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Abstract

We consider a model with an infinite number of states of nature, von
Neumann - Morgenstern utilities, where agents have different probabil-
ity beliefs and where short sells are allowed. We show that no-arbitrage
conditions, defined for finite dimensional asset markets models, are not
sufficient to ensure existence of equilibrium in presence of an infinite num-
ber of states of nature. However, if the individually rational utility set U
is compact, we obtain an equilibrium. We give conditions which imply the
compactness of . We give examples of non-existence of equilibrium when
these conditions do not hold.
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1 Introduction

In finite dimensional markets with short-selling, conditions on agents’ utilities
insuring the existence of equilibria (or equivalent to the existence of equilib-
ria) are well understood. In particular they can be interpreted as no-arbitrage
conditions. In an uncertainty setting, where agents have different beliefs and
different risk aversions, as originally shown by Hart (1974), the no-arbitrage
condition may be interpreted as compatibility of agent’s risk adjusted beliefs.
There is a huge literature on sufficient and necessary conditions for the exis-
tence of equilibria in the line of Hart’s model, where the market is complete.
In finite dimension, one can refer, for instance to Page (1987), Werner (1987),
Nielsen (1989), Page and Wooders (1995, 1996), Allouch (1999), Allouch et alii
(2000), Won and Yannelis (2008).
When the number of assets is infinite, and the market is complete, the no-
arbitrage condition used for finite dimension do not imply existence of equi-
librium. The standard assumption is to assume that the individually rational
utility set is compact ( see e.g. Cheng (1991), Brown and Werner (1995), Dana
and Le Van (1996), Dana et al (1997), Dana and Le Van (2000), Le Van and
Truong Xuan (2001)).
In this paper, we consider a model with an infinite number of states of nature, a
finite number of agents and Von Neumann - Morgenstern utilities with different
expectations.

More precisely, we consider a model where the utility of agent i is

Ula') = miu' ()
s=1

where 7! is her belief and ! is her consumption. The commodity space is IP()
with p € {1,2,...,+o00}. 2

!Chichilnisky and Heal (1993) give a condition which implies the boundedness of the in-
dividually rational feasible set in L?. Since the feasible set is closed, it is therefore weakly
compact in L2.

2We use the model proposed by Hart. Investors are interested only in their wealth in the sec-

ond period. We suppose that the market is complete with an asset system (rl, 2k ).
For each portfolio z = (2%, 2%,..., 2", ... ), the wealth or investor if state s occurs is
k k
Wws = z2°rg.

k

Her expected utility is:

V(w' w? . w ) = Zwsu(ws).

Since the market is complete, the choice of portfolio is equivalent to the choice of wealth.
As in Hart’s pioneer paper, we consider the expected utility function on wealth.
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When the number of states is infinite, the no-arbitrage condition (a la
Werner or ¢ la Dana-Le Van) only ensures the boundedness of the individ-
ually rational utility set. We give examples where this condition is satisfied and
no equilibrium exists. The strategy is therefore to give assumptions which im-
ply the compactness of the individually rational utility set and hence existence
of equilibrium. Our conditions might be considered as among the weakest since
we give also examples of non existence of equilibrium when these conditions do
not hold.

The paper is organized as follows. In Section 2, we set up the model and
define the equilibrium. In section 3, we introduce no-arbitrage conditions and
give conditions for the existence of equilibrium. Proofs are put in Section
Appendix, Section 4. We mention that our methods of proofs are inspired
by the ones in Le Van and Truong Xuan (2001). However, their model rules
out the risk-neutral agents. That is not the case in our model.

2 The model

There are m agents indexed by ¢ = 1,...,m. The belief of agent 7 in state s is
7 >0, and Y20, 7l = 1. Let us denote by 7 the mean probability = 3=, 7.
We first assume:

AO: 7ri_is equivalent to 7/ for any i, j i.e. there exists a number h > 0 such
that h < :—é < % for all 4, j, 5.3
Under A0, without loss of generality, one can assume that 7% > 0 for any i,
any s. In this paper, we always suppose that the condition AO is satisfied and
7l > 0 for any 4, any s.

The consumption set of agent i is X* = [P(7) with p € {1,2,...,+00} and
agent i has an endowment e’ € [P(7). We assume that for each agent i there
exists a concave, strictly increasing, differentiable ¢ function v’ : R — R , such

that, for any 7, the function
o0
Ul = 3 wui(al)
s=1

is real-valued for any ¢ € X°.
Agent i has [P(7) as consumption set, e’ as initial endowment and U’ as

utility function, with i =1,...,m.

Definition 1 An equilibrium is a list ((:U*Z)lzlm,p*)) such that z** € X' for
every i and p* € 19 (m) \ {0} and

3With A0, the consumptions set of the agents belong to same topological space IP (7).
We observe that when all agents have the same belief as in Cheng (1991), then AO is satisfied.

