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Alostract

This article considers a new concept of social optimum for an econ-
ony popuiateci i)y agents with heterogeneous discount factors. It is based
upon an approach that constrains decision rules to be temporaiiy con-
sistent: these are stationary and unequivocaiiy ruled by the state vari-
able. For agents who differ oniy in their discount factors and have equai
Weights in the pianner’s o]ojective7 the temporaiiy—consistent optirnai SO-
lution produces identical consumption for the agents at all time periocis.
In the iong run, the capitai stock is determined loy a modified goi(ien
rule that corresponds to an average—iii{e summation of all discount fac-
tors. The generai argument is illustrated ]oy various two-agent exarnpies
that allow for an expiicit determination of the temporaiiy consistent de-
cision rules. Interestingly, this ternporaiiy consistent solution can be
sirnpiy recovered from the characterization of a social pianneris pro]oiern
with variable discounting and can also be decentralised as a competitive
equiiii)rium tiirougii the use of various instruments.

Keywor(is: Time-Consistent Poiicy Ruies, Heterogeneous Discounting
Prograrns.

JEL Classification: E32, 041.
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I. Introoluetion

This article introduces a model with inﬁnite]y—lived heterogenous agents who differ from
their discount factors. Consider an associated benevolent planner that is made of succes-
sive incarnations! with the incarnation of date ¢ in charge of the decisions for that periocl.
The olajective of the date t-incarnation of the p]anner is a Weighted sum of the inter tem-
pora] utilities of the agents starting from date ¢. For heterogenous discount factors, the
objectives of these successive incarnations being mutuaHy inconsistent, this article intro-
duces a characterization of a ternporaﬂy consistent solution that results from the strategic
game defined between these different incarnations. This solution is arguably more robust
than the cornrnonly considered one that consists in retaining the initial objective of the
date o-incarnation and assuming that it is to take the decisions for the whole horizon of
dates. Indeed, all of his future decisions would be questioned by the future incarnations
of the planner.

Models with heterogenous agents who differ in their valuation of the future have appeared
in a 1arge literature that has focused on the features of the associated inter—ternporal
equilibrium. The so-called Ramsey Conjectur%Ramsey [17]—Was rigorously proved by
Bewley [4] and Becker M, and states that only the most patient of the agents ends up
with positive consumption in the long run, with all other agents having zero consumption.
Through the introduction of imperfect financial markets that rule out indebtedness, R.
Becker [1] established that the 1ong—run equih]oriurn exhibits the foHowing properties: the
most patient of agents holds the whole capital stock of the economy and has consumption
that exceeds his wage incorne.2 On the contrary, all the other agents have consumption
levels corresponding to their wage income. Extending the results of Bewley [4], Coles [8]

and Coles [9] prove turnpﬂ(e theorems when agents have different rates of time preference

in multi-sectoral growth models.

The assumption of agents who differ in their valuation of the future and their discount
rates has led to numerous further developments. Becker & Foias [3] and Sorger [18] have

also introduced strategic dimensions into the frameworks forrnaHy related to the imperfect
financial market structure of Becker m

[t should however be stressed that all these contributions have focused on the competi-

tive equilibriurn. To the best of our knowledge, only Becker [2] and Le Van & Vailakis

[13] have lifted the veil on the properties of the social optimum and the benevolent p]an—

ner with heterogeneous discount factors. These contributions assume that the p]anner
maximizes at an initial date a Weighted sum of the inter—temporal utilities of the agents
under the resource constraint of the economy. Under this assumption, the weight of the
most impatient agent in the p]annerjs objective should become arbitrarily small in the
1ong run. Lhe optimum tends towards a stationary state in which only the most patient
agent consumes a positive amount. The long—run capital stock will be determined ]ay a
modified golden rule that Corresponds to the discount factor of the most patient agent.

IThis term incarnations echoes for the social planner the use of selves for the consumer in the literature
on ternporaﬂy inconsistent preferences.

2Tt is worth mentioning that the Ramsey conjecture does not survive in a stochastic environment—Becker
and Zilcha {5]—or in settings with recursive but not necessarily additively separal)le preferences—Epstein {6}

and Epstein m .

i
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It is worth emphasizing that the results here mimic those in the competitive equiii]orium.
One ciiiqicuity with this approacii is that this solution is not time-consistent (an(i is thus

not robust). Assume indeed that the date t-incarnation of the social pianner maximises a

Weighteci sum of the inter—temporai utilities of the agents from ¢ on; the reconsideration of
this program ]ay a later incarnation of the social pianner would yiei(i a different solution.

The current contribution suggests another approacil that is ternporaiiy consistent. |he
decision rules of the successive incarnations of the social pianner are constrained to be
stationary and unequivocaiiy ruled ]oy the state variable (tiie aggregate capitai stoci{).

This approacii cirarnaticaiiy ciianges the conclusions. For two agents who differ oniy in
their discount factors and have equai Weights in the pianner7s o]ojective, the temporaiiy—
consistent optimai solution pre(iicts identical consumptions for both agents at any time
period.

A generalization is presenteci with an unrestricted popuiation ofn agents who differ in their
discount factors and instantaneous utiiity ixunetions7 with various differentiated Weigiits
being considered in the social pianner7s criterion. The resuiting properties are close to
those in the two-agent rnO(iei, with all of the agents ]oenei'itting from positive consumption
in the iong run. The capitai stock is determined l)y a modified goi(ien rule which (iepen(is
on the whole set of discount factors of the agents in the economy.

The generai argument is illustrated via various two-agent exampies. A first one considers
a Gobb—Dougias prO(iuction teciinoiogy and a iogaritiirnic utiiity function. The framework
allows for the expiicit determination of the decision rules of the two individuals togetiier
with a comparison to the results in Becker [2} A second exampie is then (ieveiopeci,

based on an iso-elastic instantaneous utiiity function and a linear prO(iuction teciinoiogy.
The expiicit determination of decision rules continues to hold in environments that enable
the emergence of enciogenous growtin solutions. For the temporaiiy—consistent optirnai
soiution, the consumptions of both agents increase at the same rate. On the contrary,
in the time-inconsistent soiution, the consumption of the most patient agent increases at
inigiier rates than does that of the most impatient agent. Finaiiy, consiciering the speciai
case of a iogaritiirnic utiiity iunction, it is also possi]oie to calculate the expiicit values of
the inter—temporai utilities of the two agents, both for the time-consistent solution and the
standard optirnai solution. In this exampie, even tiiougii it is established that the most
impatient agent benefits from iiigiier utiiity in the time-consistent Soiution, total welfare
in the time consistent solution is lower than that in the standard optimum.

[t is also prove(i that the temporaiiy consistent solution can be sinipiy recovered from the
characterization of a standard social pianner’s probiem with a recursive ob jective function
and a variable (iiscounting term. Lhis term is a weigiiteci sum of the agents7 discount
factors. Interestingiy, and for the earlier simpie parametric exampies, the (iiscounting
term is constant and an expiicit form becomes available for the value function of the social
pianner. The final part of our work illustrates how a time-consistent optirnai solution can
be decentralized as a competitive equiiibrium tiirougii the use of three instruments, nameiy
ciistortionary taxation on the capitai stock that is speciiic to each agent, the issuance of
pubiic cie]ot, and an initial transfer of wealth between agents. Moreover, at the steaciy
state the reiativeiy impatient agent should be subsidized while the reiativeiy patient one

sinouici be taxeci.

