for the economy characterized

by a value K™ € Jo, K[ and it is unique;

(ii) letting j € {1,...,n} be such that Kj+1 < K" < Kj, agents 1,...,J with bene-
fit from positive stationary consumption amounts ¢ = %(Bi,yi,K, 1)whereas the
consumptions of agents j + 1,...,n will sum up to zero.

The ioiiowing exarnpies will show that the iong—run distribution of consumptions and
wealths may (iispiay features that stringentiy differ from the traditional Ramsey setup.

EXAMPLE [II.1. Within an economy with periect financial markets ()\ = 1) and for agents
that rnereiy differ from their discount rate, the stationary distribution of wealth for the
individuals may be non degenerated. A sinipie exampie should illustrate this scope for such
a non—ciegenerate(i distribution. Assume that n individuals are characterized ioy different
discounting parameters d;, with & := Yo, di/n that describes the average discount factor.
In order to sirnpiiiy matters, it is further assumed that all of the individuals are characterized
by the same temptation parameter y. It is finally assumed that u(c) = In(c) and v(c) = c.
When the level of consumption of an individual is positive at a stea(iy state, it is available as
¢ = (R8;—1)/y. The aim is then to build an equilibrium for which all of the individuals, even
tilougii tiiey differ from their discount rates, benefit from a positive amount of consumption.
Such an equiii]oriuni satisfies

Zci =FK, 1) - K,

for ¢t = (R; —1)/y and R = DyF(K, 1) + (1 = ), or

n

STIORFE, 1) + (1= m)3: — 1]/v = FK, 1) - K,

=1
that restates aiong:

[(DKF(K, 1)+ (1—m)5— 1} nfy = FEK, 1) - K.

This equation has a unique solution K" < K such that (DKF(K*, 1)+ (1-1))5 > 1. Consider
then 8y, 1= min,(d;). Under the iioi(iing of O > Oy, for Oy that is defined from (DI\F(K*, 1)+
(1 —M))de = 1, and even tiiougii tiiey are characterized i)y distinet values of 3;, all of the
agents benefit from a positive level of consumption.

EXAMPLE [1I.2. Consider an economy with periect financial markets that is popuiateci by
two individuals such that 8, > 0, and Y, > Y, Interestingly, one may exhibit stationary
states parameter conﬁgurations for which ¢ < c?, ie., the most patient of the agents
will assume a lower amount of stationary consumption. Keeping, aiong Exampie Hii, on
retaining preferences described by u(c) = In(¢) and v(c) = ¢, the steady state value of the
capitai stock does corresponci to the unique solution of the ioiiowing equation:

DF(2.K) +1 - Z%‘Z% ~F(K,1) - K.

vii
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Letting then b = S (1/y,) and a = S (/) and let the values of Y i=1,2 be given.
Consider variations of 0,1 =1,2 that will leave unmodified the value of the coefficient a and
in turn result in unmodified values for the capital stock.

More precisely consider the variations of 0, and O, around a value of 3 = a /b and let 0, =0+
for > 0. One then infers 5, from the holding of 0./Y, =a—"0./v,, whence

82/y, =0b— (8 + )/,
=0/, — /v,

The consumptions of the two individuals become available as:

ct = (Rsl — 1) /Y1
= [R(B—i—x) — 1} /Yy
= (RSZ — 1) /Yz
=R(/v, —2/v,) —1/7.-
Upon a variation of x, R will keep on assuming the same value, for K is unmodified. From
the expressions above and for z = o, it is Erstly obtained that ¢* < c?, that results from
5, =0, = 0 and Y, > Y, Similarly, for z > 0 and as 1ong as x assumes suH:iciently small

orders, one also recovers ¢! < ¢2 in spite of the holding of 0, >0, ; the most patient agent
will thus be associated with a lower consumption amount.

[II.3 An Economy with Imperfect Financial Markets

This part establishes the existence of an equih]orium in the economy with imperfect finan-
cial markets.This proceeds from first Characterising the frontier between constrained and
unconstrained behaviours. Consider, for » #* 1, the equilibrium value for K that corre-
sponcls, for an agent 17, to the frontier between constrained and unconstrained behaviors:

(6)  vDo(( = nw)) = {SRA)] - 1 }Du((x = 1w (K))

Levma 112, [Frontier between the regimes] Letting KZ be uniquely defined from

RK;, 1) =1/5;

(i)the equation (6) of the frontier between constrained and unconstrained regimes deter-

mines a unique solution K = Ki(si, Y M), for Ki(esi, Y;s M) €Jo, Ki[;

(ii) KZ-(SZ-,YZ.,)\) increases with ©;, decreases with vy, and increases with X, for

limy K (51, v, 0) = K.

