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Abstract

In this paper, we consider a production economy with an unbounded
attainable set where the consumers may have non-complete non-tran-
sitive preferences. To get the existence of an equilibrium, we provide an
asymptotic property on preferences for the attainable consumptions.
We show that this condition holds true if the set of attainable allo-
cations is compact or, when preferences are representable by utility
functions, if the set of attainable individually rational utility levels is
compact. So we extend the previous existence results with unbounded
attainable sets in two ways by adding a production sector and consid-
ering general preferences.
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1 INTRODUCTION 2

1 Introduction

Since the seventies, with the exception of the seminal paper of Mas-Colell
[13] and a first paper of Shafer-Sonnenschein [16], equilibrium for a finite
dimensional classical economy is commonly proved using explicitly or im-
plicitly equilibrium existence for the associated abstract economy (see [2],
18], [7], [11], [14], [15]) in which agents are the consumers, the producers
and an hypothetic additional agent, the Walrasian auctioneer. Moreover, in
exchange economies, it is well-known that the existence of equilibrium with
consumption sets that are unbounded from below requires some non-arbitrage
conditions (see [12], [18], [4], [3], [5], [6], [1]). In [6], it is shown that these
conditions imply the compactness of the individually rational utility level
set, which is clearly weaker than assuming the compactness of the attainable
allocation, and proved an existence result of an equilibrium under this last
condition.

The purpose of our paper is to extend this result to finite dimensional
production economies with non-complete, non-transitive preferences, which
may not be representable by a utility function. Furthermore, we also allow
preferences to be other regarding in the sense that the preferred set of an
agent depends on the consumption of the other consumers. We posit the
standard assumptions about the closedness, the convexity and the continuity
on the consumption side as well as on the production side of the economy
like in Florenzano 2003 and a survival assumption.

Our main contribution is to provide a sufficient condition to replace the
standard compacity of the attainable allocation set, which is suitably written
to deal with general preferences. More precisely, we assume that for each
sequence of attainable consumptions, there exists an attainable consumption
where the preferred sets are asymptotically close to the preferred sets of
the elements of the sequence. Actually, we also restrict our attention to the
attainable allocation, which are individually rational, in a sense adapted to
the fact that preferences may not be transitive.

We prove that our condition is satisfied when the attainable set is com-
pact and when preferences are represented by utility functions and the set
of attainable individually rational utility levels is compact. So, our result
extends the previous ones in the literature.

We also remark that our condition deals only with feasible consumptions
and not with the associated productions. So, our condition can be identically
stated for an exchange economy or for a production economy. This means
that even, if there exists unbounded feasible productions, an equilibrium still
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1 INTRODUCTION 3

exists if the attainable consumption set remains compact. In other words,
the key problem comes from the behavior of the preferences for large con-
sumptions and not from the geometry of the productions sets at infinity.

To prove the existence of a quasi-equilibrium, we use several tricks bor-
rowed from various authors. Using a truncated economy in order to apply a
fixed point theorem to an artificial compact economy is an old trick as in the
first equilibrium proofs. The definition of the “augmented preferences" due
to Gale and Mas-Collel (see [9],[10]) is slightly modified by using the convex
hull of preferences correspondences since, in our setting, we used non-convex
preferences. This definition allows to have the local insatiability of consumers
at any point of their attainable consumption set. Further, we restrict prices
to be in the closed unit-ball of R*, the commodity space, and we used modi-
fied budget sets, which are reduced to the original ones when prices belong to
the unit-sphere using Bergstrom’s trick (see [2]). In this way, it is possible to
avoid the problem of discontinuity at the origin of some correspondences. Fi-
nally, by applying our assumption on the asymptotic behavior of preferences
for attainable allocations to the sequence of allocations in growing associated
compact economies, we prove that the attainable consumption having pre-
ferred sets close to the ones of the consumptions of the compact economies
is a quasi-equilibrium consumption of the original economy. The originality
of the proof is mainly contained in this last section.

The reminder of this paper is organized as follows. Section 2 describes the
model, gives the definition of a quasi-equilibrium and studies the minimality
of the assumptions. Further, we provide a simple numerical example where
the set of the attainable allocations is not bounded and preferences are not
representable by utility functions but the preferences satisfy our asymptotic
condition. In Section 3, we first introduce the definition of modified "aug-
mented preferences” and we prove some properties that are transmitted from
equivalent properties of the preferences correspondences like convexity, lower
semicontinuity and irreflexivity. Then, we define a new economy &" where the
production sets are the closed convex hull of the initial production sets. We
show that the hypothesis made on the original economy & still hold for £’
Last, we prove that one easily deduces a quasi-equilibrium of £ from a quasi-
equilibrium of &’. Section 4 concludes the present work by giving a proof of
the existence of the quasi-equilibrium of the production economy &£ in two
steps, a fixed point like argument and an asymptotic argument.
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2 THE MODEL 4

2 The Model

In this paper, we consider the private ownership economy:
L
&= (R ) (Xia Pi?wi)ie]’ (Y})jeﬁ (eij)(i,j))

where L is a finite set of goods, so that R’ is the commodity space and
the price space of the model. I is a finite set of consumers, each consumer
i has a consumption set X; C R” and an initial endowment w; € RY. The
tastes of this consumer are described by a preference correspondence P; :
[I.c; Xk — Xi. It represents the set of strictly preferred consumption of
x; € X, given the consumption (xy)gz; of the other consumers. J is a finite
set of producers and Y; C R” is the set of possible productions of firm j € J.
For each i and j, 0;; is the portfolio of shares of the consumer i on the profit
of the producer j. The 6;; are nonnegative and for every j € J, > .., 0;; = 1.
These shares together with their initial endowment determine the wealth of
each consumer.