Section II introduces the basic solution concept for the case of two agents, and then eniarges

ii
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the anaiysis to n agents who may differ in both their discount factors and their instanta-
neous utiiity iunctions, the analysis ]oeing compieteci i)y introducing different weigiits in
the social piannerjs objective function. Section III investigates three exampies, Section
IV expiains how the solution concept can be simpiy recovered from the characterization
of a standard social pianner’s program with variable discounting and Section V eventu-
aily addresses the decentralization of the time-consistent optimai solution. All proofs are
i)rougiit together in a final appen(iix.

[I. The Argument

I.1 A first intuition in a basic framework with two agents

Time is discrete. The economy consists of two ini‘initeiy—iiveci individuals indexed ]oy 1€
{1,2} who differ in their discount factors. Let then {cé}, te IN, denote the consumption
sequence of agent 1, for cf; S R+. His preierences are representeci by an inter—temporai
utiiity function of the ioiiowing kind:

+o0

U({el}) = > (8:) (<)

t=o0

This economy includes a competitive representative firm with a prociuction function
F(Kt, Lt), with Kt the capitai stock at date t € IN that (iepreciates at the rate n€lo, 1,
and L, the quantity of labour at that same date. All individuals ineiasticaiiy offer 1 /2 units
of ia]oour, so that the gio]oai amount that is offered sums to 1. The resource constraint is
as follows for the economy at a given date t € IN:

(1) Kt+1 :F(Kt,l)—i—(l —n)Kt—gci.

In both Le Van and Vailakis [13] and Becker [2], the objective function of the pianner is

the sum of the inter—temporai utiiity functions of the two agents up to date o:

+oo 2

(2) Z Z(Bz)tu(cff)

t=0 i=1
The pianner determines the optimai sequences of {c%} and {cf} by maximizing at date

t = o the ob jective (2) under the resource constraint (1) The prececiing o]ojective function

accorciingiy can be rewritten as:

—+00

(3) Do) [uled) + (0a/5) ulef)

t=o0

Ass, < 04, the component (82 / BI)t asymptoticaiiy converges to zero for infinite values of
t. The Weigiit associated to the consumption of the relatively impatient agent 2, nameiy

7, then becomes negiigibie for iarge values of t. Becker [2] and Le Van & Vailakis [13] in

their Proposition 8 indeed find that consumption ¢j converges to o in the iong run.

Consider instead that the pianner builds from successive incarnations, the date-t incar-
nation ]oeing in ciiarge of the decisions for period t. Such an approacii mimics the one

iii
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on the literature on time-inconsistent preierences initiated i)y Strotz [19] and Piieips and
Pollack [16] Cornpare the oiajectives of two distinct incarnations of the social pianner.
First consider the date o-incarnation objective function given i)y (2) Then consider the

date t-incarnation of the social pianner. The interternporai utiiity function of agent ¢ from

t on is:

+oo

> (6 u(cso)-

T=0

The oiojective of the incarnation on date t of the social pianner hence becomes:

+oco 2

(4) D220 ulche).

T=0 i=1

[n the first formulation (2) of the objective, the perioci—t element is (Bl)t [u (c,}) +
(Bg/ol)tu(cf)]. However, with formulation (4), it is meu(ci) This proves that, as
a direct byprociuct of the heterogeneity of discount factors amongst the individual agents,
the oiojective of the incarnation at date  of the social pianner is not consistent with the
one of its incarnation at date o. Otherwise state(i7 would the incarnation at date o of the
social pianner be in position to take the whole sequence of decisions from date o to +00,
he would select for date ¢ a class of decisions that differ from its incarnation at date .
Heterogeneity in discount factors hence leads to temporal inconsistency in the sequentiai
incarnations of the pianner,s choices.

In opposition to this, the cornerstone of the current anaiysis is the imposition of ternporai
consistency for the choices of successive pianners. By assumption, decision rules will
be functions that unequivocaiiy (iepen(i on the state variable—the capitai stock—under

consideration:

The solution then comes from a strategic game between the successive incarnations of the
pianner: the incarnation at date t determines the best resource allocation at t, having
taken into account that all future incarnations of the planner will apply the strategy
c = ﬂé (KHT). This assumption hence ensures time consistency in the optirnai choices
of the successive social pianners.

The solution concept for this game is similar to the one that was used in the literature
on time inconsistency of the consumer probiern initiated by Piieips and Pollack [16] The
social pianner is therein viewed as successive incarnations and the decision at date ¢ is taken
]oy the t-th incarnation. Pheips and Pollack [16] went on ia]oeiiing their equiiiloriurn concept
as a Cournot-Nash Equilibrium. [n the recent literature on iiyperiaoiic ciiscounting, various
names have however been used for this same solution concept. Judd [ii] introduces the
seerningiy most precise terminology for this equiiibrium that is referred as a continuous
differentiable Nash equilibrium. Such a terminology singies out the focus on smooth
functions that remained irnpiicit in most of the articles of the literature. The most common
name for this solution concept is however the one of Markov equili briurn—vici., e.g, Harris
and Laibson {10] or Krussel and Smith [12} [t is also to be mentioned that this solution

concept is at times referred in an intuitive way as (iescrii)ing a sophisticated behaviour.

v
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As the solution (ﬁ(l (Kt) , 07 (Kt)) is constrained to be temporally consistent, it is consistent
with the case in which the planner reconsiders the maximization program every time
periocl. For a maximization at date ¢ , the instantaneous reward by that periocl is u(c%) +
u(cf) while the associated costs are ¢t + . The optimal time-consistent solution will
naturaﬂy be associated with two identical consumptions: O¢ (Kt) =07 (Kt) for any K, >
o. In particular, the 1ong-run consumption of the relatively impatient agent no 1onger
asymptotically tends to o.

I1.2 A Generalized Structure

Consider now an environment with n heterogeneous agents who first differ in their instan-
taneous utility function u'(r),i € {1,2,...,n}:

Assumprion PL. ui(+) is defined on R, of class €2, with Dui(c?) > o3, D2ui(ci) <o, for
¢t > 0 and Dui(0) = +o0, Duf(+00) = 0, 5; €]o,1[,i € {1,2,...,n}.

Agents are also ranked according to their discount factors:

Assumprion P2, 15,68, > --->5, > o.

Finaﬂy, agents, utilities are Weighted by factors Aiy.voyhpin the ob jective of the benevolent
planner. The productive sector remains unmodified with respect to the basic argument of
section 1.1 and the procluction teohnology satisfies:

ASSUMPTION T1. F(K, L) is a function of class ¢ 2 homogeneous of degree one, increases
with K as DgF(K, 1) > o, and is concave with D F(K, 1) < o for K > 0. Moreover,
DiF(o,1) > 1/8, — (1 = n) and DiF(400,1) < 1/5, — (1 — 7).