4For simplicity, we assume differentiability. The results still hold by using super-gradients.
But the proofs will become tedious.
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(Z) For any ii Ul($) > UZ( *Z) = Z 1psx3 > Z 1ps 57
(i) 3ol ™ =300 e

Definition 2 A quasi-equilibrium is a list ((m*i)izlw,m,p*)) such that z™* € X'
for every i and p* € li(ﬂ') \ {0} and

(i) For any i, Ul(z) > U'(z*) = S22 piws > Y o0 plel,

(#1) ity a*t = it e

In this paper, since the consumption set is the whole space, and the utility
functions U’ are continuous, any quasi-equilibrium is an equilibrium (see e.g.
Geistdoerfer-Florenzano (1982), Proposition 3).

Define

a' = infu’(z) = u¥(4+00),
x
b = supu’(z) = u’(—00).
xr
Let I; be the set of indices i such that a* < b%, and I be the set of indices such

that a’ = b'. I is the set of risk averse agents, I is the set of risk neutral ones.

We now give some definitions.

Definition 3 1. The individually rational attainable allocations set A is de-
fined by

A={(z") e )™ Za: = Zei and U'(z") > U'(e) for all i}.

=1
2. The individually rational utility set U is defined by

U={ V™) ER™ |z e A st Ule') <o’ <UN(a") for all i},

3 No-arbitrage condition and existence of equilib-

rium

We will first strengthen the definition of useful vectors introduced by Werner.
We then introduce a notion of no-arbitrage price based on these strong useful
vectors.

A vector w is strongly useful for agent i if, for any z € X*, we have

Zﬂ' (z° + dwg) > Zﬂ' ), VA >0,

and (i7) Zﬂ' (x84 dws) > Zﬂ' ) for some A > 0.
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It is easy to check that a vector w is strongly useful for agent ¢ if, and only if

Vo' € X1 AN> 0,VA > A wiul(ah + dwe) > > wiad(al)
s=1 =

This condition turns out to be equivalent to
ZW’ V(g w5>0Vx e Xt
Following Dana and Le Van [8], we now introduce a no-arbitrage condition.
(NA) There exist (%)™, € II; X*, such that
Ny (7)) = Nrduw (7)) = Neagn®, V¥s,Vi € I,¥j € I1,Vk € I,

and
Vie I, a <1nfu "(z )<supu (z1) < b

Observe that if we define a price p € [°(7) by
Vs, ps = Nl (21) = Noagrh i € Ik € I

then we have p-w > 0 for any strongly useful vector w.
Condition (NA) is useful to prove the boundedness of &. That is the state-
ment of the following proposition. The proof is given in Appendix.

Proposition 1 If (NA) holds, then U is bounded.

The next proposition and its corollary give sufficient conditions to obtain
(NA).

Proposition 2 Assume either u”(—oo0) = 400 for all i € I or u”(4+00) = 0
for alli € Iy. Then (NA) holds if, and only if, ™ = 7/, for any i € I, any
7€l

The following corollary is immediate.
Corollary 1 If Iy =0, then (NA) holds if
(i) either u’(—oc) = 400 for alli € I,

(ii) or u”(+o00) =0 for all i € I.

In the case of finite number of states, condition (NA) implies compactness of
U.

In infinite dimension, with a vector space L as commodity space, Brown
and Werner [4], Dana, Le Van and Magnien [10] assume the compactness of U
and get existence of equilibrium with prices in L’. In our model if the number
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of states is finite, condition (NA) implies compactness of U and is a sufficient
condition for the existence of equilibrium (see e.g. Dana and Le Van [8]).

In this paper, the number of states is infinite, we give an example which shows
that (NA) is not sufficient to ensure existence of equilibrium if the conditions
in Corollary 1 do not hold. We exhibit a model with two agents. Agent 1 has
a' =0, b' < 400. Agent 2 has a? > 0, b?> = +-00. The assumptions of Proposi-
tions 4 and 6 are clearly not satisfied. We still have (NA) but no equilibrium
exists in this model.

Example 1 Consider an economy with two agents (i = 1,2), with endowments

equal to 0. The probabilities are equivalent: T\ = (%)s, 2 = élgf‘s, where
l<a<l, and So =Y, 5.
The reward utilities satisfy
u(z) = b, V<0
u(+o00) = 0,
u'(0) = 0,
u?(z) = a*, Yz >0
u¥(—o0) = oo,
u?(0) = 0.

There exists z > 0 with u'’(z) < b'. Let T: = 2,Vs. Since u?(—00) = +o0,
there exists T2 < 0 which satisfies

u?(0) = (1 — o®)u? (72).

s

One can check that

b (ah) = e @2), v,

with A\ = Zig X é Since

0 = u"(4+00) < u¥(z) = v (T!) < b,

uZl(o)

1—a’

a® =u?¥(0) < = u?(7%) < u¥(—00) = +0o0,

s

no-arbitrage condition (NA) is satisfied.

We now show that no equilibrium exists. Assume there exists an equilibrium

(p, (z1,2%)) with 2} = x5 = —x2. We have
Vs, mlut(zs) = Mmiu¥(—xy),
A
or ArluV(z,) = wlu¥(—x,), with \ = )\—1
2
6
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For all s:

1 1—af
/\'gul’(xs): 5 u? (—z),
or equivalently
2/
u (—ws)
N=(1-a)—"22V
( OZ) ul/(xs) S

with N = ASq. Since Y psxs =0 and ps > 0 for any s, one must have sy with
ZTso < 0. In this case

N

N =(1-a")

9

23

and for any s # so, xs > 0. We then obtain

W (~gs1) | u¥(0) _ a?