Lemma I1I.2 allows for introducing n values K;, the agents being henceforward ranked
according to the foHowing order:

K, >K, > >K,.

In contradistinction with the previous section and the prevailing of \ = 1, the ranking of

the individuals as described by Ki, 1 =1,2,...,1 depends upon both 0; and Y From
Lemma HIQ, the foHowing occurrences are available for the agent ¢:

—for K> Ki, ¢t = (1 —Nw and the agent is constrained;

viii
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—for K < K;, ¢ > (1 = \)w and the agent is unconstrained.

From a general equilibrium perspective and for a constrained individual, consumption
hsting as

¢=0-Nw=a-nDFK, 1)/n,

it emerges as an increasing function of K. It is noteworthy that the conﬁguration A=
1 drasticaﬂy simpliﬁes matters in this regard in imposing ¢ = o for any constrained

individual.

Matters are more subtle for an unconstrained individual i whose consumption as a func-
tion of K is given by ¢ = %(Bi,yi,K,)\) = C(Si,yi,R(K),w(K),)\). The expression
C(Bi,yi, R(K),w(K),)\) l)eing7 from Lemma III.1, increasing as a function of R and non-
increasing as a function of w, the resulting effect of a variation of K on the agent’s con-
sumption is not determined. Nevertheless, and as this is assessed through the foHowing
statement, the function €(5;, s K, %) /w(K) is monotone decreasing as a function of K.

Lenvma IH.?).—[Equﬂibrium unconstrained consumption] Consider the function £'(K) :=

(i) it is monotone decreasing as a function of K over Jo, Kz], with hml<—>f<z- EZ(K) =1—X;

(ii) the function £'(K) tends to +o00 for K — o.

With imperfect financial markets, the establishment of the proof of the existence of a
stationary equilibrium will require an extra assumption on the procluction technology.

Assumprion T2. [DRF(K, 1) - K- nK] / [DLF(K, 1)] is bounded in a neighbourhood of 0.

Prorosrrion I11.3— [Existence of a stationary competitive equilibrium] Under the pre-
vious set of assumptions,

(i) there does exist a stationary competitive equilibrium for the economy characterised

by a value K E}O,Kl[;

(ii) letting j € {1,...,n} be such that Kj+1 < K" < Kj, agents 1, ..., J are unconstrained

and consume according to ¢ = ‘K(Bi,yi,K,)\) whereas the agents j + 1,...,n are
constrained and their consumptions are available as ¢’ = (1 — \w.

With perfect capital markets, the consumption function was decreasing in K for all un-
constrained agents and cancels out for the constrained ones, a property that ensured the
uniqueness of the equili]arium. In opposition to this and with imperfect financial markets,
the uniqueness of the equilibrium cannot be established in the general case. Constrained
agents now have a consumption level (1 —MNw, that increases with K and results in the
non-monotonicity of aggregate consumption.

2This property holds for a Co]o]o—Doug]as production function or for a C.E.S. procluction function when the
elasticity of substitution is greater than one. Indeed and for F(K, 1) = K*, a €]o, 1], limg_, , [DxF(K, 1)K -
nK]/DLF(K, 1) = /(1 — ) while hInKﬁO[DKF(K, K - T]K]/DLF(K, 1) = o for such a C.E.S production

function.

X
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EXAMPLE [II.3. The aim of this example is to establish hovv7 within an economy populated
by two agents ¢ = 1,2 and such that 0, > 0, holds together with Y, > Y., the equilibrium
can be characterized by a conﬁguration for which the relatively more patient agent 1 will be
constrained whilst the relatively more impatient agent 2 will not. Only the most impatient
of the agents will then be unconstrained. Letting again u(c) = In(c) and v(c) = ¢, such an
equilibrium is to be characterized ]oy a value K such that:

() EADEEK o DR ey pg ok

2 Yo

with a value of K such that:

(8&) [DKF(Kv 1) +Y(1 _ n)] 0, — 1 S 1 ; XDLF(K, 1)7
[D[\F(K, 1)+ (1—7)]8, —1
Yy

(sb)

< ljDLF(K,l),

where these two above inequations respectively picture(l an unconstrained agent 2 and a
constrained agent 1.