The resource constraint is:
(5) KtJrl = F(Kt, 1) + (1 — T])Kt — Z Ci.

Let ﬂz (Kt) denote the consumption decision rule for agent 1, while J* (Kt) is the resu]ting
payog function, defined as:

(6)  J(K) = @) w [06(Kis)], i € {1,2,...,m},

fOI' {Kt"’T}r)o recursively deﬁned through Kt+1+1 = F(KH_T,I) + (1 — n)Kt—f—r —
Z?:1 ﬁ% (KtJFT) :

Assumprion T2.: JZ (Kt), i€ {1,2,...,n}is a well-defined function from IR+ into IR,

that is of class 6>, Strictly increasing and concave.

Consider then:

(ra) W(K)) = znjmi (K,),

3The notation Dui(¢') = ou'(c?)/ac’ will be retained throughout the text.

A%
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(7b) WA(Kt) = i)\iBiJi(Kt)7

for A = (61,82, . ,Sn) that denotes the vector of heterogeneous discount rates. The
consumption decision rules now emerge as the solutions to the foHoWing program:

W(Kt) = r?c?])»({z >\zu7’ (Cé) + WA(Kt+1) s.t. Kt+1 = F(Kt7 1) + (1 _ T])Kt _ Zcé}

i=1 =1
The first-order conditions are then:

(8) x D (ci) = DVVA (Kt+1) for any i € {1,2,...,n}.

This in turn implies that the following relations}lip between two heterogeneous individuals

holds:
(9) aDut (cff) = )\jDuj (cg) for any i, j.

The resource constraint (5) and consumption decision rules ﬂé (Kt) allow us to determine

the investment decision rule as

(10) oK) =F (Ken) + G-k, - i@g (K).

REMARK IL1. If V=N and v’ = u¥ for any i,j, we have that ¢l = Cz All consumptions
are equal at all periods, even for agents who differ in their discount rates.

REMARK I1.2. For an iso-elastic parametric formulation of the individual utilities v’ (ci) =
(¢ 171/5/(1 —1/Z), & # 1, the above relations between the individual agents lead to ¢i/c] =
()\i / Xj);. The ratio between the consumption of the two agents will be constant, a property

that is at odds with the results in Becker [2‘ and Le Van and Vailakis [13]

Lemma L1 All of the functions Ok (Kt) and 19% (Kt), i € {1,2,...,n}, that feature the
investment and consumption policy rules are of class ¢* and are increasing.

The envelope condition is derived as:

(1) DW(Ke) = DW* (Ko ) DeF (Ki 1) + ().

For any individual i € {1,2,...,n}, the derivative of the payoff function is:

(12)  DJ'(K,) = Du [07,(K,)] Doy (K) + 8: Doy (Ko) DJ* (K.

At this stage, it is however worth noting that as none of the functions 9% (K;) is an optimal
solution for the problem of any of the individuals, there is no possibility of eliminating

D% (Kt) between the above equations and recovering a Euler—type equation.

vi
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I3 The Long—Run Stationary State

The existence of a stationary state is assumed and associated with constant values for the
investment K = 9 (K) and consumption ¢ = 0, (K) decision rules. A stationary state
satisfies the ioiiowing conditions:

o) 000K = Flo) =k
(13b) }\Du 04K DWA(K),

(13¢) DW DiF<K 1) +1 -] DWHEK),

(15d) DJ {1 5, DMK)}”DM [03,(K)] Do (K),
(

13e) Z Ai DJ
(23f) DWA(K) = ZiiaiDJi(K)

(13g> ﬂK(K) = F(K, 1)+ (1— K — iﬂ% (K)

While equation (1 3a) corresponcis to the steaciy—state expression of the resource constraint
(5), equation (1 3]0) features the first-order condition for the individual agent (8) Equation
(13(3) gives the envelope condition (1 1), while equation (13&) is the stea(iy—state value of
inter—temporai utiiity for agent 1 (12). Last, equations (13e) and (13i) result from the

A
defmition of the functions W(-) and W™ (-) when they are considered at the steady state
and (13g) results from equation (10).

Proposirion II.1— Under the previous assumptions, consider a steady state:

(i) The steady-state marginal productivity of the capital stock is a solution to a gener-
alized modified golden rule for which all of the discount factors come into play:

3 5: D0 (K) |
{; 1-% iDKF(K, ND4+1-n—>1r, D%(K)] } [D}\F(K, 1)+ (1 — Vl)i

3 Dig(K)
{122; 1— 67' []:)KF(I{7 1) +1— .q _ Z?:l Dﬁ%(K)] }

(ii) Marginal productivity belongs to the interval ] 1/8,,1/0,].

Proposition I1.1 illustrates how the steaciy—state economy exhibits a modified golden rule
that corresponds to an average discount parameter 1/ € ]1 /01,1/8, [: the iong—run is no
ionger unequivocally determined i)y the most patient agent.

REMARK I1.3. The stationary state depends upon Dﬂ%(K), i€{1,2,...,n}, the expressions
of which are unknown. Some suiosequent exampies shall however illustrate speciai cases for
which there are expiicit formulations for the consumption decision rules and thus for the
other components at the steaciy state.

vii
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REMARK I14. Assuming that the temporaiiy—consistent solution to the pianner’s probiem
converges to a limit state K with ¢ = WC(K), i€{1,2,...,n}, the latter will correspond to a
stationary state. Starting from KO = K, given a set of decision rules that are unequivocaiiy
determined ]oy the state, the economy will not (iepart from this state. Interestingly, this
property contrasts with that in Le Van & Vailakis [igi, whose anaiysis is based on a solution

that is not time-consistent.

[11. iiiustrations anci Weiiare Comparisons

[T A First Exampie

This is (iirectiy a(iapte(i from Becker [QJ The economic environment consists of two

agents with logarithmic instantaneous utility functions u(c) = In(c) and a production
technology of the Cobb—Dougias variety with F(K, 1) = AKa, o €]o, 1] and A > 0, the
rate of ciepreciation of the capitai stock Ioeing unitary over a given periO(i. The oiojective

of the planner is assumed to be: W(K) =72 )\ZJZ(K), for xi €]o, 1] and 22 0 = 1.

Prorosirion 1.1 Consider an economy with log preferences and Cobb-Douglas tech-
nology:

(i) the payoff functions of the two individuals are as follows:

J(EK) = — () +b,

1—0(52‘

for some constant parameter b;;

(ii) the consumption and investment decision rules are:

o AR
G = BT
Kevs = AR

for u =37 hdiai;
(iii) the capital stock converges to a value K such that:

Ak S ()
21221 )\10(82/(1 — 0(61) ’

This range of results may then iruitiuiiy be compareci to those in Becker [2] The stationary
state there corresponcis to the modified goi(ien rule of the most patient agent:

AKO(*I _ i

ad,

)

the consumption of the impatient agent 2 converges asymptoticaiiy to 0. On the contrary,
here the iong—run stea(iy state correspon<is to the modified goi(ien rule associated with a
value 8 € ]62, 0, [, in which both agents have positive consumption in all periocis.