Definition 2.1. An allocation (x,y) € HXZ' X HY} 18 called attainable if:
iel jed
DEES RS
iel jed iel
We denote by A(E) the set of attainable allocations.

Definition 2.2. A quasi-equilibrium of the private ownership economy is a
pair of an allocation ((Z;)ier, (Yj)jer) € [lics Xi X [1je; Y5 and a non-zero
price vector p # 0, such that:
(a) (Profit maximization): For every j € J, for everyy; € Y;, p-y; < p-y;,
(b) (Quasi-demand): For eachi € I, p-&; <p-w; +p- (>
r; € Pi(T)=>p -2 >p- 1y

(¢) (attainability): Y ic; Ti = ierwi+ D5 Uj-

jeJ szﬂj> and

Notice that, in view of condition (c), condition (b) can be rephrased as

for everyiGl,p-ii:ﬁ-wi+ﬁ-(20ijgj) and [x; € Py(Z) = p-x; > p- Ty
jeJ

Before stating the assumptions considered on &, let us introduce some
notations:
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2 THE MODEL 5

® W=, wis the total initial endowment;

oY = ZJEJ Y; is the total production set;

e X = {z ¢ [LeXi :3y €Y : > ,x = w+y} is the set of all
attainable consumption allocations;

oV = {yeY 3w ell,;Xi:> ;% =w+y} is the attainable total
production set.

In this paper, we consider the following hypothesis:

Assumption (H1) For every i € [

a) X; is a non-empty closed, convex subset of RZ;
)

b) [irreflexivity|Vz € [[..; Xi, x; ¢ coP;(x) (the convex hull of P;(x));

(

( iet

(c) [lower semicontinuous] P; : [],.; Xi — X; is lower semicontinuous;
(

d) wi € X; — > ;c;0i;Y, ie there exists (z;,(y, .)) € Xi x [[,c,Y; such

/[/7].
that x;, = w; + ZjeJ Hiajgiij;

(e) For each z € X, one has P;(z) # 0.

Assumption (H2) Y is a non-empty, closed and convex subset of R”.

Assumption (H3) For all sequence ((2*)) of X such that for all i, z; €
P;(z¥)e | there exists a subsequence ((xf(l’))) € X and (Z;) € X such that for
all i, for all & € P;(%), there exists an integer v1 and a sequence (£7“)),=,,

convergent to & with £7%) € P(2#®), for all v > 1.

Closedness and convexity are classical assumptions on consumptions and
productions sets. They imply in particular that commodities are perfectly
divisible. Assumption (H1)(c) is a weaker continuity assumption on prefer-
ences. Assumption (H1)(b), i.e. the irreflexivity, is made on the sets coP;(x)
to avoid to assume the convexity of the preference correspondences P;. As-
sumption (H1)(d) implies that using his own shares in the productive system,
consumer ¢ can survive without participating in any exchange. This implies
no trader will be allowed to starve no matter what the prices are. It also
insures that the set A(E) is nonempty. Usually, in exchange economy, this
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2 THE MODEL 6

assumption is merely written as w; € X;, which corresponds to w; = z; and
y. = 0 for all j. Assumption (H1)(e) assumes, for every ¢ the insatiability

—,7
of the ith consumer at any point of his attainable consumption set.

Assumption (H3) is an attempt to weaken the compactness assumption on
the global attainable set A(E) by considering what is called a non-arbitrage
condition in several papers (see for example [1], [3], [5], [6]). In the exchange
economy, when the preferences are represented by utility functions, it corre-
sponds to a compactness assumption on the attainable individually rational
utility levels set. Actually, we do not suppose that the set of attainable allo-
cations for the economy is compact but we assume that for each sequence of
attainable consumptions there exists an attainable consumption where the
preferred sets are asymptotically close to the ones of the elements of the se-
quence. Indeed, the element = of X is not necessarily a cluster point of the
sequence (z") but the preferred sets at this point are close to the ones at a
point (:c‘p(”)) for v large enough.

Note that the productions are not considered in Assumption (H3). So,
only the total production set matters since it determines the attainable con-
sumptions. The fact that some unbounded sequences of individual produc-
tions can be attainable does not prevent the existence of an equilibrium as
long as the total production set is not modified.

The following proposition shows that Assumption (H3) is weaker than
the compactness of A(E).

Proposition 2.1. Under assumption (H1),
(i) If A(E) is compact, then (H3) is satisfied.
(i1) If P; is represented by a lower semicontinuous utility function u;, i.e.:
Pi(z) = {2 € Xi s ui(af) > ()}
and if the set:
U={(vi, 02, ....,v,) ERL : Tz € X stou(z;) < v < ugla)},

is compact, then (H3) is satisfied.