In order to ]ouﬂgl such an equilibrium, one needs to let the analysis rest upon a value of K > o
such that K < K, for K, that is uniquely defined by the holding of DKF(K2, 1)+1-1m=1/5,.
Fixing then 3, and 02, Y, and Y, are selected such that the equilibrium characterized ]oy (7),

(8&) and (8]0) does correspond to K.

For that value of K, one selects Y, such that:

[DgF K 1)+ (1 —n)]5, —1
Y,

=F(K, 1) K- 22 MDFK, ).

Such a value of v, exists since

F(K. )~ oK 222D F K 2 = “E2D P ) + KIDF K, 2)

2
> o.

Indee&, by assumption, K< Kz < K, one obtains DI\F(K, 1) —1n>o. Further and for the
appropriate value of Y, (8&) needs to be satisﬁed, or

LMD FK, 1) + X - "DFK, 1) < FK, 1) — K.

2

The holding of this inequahty boils down to the satisfaction of )\DLF(K, 1)+ K [DKF(K, 1) —

Tﬂ > o, that does prevail.

Finauy, inequation (8b) will always be satisfied through the selection of large enough values

for Y,

IV. Comparative Statics & Welfare Topics

IVl Comparative Statics

This section is aimed at un&erstanding the depen(lency of the long-run equilibrium with
respect to the parameters 0;,Y; and 2.

X
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IV.11 The Conﬁguration without Financial Constraints

For this conﬁguration, the stationary state is unique and there exists e [1,n]N N such
that, for any i >, ¢ =o0 and for any i < {, ¢ > o. Further and for any i < cz(K)
decreases as a function of K. The foﬂowing equation

Z%i(ﬁi,yi,K, 1) = F(K, 1) — nK

then assumes a unique solution K" E]O,K[, for K defined from DKF(K, 1) = It is also
obtained that

K* S ]KC, KC+1 [

But the occurrence of the condition ¢! = o for i > C does solely proceed through the
parameter 9; and is independent of Y, as it corresponds to BiR < 1. From the properties
of the function ¢ listed through Lemma HI], the foHOWing list of comparative statics
results then becomes available:

Prorosition IV.1.— Let ) = 1:

(i) consider an agent i = 1,2, ...,n such that i > { and ¢"* = o, then any variation of his
degree of self-control v, does not have any effect on the equilibrium steady state;

ii) consider an agent i = 1.2, ....n such that i < and ¢** > o, then either an infinites-
g b b ) )

imal decrease of Y, or an infinitesimal increase in ©; both translate into a 1ong—run
increase of the value of the capital stock.

IV12 The Conﬁguration with Financial Constraints

Consider the competitive equilibrium K" € lo, Kl[ and assume that K" E]Kc, Kchl[, Ce
[1,n]. Then and for any i > ¢ +1,

" (8@-, YZ-,K*,)\) =(1— )\)w(K*)

and the associated individuals are constrained. In opposition to this and for any i < ¢,
(51,7, K1) > (1 = Ww (K

and the associated individuals are unconstrained.

Prorosirion IV.2.— Assume that, for any A, the equilibrium is unique and let A < 1:

(i) consider an agent i € [1,n] such that i > {: then an infinitesimal variation of his
degree of impatience 8; or of his degree of self-control v, does not have any effect on
the equilibrium steady state;

(ii) consider an agent i € [1,n] such that i < { and ¢* > o, then either an infinitesimal

decrease of ¥, or an infinitesimal increase in 6; both translate into a ]ong—run increase
of the value of the capital stock;

(iii) an increase in \ reduces the equilibrium steady state value of the capital stock K"

X1
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Proof: By (iei'inition7 K" is a solution of the ioiiowing equation:
<
F(K, 1) =K = Zci(K) +(n =0 - Nuw(K),

14 r
or H (K) =H (K7 Y5045 N), for i = 1,..., k. The uniqueness of the equilibrium stea(iy state
ensures that

DeH (K™ = DH' (K" v,,8:,2) > o.