More speciﬁcaiiy and for N o= 1/2, the two agents’ consumptions are equai: c =¢; for
any t € IN. Comparing the equations for the iong—run value of K, it can further be shown

that Dﬁh(K) = DKF(K, 1) — zDi‘)C(K) = .
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[I1.2 A Growth Example

The economy here consists of two agents with common iso-elastic instantaneous utihty
functions u(c) = (¢)**//(1 — 1/<),< # 1 and a linear production technology F(K, 1) =
AK, with A > 0, the rate of depreciation of the capital stock being unitary over a given
period and n = 1. The planner’s objective is again given by W(K) = PO aJ (K), for
A€o, 1, i N =1

PROPOSITION III.2.— Consider the environment with iso-elastic utilities and a linear

production technology under the assumption that BlA(C_l)/C <1

(i) the payoff functions of the two individuals are given by:

J (Ko = 1_11/g <3>C1(Kt>l_lk<]ﬁw>(m)k

= a(A/B()

—— i€ {1,2},

where B(u) = 1+ > O/w)s and y is the unique solution to the following equation:

2

< _ AG Oi .
= L e

(ii) the consumption and decision rules that are obtained as solutions to the temporally-
inconsistent optimisation program at date o are:

Goem (i)(Bﬁ\w)W{ i€ f12),

K,..- (]ﬁ))K

(iii) the consumption levels at the temporally-inconsistent solution are:

NS et A1)
c = 04)"(3:) A K, , i e {12}
+o0 Zz ()\j)<(8j)rcA(<*1)(T+1)

=0 Jj=1

For the temporaﬂy—consistent optimal solution, the two ag;ents7 consumptions exhibit an
identical growth rate. On the contrary, at the temporaﬂy—inconsistent solution the con-
sumption of the relatively patient agent rises at a higher rate than that of the relatively
impatient agent.

1.3 A Welfare Comparison with the Temporaﬂy—lnoonsistent Optimal Decision
Solution in a Simple Linear Case

To cut down on the calculations, this illustration is based on a slightly simpliﬁed version
of the preceding growth example in which ¢ =1.

Prorosirion 111.3.— Consider an environment with logarithmic preferences and a linear
production technology.

X
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(i) For the most patient agent, the payoff of the time-invariant solution J' (KO) is lower
than that in the optimal time-inconsistent solution Ul, the difference being given
by:

JI(KO)—UI:(l_BEI)E{ln[ZZjl[x[i/(( )m_l( )} 0.

ii] For the most impatient agent, the payoff of the time-invariant solution J? KO is
(i) g ¥

higher than that in the optimal time-inconsistent solution Uz, the difference being
given by:

P () U= (W3 e} o

(iii) Total welfare in the time-consistent solution is lower than that in the optimal time-

inconsistent solution as y ;| A; [JZ (Ko) - Uz] <o.

IV. Recovering the Time Consistent Optima] Solution through a
Standard Discounted Optimisation Problem

The results of Sections II and III showed that the consideration of a temporaﬂy consis-
tent solution with heterogenous discounting leads to an inter temporal trade-off that is
determined ]oy a Weighted average of the discount factors of the agents. This section will

provide some basis to such an intuition.

Consider the foHowing benevolent planner program:

( ) maXZA Z)\u ct

{Ct}t 0 =1
st Koy = F(Kt, 1) + (1 — n)Kt - Zcé,
KO given,

with (At) eI\ @ sequence defined by AO =1 and At+1 = BtAt and (5¢) <IN @ sequence such
that, for everyt > 0,0 <0, <0 <0, <1 and limt_>+006t =5. The problem (2) features
a standard concave plannefs pro]olem with a discount factor Oy that is time—depenclent in
the vein of Mitra [14] The foﬂowing lemma characterizes the solution to this program:

Levma IV.1— The optimal solution of the program (&) is characterized by a sequence
Ct’Kt)tGIN’ o given, such that, for every i,j € {1,...,n} and for every t € IN:

(
(14a) )\Du ct —)\ D (] ( )

(141)) Du Ct 1 =0y [DI\F(Kta ) +1- n]Dui(ci),
(140) llmtﬁuroo tDu (Ct) [D}\F(Kt, ) +1— 7]] Kt = o0,
(

14C1) Kt+1 =F Kt, ) + (1 — T])Kt - an

X
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The foiiowing proposition establishes that the ternporaiiy consistent  solution
( :’Ci*)te]Nie{l ..} can be recovered as a solution to the pianneris program (&) for

a well-chosen sequence of discount factors (Bt) o

Proposirion IV.1.— Assume that the sequence (K:,cé*)te Nic{1,2,..n}
consistent solution of the problem of Section II and that it converges to a non-zero sta-

is a temporally

tionary state (K*, ci*) This sequence is a solution to the problem (&) for a

i€{1,2,....,n}"
sequence of discount factors (Bt)teiN such that:
DW” (Kt+1)

) o= Dwi.)

Proposition V.1 establishes how it is possii:)ie to recover the teniporaiiy consistent solution
as a solution to a standard pianner’s program whose discount factor would correspond to
a weigiite(i average of the discount factors of the different agents:

DW" ()
DW(K;)
" yDIKL )
=) 5
Z YUY DJ’ (K

0 =

)

where it is noticed that the weighting coefficients 3,DJ’ (K:Jrl)/Z?:l )ijJJ (K:ﬂ) are
tirne—ciepencient in the generai case.

However, as a speciai case and for the exampies of Sections III.1 and HIQ, the functions
DJ (Kt) iaeing homogeneous, this results in a value for the coefficient Ot of Proposition V1
that simpiiﬁes to a constant value 8. Within such a Conﬁguration, it is further possibie to
prove that the value function of the program (,@) is the function W(Kt) up to a constant.

Corovrary IV.1.— In the framework of Example II1.1, the discount factor of the social
planner is given by:

B — ad;)
o= 26 ey

Moreover, the value function of the social planner (&) is given by
2

S (K,) + b,

L~ 1 — ad;
1=1

This result illustrates how, in the speciﬁc case of Exarnpie Hii, the pianneris pro]oiern
(2) leads to a value function that is just given by W(Kt) This (2) program corresponds
to the one solved by a social pianner that would expiicitiy incorporate into its decision
criterion a Weighteci average of the discount factors of the two agents.

V. Decentraiizing the Time-Consistent Optimai Solution

This final section proves that the ternporaiiy consistent solution of the previous sections
can be (iecentraiizeci, and thus recovered as an equiiiloriurn. This requires three different

X1
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elements: distortionary taxation on the capita] stock that is particular to each individual;
the issuance of pu]olic debt; and a system of initial wealths transfers between individuals.

Let X;, i€{1,2,...,n}te ]N, denote the individual taxation coefficient on the capital
stock, ie., the fraction of capital and the interest on Capital that are left to agent 1. The
agent is thus subsidized for X; > 1 but taxed for Xz < 1. The amount of debt issued at
t € N is denoted ]oy by, ai represents the wealth held at the end of period t—1 ]oy agent
i€{1,2,...,n}, and Tz) denotes the initial wealth transfers for this agent.