In exchange economy, if the survival assumption is w; € X, then the set
U in Condition (ii) above is just the set of individually rational attainable
consumptions, so we recover exactly the compactness assumption of [6].
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2 THE MODEL 7

Proof.

(i) Let ((z¥)) be a sequence in X. From the definition of X, there exists a
sequence ((y¥)) of [ [, Y; such that ((z}), (7)) € A(£). Since A(E) is com-
pact, there exists a subsequence ((z; 2y, (yj( ))) convergent to ((z;), (7;)) €
A(E). Let i € I and & € Py(T). For all integer £ > 1, we set V, = {z €
[T.c; XilB(&, 1) N Py(z) # 0}. Since P is lower semi-continuous, Vj is an
open neighborhood containing Z. Since (2#*)) converges to Z, there exists an
integer (k) such that for all v > v(k), %) € V. We can assume without
loss of generality that for all & > 1, the sequence (7(k)) is strictly increasing,
which implies that for all v > (1), there exists a unique integer x(v) such
that 7(k(v)) < p(v) < v(k(v) + 1). Hence, we have 2 € V,(,, and there
exists ({f(y)) such that 5@('/) € B(&, H(y))
to infinity and for all £ > 1, (v(k)) is strictly increasing, then x(v) goes to

N P;(z#™). Now, since () goes

inﬁnity Hence, the sequence (& V)) converges to &; and for all o(v) > (1),
550( € P;(z*™). So, Assumption (H3) holds true.

(i) Let ((z¥))) be a sequence in X such that for all i, z; € P,(z¥)°. Since
P(z) ={z, € X; : u;(2f) > w;i(x;)} and z; € Py(a¥)e,Vi € I the lower semi-
continuity of u; implies that w;(z;) < u;(z?). Let now consider the sequence

(vY) defined by
(v7) = (ui(27))

For all i € I, we have u;(z;) < v} = w;(z¥) so (v/) € U. Since U is compact,
(

there exists a subsequence (v7")) = (u;(z?"))) convergent to ; € U. By

A

definition of U, there exists (Z;) € X such that v; < u;(Z;) for all i € I. Let
i €I and ¢ € Pi(x), i.e. ui(z;) < ui(§;), consequently v; < u;(Z;) < (&)
for all ¢ € I. Since (u;(z] ol ))) converges to v;, there exists 14 such that for all

v >y, ui(x? Py < u,(fz) hence & € P;(z¥®)).Then, the constant sequence
(&;) satisfies 5, € P;(x*™) for all v > vy and converges to &;. O

Example 2.1. We present an example of an exchange economy where As-
sumption (H3) is satisfied while the attainable set is not bounded and the
preference correspondences are not representable by utility functions. Let us
consider an exchange economy with two commodities A and B and two con-
sumers.

The consumption sets are given by

X1:X2:{(a,b)€R2|a+bZO}

The attainable allocations set A(E) of the economy is then

AE) ={((a,b),(wa —a,wp —b))|0<a+b<ws+wp}
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2 THE MODEL 8

where (wa,wp) with wa + wp > 0 denotes the global endowment. The set
A(E) is clearly unbounded.

We consider the following continuous function I : X; — R? defined by:

M(a,b) = (= + o 1y b—a )
N2 (la—bl D@2+ b2 4+2)" 2 (la—b|+1)(a2+b2+2)"

The preference correspondence is the same for the two consumers and it is
defined by P; : X1 X X9 — X

Fi((a1,b1), (a2, b2)) = {(a, §) € Xi[ll(as, b) - (a, §) > Wi, bi) - (@i, bi)}

One easily checks that Assumption (H1) is satisfied by the preference relations
since 11 is continuous so P; has an open graph and I1(a,b) > (0,0) so that
the local non-satiation holds true everywhere.

We remark that if (a?,07) is a sequence of X; such that ||(a?,0?)| con-

19 Y 177

verges to +00 and a?+bY converges to a finite limit ¢, then I1(a?,bY) converges

to (1/2,1/2) and I(ay,b;) - (af,by) converges to lim,(1/2)(ay + b)) = 5.

Let ((ay,07), (a5,b5)) be a sequence of A(E). If it has a bounded subse-
quence, then this subsequence has a cluster point ((ai,by), (Gg,bs)). Then the
desired property of Assumption (H3) holds true thanks to the fact that the

preference correspondences have an open graph. See the proof of Proposition
2.1 (i),