Wagir) ~ w(0) 5

since xgy41 > 0. Now, because 1 — a0t > 1 — o we obtain, on the one hand:

2 2 2
)\/ —(1— so+1 u <_x30+1) 1— S0 u <—$50+1) 1— S0 af
O i) T ) T
and on the other hand )
son @
)\/ = (1 — O)bT

which is a contradiction. Then there exists no equilibrium.

We now state our main results. Their proofs are given in Appendix. The
ideas are to prove that the set A is {!(7)-compact and hence the set U is also
compact when b’ = +o0 for all 4, and when a’ = 0 for every i and b’ < 400 for

some i, the set A is not necessary (! (7)-compact but the set / is still compact.
Theorem 1 Suppose one of these two conditions holds:

(i) a* =0 for every i.

(ii) b' = +oo for every i.

Then there exists an equilibrium with equilibrium price in 19(7) with %—i—% =
1,1 <p< 4o0.

Theorem 2 Suppose that Iy # 0. Suppose that these two conditions hold:
(i) a* =0 for everyi € I.
(ii) b' = 400 for every i € I.

Then we have
(NA) < 3 Equilibrium.

The equilibrium price is in 14(7) with % + % =1,1<p<+4o0.

7
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We can be surprised that in presence of risk-neutral agents we have to impose
u”(+00) = 0 and u”(—o00) = +oo for any agent i € I;. We give two examples
with two agents, one of them is risk neutral while the second one is risk averse.
In Example 2, the risk averse agent has the marginal utility at —oo equal to
+o00. In Example 3, her the marginal utility at 400 is 0. In both examples,

there exists no equilibrium.

Example 2 Consider an economy with two agents (i = 1,2), with endowments

equal to 0. The probabilities are equivalent: T! = (%)8, 2 = élg—f‘s, where
l<a<l, and Sy =), 1550‘5. Agent 1 is risk neutral.
The reward utilities satisfy
u(z) = 1, Vr €R,
u¥(x) = d? Vx>0,
u?(—00) = +oo,
u¥(x) > a? VY <0.
Assume there exists an equilibrium (p, (z',22)). Then z! = —22 = x4 for any
s. There exists A > 0 such that
A 1-a°
gul’(:vs) = 5o u? (—z5)Vs
su?(—zs) = A S Vs
A TR

Since Y psxs = 0 and ps > 0 for all s, there exists xq, < 0, i.e —x5, > 0.

Then
2 Sa

“ :/\1—0450

and Vs # so, s > 0. Hence u?(—xs,11) > a®. This implies

Sa Sa

so+1 S0
[EPYTES 1_aso:>a > a0,

A

A contradiction.

Example 3 Agent 2 is risk neutral. The reward utilities satisfy

u(z) = b, Yz <0,
u(+00) = 0,
)

)

u(z) < bl Vx>0,

(
u?(z) = 1,VreR.
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Assume there exists an equilibrium (p, (z',22)). Then 2! = —22 = x4 for any

s. There exists A > 0 such that

l—«o
Sa

u(z) = A

Since Y . psxs = 0 and ps > 0 for all s, there exists xs, < 0, i.e —x4 > 0.
Then

1—a
bl =\
Sa
and Vs # s, s > 0. Hence u''(x5,11) < bt. This implies
1 —afot! 1—a®
A <A = oot > q%,
S S Q@ o

A contradiction.

Remark 1 When there are short-sales constraints, the allocation set A is com-

pact in IP() for any p. Indeed, suppose we have short-sales constraints % > cq

for every i,s, with ¢ = (c1,¢2,...,¢s,...) € P(w). We also have for every
(' 22, ..., 2™) which belongs to A:
zl =e, — Zmé <es— ch < les| + (m — 1)|es].
i i

A is hence compact for the product topology. Suppose that the sequence (z1(n), z%(n), ...

belong to A converges to (T*,Z2,...,T™) for the product topology when n tends

to infinity. We have for every i,
cs <TL < les| 4+ (m — 1))

This implies that (T',7%,...,7™) € IP(n). The set of individually rational al-
locations A is compact in [P(w). That implies the compactness of U and the
existence of a quasi-equilibrium. This explain why in our paper we assume mo

short-sales constraints.

Concluding remarks (a) In our model with an infinitely countable number
of states of nature, the sufficient conditions for the existence of an equilibrium

are:
(i) Either the marginal utilites at +0o equal zero for all the agents,
(ii) or the marginal utilites at —oo equal +oo for all the agents.

We give examples where agents do not satisfy the conditions above. Their
utility functions satisfy the no-arbitrage condition a la Werner. However there

is no equilibrium.
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(b) Our sufficient conditions differ from the ones in Le Van and Truong Xuan
(Assumption H4) [16], and Daher, Martins-da-Rocha, Vailakis, [11] (Assump-
tion S4). Put in our model, these conditions are stronger than ours. Indeed,
they imply, for our model, that for all the agents, the marginal utilities at +oo

equal zero and the marginal utilities at —oo equal +oo.