At the initial date t = o, any individual i € {1,2,...,n} possesses wealth ad and it is
assumed that all agents hold the total amount of the capital stock so that KO =y al
After transfers the wealth of i changes to aj + TO, with all agents hol(ling the capital
stock KO and the initial debt bo. Last, Wy and Rt denote the competitive values of the
wage and interest rates at date t € IN. A competitive equilibrium with capital taxation,
initial wealth transfers and debt is then defined in the foHowing statement:

Dermvition V.10 —  An equﬂibrium is  characterized by a  sequence
(ai Ky w R) a sequence of policy instruments (XZ b)
ty Gty 13, Wiy L tE]N,iE{l,z,...,n}’ q p y t) YVt tElN,iE{L%--, }

and initial transfers (Tﬁ,) such that, for any t € N and for any i € {1,2,...,n}:

1€{1,2,...,n}
(16&) Du ct RtX 8; = Du’ (Ct 1)
(1613) a%_ﬂ = Rtxtat +w — C,;,

(160) a =R XZ(a +T )+w0—cé,
(

1

16d) jf[ct/n RX } —aé+Ti+§[wt/lj(RTXi)}7

(166) bo = ZTZ),
(16£> bi1q, = Rtbt - Rt Zn:(l - Xbai’

(16g> b, = Robe RZl— (ag, +T) >1,

(1611) Kt+1 = F(Kt, 1)+ (1 — Y])Kt — Zci, t>1,

n

(161) S ap =Ko+, t>1,
(163) img +T0) =K, + b,

(161{) wy = (1/n)D F(K, 1) and Ry = DgF(K 1) +1 -,
with Ko, a,i € {1,2,...,n} given such that K, = 3"}

In the above deﬁnition, (16&) is the Euler equation, ( 16]0) the instantaneous buclget con-
straint of agent i € {1,2,...,n} and (160) this same constraint at the initial period t = o.
Equation (16(1) is the inter—temporal loudget constraint, including the initial wealth transfer
and the tax on capita]. Equation (16e) is the initial value of the debt Corresponding to the

xii
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sum of the transiers, while equation (16f) ciepicts the buciget constraint of the government
at date t and (16g) this same constraint at the initial date ¢ = o. Equation (16h) repre-
sents the equiii]oriuin of the gOO(iS market at date t € IN , equation (16i) the equiiibrium
on the capital market at the same clate, and equation (16j) this capitai market equiiibrium
at the initial date. Finaiiy, equation (161{) defines the equiiibrium wage rate—henceforth

w(K)—and the equilibrium return on the capital stock—henceforth R(K). As usual, one
of the (ieﬁning relationships of the equiiibrium is redundant: for exarnpie, equation (16h)

comes from the recombination of the other relationships.

Letting then (K: , ci*) telN, ) denote the optimai temporaiiy—consistent soiution, the

i€{1,2,....,n
foiiowing statement holds:

Prorosirion V.1— Consider the equilibrium of Definition IV.1.

(i) The temporally-consistent solution (K:’Cé*)teﬂ\f, iclin,.n} €A be decentralized

through the policy instruments as
(17a) X = iDWA(KI)
t — PN
5 DW(K))
= e X w(K;k )

1 b TZ: P _aé_ *\Viq’
brh) Lo = ) RN T A LRGN

(170) bo = iTi,
(17d) 52 = RO~ RO S0 - X (ad + T

=1

For t > 1, the sequence {bt} is defined by

(18) bia = RO - R S0~ X,

for the sequence {a,’;} that is recursively defined through:
(19&) al = R(KZ)XE (al + TZ) + w(KZ) —
(19b) ap, = R(K:)X;ai + w(K:) —cr >

(ii) At the long-run stationary state, the most patient agent will be taxed and the most

impatient agent will be subsidized according to X'<1and X* > 1.

The selection of the taxation parameters Xz on the capitai stock ensures that the Inarginai
rate of substitution of agent 1 between periods t—1andt corresponcis to the optimal ratio

between these two periocis:
o A qrx
oy, ) DW (o)
Dui(ci)  DWA(K))

Vie{1,z2,..

The initial transfers defined i)y (17]3) allow the agents to finance their optimai consumption
trajectory (c%*) over their iifespan. The debt defined in (170) and (17&) in turn allows the

i‘inancing of such transfers in a (iistortionary taxation environment.

xiii
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It is worth mentioning that the amount of tax/ subsidy XZ that is defined by (17a) does

generaﬂ depend upon time. However this is not any 1onger the case in the examples anal-
ysed by sections I1I. 1 and II1.2 and that lead to homogeneous formulations for DW (K )
and DW (Kt) More exp11c1t1y and in Exampl HIL it is obtained that

1225, A5/ (1 — ody)
XioX = 220 .
i Yoinj/ (1 — o)

Further, and for the special case where agents have the same instantaneous utility and
where the social planner puts equal weights on the agents, it is possi]ale to recover the
temporaﬂy—consistent stationary state through a system of non-linear taxes and transfers
on the capital stock. In this case, all agents benefit from the same amount of consumption
¢* at the steady state. Their wealth is then given ]oy (16]3):

e oull).
REKHX -1

al =

Further noting that (16&) implies that R(K*)XZ =1/8;, we ﬁnaﬂy obtain that:

ct — w(K*)
1/8;—1 '

a’ =

from which it follows that:

n

at>a*>>--->a".

In other wor&s, it is possi]ole to decentralize the optimum via a nonlinear system of taxes
and transfers on the Capital stock.
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VI Proofs

VL1 Proof of Lemma I1.1

Proof: The consumption policy functions are implicitly defined through:

aDut [0 (K,)] = DW* [F(Kt, D+ - -3 0 (Kt)} .

All of the functions Dui(-) and DWA() being however of class ¢, 0 (Kt) has this same

property. Further digerentiating with respect to Kt, procluces:

(Ax) Dot (KD [0 (K, ] = D*W* o (K, )] [DKF(Kt, V4o Z Do’ (Kt)].
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Simplifying the notation as:
' =Dog(Ky),
Dkl
D"W™ oy (K))]
C=DgFKi 1) + (1 —m) >0,

(-

the preceding equation (A1) is
(A2) w'=2/B =/ 300
Summing over ¢:

240 2p) =y

Finaﬂy:

N Sy NeY )
2= S

Integrating into (A.2), it is obtained that:

YL (1/8)
YL (1/8)
_ ¢

YL (/8

By =C-

The inequality X' >0 will then always hold, as{>o0 and, from the concavity assumptions,
B,>o0 for any i € {1,2,..., n}. From equation (A.1), it can then be seen that Df)K (Kt) > o.