If the sequence is unbounded, we remark that the sequences (a} +bYy) and
(af+ %) belongs to [0,wa+wg] and for all v, a} + b +al+ b5 = wa+wp. So,
there exists a subsequence ((a?™,b7™), (a$™,b2™))) such that the sequences
(af(y) + bf(y)) and (af(y) + bf('/)) converges respectively to ¢ € [0,wa + wp]
and to wa +wp — ¢. Let us consider the attainable allocation ((ay = ¢/2,by =
c/2),(ay = (watwp—c)/2,by = (wat+wp—c)/2)). We remark that I1(a,,by) =
(a2, by) = (1/2,1/2) and (a1, by) - (ay,b1) = (1/2)(@ + b1) = ¢/2 and
[I(as, by) - (az,b2) = (1/2)(ay + by) = (wa +wp — ¢)/2. Let i = 1,2 and
(a;,b;) € X; such that (a;,b;) € Py((a1,b1), (ag,b2)). From the definition of P;,
one deduces that (1/2)(a;+b;) > (1/2)(a;+b;) = (1/2) limyﬁoo(af(")+bf(”)) =
lim, oo (@™, 627)) - (0P, 65™)). Furthermore, since I(a?™, 67"} con-
verges to (1/2,1/2), (1/2)(a; + b;) = lim, H(af(y),bf(y)) - (ai, b;). Conse-
quently, for v large enough, H(af(u), bf(y)) (ag, b;) > lim, 00 H(af(y), bf(u)) :
(@™ b2™)) | which means that (a;,b;) € Pi((a?™ 67", (a2™,62%)), so the
desired property in Assumption (H3) holds true. O

The main result of this paper is the following existence theorem of a
quasi-equilibrium for a production economy.
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3 PRELIMINARY RESULTS 9

Theorem 2.1. Assume (H1),(H2) and (H3), then there exists a quasi-
equilibrium of the economy &.

3 Preliminary results

In this section, we introduce the definition of "augmented preferences" bor-
rowed from Gale and Mas-Collel (|9], [10]). This definition allows to replace
the local insatiability by the insatiability of consumers assumed at any point
of their attainable consumption set.

Piz) = {2} € Xz} = da; + (1 = Nzl 0 < A < 1,27 € coPy(z)},
where coP;(z) denotes the convex hull of P;(x).

First, we show that some properties of the preference correspondences P;
are still true for P;.

Proposition 3.1. Assume that for all i, X; is convex
(i) If P; is lower semicontinuous on [[,.; Xi, then the same is true for P

(ii) P,(z) has convex values. Purthermore, if for all x; € X;, x; ¢ coPi(z),
then x; ¢ Pi(x).

Proof.
(i) Let x € [[,c; X and V an open subset of X such that
VN P(x) #0.

Then, there exists & € ]51(95) NV, which means that & = Az; + (1 —
NG for some A € [0,1], ¢; € coP;(x). Let € > 0 such that B(§;,¢€) C
V. Since the correspondence P; is lower semicontinuous, then coP; is
lower semicontinuous (see [8], page 154). Consequently, there exists a

neighborhood W of x in [[,.; X such that

' € W = coP;(2") N B((;,€) # 0.
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Thus, for all 2’ € W, there exists (! € coP;(x’) N B((;,€). Let W’ such
that

W' ={a" €e W|||z; — z;|| < e}
Let 2/ € W' and & = Az} + (1 — M)/, then & € Py(a)

165 = &ll < Allg — =il + (1 = MG = Gl <e

Then, one gets &} € B(&;,¢) C V. Hence, § € E(ZB’) NV, which proves
the lower semi-continuity of P;.

Let v € [[,c;Xi and 2,2 € Pl(x) such that z;, = x; + A& — x;)
and z; = x; + f(&§ — x;) for some A, 5 €]0,1] and &;, &) € coP;(z). For
a €]0, 1], we have:

azi+(1—a)z;, = z;+aX + (1 —a)BE — [adx; + (1 — a)Ba;]
= z;+aX + (1 —a)BE — [ad+ (1 — a)f]z;
= i + (& — x).

where v = aA+(1—a)f and £ = 0‘%‘&—1—%@’ One easily checks that

~ €]0,1] since \, 8 €]0,1] and € € coP;(x). Then, az+(1—a)z, € P;(z)
which means that p@ has convex values.

We prove by contraposition the irreflexiviity. Let us suppose that x; €
P,(z) for some 4, then ; = Az; 4+ (1 — M)z} with A € [0,1] and 2/ €
coP;(x). Hence, for all i, we have z; = 2 € coP,(x) which contradicts
our assumption. O

Now, we consider the following economy

&= (RL, (X, Pi, wi)ie[’ (Y;’/)jeja (9ij)(i,j))

where for each j, Y/ = coY;.

Lemma 3.1. Under assumption (H2), the economies € and E' have the same
total production set.

Proof. Let Y =3, Y].

It is clear that Y C Y. Conversely, Y’ = 3. ;e0Y; C cl(3_,; coY;), see
[17] (Corollary 6.6, page 48). Since the convex hull of a sum is the sum of
the convex hulls, one gets

Y = ZEY; C cl(z coY;) = cl(co(z Y;)) = coY.

jed jed jed
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3 PRELIMINARY RESULTS 11

Since Y is a non-empty closed, convex subset of R”, then @Y = Y. Hence
Y=Y O

Proposition 3.2. If ((7;), (

]),13) is a quasi-equilibrium of £, then there
exists § € [[;c,;Y; such that ((z

), (U;),p) is a quasi-equilibrium of &.