4 Appendix

Proof of Proposition 1

Take any NA-price p. There exists (z), A', A2,..., \™ positive such that
for all i,s: ps = Nimlu?(T0).

(i) For i,j € Iy we have Na‘n! = Ma/ml, Vs. Take the sum we have:

[e.e] o0
g Na'my = g Na’ml.
s=1

s=1

This implies A’a’ = Ma’, hence 7 = 77.
(i1) We firstly prove that there exists C' > 0 such that:

Z iﬂyxg < C.

el s=1

Define ¢’ =& — ;. l’Z = el x"} € l(n). o A |
For i € I, since a* < infsu?(7%) < sup,u?(FL) < b', we have T° € [%°(n).
Observe that p € [*°(m).
Choose 1 > 0 such that
a’ < u"(zL)(1+n) < b for
for all ¢ € I1. Then we define the price ¢ as follows: Vi, j € I,
g5 = ps(1+1) = N (7)1 + 1) = N adw?' (@)(1 + n).

It follows that, for each i € Iy, there exist z* such that Vs, ¢ = ANriu? ().
Observe that a’ < infgu”(2) < sup,u”(21) < b, so z¢ € [°°(7). Observe also

that Vs, ps < ¢s.

Denote
. z if x>0,
Oifz <0
_ —z if <0,
Tz~ T =
Oifx>0

Observe that x = 27—z, |z| = 27 +2~ and u(z) = u(xt)+u(—27) —u(0).

10
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Now we fix N € N. For i € I, from the concavity of the utility function u*

we have

N N
N Z il (T) — X\ Z (i) > X Z mlu (T)(T — 25,
s=1 s=1
N N
)\lZWguZ(EZS)—)\ZZW;uZ(—x;_) > )\ZZH NZ) (L + 28).
s=1 s=1

Therefore,
AZZ# YE < N D) ) o) — el

_)\zzﬂ_z z/ Z —l—)\ZZﬂ‘Z zl z z—l— /\zzﬂ_z zl

Define Uk () = Zivzl miu'(zs). Note that limy_,oo Uk (z) = U'(x). The

above inequality implies
N . . .
Yol < NUNE) + Up(E') - Uk (a') - Ui (0)]
N ) N ' N )
- Z QSzé + Zpsx?_ - Zpsfé
)‘Z[UN( )+ UN( - UN( ") = Uy (0)]
- Zpifi - Z qs74 + ZWE@*
s=1 s=1 s=1

N
_ Ot Y patt
s=1

IN

where Oy = N[Ux (2 >+UN< 7)) — U (2') — UL (0)] - LI, pizt — Y1, g7

Observe that since Z' et z* belong to [°°(7), the limit limy C%; exists.
Hence, Vi

N

Z(q ps) - = CN + Zps

s=1 s=1

Thus, we have

S et <O 4TS _zcwzps

i€l s=1 i€l i€l s=1 i€l

Since € € I*(m), Y c;, Ch + SN ps€, converges. Now let N tends to
infinity. Notice that Ul () — U'(z) for all z, and recall that U’(z?) > U'(e?),

11
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with ¢,z € [°°(7). We then have

limsup Cly < XN [UN(Z') + U'(F) — U(e’) — qu Zps =:

N—o0

Thus,
ZZ(QS <ch+zpse = Cl‘l‘zps
i€l s=1 i€ly

We also have

oo o
Yo s —p)al —al) =) Z —po)rh =Y (g — ps)el
i€l s=1 i€l s=1 s=1
which implies
o ) o o0
Z Z(QS - ps)x?— = Z(QS - ps>e{9 + Z Z(QS -
i€l s=1 s=1 i€l s=1

IA

o) 00
Cy + Zpsefs + Z(QS
s=1 s=1
oo
= Cl + Z QSels
s=1

Thus for i € I

> (g —po)lal] < 201+ (ps + a0)el
s=1 =
= 2014+ (2+1n))_ psel
= 200+ (240D psts— 2+0) D> peat
s=1 i€ly s=1
= 201+(2+77)Zpsés— 2+n) Z)\Z ZZTF
s=1 i€l
= 2Cl + (2 + 77) Zpsés - (2 + 77) Z AZUz(xZ)
= i€lr
< 201+ (24 0)) pefs— (24m) Y NU(e)
= i€la

= (?

then
Oo .
nzps\%‘i\ <2
s=1

12
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Let y; == infsu”(z%) > 0, and g := min; pt;. Then > o0, pglat| > u > %0, wi|al]
which implies for all ¢ € Iy

)
> milzll < Dy
s=1

with D1 = C?/(nu).

For Iy we have:

DD IEIED BEIALS 3 ]

icls i€l s=1
D2

IN

IN

with Dy = 322, wlles| + |I1|D.
We take C' = max{D, Da}.
(7i7) By Jensen inequality, the utility set U is bounded. m

Proof of Proposition 2
(i) Consider the case where I = ).

(a) Assume u"(—o0) = 400, for any i. Let z satisfy a' < u'(z). For i > 1,

let .