QED

VL2 Proof of Proposition II.1

Proof: (1) The envelope condition (13c) together with the expressions for DWA(K) and DW(K)
in (13f) and (13e) produce, making use of (13(1) and (13g), a generalized definition of the

ong-run stationary value of the capital stock:

3 258D [0(K)] Do (K) ,
{; 1—0; [D[\F(K, 1) +1-n— Z?:l Dﬂ%(K)] } {DKF(K; 1) + (1 — n)}
s belnKDud) y
=1 -uDFE ) 20— T, DR (K]

However, taking advantage of the fact that, for any i € {1,..., n}, A Du [C”(K)] =
DVVA(K)7 the above expression may be simphﬁed as:

- 8:Doi,(K)
(A3) {Z 1— 5 [DKF(K, D41—n— Z?Zl Dﬁ%(K)] } [DKF(K, 1)+ (1 — n)}

: . Dot K
{; 1—9; [DKF(K, )+1-n—>", Dﬂé(K)] }
xvi
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We then have a generalized modified golden rule in which all of the discount factors
come into piay.

(ii) It however remains to show that this expression defines a value of ¢ := DgF(K, 1) +1 -1
such that ¢ € ]1/8:,1/8,]. Equation (Ag) may be restated in an implicit form H(Q) = o:

0= 2 e D]

=1

Lemma II.1 establishes that, for any i € {1,...,n}, Do§(K) > o, hence: 37 Dog,(K) > o.
The denominator of the elements of the sum on _tiie RH.S. of the expression for H(C) is
positive since it comes from that in (13(i), and DJZ(K) > o for any i € {1,2,...,n}. Hence,
and for any i € {1,2,...,n},

1- 3 [c - iDﬁg(K)] >o.
j=1
or
£ <3 Doi(K) + L
j=1
the oniy relevant constraint i)eing the most restrictive one, I.e.:
<3 Doi(K) + -
j=1

Tai(ing as given the values of Dﬁé, i€ {1,2}, the function H(C) is monotonic increasing. [t
can further be noted tiiat, for ¢ = 1/8,, we have H(l/Bl) <o,( thus neeciing to be greater
than 1/5,.

On the contrary, for { = 1/8,, two separate conﬁgurations may arise and are considered
separately.

a/ 1/8, < 3" Doi(K) +1/8,: here H(1/5,) > 0 and the existence and uniqueness of a
e |1/8.,1/0, such that H(2) = o both hold;
b/ 1/8n > 3, DOG(K) + 1/, letting then ¢, = 327 DO§(K) +1/8,, with ¢, < 1/8,,,

as iimcﬁc; — +o00, there then exists a value Z € ]1/61,C0[ such that H(C) =o.

The existence argument for H(C) = 0 thus holds for the entire interval of values for i, which

of the result. QED

VI3 Proof of Proposition [II.1

Proof: (1) The payog functions for the two individuals are conjecture(i to have the ioiiowing

form:
J'K) = asln(K) + b;,

for a; > 0. The decision rules for the two individuals are the solutions of the ioiiowing
program:

W(Kt> = max{z klin(ci) + Zkioiaiin(KH_l) s.t. Kt+1 = A(Kt)a _ ZC;}

{ei} | =

xvil
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The ﬁrst—order conditions are then:

X—: = szl )\7/61/20/1 T Z S {1, 2}.
Ct A(Kt) - Zi:l IZS

(ii) These two equations in turn allow the consumption decision rules to be derived as:

nAK)®

T __
Cp = 5

14+

from which we have the investment decision rule:

K = A(K)*

1+
These decision rules allow us to calculate the payog functions J* and J* for the individual
agents:
i =3 < .
V() =360 ln(e )
Ly o ( NA
= ; [(Bl) aln(Kt_H) + (51) 1n(1 n H)} .

Letting X = ln(Kt), from the decision rule for investment, it is derived that:

_ L Aw
Yigrts = BNgqr T 10 s

So
J' (Kt) = oy, + 0,07y, + (81)20‘3)(75 + ...+ by,

for b; some constant parameter. Finaﬂy:

, +o0
Jl (Kt) = oy, z:(o@-)T + b;
= T— o, 1n(Kt) + b;.
We then have:

- o
“:;NBH—O@-

(iii) Contrary to the results in Le Van & Vailakis [13] and Becker {2], K, as described ]ay the

investment decision rule is monotonic and converges to a value K such that

Klfa: A{J.
14

or, rearranging:

AKot—l _ 1+ 2»52:1 >\Z‘0(8i/(1 — CXBL) .
S nodi/ (1 — od;)

Finaﬂy, this can be expressecl as:

AKa—1 _ Z?:l )\i/(l — 0(61)
Z?:l )\20(81/(1 — 0(61) ’

Completing the statement. QED

xviii

Documents de travail du Centre d'Economie de la Sorbonne - 2015.82



VI4 Proof of Proposition [11.2

Proof: (i)-(ii) In order for the objectives of the two agents to remain ]ooundecl, it is further

assumed that:
(A4) sup(BlA(Cﬂ)/q,BZA(Cﬂ)/C) = BIA(CH)/C <

The payog functions for the two individuals are then assumed to take the following shape:

(K) /s
1—1/c¢

for a; > o. The decision rules for the two individuals are the solutions to the fouowing

Jl(K) = a;

i€ {12},

program:

1—-1/< (c—1)/<
W(K.) = max . (<) Zm” (Ker)

ey U 1—1/c (c—1)/c st Ky = AK, - th}

1=1 =1

The ﬁrst—order conditions are then:
e Z)\ 0; al t“rl e , 1€ {132}'

Letting o= E?:l Ai0;aq, the two equations in turn allow us to derive the investment and

consumption decision rules as:

; AK
T\
Y /)

Ou/weAK,
1+ 370, (hi/w)s

From the above, for B(u) =1+ 322, (0, /w)=:

Ki.. - (Bﬁl))kt;

Gy = (TJC (B?@)HIK“ i 1,2}

The l{nowledge of the decision rules allows us to calculate the payog functions J' () and J 2()

i
Ci =

for the individual agents:

i - T (CiJrT)l_l/;
J(K:) = Z(Bi) Tioaje

) ) B )

where the convergence of the sum on the R.H.S. requires that

(A.5) Bi(BéQ)(cwc <1,1€{1,2}.

The payoff of agent i € {1,2} is then:

U (K) = 1 —ll/g <t)g1 (Kt)lﬂ/c (B/(Xp)) o 1- Bi(A/Pj(H))(C_I)/Q.

Xix
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Comparing the two terms for .J i{(Ky), we then have

”“:(t)&_mkgﬁb)&ﬂvz—ﬂxAﬁiMﬂ<ﬂk'

As =7 N4, the coeflicient W is implicitly defined as a solution to:

s () (B
H_;)\ZB’L(H) 1—62'(A/B(}1))(C71)/‘:,

with B(u) = 1 + S (/w)s. Rearranging, this becomes:

2

' Z(t); (B(“)/A)z—l)/c .

=1

Rearranging

2

(SR -C 81
(o) v =2 0 e,

In order to analyse the p—solutions of this equation, two separate conﬁgurations are then

considered according to whether ¢ €]o,1] or ¢ €]1, +00].

a/ ¢ €lo, 1. For c€E€lo,1 the conditions A are jointly equivalent to:
[ < €loa Jo, 1], 5) are jointly eq

B(w) < inf (55/<"9A, 55/~ A) =53/ VA,

where 55/7YA > 1 is derived from equation (A4) The coefficient B(w) being further-

more a decreasing monotonic function of y, denoted B(u), that satishes B(ot) = 400
and B(4-00) = 1, consider a finite value i@, €lo, +oof defined by B(Ql) = A(Bl)c/(c_l),
that in turn yields:

B < AG,)7 Y = u>g,.