Tai{ing then acivantage of the independence of HT(K, Y;:0i,N) with respect to Y, and 8; for
any 1 < this establishes (1)

The obtention of (ii) results from the occurrence of DgiC(Bi,Yi,R,w,k) > o,

DYiG(Bi, YZ—7R7U)77\) <o through Lemma [I1.1.

The obtention of (iii) in his turn results from the occurrence of DXC(Bi,Yi,R,w,)\) <o

tiirougii Lemma IIL.1. QED

The results of Proposition IV.2 have been reached tiirougii a uniqueness assumption for
the stationary state. It is worth emphasizing tiiat, even without such an assumption,
the above results will have prevaiieci in a neigiibouriiooci of x = 1. inciee(i, and for
A=1, DKHZ(K*) —DKHT (K*, Y;50i,1) > 0, that establishes the robustness of the prececiing

conclusions.

Accorciing to (iii), an increase in A will result in a decrease of the iong—run value of the cap-

ital stock K™, From K™ < K, this will in turn translate in a decrease of total consumption.
But this will not necessarily corresponci to a decrease in the individual consumption of
any of the agents. For constrained individuals, consumption being given by (1 —Ww(K),
it will decrease with a rise in . But, and for unconstrained in(iiviciuais, this may result
into an increase of their consumption. The previousiy considered exampie that built from
u(c) = In(c) and v(c) provides an enlightening illustration in this regard. The consump-
tion of an unconstrained individual i)eing available as ¢ = (BZR — 1) /Y;» an increase in A
that entails a decrease in K will eventuaiiy translate into an increase in ¢'.

IV.2 Welfare & Optimaiity

This section will first introduce the social optimum and then illustrate how it can be
recovered trough a competitive equiii]orium.

Assume that the economy is popuiate(i i)y n agents of parameters (Bi, Yi) where 1 > 0, >
0y > -+ > 0p. Letting (T ,Cn) denote the welfare Weigiits put on any of the n agents,
the program of the benevolent pianer will then formulate aiong:

max ici f(al)t{u(df) +7; iv(c%) o U(Q;)] }

7 T
{Ct 7wt} i=1 t=

st Ko =F(Ken) + (- Ko - el

d <o, K, given,

where ol singies out the maximal admissible value for the consumption of agent ¢ and
by date ¢ > 0. The component of the planer’s objective v(ci) — v(w) being however
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limited to assume non-positive values as a result of the holdmg of the constraint ct ol
the optlmal solution will be associated with the uniform satisfaction of wt = c. The
benevolent planer’s program hence simpliﬁes to the standard formulation of the optimal
growtll problem:

P s e 26

n

s.t Kt_;,_l = F(Kt, 1) ( )Kt Z Ct7

=1

KO given.

The optimal solution being denoted {ci*, K} .}t > o0, from Le Van & Vailakis [6], it will

converge towards the stationary state of the modified golden rule (c™, ... ,c"*,K*) such
that:

DKF(K*, 1) +1—-n=1/0,,
= F(K*, 1) — nK*,

¢* = o for any i > 1.

[t is then a standard argument to establish that a characterisation of the optimal trajectory
is available from the foﬂowing statement:

Levnva IV.1— The sequence {ct*, K: }i>o depicts an optimal solution to the problem (P)
if and only if there exists a sequence {Y,}i>o that satisfies, for any i = 1,2,...,n and any
t > o:

¢ (Bi)tD“(Ci*) = X4
Yo = Yaoa [DF (K7 1) +1 =],

K:Jrl = (K:7 1) + (1 - T])K: - Z Ci*,
hmt%JrooXtK: =o.

The comp]etion of a decentralization procedure for the first-best optimum will first rely
upon the selection by any date ¢ =0 of the maximal value that is reachable for a level
of consumption, i.e., ! . The component v(ci) — U(cot') being negative for ¢! < f, a
decentralization scheme will proceed from imposing w; = ci* for any t = o. It is then
noticed that this further corresponds to a sufficient concl1t1on to ensure the obtention of
the first-best optimum that will be associated with an appropriate redistribution of the
initial wealth of any of the individuals.

The establishment of the decentralization argument through Proposition IV.3 will first

proceed from a preparatory lemma.