7T$

¢t = —ull(z),VS.

71'

Then u"(z) > ¢! > hu'(z). One can find A’ s.t. % > o' > a'. Define

’LL“(IL‘:LS) i‘z ,Vs.

Then

LY,
XA (2),Vs

Since b' = 400, we have ¢ € [°°(7). Obviously

at < o' <u'(zl) <

)\z z 7,/( ):ﬂ_lull

S

(2),Vs.

(b) Assume u”(+o00) = 0 for all 5. Let z satisfy 0 < u!(z) < b'. Define (!
as before. We have (! < +u'(z). Choose A’ s.t.

% < B% < bt. Then define 2% as before. Using the same arguments, we have

)\z z 7,/( ):ﬂ_lull

S

(2),Vs.

(i7) Now we consider the case where Iy # (. If (NA) holds, let p be a
rice. ere exists (Z'), A, A2,..., \™ positive such that for all i, s we
(NA)-price. Th ists (z¢), AL, A2 A" p h that for all

have ps = Nemiu? (7).
For i,j € I we have Mair! = Ma’nl, Vs. Taking the sum we have:

00 oS
S Na'wi =Y Nalxi,
s=1 s=1

13

Documents de travail du Centre d'Economie de la Sorbonne - 2016.62



This implies Aa’ = Ma’, hence 7 = 77.

Conversely, assume that 7 =7l =7/ \Vk € I,,Vl € I,. Assume 1 € I,. For
i € I,i # 1, choose \' such that \a’ = a'.
Consider the case u”(—o0) = +o0,Vi € I3.

For i € I, define ('

hal > (= W; >a'h
There exists A’ s.t. .
)\—‘Z >al > al
and .
at < u¥(zt) = % < %al.

Since b’ = +o00, we have x! € [°°(7). Obviously

Nl (28) = wlul(2), Vs.

We use the same argument as before if u¥(+00) = 0,Vi € [;. =

Proofs of Theorems 1, 2
The proofs require many intermediary steps.

Claims 1, 2 and 3 are required for the proof of Claim 4.

Claim 1 Assume A0. Our model has an equilibrium if we add the assumption
that U is compact. If X' is IP(7) with 1 < p < 400 then the equilibrium price
p* s in 19(m), % + % =1. If p= 400, then p* € I*(r).

Proof: Since U is compact and X is [P(r) there exists an equilibrium ((z*?), p*)
(see Dana and al [9]) with x*¢ € [P(7).

When 1 < p < 400, the price p* belongs to [9(r). When p = oo we will
show that the equilibrium price belongs to ! (7). The equilibrium price can be
written as p* 4+ ¢ where p* € [}(7) and ¢ is a purely finitely additive function.

For any i, the equilibrium allocation x** solves the problem:

s=1
st Y pial+ (') = piel + ().
s=1 s=1

From Theorem V.3.1, page 91, in Arrow-Hurwicz-Uzawa in [2], for any 7,
there exists ¢; > 0 s.t.

S wui (@) = GO platl + o(a™) = 3wl () — (> pls + 6(a)).
s=1 s=1 s=1 s=1

14

Documents de travail du Centre d'Economie de la Sorbonne - 2016.62



Suppose that ¢ # 0. Since ¢ > 0, then ¢(1) > 0, with 1 = (1,1,1,...).
Define 2%(N) as:

2 (N) = z* with s = 1,2,..., N,
zL(N) = 2% — 1 with s > N + 1.

Observe that 2*(N) € [°°(7). We have:

S i ()~ Zp* Sroa) = Y wh (@ (N)=G(Y Pl (V) +o(a' (V)
s=1 s=1 s=1

=

N i@ -G Y paiie) > Y wldi@i-1)-G( Y piati-1)+e(e

s>N+1 s>N+1 s>N+1 s>N+1

=

Yo mawl(al) = Y w1 = ¢ Y ph = e — ¢ — 1)) = (g(1).

s>N+1 s>N—+1 s>N+1

Let N — oo, the left-hand-side converges to 0. This implies ¢(1) < 0: a
contradiction. Hence ¢ =0. =

Claim 2 A closed, bounded set B in I*(r) is compact if and only if B satisfies
the following property: For all € > 0, there exists N € N such that for all x € B

we have
Z Ts|Ts| < €.
s>N

Proof: Suppose that B is compact and there exists a subsequence {z(n)}, of
B, € > 0 such that

Zwsms )| > €, n.

Without loss of generality, we can assume that x(n) converges to x in I!(7) or
i)~ 21 gy — 0.

By choosing N large enough such that ||z(n)—z([j1 () < §and > -, ms|zs| <
5 for alln > N. And for all n > N, we have

00 S 00
Zﬂ's’xs’ > Zﬂs|l‘s(n)’_zﬁs‘xs(n)_l‘5|
s=n s=n s=n

A contradiction.

15
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Now we suppose that for any € > 0, there exists N such that Vr € B,
Do Tslzs| < e

We have to prove that for any sequence x(n) € B, there exists a convergent
subsequence of z(n) in I} (7).