We then require a coeficient v that satishes w >, and solves equation (A.6), the
latter being reformulated as H,(w = H.q). Over the interval lg,, +oo], H, () is
monotonically increasing from H, (#,) to +o0. On the contrary, H.(+) is monotonically
decreasing from 400 to

2

>_0)

S i
i=1 A(I*C)/C — 81

from which the existence and uniqueness of v results. The existence and uniqueness of

b

B=>7 Nday being established, the expressions of a;,i € {1,2} are

]o/ ¢ €1, +o0. The conditions (A5) are jointly equivalent to:

B(w) > max(Bf/(c‘l)A 52/(@—1)A) UG Y

where Bf/ (€= A < 1 is derived from equation (A4) Further noting that the coefficient

B(w) satisfies B > 1 for any u, this condition holds everywhere. We can restate
equation (A6) as

1= i O‘i)c O;

O [, O] SR A s g

XX
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And then state it as:

2

1= 3 00 : 0;

S e, 00 A s s

We then have to prove that the function

c (c—1)/<
(A-7) flw) = u% — 8, ie{12},

increases in y, for b = S ()\i)q and a = A(;_l)/c. Its derivative is

=1

(ws+b) "

Df(w = (cus +b) — dcu .

Recauing that, for any i € {1,2}, 8;a < 1, we have:
Df(w) > = | (u5+8) 7/ (cu + ) — w7 .

We wish to establish that (0 + b)ﬂ/C (qu+0b) —cus™* > o; this is equivalent to:
Qb — T (1 + ) > 0.

Letting &(b) = qus +b — qus™* (u< + b)l/c, it is readily obtained that ¢(0) = o and
Do) = 1 - ust (us + b) e Noting that (v + l))(Cﬂ)/C > us™* results from
us + b > us, we eventually have that D(b) > o0 and ¢(b) > o for any b > o.

It has hence been established that f(*) increases in p. The RH.S. of (A7) is a mono-
tonic function that falls from +oc0 to o as u rises from o to +00, which establishes the

existence and uniqueness of .

(iii) Consider the fouowing problem:

+oo 2 Ci 1—-1/¢ 2 .
r?cai(z Z)\i (Bi)tglt)l/g) s.t. Kt+1 = AKt — Zc}/, KO given.
' t=0 i=1 i=1

The dynamic Lagrangean is

> é 1—1/¢ 2
L= Z:)\i (Bi)tglt)_l/c) t ey (AKt - Z: Ci) - Uth'

The necessary and sufficient conditions for an optimal trajectory are:

My = AUHU
M(Bi)t(ci)_l/g =Wy 1€ {1,2},

Kt+1 = AKt - Z ()\i)c(si)CtP’t-‘,—l_c’

t
Meps = Ktv
lim pth =o.

t——+oo

t
Letting ke = Kt / A , the last three conditions can be rewritten as:

2

Fees = ke — 30 (0) 7 (3) AT )

=1

xx1
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1
p‘t = E“o’

lim ki, = o.

t——+oo

For a given y, the last equation implies that limyg s 1 o0 ki, = 0. Noting then that ki4, can
be rewritten as, after iteration:

t—1 2

oy = ZZ CTA(C 1)( T+1)

T=0 i=1

taking limits and from limy_, 1 o ki, = 0, We obtain:

+oo 2

ZZ CTA(C 1)( T+1)

T=0 1 1
It is then possible, for a fixed p,, to rewrite ¢i = ()\i)q(Bi)thc(Hl) (W), i € {1,2}, as

() (60" A KT
+oo 2 (O (5. CTA(Cfl)("'Jrl) ’
J=1\""J J

T=0

i
C =

i€ {1,2}.

In other Worcls7 ci grows at a rate of (BiA)C, so that the consumption growth are different

for 5, # .. Q.ED.

VL5 Proof of Proposition [11.3
Proof: (1) Consider the problem

+oo 2

maxZZ)\ ct st th—i—KHl —AKt,KO given.

t=o0 i=1

The clynamic Lagrangean is

L Z)\ ct +P*f+1 AK th

The necessary and sufficient conditions for an optimal trajectory are:

(A.8a)
>\l(c?) = p't+1, 1€ {172}7
(A.8b)
Yy = A“t+1’
(A.8C)
lim utK 0.

t—+o0
Using the resource constraint together with equation (A.Sa)7 we have:

(Ag) Ko\ =AK, 520

i=1 “t+1

From (A8b), W, = pO/At. Letting k=K /A equations (A 8(:) and (A ) can be rewritten

as:

2 (5
hﬂ:h_ZFL()7

xxii
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lim Kk, =o.

t—+o00
We have:
2 t—1
= N (3
kt — kt71 _ 27,:1 7’( Z)
o
t—1 2

Recauing that limy s 4 o p b = 0, we obtain:

+oo 2
P‘oko = szl(S )
from which
oS (8"
HO — T=0 ZI’;—I ( )

_ - )
k‘o : 1—6{
1=1

Maximum utility is given by:

+oo 2 +oo 2 +oo 2

HRIC [ ] SOS () I0) + 303 ()t

t=o0 i=1 toz+;2 t=o0 i=1 .
+ 330 (3) ¢+ D)ln(A) = 303w (6
t=0 1=1 t=0 1=1

=Z&+ZM+ZD—EU

After some simpliﬁcations:

Ai = f)\z (Bi)tlll A

xxiii
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7\iln (llo)
1— 61

nln(ke) 1(42 M),

B I—Sj

n
1—9; 1—0;
j=1

So that inter—temporal welfare is:

2

U=> U,

=1

In(%) 5 WAy (k) W[Zi /(-5
Ui:il_sidl_ln(Si)(lfSi)z—l_(1761‘)24—1_81‘— - .

On the contrary, the payofls from the temporally—consistent solution come from the iollowing
reworked system of first-order conditions:

i ()\z /H) AKtJrT

T T
~nAK.
o+ W

- f;Au <B[(l1)>1’Kt
A T
Kive= ()

for B(w) = (u+1)/uand p = > hiaid;. Taking the approach of Example 1 and Proposition
Hll, the inter-temporal payog iunctions are log and can be calculated as:

F(K,) = f(ai)fln[}fu (Bﬁi))TK‘)l ;

B h_l[xiAKO/(l T X - A

= L 61 + ;0(51) Tln(B(@)
lpAK /0 +w)] | s,

- 1— 81 + 1— 61"

from which, comparing to the conjectured JZ(K) = a;In(K) + b;, we have a; = 1/(1-79;),
=20, hidi/ (1= 8:) and Bu) = S50, [/ (v = 8) ]/ 00, b/ (1 = 8)].
After further calculation, the temporally—consistent payog functions can hence be derived

i ) () @A) hG+w sl
T(Ko) = 1—30; " 1= i (1-8:)" B (1-8)° ! (1=8)"

i€ {1,2}

Comparing the payogs of the temporally—consistent and -inconsistent solutions, and first
considering the relatively patient agent, ¢+ = 1, we have:

R e A s e )

where the last inequality results from 0, < 0, as the expression between curly brackets can
be rewritten as )\282/(1 — 82) < )\281/(1 — 82) loeing negative.

xxiv

Documents de travail du Centre d'Economie de la Sorbonne - 2015.82



Considering then the reiativeiy patient agent ¢ = 2, it can be shown that:

k) -v= o F ] e}

> o,

where the last inequality results from 0, < 0, as the expression between curiy brackets can
be rewritten as 7\161/(1 — 61) > )\182/(1 — 61) iaeing positive.