Lemma [V.2— The competitive economy with consumption constraints along c¢; < ci* is
fully characterized by sequences (cﬁ,ai,Kt,wt,Rf;L%, (Hi)t>o and (v%)t>0 such that, for
anyt > o0

(6:) [Du(c}) +Y1Dv(ct)] = Ui Y

oLt+1 = Rtat + wy —

xiii
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W = PiﬂRtv
iimtnirooniai = o, af) given,
vi = o for ¢ < ci*,
vi > o for ¢ = ci*,
Rt = DKF(Kt, 1) +1—n,
wy = DLF(Kt, 1)/n,

n

Kt = Z (Ii.
=1

Prorosrrion IV.3.— The social optimum can be decentralized by choosing at datet = o
the initial wealth a’ of any of the agents—through a redistribution of the initial wealth—
and by imposing ci < ¢i* at any agent i € [1,n] and for any period t > o.

Surprisingiy enough, Proposition [V.3 results in a set of conclusions that advocates com-
munism. As soon as the agents are submitted to a temptation motive, the best admissible
poiicy will be to severe their freedom of choice in consumption lay imposing a constraint
é < ci*: any of the agents is to consume according to his actual needs.
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V. PI‘OOfS

V.1 Proof of Proposition [II.1
The satisfaction of R = DgF(K, 1) +1 — n and w = DiF(K,1)/n directly results form

equations (311) and (3i) when tiiey are considered at the equiiii)rium iong—run steaciy state.
In parallel to this, the consideration of (3g) allows for deriving h = w/(R —1) whereas (3ci)
will hold for a stationary state. Equations (3a), (313), (30), (3e) and (3f) will then allow for
oi)taining Proposition Hii(i) and Proposition Hii(n) tiirougii the foiiowing statement:

Lemma— Consider the optimal solution:

(i) a stationary optimal solution for an unconstrained individual corresponds to station-

ary values ¢ and z* such that:

R, — Du(e) +v,Do(e)
! Du(ce?) + Y; (Dv(c’) — Du(ai + Ah)) ’

where
al 2t = (Rel = w)/(R - 1);

i)/ the satisfaction of ¢ < x' + \h boils down to ¢ > w(1 —\) or YiD’U[(l —Nw] <

(5:R — 1)Dul(x — W)w];

¢ / the existence of such a solution requires R&; > 1 and irnpiies R>1 ;

(ii) a stationary optimal solution for a constrained individual corresponds to stationary

values ¢! and x* such that
a/ & =(1—Nw;
i)/ =R = Nw—rw/R - 1);
c/ the existence of such a solution requires the holding of v' > o, that writes down
along: v;Dv((1 = Nw) > 3:R = 1)Du((x = Nw).
Proof: (i) For an unconstrained individual, vj = o and from (3b) and (3c):

(*) Rea8i[Du(ely,) + v Do(ciy,) — v;Dv(zi, +Mruys)] = Du(e)) + v, Do(c)).

Rearranging and considering stationary trajectories in (*), the conditions of the statement

become available.

(ii) The basic form of the condition Vi >0 lists as:
vi = Du(e)) + YiD’U(Ci) — 3R > o,

for w' = Du(c?) + YiDv(ci) — YiDv(xi +0h), ¢ =zt 4+ Mh, ut = Du(c)), that gives, merging
and rearranging, the condition of the statement. QED

Equation (4&) then correspon(is to the resource constraints of the economy. It is derived

i)y corni)ining equations (3J), (3i1), (3i) and (33) when considered at the stationary state.
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Equation (3J) allows for stating ) 1" 2t = Ra+nw Whilst, from equation (3&), S mZ(R—

1) =

that:

RZ?Zl ¢t — nw. Finally eliminating oot between these equations, it is derived

(Rfl)Kanw:zn:ci.

=1

Making use of (3h) and (31), equation (4a) is recovered. QED

V.2

Proof of Lemma I1I.1

Proof: (1) From (5), the deﬁning equation for a steady state consumption is available as:

; ; 3R Ré — (1 = Ww
Du(c?) + v, Do(¢') = —= Y-Dv[ ,

) (@) 5R—1"" R-1
a solution to the above equation such that ¢ > (1—Nwis then Sought for. It is worth noticing

¢, . :
that this conveniently restates as H (cy;) = Hr(c’, i, Y R, w, N, where the simultaneous

¢, . )

occurrence of DCH (cl,yi) < o0 and DCiHT(CZ,6i7Yi,R,w,)\) > o first ensures that there

exists at most one solution. Dealing then with the existence issue and for ¢ — (1= MNw, it
is obtained that:

H' (¢t v,) = Dul(x = ] + v,Dol(x = 2w,
3R
BlR —1

H (¢35, v,, R, w) — v, Dof(1 = W)w].