Since B is bounded in I (), there exists @ > 0 such that,V x € B, Y~ ms|zs| <

Since {x(n)}, belong to a compact set for the product topology, there exists
a subsequence {z(ny)}r which converges to T for the product topology. In
particular for all s, zs(ng) converges to Ts when k — oo.

Fix € > 0. We will prove that for k,1 big enough, [[z(ny) — z(n)|;nx) < €.
Choose N > 0 such that for all z € B, > .y 7s|zs| < §. Choose M such that
for all n, > M we have Zi\il Ts|zs(ng) —_@] < §. For all ny > No,n; > Ny
where Ny = max{N, M} we have 3.2 7|z (ng) — z5(ny)| < 200, 6|24 () —

TS’ + ZSN:01 Ws‘xs(nk;) —fs| < %

Then
No—1
Zﬂ's,xS(nk) —zs(my)| < Z s|zs (rg) — s ()| + Z Ts|zs ()| + Z |z ()|
s>1 s=1 s>Ng s>No
< €

Hence {x(ng)}s is a Cauchy sequence, then it converges in I*(7) topology. So
B is compact in I'(7) topology. m

The following claim is a corollary of Claim 2.

Claim 3 1. A closed, bounded set B in I'(m) is compact for I*(m)-topology if
and only if it is compact for the weak topology o(I'(r)),1%°(7)).
2. A closed, bounded set B in IP(7), p > 1 is compact for I} ().

Proof: 1. Since Lemma 2 is equivalent to the Dunford-Pettis criterion, the
result follows.

2. For p > 1, a closed bounded set is o(IP(),l%(7))-compact. But it is also
o (I} (), 1°°(7))-compact, since [P(7) C I'(7) and [°°(7) C 19(x). Apply state-
ment 1. ®

Claim 4 Assume AQ. If b = +oco for all i, then the allocation set A is I!(r)-

compact. The set U is also compact.

Proof: The idea of the proof is that, if the attainable allocation sequence does
not belong to a weakly compact set, then for some state s, there will be an
agent i such that z° tends to +o0o and an agent j such that 22 tends to —oc.

Then by reducing z% and increasing 7, the value of U i(z*) does not diminish

16
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very much. Because ¥ = +o0, the value of U’(27) will become very large,
even tends to infinity, and that leads us to a contradiction with the bounded
property of U.

Assume the contrary: A is not compact. Then from Claim 2, there exists
a sequence {(z!(n),z%(n),...,2™(n))}n C A, an agent i and a constant € > 0

such that
v n, ZTI’S|1‘ )| > e

Denote for all k, v* := limsup,,_,., U¥(z*(n)).

By Proposition 1, A is bounded in I!(7). We can suppose, without loss gen-
erality, that > o0 m'|z%(n)| — ¢ > 0 when n — oo. This implies lim,, Y o0 wa’t(n)—
lim,, Y22 wixi=(n) = ¢. The limits of these two sums exist because z' € [ 1( ).
We know that 3., zi(n) = e, — zi(n). So, for every s, 3j such that z(n) <

_zi(n)—[es]
m—1

for simplicity, there exist ¢ and j which satisfy two properties:

. Since there is a finite number of agents j # ¢, we can assume that,

(i) 3E, CcNN{s>n}, 2L >0 forall s € B! and

lirrln Z mlal(n) = c' > 0.

(i) For all s € B¢,
: zy(n) — €|
J < sy T
z(n) < m—1

With each M > 0, define the set S C E! as follows
St ={s:2%(n) > [&| + M(m —1)}.

We have an observation: limy ) pi\ g 7 2t (n) = 0. Indeed

lim Y wlal(n) < Y0 w(] + M(m—1))
sEEL\SE sEEI\SE

< ZﬂslelerM -1 Zw

which tends to zero, since € € [!(rr).
Hence we have S? # 0 for all n big enough, and

nh_}ngo Z mexe(n) =

seS}
We have ,
I (n) < W < —-M.
17
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Since 7* and 7/ are equivalent, we can assume that lim,, Y seSi ngg (n)=dc >
0. Notice that these limits do not depend on M.

koot — %) —1,(k = 1,...,m). Define A, the set of
() € 1Y (m) satisfies UF(zF) > o Vk and > 2% = & Using the same proof
as in Proposition 1, we show there exists C' > 0 such that U’(27) < C for all
(z',...,2™) € A,. Notice that our sequence (z¥(n)) belongs to A, for n large

Define o := min(v

enough.

Since b = 400 we can choose M very big such that

ul (—M)c?

v+ > C.
m—1
Now consider the sequence (y'(n),y%(n),...,y™(n)) defined as follows
i i zh — e . i
ys(n) == zi(n) — =—— 4+ M with s € S},
m—1
j j xé — e . i
yl(n) :==2l(n)+ “m_1 M with s € S},.

Let y* = 2% with every k # 4,7 or s ¢ S,

Notice that >, y'(n) =€, and yi(n) < z'(n), yl(n) > 2i(n) for all s. We
will prove that {U(y!(n))}i=1m is bounded below by a, but U7 (y’(n)) is not
bounded above by C. And this is a contradiction.