Proof. Let ((%;), ((;), _) be a quasi-equilibrium of £’. So, 37, (; € ZJGJ i
By Lemma 3.1, > jes Y] =Y. Consequently, there exists § € ng ;Y such
that Z]eJCJ = Z]eJy] Hence > ,.;Z; = w + > .;¥;. In other words,
Condition (c) of Definition 2.2 is satisfied.

Moreover, one can remark that g; € Y] for every j. Consequently, p-y; <
p - (;. But since D ics G = >_ics Uj, one gets Py =p-G

We now show that condition (a) is satisfied. Let j € J and y; € Y. Then,
yj €Y, s0,p-y; <p-¢ =p-y;. Hence, p-y; < p-y; and Condition (a) of
Definition 2.2 is satisfied.

Last, we show that condition (b) is satisfied. Since p - (; = p - ¢; for all
j € J, we have, p-%; < p-w;+ ;00 y; for all i. Now, let i € I and

x; € X; such that z; € H( ). Since P;(z) C f’,(j), D-x; > P O

Proposition 3.3. If the economy & satisfies assumption (H3), then the same
still holds for the economy E'.

Proof. Since the total production sets of the economies £ and &£’ are equal,
then the set of attainable consumption are also the same. Let () € X such
that z, € B;(z¥)e for all v. Since P;(z*) C P;(x"), then P,(z¥)c C P,(z¥)¢; so
z, € Py(xv)e for all v.

Applying assumption (H3), there exists a subsequence (z¥™)) of X and
T € X such that for all i, for all & € Py(x), there exists an integer 14
and a sequence (ﬁ‘p )l,>,,1 convergent to § with 80 € Pi(z*¥), for all
v > vi. Now, let i € [, @ € P( ). By definition of the augmented preference
correspondences P, & = Az; + (1 — A)§; for some A €]0,1] and & € coPi(z).
Then there exists & 1,&j o, &, € Py(w) such that § = > 7" | p; k&, with
Yo pig =1 and p; i € [0, 1].

By assumption (H3), for each k, there exists vy such that Vv > vy, there
exists a subsequence 5;:’,';(”) convergent to &, with 5’“0(” € Py(a*W). Let

us consider the sequence £° @ = Az + (1 - YD kﬁw Y) Hence, éf
converges to ¢; and since £7"i k € Py(z¢™) for all v > vy, we have &7 €
Pi(z#™), for all v > maxp—y._n{vi}- O

Documents de travail du Centre d'Economie de la Sorbonne - 2016.56



4 EXISTENCE OF QUASI-EQUILIBRIA 12

4 Existence of quasi-equilibria

In this section we consider the economy &’
&= (RL7 (Xi, B, wi)ieb O/}/)jeJ’ (eij)(i,j))

where the preference correspondences are replaced by the augmented pref-
erence correspondences and the production sets are replaced by their closed
convex hull. We have seen in the previous section that we can deduce the
existence of a quasi-equilibrium of £ from a quasi-equilibrium of &’

In what follow, we will consider Assumptions (H1)’, (H2)” and (H3)’ whose
correspond to (H1), (H2), (H3) but adapted to £’. In the previous section, we
have shown that these assumptions are satisfied by £ if Assumptions (H1),

(H2) and (H3) are satisfied by &.

Assumption (H1)’ For every i € [

(a) X; is a non-empty closed, convex subset of R”;

(b) [irreflexivity| Vo € [[,.; Xi, #; ¢ Py(x);
¢) [lower semicontinuous f% : X — X, is lower semicontinuous and
kel
convex valued;

VR

that x;, = w; + ZjeJ Hingij;

(d) wi € Xi =3 c;0:;Y], ie. there exists (z;, (gw)) € X; x [, Y] such

(e) For each = € X, one has P,(x) # 0 and for all & € Py(x), for all t €]0, 1],
t& + (1 —t)z; € Py(x).

Assumption (H2)’ For each j € J, Y] is a closed, convex subset of R”.

Assumption (H3)’ For all sequence ((2V)) of X such that for all i, 2, €

~

P;(av)e , there exists a subsequence ((:cf(y))) of X and ((%;)) € X such that
for all 4, for all & € P,(Z), there exists an integer 11 and a sequence (£7*)),5,,
convergent to & with £7%) € B,(z#™), Vv > vy

We now state the existence result of a quasiequilibrium for a finite private
ownership economy satisfying Assumptions (H1)’, (H2)" and (H3)’.

Theorem 4.1. If Assumptions (H1)’, (H2)’ and (H3)’ are satisfied, then
there exists a quasiequilibrium of the economy E'.
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The idea of the proof is as follows: we first truncate consumption and
production sets with the closed ball of radius v large enough; following an idea
of Bergstrom [2], we modify the budget sets in such a way that it will coincides
with the original ones when the price belongs to the unit sphere; then, by
applying the well known result of Gale and Mas-Colell - Bergstrom about
the existence of maximal elements to an intermediary family of lower semi-
continuous correspondences, we obtain a sequence ((x"), (y”),p") such that
((z¥), (y”)) is an attainable allocation of the economy A(E’), p” belongs to
the unit ball of R”, the domain of admissible prices, the producers maximize
the profit over the truncated production sets and the consumers maximize
preferences on the truncated consumption sets but with a relaxed budget
constraint; from Assumption (H3)" and the compactness of the price set, we
obtain a subsequence (z#®) y#®) p?(*)) and an element (Z,7,p) such that
the preferences at this point are close to the preferences at z#") for v large
enough and p?™) converges to p; finally, we prove that (Z,7,p) is a quasi-
equilibrium of £’. Note that the difficulty of the limit argument comes from
the fact that (z,7) is not necessarily the limit of (2¥®), 3#®)).