From the previous assumption, YiDv[(1 —Ww] < (5;R = 1)Duf(x — W)w], whence
H' (1 = 0w, v,) > B (1 = Dw, 5, v, Row, ).

Conversely and for ¢ — +o00, whereas Du(c) — o, [Ref — (1 = Ww]/(R — 1) > ¢ as a result
of the occurrence of ¢ > (1 — M)w. This eventually results in

H£(+OO7 Yz) < HT(+OOﬂ 6i7 Yi» R7 w, >\)7

whence the existence and uniqueness results for ¢t

(ii) Looking then for some comparative statics properties, it first emerges that

DRC(Bi,Yi, R, w,2) > o as a byproduct of DRHT‘(CZ—, Bi,yi,R, w) < o. Indeed

Sen {DR(W)] =Sen[c/R = 1) = Re’ + (1 — Mu]

= Sen[(1 — Nw — ¢
< o.

The establishment that DwC(Bi, Yis R, w,2) > o then results from DU,HT(CZ', iy Yy R, w,) <
o, having noticed that, for » = 1, this simpliﬁes to DwC(Bi,Yi,R,w,k) = 0. In the same
way, it is readily shown that DgiC(Si,Yi, R, w,\) >0 and DXC(Si,Yi,R,w,)\) < o are direct
byproducts of DgiHT(Ci,BZ‘,Yi,R,w,)\) < o and DKHT(ci,Bi,YZ.,R,w,X) > o. Finaﬂy, the
establishment of the occurrence of DYiC(B’thu R,w, A <o proceeds from the restatement
of the deﬁning equation for stationary values for ¢ according to:

(**) RBi D“(Ci) + YiD”(Ci)

_ _ Qe v wR)
Ro: —1  v.Do|Re — (1 —nw)/R—1)] SERCERY
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The function G(Ci, Y W, R) ]oeing decreasing as a function of both Y, and c, the occurrence

of DYiC(B%Yi? R,w, ) <ois established.

The expression 0(61—, Y R, w, \) being monotone increasing as a function of R7 it assumes a
limit that is either finite or infinite. Firstly assuming that ¢ < +00 and from equation (**),

it is obtained that:

- Du(e) + v, Do(e)
YiDU(K) 7

that is irnpossi]ole for ¢ < +00 and establishes ¢ = +c. QED

V.3 Proof of Proposition [11.2

Proof: (i)—(ii) In order to save on notations, one considers the function cZ(K) as defined from:

cl(K) = %(Bi,Yi,K, 1) for Ke }O,Ki{;
dKy=o for K}KZ

The existence of an equililarium is associated to the one of a value of K such that:
FK, 1) —qK = Zci(K).

Denoting this equation along Hz (K) = H (K), as 1/8, > 1, it is first obtained that

” ’ ¢

K, < K. The function H (K) then emerges as being increasing over Jo, K,[. In opposition
to this, the function HT(K) is decreasing over Jo, K, [ with H (K,) =0 and 1imK_>OHT(K) =
+o00. These properties ensure the existence and the uniqueness of K* 6]07K1[ such that

HY (K" = H (K. Q.ED

V.4 Proof of Lemma I11.2

Proof: (i)—(ii) Uniqueness is established from noticing that the L.H.S. of (6) is non—decreasing as
a function of K whilst the R.H.S. decreases as a function of K.