Indeed,

Ully'(n)) = U'(2'(n)) = Y mi(u'(ya(n)) — ' (ai(n)))

seSh
L, it zi(n) — [&| zy(n) — [e|
> 3wl - S an B
s€S,

Y
(]
M:L
gi’
=
o
m&
z
-
=,
=
il
+
=
(]
:]s

: m—1 —1
seSy seSk
u” (M) ~ |&s]
> - ngxg(n)+u”(M)( jl +M) ) 7l
s€SY s€SY

When n — oo, the second term of the right hand side term in the inequality
above tends to zero while first term tends to —%. Thus,

ui/(M)ci ui’(O)ci
2 — 2 — >«

vt —

limsup U'(y'(n)) > v —

For n large enough, U*(y*(n)) is bounded below by a,Vk # j. Then we can
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estimate the limit of U7(y’/(n)) when n — oo,

Uy (n)) = U7 (a7 (n)) = ) wl(u! (yl(n) — o/ (21(n)))

s€SY
i = i =
S it zo(n) —les| - we(n) — e
> Y w () + TR (B )
s€SY,
» s(n) — [&]
> 3wl (M) (B - M)
s€S} m—1
W' (— M) - . - w'(=M) o
> “m—1 Z mxy(n) — Mu’ (—M) Z T — Tm—1 Z &s|ml.
seSy SESE seS
Take the limit
o 4 I~ M)eI
lim sup U’ (y’ (n)) > v’ + wi(=M)e > C.
n—o00 m—1
A contradiction. Hence A is [!(7)-compact. =
The proof of Claim 6 requires Claim 5
Claim 5 Suppose that A is bounded and (v',v?,...,v™) is in the closure of

U. Suppose that there exists a sequence {x(n)}, C A such that there exists i
such that lim,, U'(z*(n)) > v*, and for all j # i , lim, U?(27(n)) > v/. Then
(h o2 .0 eUd.

Proof: Fix t € N arbitrarily. Let C' > 0 be the upper bound of A in I*(7), we
know that |z](n)| < 7% for all j and all n. Fix some j. We define the sequence
t

{yk(n)}k:1m as follows

y'(n) = aF(n)ifk#1i,j,
yu(n) = al(n)ifs#t,
yi(n) = wzi(n) —e
yi(n) = al(n)+e

For k # i, §, lim,, U*(y*(n)) = v*. And we have

U'y'(n)) = U'(2'(n)) = m(u'(yi(n)) — u'(z}(n)))

> mi(—ou(@i(n) — o) > —eriu? (- S o)
Uy

and

Uy (n) = U (2 (n) = m(u! (4] (n) = (] (n)))

S e,
> mlew!(x](n) +¢) > ewiu]'(—j + €).
Tt
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Since lim inf,, U*(z*(n)) > v%, by choosing € small enough, the sequence {y(n)},
will satisfy liminf, U’(y*(n)) > v and liminf,, U7 (3’ (n)) > v7.

By induction we can find a sequence {2*(n)},, C A which satisfies lim,, U*(2*(n)) >
v¥ for all k = 1,2,...,m. Hence (v',v?,...,o™) €U. =

Claim 6 Assume AO. If a® =0 for all i, then U is compact.

Proof: Since the (NA) condition holds, from Proposition 1, we know that ¢/ is
bounded. We will prove that ¢/ is closed. Suppose that (v!,...,v™) belong to
the closure of U and the sequence {x(n)}, C A such that lim,, Ui(2%(n)) = v'.

If the sequence {z(n)}, belongs to a compact set of I!(7), without loss of
generality, we can suppose that lim, z%(n) = 2 in this topology. Since U’ is
continuous, we have U’(z?) > v¢ for all i. Thus (v!,...,v™) € U.

If the sequence {x(n)}, does not belong to a compact set, we can suppose
that there exists ¢ > 0 such that for an agent ¢

o
Tim Sl (n)] = c.
s=n

As in the proof of Claim 4, we can choose a pair (7, ) which satisfies the
two properties:

(i) 3E, CcNN{s>n}, 2L >0 for all s € B! and

li£n Z mixi(n) = > 0.
sEE},
(i) For all s € EY

wi(n) — [es|

zl(n) < —

m—1
With each M > 0, define the set S! C E! as follows
St ={s:a'(n) > [e] + M(m —1)}.

We have an observation: limp, 3 pi\ gi mizt(n) = 0. Indeed

Gm > wlaltn) < >0 wl(E]+ M(m - 1)
sEEL\SE s€EEL\SE

e . a .
> wiles + M(m—1)) xl
s=n s=n

IN

which tends to zero, since € € (7).
Hence we have S # () for all n big enough, and

. i)
lim E mexy(n) = c'.
n—00
seSYy
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We have

les| — xé (n)

zl(n) < < —M.

m—1

Since 7* and 7/ are equivalent, we can assume that lim,, Y seSi ﬂéﬂ:é (n)=d >
0. Notice that these limits do not depend on M.