4.1 The fixed-point argument

From assumption (H1)'(d), let us fix z; € X; and Y, € Y] such that z; =
w; + ZjEJ Oi,jgij for every ¢ € I. Let BY be the closed ball with center 0
and radius v with v large enough so that z,, Y, belong to B”, the interior

of BY for all 4, j. We consider the truncated economy obtained by replacing
agent’s consumption and production sets respectively by X! = X; N BY,
Y/ = Yj' N BY and the augmented preference correspondences ﬁ’i” = P,nB.
The closed unit ball B = {z € RL : ||z|| < 1} will be the price set.

We now consider the compact economy

v L v pv v
g = (R (XY, B 7wi)i617 (Y] )jeJ’ <0i7j>(ief,jeJ)>

Remark 4.1. The correspondence P is lower semi-continuous. Indeed, let

x € [[,c; X7 and V be an open set such that:
VNP (z)=VNB' NP(x)#0.

Since V N BY is an open set and P is lower semi-continuous, there exists a
neighborhood U of x such that for all 2’ € U,

V NBYNP(a') #0,

which means that V N P”(a2') # 0, hence P is lower semicontinuous.
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Remark 4.2. With the above remark and since B” is convex and closed,
note that the compact economy £ satisfies Assumption (H1)” but the non
satiation of preferences at attainable allocations and Assumption (H2)’. Fur-
thermore, Y} is now compact.

Since each Y} is compact, we can define for every p € B the profit function
v

7 (p) = supp.Yy = sup{p.y; : y; € Y’}

and the wealth of consumer i is defined by:

W(p) =pwi+ Y _ 0 (p).

jeJ
Note that the function 7r;-’ - B — R is continuous since it is finite and convex.

In what follows, we will use the following notations for simplicity

o 2" =L, X¢ xIe, Yy x B

o (2) = (p) + S
o 7(2) = max{3¥(2), (3¢ (p) + p - x.]}

Remark 4.3. Note that p - z; > 77(2) > 4¥(2) when p - z; > 4¥(2) and
% (2) = 47 (2) when p - z; < 47(2)

Let now N = I U JU{0} be the set of consumers I indexed by i, the set
of producers J indexed by j and an additional agent 0 whose function is to
react with prices to a given excess total demand.

For all ¢ € I, we define the correspondences o : Z¥ — X/ and B;’ AR .
as follows.

af(z) ={& € XV :p- & <4/ (2)}

Bi (2)={& € X :p-&<7/(2)}

From the construction of the ei(,tjended budget set, one checks that for all
i, the consumption z; belongs to f; (z2) if x; ¢ o/ (z). Indeed, from (H1)'(d),

7

I, = W + Z 9“%,].

jeJ
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since z; ¢ ;¥ (2), p-x; > AY(2) and 77 (z) > 4¥(2). Furthermore

prx; = prwity bigp-y,,

jel
< p-wi—l-Z@i,j?T}’(p)
jeJ
= % (2)
< 7%(2)

which means that z; belongs to 51 (z). Furthermore, since 7 is continuous,
the correspondence BZ has an open graph in Z" x X7.

Now, for ¢ € I, we consider the mapping ¢! defined from Z” to X} by:
y BY (2 it ; ¢ af(z
w={ B it
BY(z)NPY(z) if x; € a¥(2)
For j € J, we define ¢ from Z” to Y} by:

o7(2) ={y; €Y/ |p-y; <p- Y},

and the mapping ¢4 from Z” to B is defined by:

$h(2)={qeB|(qg—p) - O m—w—> y)>0}

i€l jeJ

Now we will apply to Z and the correspondences (¢;)ier, (¢;)jes, ¢o the
well known theorem of Gale and Mas-Colell [10]. We will actually use the
Bergstrom version of this theorem in [2|, which is more adapted to our setting.

Theorem 4.2. (Gale and Mas-Collel - Bergstrom) For each k = 1,--- |k,
let Zy be a nonempty, compact, convex subset of some finite dimensional

Fuclidean space. Given Z = HZ:1 Zy, let for each k, ¢ : Z — Zy be a lower
semicontinuous correspondences satisfying for all 2 € Z, z, ¢ cogy(z). Then
there exists Z € Z such that for each k =1,---  k:

o(z) =10 (1)

For the correspondences (qu” )jes and ¢f, one easily checks that they are
convex valued, irreflexive and lower semi-continuous since they have an open
graph.
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We now check that for all ¢ € N, the correspondence ¢! satisfies the
assumptlon of Theorem 4.2. We first remark that ¢ has convex valued since
BY and P; are so. We now check the irreflexivity. If z; € o¥(z), then, from
Assumption (H1)(b), z; ¢ Py(z), so x; ¢ ¢'(x) since ¢;’( ) C lf’l(x) If
z; ¢ a¥(z), then from Remark 4.3, p- z; > 77(2), so z; ¢ B(2) = ¢*(2).