The existence argument in turn results from noticing that, for K — K;,
vDo [0 =)D F K, 1)/n] = v,Do [DLF(K, 1)/n] > o,
{8:[DkF K, 1) + (2 = )] = 1}Du |2 = WDF K, 1) /n] 0.
In parallel to this and for K — o,
vDo [ = WDFE, 1)/n] = v.Do [0 =)D F(o,1)/n]
[8:DkF K. 2) + (1= ) =1} Du [(1 =D F(K 1) /n] = oo,
Whence the existence result. Q.ED

V5 PI‘OO{‘ Of Lemma IIIS

Proof: (1) From its very definition, £(K) is a solution to:

BZR(K)Yz _ Du(izw(K)) + YiDv(Eiw(K )
s:R(K) =1 Do((REKE - (1 = 1) w()/RK) - 1))
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Documents de travail du Centre d'Economie de la Sorbonne - 2015.81



V.6

V.7

The L.H.S. of the preceding equation increases as a function of K whilst the R.H.S. may con-
veniently be reformulated along Hu(K, Y HZ(K, z"). It is then remarked that H* decreases

with K whereas H' increases with both K and g, [Ril —(1— )\)] / (R - 1) being indeed a

decreasing function of R, whence the monotonicity property for gt

(ii) The function EZ(K) ]oeing decreasing monotone as a function of K, its assumes a limit at

zero that is either £ > 0 or +00. Assuming first that it is finite and limy_, 2/(K) = ¢, the
above equation delivers:
~ Du(w(0)e) +v,Dv(w(0)e)
i Do (w(0)¢)

i

that is impossible (a corfm@cliction)7 whence ¢ = +c. QED

Proof of Proposition [11.4

Proof: (1) For a constrained individual 4, it is convenient to extend the function £*(K) over

the interval [K;, +oo with £/(K) = 1 — 1. The existence of an equilibrium is hence ensured
]oy the one of a value of K such that:
FK. 1) — oK = 3 g D),

n

hence, making use of the Euler 1relationship7

DKF(K, 1)K — Y]K 1 n i 3
DFK 1) = Z[i (K) —1].

=1

or HZ(K) = H"(K). First and for K — o, HZ(K) < H'(K). Indeed, whilst HZ(K) is bounded
under Assumption TQ, it is obtained that HT(K) — oo as a direct corouary of Lemma
ITL.3(().
Now7 for K such that:

K=K, >K.,>-.->K,,

EVZ(K) =1 —)\Afor any i =1,..., n a{lcl HT(Kl) = . Further, D[\F(Kl, 1)K1 —nKl > o since
K, <K, forvK that satishes DgF(K, 1) = n. This implies HE(KI) > HT(KI) The existence
of a K €]o, K, [ such that HZ(Kl) = HT(KI) is established. Q.ED

PI‘OOf O{l Lemma :[VQ

Proof: The consumer program writes down along:

e > (50" {uel) + 4, o(e) ~ ()]

{ci} &

st ap,, = Riai + w, — ¢,

¢
hmt—>+ooai / H R, >o,
T=0

c K¢, a, given.

The optimality conditions are obtained loy first hsting the Lagrangian:

Lo = (3)" {u(ci) + v, [o(ch) = o))} + iy, Reaf +wp = ] — wjaf +vi(ef* = ),

xviii
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V3

Whence:

(8)" Du(e}) +v,Do(c)] = iy, + i,
“;-Fl = Rtp'zlf’

11mt_>+ooptat = 0.

In paraﬂel to this7 the optimal behaviour of the competitive firm delivers the equili]orium val-
ues of the real wage rate and of the rental rate for the capital stock along w; = D F(K,, 1)/n
and Ry = DiF(Ky, 1) + 1 —n. The equilibrium on the capital market being finally associated
with the holding of ZLI al = Kt for any t > o, the characterisation follows. QED

Proof of Proposition IV.3

Proof: The argument derives ]ay proving that the sequence {ci*, K:},z =1,...,n, satisfies
the whole set of conditions that characterise a competitive equili]arium with constraints upon
consumption for appropriately chosen values of pi and vi and for a ﬁtting distribution of the
initial wealths ai. Letting Moy =Yg /G and vi = (Si)tYiDv(ci). Defining then the prices
of the factors according to w; = D F(K},1)/n and R; = DxF(K;,1) + 1 — 1, the initial

wealths of the agents are selected so as to satisfy:
+oo

azo Z R ZH R*a

t=o0 T=0 T=0

that is possible since

R S

=X F (Ktvl) _K:+1 +( _ﬂ)K: -k (K:,l)
-2 m_R;

SRK KL
= N
=K.

The sequence {ai} is then recursively defined through
ap,, = Rtai +w; — ci*.
Finally, and by the definition of ai, one obtains:

t
1imt_>+ooai / H RT =
T=0

that establishes Proposition V3. QED
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