Define a := min(v*, v — %) —1,(k=1,...,m). Define A, the set of
(x*) € 1'(r) satisfies U¥(2*) > a Vk and Y 2% = & From Proposition 1 we
know that there exists C' > 0 such that U’(27) < C for all (z!,...,2™) € A,.
Notice that our sequence (z¥(n)) € A, for n large enough. Fix e > 0. Since
u¥(+00) = 0 we can choose M > 0 such that u”/(M) < (m — 1)e/c. By similar
arguments as in the proof of Claim 4, we can construct the sequence (y*(n))
such that:

. o - U (M)
1 ) > ot
Jim U'(y'(n) 2 o' = ——
. W (= M)
3 J (a9 J
g W) 2
le UR(y*(n)) = v" for all k # 1, j

with ¢/, ¢/ > 0 and ¢! < ¢ and ¢ and ¢/ do not depend on M.
So, for n large enough, U'(y*(n)) > v’ — ¢, and for all k # i, j, U (y*(n)) >
v¥ — € whereas lim,, U’ (3’ (n)) = v/ + wTEM)e i Wif)f] > ). Let e — 0

m—1 m
and by applying Claim 5, we have (v}, 0%, ..., v™) € U. =

Proof of Theorem 1
This is a direct consequence of Claims 4, 6 and 1. =

The proof of the last theorem, Theorem 2, requires Claims 7 and 8.

Claim 7 Assume AQ. Assume that there is only one risk neutral agent, Is =

{io}. If a* =0 and b* = +oc for alli € Iy, then (NA) holds, and U is compact.

Proof: Condition (NA) holds as a direct consequence of Claim 1. Now we
prove that U is compact.

Suppose that the feasible sequence {z,} satisfies lim,, U%(z%) = v’ for every
i. We prove that (v!,...,0™) € U.

First case: the sequence {z,,} belongs to a compact set, we have (v!,v?,... ™)
belongs to U.

Second case: the sequence {x,} does not belong to a compact set. By using
the same arguments in the proof of Proposition 4, there exist ¢ and j which

satisfy two properties:
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(i) 3E, CNN{s>n}, 2L >0 for all s € E! and

li}Ln Z mlal(n) = ¢ > 0.
seEL

(ii) For all s € E?,

ri(n) — fes|

wi(n) < -2

If j # ig, since B = +oo, by using the same arguments as in the proof of
Proposition 4 we have a contradiction.

This implies j = 4g. Hence i # ig, and we have a’ = 0. By using the same
arguments in the proof of Proposition 6, we have (v!,...,v™) € U.

Hence U is compact. =

Claim 8 Let fl ..., f", be n vectors in IP(r), and p € 1°(x). Take any x €
IP(mr) such that p-x=p->., f*. Then there exists z',... a™ in IP(r) such that
Suat=zandp-z' =p- f' for alli.

Proof: This is true for n = 1. Suppose that the claim is true for n — 1. Take
any z' such that p-z' = p- f1. We have p- (x —2!) =p- 3, f'. Using the
hypothesis of induction, there exists 22, ..., 2" such that oo ' =z —2! and
p-at=p-fiforali m

Proof of Theorem 2
In the proof of Proposition 2, we have 7* = 7/ = 7! and \ja* = )\jaj =(,

for all i, j € I. For 2! € I'(r) satisfying 2! = Y icl x', with 2 € ['(n), define

Ul'a) = > \U ().
i€l
We consider now the economy £ with |I7| 4+ 1 agents, |I1| agents who are
risk averse, with endowment e, utility function U?, and the last agent (denoted
by I) with endowment e/ = > el ¢!, utility function U’. It is easy to verify
that agent [ is risk neutral, with

Ul(x}) = ¢ ) what,
s=1

and the new economy satisfies (NA) condition. By Claim 7, this economy has
a compact rational utility set and have an equilibrium, denote by (p*,z*). For
all i € I, 2*' is the solution to

oo
max E mou(x?)
s=1
oo o0
S t psxs = pses
s=1 s=1
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and z*! is the solution to
max UL (1)
(oo} (o)
s.t. Zp:xg = Zp:eg.
s=1 s=1

If U(z%) > Ul (2*!), then p* - 2% > p* - el.

By the same arguments as in the proof of Claim 1, there exists A7 > 0,
A7 > Osuch that fori € I, pt = \wiu? (z%%). For I, we have p¥ = (7l = \ja'nl,
Vi € Iy, ¥s. The function U’ is strictly increasing, so

p*-m*I:p*-e*Izp*-Zei.
i€l
By Claim 8, for all i € Iy there exists #** € [P(7) such that D icl ¥ = ol
and p* - z* = p* - €, Vi.
Fix i € I. Take 2 such that Ut(x%) > U'(x*"). We prove that p*- 2! > p-e’.
Indeed, we have

00 1 00 1 00
Uial) = Y atmial = 3 hairh = = 3l
s=1 v s=1 v s=1

Hence U'(x?) > U'(x*') implies p* - 2 > p* - 2" = p* - €.

From Claim 1, the equilibrium price p* is in [9(7) with 1 < p < 400,
% + % =1 and if p = 400, then p* € I'(7). We have proved that (p*, (x*!);) is
an equilibrium of the model.

Conversely, suppose that the model has an equilibrium, then by using Propo-
sition 2, we have (NA). The proof of Theorem 2 is complete. m
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