For the lower semi-continuity, let V' be an open set and z such that ¢¥(z)N
V £0. If z; ¢ o/ (z), then p- x; > 47(2). Since 47 is continuous, there exists
a neighborhood W of z such that for all 2/ € W, p'- 2, > 4¥(2'). Since B;” has
an open graph, there existe a neighborhood W’ of z such that for all 2" € W',
Br(ZYNV #£10. So, for all 2/ € WNW', ¢?(2')NV # B and consequently, Y is
lower semi-continuous at z. If z; € o (z), we first remark that B NPY is lower
semicontinuous as an intersection of a lower semicontinuous correspondence

with an open graph correspondence So, there exists a neighborhood W of
z such that for all 2/ € W, B; () N PY(z) NV # 0. This implies that

B; (2)NV # 0. Hence,in both cases, z}, € () or 2} & o ('), ¢*(2')NV £ 0
from the definition of ¢7. Thus ¢/ is also lower semi-continuous at z in this
case.
From Theorem 4.2 |, there exists z¥ = (2", ¢",p") € Z” such that, for all
ieN
¢ (") =10 (2)
As already noticed, since for all i € I, z, € B(2") and ¢/(z") = 0, we
conclude from the definition of ¢! that
P <) (
Br() 0 Pr(a) = 0
Furthermore, from Remark 4.3, one deduces that 77 (z") = 47(z").
In addition, for all j € J, since ¢%(2") = ), we deduce that:

Vy; € Y[, 0 -y <57 = (), (4)
and since ¢} (z") = 0,

VpeBp Y #—w-> 7)< O W —w=>_7) (5

iel jeJ iel jeJ

We now prove that (32,27 —w—3";c;97) = 0. Indeed, if not, it follows
from (5) that p” belongs to the boundary of B, that is |[p”| = 1 and p”

(D ier @ —w—2>";c,97) > 0. Now, by (3) and (4 ) for all 4, p” -7 < AY(z” ):
Y(Z¥) =P w; + ZJEJ ;40" §7. Summing up over ¢ € [ these inequalities,

one gets, p” - (D e, T —w — Z]GJ ) < 0, which yields a contradiction. We

thus have proved that (z”,3") € A(E").
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4.2 The limit argument

We first show that we can apply Assumption (H3)’ to the sequence ((zV))

(3
built in the previous sub-section. We have already proved that z" is attainable

in the truncated economy £”, so it is also attainable in the economy &’. It
remains to show that z; € P;(z)e for all i.

 There are two cases. First, if p” - z; < 47(2”), which means that z; €
BY(2"), then, from (3), z, ¢ P/(z") = Fi(z") N B”. Since z; € B” as v
has been chosen large enough, one deduces that z; ¢ P;(z") and therefore
z, € P(zv)e.

If p¥ - z; > AY(Z"), as z; € @’(2”), we actually have the equality p” -
z; = AY(zY). We remark that 47(z") = v/ (z") + # =p'-z, =D
(wi + ZJ.EJ Qm-gij) < A¥(zY). So, ||p”]| = 1. By contradiction, we prove that

z, € P(zv)e. Indeed, if not, z; € int P(z") and there exists p > 0 such
that B(z;,p) C Pi(z") and B(z;,p) C B”. Since p¥ # 0, there exists & €

B(z;,p) such that p” - & < p” -z, = 47(z") and this contradicts (3) since
& € Bz, p) C Py(2").

Applying Assumption (H3)’, there exists a subsequence ((22™)) of X
and ((Z;)) € X such that, for all i € I, for all §; € P;(Z), there exists an
integer 1 and a sequence (£7)),s,, convergent to & with ¢7*) € P,(z¢1),
Vv > vy. From the definition of X, there exists (7;) € [[;c; Y] such that
Ziel T = Zz’el wi + ZjeJ Y-

Since B is compact, we can assume without any loss of generality that
the sequence (p**)) converges to p € B.

Now let (y;) € [L.e, Y/, i € I, & € Py(z) and A € [0,1]. Such & exists

Jet T3’
from Assumption (H1)’(e). Furthermore, from the definition of the extended

preferences, note that &} = \z; + (1 — \)¢; € Py(z).

By (H3)’, there exists an integer v, and a sequence (& ®) )u>u, convergent
to & with €7 € P(#°™), ¥v > 1. Since the sequence (7)), is conver-
gent, it is bounded and for v large enough ff('/) € BY, so {f(y) € E”(:E“’(”)).
We deduce from (3) that €7 ¢ 87(2¢0). Recalling that 37 (z*) = 47 ("),
this means that

1—[|p*™]

o) g0 5 Avisvy _ se) R —r
PP g8 = 40 () = PV w0 - gt i

jed

For v large enough, for all j € J, y; € BY, so (y;) € [[;c, Y}, and from (4),
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one gets

1_ 5 (V)
)L gr) Dot 057 -y aadl

‘1

jeJ

Using the same argument for (y;) € [] one gets

jedJ J’