Finaiiy, consi(iering total welfare in the economy, and ietting A=A and Aa = 1—X\, We have:

Sonfl (K) - U =0 (Ko) = U] + (-0 (K,) - U]

where it can be noted that ¢(0) = (1) = o. Further calculations allow us to establish that

2 B 2(81—62)
Do) = o0 o) £ G e T
o 1 0, _ R
{(1—61)(1—82) L—Bl 1—62]}

and that ¢(-) is a convex function for any 1 €]o, 1[. As such, and for any % €]o, 1], p(h) <o.
The consideration of temporaiiy—consistent decision rules for the welfare of the agents leads

to an overall loss of welfare. QED

VI6 PI’OOf Of Lemma IVl

Proof: Consider the ioiiowing‘ generaiizeci Lagrangian:

= At ZNUZ (ci) Rl [F(Kt, 1) +(1— T])Kt - Zcii - Uth~

The optimaiity conditions derive as:

At)\iDui (ci) =Wy
Ht = [t+4a [DKF(Ktv 1) +1- T]i’

iimt*)+oop.th = 0.
Rearranging and eiiminating the muitipiier My between these equations, it is obtained that:

A Dl (cz) = )\jDuj (c{),
Du? (ci_l) =04, [D[\F(Kt, 1) +1— Y]]DuZ (ci),
iimt_>+ooAtDui (cz) [DKF(Kt, 1) +1-— Tﬂ =0,

Kt+1 = F(Kt7 1) + (- Y])Kt — Zc;

The statement follows. QED

XXV
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VL7 Proof of Proposition IVl

Proof: The argument of the proof procee(is i)y estaiaiisiiing that (K:,ci*)te Nic{1,2,...,n}

corresponcis to a solution to the system defined i)y equations (14&), (145), (140), (14ci) and

(15)

Equation (14a) holds because
nDut () =\ Du? ()
as a result of (9)

Equation (14]3) is satisfied because the consideration of (8) at dates ¢ and t — 1 delivers:
Du (cf?) = DW*(KG..,).
Dt (cir,) = DW* K}),

whence:

Dui(er,) _ DW*(K})

Duile’)  DW(K,.)
Mai{ing then use of (11):

Dui(eiz,)  DW* (K)

DxF &K, 1) +1 7).

As iimt_>+ooAt = o, Equation (140) is satisfied as soon as i€ {1,2,..., n} and K:

converge toward non-zero stationary values. Finaiiy, Equation (14ci) is satisfied ]oy construc-

tion. The statement follows. QED

VI8 PI’OOf Of Coroiiary IVl

Proof: From Proposition H.i, it is first obtained that:

DW* (K)

DW(K)

_ i adihi/ (1 — od;)
Y- 1@/( ;)

_ Zl:15>\/(1—0(5)'
Srh/ (1 — ad;)

It is further clear that the value function of the pianner’s program (@), denoted as Wp (KO),
assumes the foiiowing form:

w» (KO) = vin(KO) + b.

6:

[t satisfies the Bellman equation:

W t *{IH&X}Z Ct +6W Kt+1)

s.t. Kt+1 = A th

XXV1
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The first order conditions of this program restate as:

P )\iKt+1

7
C;, =
t oV

Repiacing into the resource constraint, it is obtained that:
ov
Ky, = ——AK)*
1= T oy ( t) )
3

; >\i o
=1 BvA(K,f) .

The anaiyticai formulation of the value function of the pianner’s program can then be com-
pute(i to:

. +oo 2 )\z
W (Kt) = ZST O‘ln<Kt+T) + Z)\iln<1 + Bv)

It is ﬁnaiiy obtained that:

W7 (K,) = ——In(K,) +»,

1— o

where b is a constant term. In order to check that Wp (Kf) = W(Kt), it then suffices to
ciieci{ tiiat:

o oh;
1—0(67;1—0161».

It is first noticed that this equation equivaientiy reformulates to:

1 7\1'
1—0162221—0162-7

1 2 )\L
1—ad s [di/(1—ad)] /S /(1 —ody)] ; 1—ad;’
whence
S /(o)) —a i Do/ (o8]
2 )\2 1— 0161'
Z E — OCBi ) !
Finaiiy, qu A= 1, that holds under the assumptions of the model. QED

VL9 Proof of Proposition V1

Proof: (1) The argument of the proof is cieveiope(i ioy estaiaiishing that any of the conditions
(163) 7(16i<) are satisfied when K, = K:, ¢l = ci* for any i € {1,2,...,n},t € N and with
the poiicy instruments defined by equations (17a)—(17]3), (17c)—(17ci), (18)7 and (19a)—(19]o)
Equation (16&) can be shown to be satisfied from the definition of Xz mai{ing use of (8)

considered at date t — 1, it is rea(iiiy seen that
Du'(ci?) _ DW*(K;,)
Dut(ci=)  DW(K))

xXxvii
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Appealing to the envelope condition (1 1), the R.H.S. of the above equation can be rewritten
as:

DW* (Km) _ DWEK)

DW (K  DWH(K) R(KY)
hence, Enauy:

Dul(c;*) _ 1 1

Dut(c,) — X', R(K})’

which results in (16&).

)

Equations (16]3) and (16c) hold from the construction of the argument, the coeflicient T:)
]oeing defined in order for (16(1) to hold. Equations (16e), (16g) and (16}1) are similarly
satisfied from the structure of the argument, while 1611) corresponds to the resource con-
straint of the economy. While equation (16j) is satisfied from the structure of the argument,
equation (16i) can be established through a recursive argument. By date t = 1, making use

of equation (160), can be shown that:
S o = R(K ZX (af + T') + D.F( zc

Su]otracting (16g) from the above equation yields:

S at - b = REKD) S (af + Th) — R(K) b, + DiF( zc

=1 =1

which in turn can be rewritten, making use of S, (aé + T:J) = KZ + b, derived from (16j),
as:

Za —b, = )(K +b) R(K )b +DF Zc”
Finaﬂy:

Za —b, = ) (1—n K Zc”
_K

Such a line of argumentation can then be extended between period ¢t and perio& t+ 1.
Equation (161{) ﬁnauy prevails from the building of the argument.

(ii) Consider the stationary state (K*, ci*) that is associated with Capital taxation instru-
ments Xl, i€q{1,2,...,n} Equation (16&) then reformulates to:

X' =~
From Proposition Hl, it is derived that:

<9y,

whence the asserted holding of X' <1and X" > 1. QED

Op <
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