5 1 — [|[pr®™)
2590(1’) ) 5:0( ) > f)so('/) cwi + Z Hi,jﬁp(y) Y+ M

vl

jedJ

Passing to the limit in (6) and (7), we obtain:

5> 1 —|p]
P& =prwit Y Oipey;+ T
JjeJ
and
5> — |1l
p z Zp +291] j ﬂ[ :
jeJ

18

(9)

The two above inequalities hold true for any i € I, ; € lf’z(f), A€ 0,1]
and (y;) € [[;c; Y. Knowing that (Z,y) is an attainable allocation, we will
show that (Z,y,p) is a quasi-equilibrium of the economy &', which completes

the proof.
When A goes to 1 in (8) and (9), one gets
o — Il
CTp > Pprw; Z ;D - y; Jﬂ
jeJ
and

_ - 1—pl
Wz—i_zelﬁpy]_'_ Jj]

jeJ

(11)

Summing over ¢ in (11) and using the fact that (z,7) € A(E’), then, one gets

L=pll < > p- (@ —wi— Y 0:i7)

icl jeJ
= p- (Z ri— wz Zy]

icl jed
= 0
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which implies ||p|| = 1 and p-Z; = p-w; +3_,c; 0i;p - y; for all i € I. So the
budget constraint is satisfied by each consumer.

Taken A = 0 in (9), we obtain for all i € I, for all & € P,(z),
ﬁ'fiZﬁ'wri‘Z@mﬁ'gJ’ (12)
jeJ
so the quasi-demand condition (b) of Definition 2.2 is satisfied.

Finally, from (10) and (11), for all (y;) € [[,c, Y/, one gets

Prwit Y 0Py <p-wit Y 0D 7 (13)

jeJ jeJ

Summing over ¢, we get

DBy <Y P

jed jed

For any j € J, applying this inequality to y" € [[;c,; Y/ defined by yj, =

y; =5 . :

T ., it readily follows that
{ g, it £ Y

DY <p-Yj (14)

which means that the profit maximization condition (a) of Definition 2.2 is
also satisfied. O
References

[1] N. Allouch and M. Florenzano, Edgeworth and walras equilibria of
an arbitrage-free exchange economy, Economic Theory 23(2), 353-370
(2004).

[2] T.C. Bergstrom, The existence of maximal elements and equilibria in the
absence of transitivity, Technical report, University of Michigan, 1975.

[3] D.J. Brown and J. Werner, Arbitrage and existence of equilibrium in
infinite asset markets, Review of Economic Studies 62, 101-114 (1995).

[4] H. Cheng, Asset market equilibrium in infinite dimensional complete
markets, Journal of Mathematical Economics 20, 137-152 (1991).

Documents de travail du Centre d'Economie de la Sorbonne - 2016.56



REFERENCES 20

[5] R. A. Dana, C. Le Van, and F. Magnien, General equilibrium in asset
markets with or without short-selling, Journal of Mathematical Analysis
and Applications 206, 567-588 (1997).

[6] R. A. Dana, C. Le Van, and F. Magnien, On the different notions of
arbitrage and existence of equilibrium, Journal of Economic Theory 87,
169-193 (1999).

[7] M. Florenzano, I’équilibre économique général transitif et intransitif:
problémes d’existence, Ed. CNRS, Paris, 1981.

[8] M. Florenzano, General Equilibrium Analysis Existence and Optimality
Properties of Equilibria, Kluwer Academic Publishers, Boston, 2003.

[9] D.Gale and A. Mas-Collel, An equilibrium existence theorem for a gen-
eral model without ordered preferences, Journal of Mathematical Eco-
nomics 2, 9-15 (1975).

[10] D.Gale and A. Mas-Collel, Corrections to an equilibrium existence the-
orem for a general model without ordered preferences, Journal of Math-
ematical Economics 6, 297-298 (1979).

[11] J. Greenberg, Quasi-equilibrium in abstract economies without ordered
preferences, Journal of Mathematical Economics 4, 163-165 (1977).

[12] O. Hart, On the existence of an equilibrium in a securities model, Journal
of Economic 9, 293-311 (1974).

[13] A. Mas-Collel, An equilibrium existence theorem for a general model
without complete or transitive preferences, Journal of Mathematical
Economics 1, 237-246 (1974).

[14] W. Shafer, Equilibrium in abstract economies without ordered prefer-
ences or free-disposal, Journal of Mathematical Economics 3, 135-137
(1976).

[15] W. Shafer and H. Sonnenschein, Equilibrium in abstract economies with-
out ordered preferences, Journal of Mathematical Economics 2, 345-348
(1975).

[16] W. Shafer and H. Sonnenschien, The non-transitive consumer, Journal
of Economic Theory 11, 83-93 (1975).

[17] R.T. Rockafellar, Convex Analysis, Princeton University Press, 1970.

Documents de travail du Centre d'Economie de la Sorbonne - 2016.56



REFERENCES 21

[18] J. Werner, Arbitrage and the existence of competitive equilibrium,
Econometrica 55, 1403-1418 (1987).

Documents de travail du Centre d'Economie de la Sorbonne - 2016.56





